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−1

j /h ∈ C. y (7) 9�� hσiσ
−1

j /h ∈ C. 
e3 Ξh ?Gr�
{ σiσ
−1
j ∈ Ξh. 3N σ̄i = σ̄j , TL� 2
 h � C [qy1

1 , . . . , qyn
n ] !?MM���rv	 φ : Ξ −→ Z[Ξ/Ξh] K�${ σ, τ ∈ Ξ S,

φ(στ) = φ(σ) + σ̄φ(τ),
'v	 φ 5 �S (cocycle). ,j ��r4�hj? ω̄ ∈ Z[Ξ/Ξh] �>K�${? σ ∈ Ξ I{ φ(σ) = (1 − σ̄)ω̄,
'v	 φ 5 ��� (coboundary). �pe����jG��x�U�8�(F�B[�℄�: Ξ/Ξh ��℄�{
�UVPi(F�



=[ 5.2 \ h∈C [qy1

1 , . . . , qyn
n ]. X h ���� 1, �} Ξ � Z[Ξ/Ξh] ��Sx a�����℄� 
 φ : Ξ → Z[Ξ/Ξh] ��x�eUK�${? σ, τ ∈ Ξ {�
φ(στ) = φ(σ) + σ̄φ(τ) = φ(τ) + τ̄φ(σ).3N�

(1 − σ̄)φ(τ) = (1 − τ̄)φ(σ). (11)
 σ̄1, . . . , σ̄r �*y
�O{ Ξ/Ξh ?j-��eU Z[Ξ/Ξh] 960 Z �n� σ̄1, . . . , σ̄r ?
Laurent MM���s5 h ? 6� 1, $n r > 1. 
{

(1 − σ̄1)φ(σ2) = (1 − σ̄2)φ(σ1).~s5 1 − σ̄1 x 1 − σ̄2 �9�t�!�$n4� ω̄ ∈ Z[Ξ/Ξh] �>
φ(σ1) = (1 − σ̄1)ω̄.y (11) 9��K�~q? σ ∈ Ξ {�

(1 − σ̄1)φ(σ) = (1 − σ̄)φ(σ1) = (1 − σ̄)(1 − σ̄1)ω̄.s5 Z[Ξ/Ξh] ����$n
φ(σ) = (1 − σ̄)ω̄.3N�v	 φ ����� 2

§6 q- 6QLo<UE
 g, h � C [qy1

1 , . . . , q
yn
n ] !?H
�9�MM���r4� τ ∈ Ξ �> gτ/h ∈ C, 
' g A�� h, �5� g ∼ h. �pe� ∼ �A�n��,N��r g ∼ h, 
YP){ Ξg �

Ξh J.��rXMMM� h �/XM{Bu� f ?Z)
�Z
�
' h � f ? |Æ�K� F×!?{Bu� f N
�4�{H
XoTt�1�A�?�9�MM� h1, . . . , hm,�>
f = hξ1

1 · · ·hξm
m , (12)p! ξi ∈ Z[Ξ] \ Γhi

, i = 1, . . . ,m. =X' (12) � f ? q- OyQ�'<. : (12) (F
�K� i = 1, . . . ,m, f {� hi A�?�9�s)��r f = gη1

1 · · · gηt

t � f ?Nj
 q- olq2Z'�eU t = m, �t.s��F�>� h1 ∼ g1, . . . , hm ∼ gm. � gi +�5 hi, 
{
f = hζ1

1 · · ·hζm
m .K� i = 1, . . . ,m, ξi − ζi ∈ Γhi

. ��%R9yMM�Z'?4jYe��e3_) 5.1, (12)9_T5
f = c hξ̄1

1 · · ·hξ̄m
m , (13)



p! c ∈ C, ξ̄i = π(ξi) ∈ Z[Ξ/Ξhi
]. dG f , h1, . . . , hm, y πi(ξi) = πi(ζi) 9���5� (13)!? ξ̄i �4jzG?�=X' ξ̄i � f n� hi ? q- Oy)
, �5� νhi

(f). 5V�����rXoT�9�MM� h ?A�A!V{ f ?s)�
O νh(f) A� 0. ,j 9e�v	 νh : F× → Z[Ξ/Ξh] S,�B%R�
(i) K�${? u, v ∈ F×, νh(uv) = νh(u) + νh(v);

(ii) K�${? τ ∈ Ξ x f ∈ F×, νh (f τ ) = τ̄ νh(f), p! τ̄ � τ � Ξ/Ξh !?*|.'Q�
 H � F �? q- $�yM�Grv	
φ : Ξ → F×

