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such as symbolic computation of differential and difference
equations.
© 2022 Elsevier Inc. All rights reserved.

1. Introduction

In diophantine geometry, heights are often used to express the discreteness of algebraic
points on an algebraic variety. They play an important role in diophantine geometry as
well as other areas such as the theory of transcendental numbers. The study of the
functorial property of heights can be tracked back to the date of Siegel, who gave the
first asymptotic estimate of h(f(c)) in terms of deg(f) when h(c) is large enough, where
c is a point on a projective algebraic curve and f is a nonconstant rational function
on this curve. Later, Siegel’s result was improved by many authors (see for example
Néron [16], Bombieri [4], Habegger [10], Abouzaid [2] and Bartolome [3]) who gave error
terms to the asymptotic estimates. For instance, in [16], Néron proved the following
quasi-equivalence of heights: Let P € Q[X,Y] be irreducible with m = deg(P, X) > 1
and n = deg(P,Y) > 1, then there is a constant ¢(P) such that if (a,b) € @2 with
P(a,b) =0, the bound

M — w‘ < C(P)\/max{ﬂ, w}
n m n = m
An explicit estimate of the constant ¢(P) is of particular interest in an effective version
of Runge’s theorem on the integer solutions of certain diophantine equations. In [11],
Habegger gave an explicit bound for the constant ¢(P) and applied this bound to Runge’s
theorem. Other related height estimates may also be found in [2,3].

The heights appearing in the above results are all defined in algebraic number fields.
As to an absolute logarithmic height defined in function fields (see Section 3 of Chapter
3 in [14] for definition), Eremenko in 1998 proved quasi-equivalence of the following type,
where k is an algebraically closed field of characteristic zero.

Proposition 1.1 (Lemma 2 of [9]). Let P € k(t)[X,Y] be an irreducible polynomial of
degree m with respect to X and of degree n with respect to Y. Given € > 0 there exists a

constant C' depending on P and € such that for every a,b € k(t) satisfying P(a,b) = 0
we have

(1 —¢e)nh(b) — C <mbh(a) < (1+¢€)nh(b) +C.

One can see from Remark 2.6 that if a € k(t) then h(a) defined in the above propo-
sition is exactly the degree of a, i.e. the maximum of the degrees of the numerator and
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denominator of a. Eremenko applied the above result to show that rational solutions of
a first order algebraic ordinary differential equation (AODE) F' = 0 are of degree not
greater than a constant only depending on F. From the viewpoint of algorithms, an
explicit estimate of the constant C' is usually necessary to guarantee the termination of
algorithms for computing rational solutions of AODEs. Meanwhile, such explicit estimate
has potential applications in the algorithmic aspect of computing rational points on an
algebraic variety over k(t). In this article, we shall give an explicit bound for the con-
stant C' in terms of the total degree of P, the height of P and e. We obtain this explicit
bound by computing the explicit expressions for constants appearing at each step of the
proof of the above proposition given by Eremenko. In particular, we give bounds for the
heights of the coefficients of a certain nonzero element in the Riemann-Roch space of a
divisor. Precisely, suppose that L = K(z,y) is an algebraic function field of one variable
over a field K, where x is transcendental over K and y is algebraic over K(z). Then
each element A € L can be presented as a polynomial in y with coefficients in K(x),
ie. A= #@Z?:_ol doitoaij’y’ with a;; € K,q € K[X] and n = [L : K(z)]. For a
certain nonzero element A in the Riemann-Roch space of a divisor, we give a bound for
the height of the projective point a = (--- : a;; : ---) (see Proposition 3.11) as well as
a bound for the height of ¢(X). Note that Schmidt in [17] presented a bound for m, a
degree bound for ¢ and a bound for the absolute values of the coefficients of the Puiseux
series expansion of A when K is the field of algebraic numbers. Although it is possible to
obtain a bound for the height of a by the results (mainly Theorem C2) presented in [17],
we do not take this approach because the absolute logarithmic height under considera-
tion in this paper satisfies the triangle inequality, i.e. h(a+b) < h(a) + h(b), which is not
usually satisfied for absolute logarithmic heights defined in algebraic number fields. The
triangle inequality enables us to obtain a simpler expression for the constant C. Finally,
let us remark that the construction of the Riemann-Roch space of a divisor is one of the
fundamental problems in the theory of algebraic function fields. Many algorithms have
already been developed for this problem, see for example [1,6,8,12,13,15,19].

The article is organized as follows. In Section 2, we introduce some basic concepts and
notations about algebraic function fields of one variable and heights used in the later
sections. In Section 3, we estimate the heights of the coefficients for a certain nonzero
element in the Riemann-Roch space of a given divisor. Finally, in Section 4, we present
an explicit bound for the constant C.

As usual, for a polynomial P(X7,...,X,,), we use tdeg(P) and deg(P, X;) to denote
the total degree of P and the degree of P with respect to X; respectively. P™(-) denotes
the projective space of dimension m over a field and (ag : - : a,,,) denotes a point in
P™(-) with coordinates a;.

2. Algebraic function fields of one variable and heights

In this section, we will introduce some basic concepts and notations of algebraic
function fields of one variable and heights. Readers are referred to [5,14,18,20] for details.
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2.1. Algebraic function fields of one variable

Throughout this subsection, K always stands for an algebraically closed field of char-
acteristic zero. Let L be an algebraic function field of one variable over K. Assume that
L = K(z,y) where x is transcendental over K and y satisfies

P(z,y) = Ao(z)y" + Ay (z)y" ' +--- + A, (2) =0, 4; € K[X],

where P € K[X,Y] is irreducible. Denote by K((z)) the quotient field of the ring of
formal power series in z. Let x(2) = > .= ¢;2' € K((2)) with r € Z,¢; € K, ¢, # 0,
then ord, (x(2)) is defined to be r. We call (x(2),y(z)) € K((2))? a parametrization of
P(X,Y) = 0 provided P(x(z),y(z)) = 0 and x(2) or y(z) does not belong to K. If there
is an integer s > 2 such that x(z),y(z) € K((z*)) then the parametrization (x(z),y(2))
is said to be reducible, otherwise irreducible. Two parametrizations (x(z),y(z)) and
(%(2),¥(2)) are said to be equivalent if there is w(z) € K((z)) with ord,(w(z)) = 1 such
that

x(z) = x(w(2)) and y(z) = y(w(z)).

Definition 2.1. An equivalent class of irreducible parametrizations is called a place of
P(X,Y)=

It was shown on page 95 of [20] that an irreducible parametrization of P(X,Y) =0
is equivalent to the one of the type

(a—|—z“,z”(bo+b1ze1 +--4)) (1)

where a € K,b; € K\ {0},p € Z\ {0}, v, 4, € Z,0 < 1 <y <--- and p,v,v+ 1,0+
la,- -+ have no common factor greater than 1, moreover if ;4 < 0 then a = 0. In the rest
of this article, all irreducible parametrizations of P(X,Y) = 0 will be of the type (1).
Let p be a place of the form (1). We say that p lies above x — a if g > 0, and lies above
1/x if p < 0. The integer |p| is called the ramification index of p with respect to K(z),
denoted by e, g (,). Suppose that f € L\ {0}. The order of f at p, denoted by ord,(f),
is defined to be ord (f(z* 4 a,2"(bo+---))). If ord,(f) > 0, p is called a zero of f and
if ord,(f) < 0, p is called a pole of f. It is well-known that a nonzero f admits only
finitely many zeros and poles. We set ord, (0) = co. For f,g € L, one can verify that

ordy(fg) = ordy(f) + ordy(g), ordy(f + g) > min{ord,(f),ord,(9)}

where the equality in the last formula holds if ord, (f) # ord,(g).

Denote V(p) = {f € L | ord,(f) > 0}. One can check that V'(p) is a discrete valuation
ring of L. One can also check that for f € V(p) there is a unique ¢; € K such that
ordy(f — ¢f) > 0. We define a map 7, : V(p) — K given by f + c¢s. Then =, is
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a K-homomorphism. For convenience, we set m,(f) = oo if ord,(f) < 0. The point
(mp (), m(y)) is called the center of p.

Remark 2.2. In [5], a place is presented by the unique maximal ideal of a discrete val-
uation ring of L over K. Precisely, let p be a place of P(X,Y) = 0 and let V(p) be as
above. Set my = {f € L | ord,(f) > 0}. One sees that m, is the unique maximal ideal of
V(p), which is the “place” defined in [5] corresponding to p. Conversely, given a discrete
valuation ring V of L over K with m as its unique maximal ideal, we can construct a
unique place of P(X,Y) = 0 corresponding to V. Let z be a uniformizing variable at
V. Expanding x,y as Puiseux series in z yields an irreducible parametrization and thus
a place of P(X,Y) = 0. Furthermore, different choices of uniformizing variables at V'
induce equivalent irreducible parametrizations and so the same place. Additionally, the
order of f at m, defined in [5] is nothing else but ord,(f).

Definition 2.3. A divisor D of L is a finite formal sum of places of P(X,Y) = 0 with
integer coefficients, i.e. D = Zp dpp where d, € Z and d, = 0 for all but finitely many
places p. If all d, = 0, we call D the divisor zero and write D = 0.

Suppose that D = 3 dyp is a divisor of L. We call ) d,, denoted by deg(D), the
degree of D. The set of places p with d, # 0 is called the support of D, denoted by
supp(D). We call D an integral divisor if d, > 0 for all p, denoted by D > 0. For a
nonzero f € L, denote

div(f) =) ordy(f)p,
p

which is called the divisor of f. Each divisor D can be uniquely written as DT — D~
where DT, D™ are integral divisors and supp(D*) Nsupp(D~) = (. Given a divisor D,
denote

Lx(D)={feL|div(f)+D >0}U{0}.

We call Lx (D) the Riemann-Roch space of D which is a K-vector space of finite dimen-
sion, and we denote its dimension by ¢(D). By the Riemann-Roch theorem, ¢(D) > 0 if
deg(D) is not less than the genus of L over K.