σ 7→ Hσ

H
.s5K� i = 1, . . . ,m I{ Hτi/H �� F×, $n Hσ/H �� F×. 3N� φ �GGr�
 h � C [qy1

1 , . . . , q
yn
n ] !?�9�MM��Grv	 φh = νh ◦ φ.~d σ, τ ∈ Ξ. y

Hστ

H
=
Hσ

H

(

Hτ

H

)σ

,n� νh $S,?H
,� (i) x (ii) 9�
φh(στ) = φh(σ) + σ̄φh(τ).$n� φh ��x�
 fi = Hτi/H , p! i = 1, . . . , n. 
 νh(fi) = ξ̄i �t {ξ̄1, . . . , ξ̄n} !��{j
XM�!��
��f1, . . . , fn !{� hA�?�9�s)�,j ��
 h ? 6� 1. yGB 5.2���x φh �������4�hj? ω̄ ∈ Z[Ξ/Ξh] �>K� σ ∈ Ξ I{ φh(σ) = (1− σ̄)ω̄.
yv	 φh ?Gr9��

φh(τi) = νh(
Hτi

H
) = ξ̄i = (1 − τ̄i)ω̄, i = 1, . . . , n.O r = h−ω̄. eUK� i = 1, . . . , n {� hξ̄i = rτ̄i/r. O G = H/r. 


νh(
Gτi

G
) = νh(

Hτi

H
) − νh(

rτi

r
) = ξ̄i − (1 − τ̄i)ω̄ = 0.�g=X1�℄J�BtB�u[ 6.1 \ C [qy1

1 , . . . , q
yn
n ] 

?�#s` h ���� 1, MG q- �92s H ?z'<k

H = rG,P
 r ∈ F×, G a q- �92s	R"� i = 1, . . . , n, νh(Gτi

G
) �� 0.=t 6.2 W. q- �92s� q- �Y
/��� 1 �|Æ���* q- �92sk q- ")M.



�tB 6.1 ux� H ? q- !�?!Zp2Z'!W
 6� 1 ?�9�s)�><�BGB�=[ 6.3 \ H a q- �92s�MG��~A0b f ∈ F× 1 q- ;�s T _� H = f T .B[=X\� q- ")M?%k�
 h � C [qy1

1 , . . . , q
yn
n ]

× !?XMMM���r h ? �M�eU h�8M���r h? ?5 1,eU4�{.k ψ̄h : Ξ/Ξh → Z. %{ Ξ< Ξ/Ξh?*|0	�=X><S	 ψh : Ξ → Z. ,j �

di = ψh(τi), i = 1, . . . , n.p��${? di I����y ψh �{.'9��

ψh

(

τ ℓ1
1 · · · τ ℓn

n

)

= d1ℓ1 + · · · + dnℓn. (14)
 S = {S1, . . . , Sk} � q1, . . . , qn ?B�Z"�u[ 6.4 \ h a C [qy1

1 , . . . , q
yn
n ] 
�k 1 �#s`���� Laurent �s` g, jx�	b t ∈ {1, . . . , k}, z8���#s` P ∈ C[z] _�

h = gP
(

q
∑

s∈St
dsys

)

,P
 q a St ����� ds = ψh(τs).�℄� y1R 4.5 9��4� Ξh ?j-� σ2, . . . , σn �> σ1, σ2, . . . , σn � Ξ ?j-��p! ψh(σ1) = 1. K� i = 1, . . . , n, 
 σi = τmi1

1 · · · τmin
n . s5 τ1, . . . , τn x σ1, . . . , σn I� Ξ ?��$n2� M = (mji)1≤j≤n,1≤i≤n �9i?�O di = ψh(τi). ~s5 ψh(σ1) = 1,

ψh(σ2) = · · ·ψh(σn) = 0, $ny (14) 9�
uM = (1, 0, . . . , 0), p! u = (d1, d2, . . . , dn). (15)
 N ��/ M DjL�$>2��=Xx ker(N) �� N ?/w�y (15) 9�� u� ker(N) !?XMPI��t

gcd(d1, . . . , dn) = 1. (16)
 A = aqi1y1

1 · · · qinyn
n � h !?bj8M�� B = bqj1y1

1 · · · qinyn
n � h !�A� A ?Nj8M��p! a, b ∈ C×. ��jÆY�=X,j �
 i1 6= j1, 1 ∈ S1 t S1 = {1, 2, . . . , ℓ}.ytB 4.39�� v = (i1 − j1, . . . , iℓ − jℓ, 0, . . . , 0) � ker(N) !?XMPI�s5 M S �$n N ? 5 m− 1. s1� ker(N) 05 Q �PI<�?7�5 1, �q9( u � v � Q�IYJn�3N dℓ+1 = · · · = dn = 0, �t

u = (d1, . . . , dℓ, 0, . . . , 0) (17)� ker(N) 05 Q �PI<�?j-��




 E = eqk1y1

1 · · · qknyn
n � h !.F??~q8M��p! e ∈ C×. eU

w = (i1 − k1, . . . , in − kn)�� ker(N). s5 u � ker(N) ?��$n4� rE ∈ Q �> w = rEu. �Æ��y (16) 9�� rE ∈ Z. 3N
ks = is − rEds, s = 1, . . . , ℓ, x kt = it, t = ℓ+ 1, . . . , n. (18)
 q � S1 ?7���O

D = qd1y1+···+dℓyℓ , U = qi1y1+···+iℓyℓ x V = q
iℓ+1yℓ+1

ℓ+1 · · · qinyn
n .
 E = eUD−rEV.s5 U x V �k�� E,$n h/UV � C �n�D?8�� LaurentMM� L. 3N4��� ℓ x8��MM� P ∈ C[z] �> L = DℓP (D). $n h = (UVDℓ)P (D).O g = UV Dℓ, tB(F� 2Zh'q?���GB!? h 8���9�MM��B[Gr q- �IYMM��=t 6.5 "�#s` g ∈ C [qy1

1 , . . . , q
yn
n ] $w�W.��	b t ∈ {1, . . . , k}, C+	qu#s` ∑

s∈St
isys 1 ∑

s∈St
jsys, P
 is, js ∈ Z, z8���#s` P ∈ C[z] _�

g = q
∑

s∈St
isysP

(

q
∑

s∈St
jsys

)

,P
 q a St �����lI� g a q- �IY?�=[ 6.6 W. G a q- ;�s�MG G �e~ q- �Y�
?�|Æ!a q- 	qu���℄� 
 h � G ?~qj
 q- !�?�9�s)�yGr 6.2 9�� h ? � 0 
� 1.�r h ? 5 0, eU4� c ∈ C× x i ∈ {1, . . . , n} �> h = cqyi

i . �r h ? 5 1, eU�ytB 6.4 9��4� t ∈ {1, . . . , k} �>
h = MP

(

q
∑

s∈St
jsys

)

,p! M � qy1

1 , . . . , q
yn
n ? Laurent 8M��P ∈ C[z], q � St ?7���n� js ∈ Z. s5 h�9��$n M ��n� {q

yj

j : j ∈ St} ? Laurent 8M��3N� h � q- �IY?� 2=t 6.7 \ f ∈ F . W.�� t ∈ {1, . . . , k} _� f ∈ C (qyi

i : i ∈ St), lI� f �� St Jn�
 G � q- ")M�y q- �IY?Grn�GB 6.6 9��
fi =

Gτi

G
= fi1 fi2 . . . fik, (19)p! i = 1, . . . , n, �tK� j = 1, . . . , k, fij �� Sj Jn�,j �=X{�B%R�



^g 6.8 \ G a q- ;�s� fi = Gτi

G
, P
 i = 1, . . . , n. W. i ∈ St, MG fi �� St r-��℄� y (19) ���h�℄K�${? ℓ 6= t, fiℓ ∈ C �9�
 ℓ 6= t. �
 j � Sℓ !~j���yJ�,�9�� f

τj
i

fi
=

f
τi
j

fj
, 3N

f
τj

iℓ

fiℓ

=
f τi

jt

fjt

.s5 fiℓ �� Sℓ Jn�$n f
τj

iℓ

fiℓ
�� Sℓ Jn�.B9>� f

τj
jt

fjt
�� St Jn�s5 ℓ 6= t, $n Sℓ � St ? �5<���q9( f

τj

iℓ

fiℓ
∈ C. ytB 2.4 ��4��� mi,mj ∈ Z �>

q
mj

j =
f

τj

iℓ

fiℓ

=
f τi

it

fit

= qmi

i .s5 j /∈ St, $n mi = mj = 0. 3N�I q
yj

j ��.F� fiℓ !�~s5 j � Sℓ !?~q���$n fiℓ ∈ C. 2y��_)9>�BGB�=[ 6.9 53� q- ;�s G ?z'<k&53� q- ;�s��7��℄� 
 fi = Gτi/G, i = 1, . . . , n, t S = {S1, . . . , Sk} 5 q1, . . . , qn ?B�Z"�K t ∈

{1, . . . , k} , O
{

rti := fi, i ∈ St

rti := 1, i /∈ St=XJ
�K${ i, j ∈ {1, . . . , n},
r

τj

ti

rti
=
rτi

tj

rtj
. (20)^J
�℄�B��r i, j /∈ St, 
 rti = rtj = 1. �� (20) (F��r i, j ∈ St, 
y f1, . . . , fn J�> (20)(F��r i ∈ St, j /∈ St, y_) 6.8, rti �� St Jn�s5 j /∈ St,$n r

τj

ti = rti, .B� rτi

tj = rtj , 3N (20) (F�J
(F�y11.� rt1, . . . , rtn J��y;G [4] !GB 2 9��4� F �? q- $�yM Gt, p q- !�Z�5 rt1, . . . , rtn. �'q< Gt �X�{? q- ")M�O
G′ =

k
∏

t=1

Gt.�pe� G x G′ ? q- !�IJ.��� G = cG′, �p! c �j
#�� 2
Gel’fand A} [8] �&w0A} [7] m.;�JX�{ q- $�yM?)RZ'�eUe3GB 6.9, 9>�{ q- $�yM?)RZ'�
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Abstract In this paper, we prove that a mixed q-hypergeometric term is a product of

a rational function and a q-factorial term. This generalizes the q-analogue of the Ore-Sato

theorem from unmixed hypergeometric terms to mixed ones.
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