2.2. Heights in an algebraic function field of one variable

Throughout this subsection, k(t) stands for the field of rational functions in ¢ with

coefficients in an algebraically closed field k of characteristic zero, and k(¢) for the alge-
braic closure of k(t). Let L C k(t) be a finite extension of k(t). Then L is an algebraic
function field of one variable over k. Places in this subsection will be presented by max-

imal ideals of discrete valuation rings of L over k or equivalent classes of irreducible
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parameterizations of P(X,Y’) = 0, where P(X,Y’) = 0 is an algebraic curve whose func-
tion field coincides with L. Let us first define an absolute logarithmic height of a point

in P™(k(t)). Note that ord,(0) = oco.

Definition 2.4. Given a = (ag : -+ : an,) € P™(k(¢)), let L be a finite extension of k(¢)
containing all a;. The absolute logarithmic height (or simply height) of a, denoted by
h(a), is defined to be

5, max{y{ —ordy(a;)}
[L < k(D)

where p ranges over all places of L over k.

From Section 3 of Chapter 3 in [14], h(-) is a logarithmic height function. Actually it
is an absolute logarithmic height function i.e. a logarithmic height function independent
of the choices of the field L. To see this, let L be a finite extension of L and suppose
that p is a place of L over k. Then there are finitely many places 9 of L over k lying
above p, i.e. PN L = p. For brevity, denote by P|p a place P lying above p. Note that
the relative degree of B is 1 because k is algebraically closed, and due to Theorem 1 on
page 52 of [5], for a fixed p, > g, ep.0 = [L : L]. Moreover ordy(a) = e rordy(a) for
any a € L and any P lying above p. These imply that for a fixed p,

Z miax{—ordsp (a;)} = Z Inzax{—e‘p,Lordp (a;)} = Z ey, L, mlax{—ord,fJ (a;)}

Blp Blp Blp
= [L : L) max{—ord,(a;)}.

From this, one easily sees that h(-) is independent of the choices of L. Using Defini-

tion 2.4, it is natural to define the height of an element in k(¢) and a polynomial in
E(t)[X1,...,X,] as follows.

Definition 2.5.

1. For a € k(t), we define the height of a to be h((1: a)), denoted by h(a).

2. Let @ be a nonzero polynomial in k(t)[ X1, ..., X,;]. We define the height of @ to be

)

0 @ contains exactly one term
-

h(a) otherwise

where a is a point in some projective space whose coordinates are the coefficients

of Q.

In the following, we set a/0 = oo for any a € k(t) \ {0} and h(cc0) = 0.
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Remark 2.6. Assume that a = (ag : -+ : an) € P™(k(¢)).

1. Suppose that ag = 1, then

Zp max{0, —ordy(a1),. .., —ordy(am)} >0

ba) = 0]

2. Let a € k(t) and L = k(t,a). Let Q(X,Y) be a nonzero irreducible polynomial over
k such that Q(t,a) = 0. It is clear that h(a) = 0 if a € k. Now assume that a ¢ k
and pi,...,ps are all distinct poles of a in L, then

b(a> — _Zle Ordpi(a’) — [L : k(a)] _ deg(Q,X)
L+ k(1)) [L: k()] deg(Q,Y)

In particular, if @ € k() then h(a) = deg(a) which is defined to be the maximum of
the degrees of the denominator and numerator of a.

The height given in Definition 2.4 has the following properties.
Proposition 2.7. h(a™) = h(a™") = nh(a), a € k(t) \ {0}, n > 0.
Proof. Let L = k(t,a). For each place p of L over k,
max{0, —ord, (a")} = max{0, —nord,(a)} = nmax{0, —ord,(a)}.

By definition, h(a™) = nh(a). For the first equality, it suffices to show that h(a) = h(1/a).
As (1:a)=(1/a:1), one sees that

b(a) =b((1:a)) =b((1/a:1)) =b(1/a). O

Suppose that ® = (¢g : - - - : ¢p,) is @ morphism, namely

& P (k) x - x P k() — P™(k(2))
)

b (do(b) i -+ : b (b)),
where ¢; € k(t)[X1.0,---,X1.505-++>Xr0,---,Xrs,] IS & nonzero polynomial homoge-
neous in Xjo,...,Xj s, of degree d; for all j =1,...,r. Write ¢; = ijl ¢i,jm;, where
¢i; € k(t) and my,...,m, are all monomials in X19,..., X1,6,,...,Xr0,...,Xrs, Of

total degree Y77, d;.
Definition 2.8. We define the height of ®, denoted by §(®P), to be

b((cop: - :ciji-:cCms))
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The following proposition will play a key role in the rest of this paper. Although it is
a trivial generalization of an existing result (see Proposition on page 15 of [18] or Lemma
1.6 on page 80 of [14] for the case with = 1), we reprove this result for completeness and
give an explicit estimate of the error term c in the case of heights in algebraic function
fields of one variable.

Proposition 2.9. Let ® = (¢g : -+ : ¢m) be as above. Suppose (ay,...,a,) € P51 (k(t)) x
<o x P (k(t)) is a point on which ® is defined. Then

h(®(as,...,a,)) <> dib(a;) + h(®).
=1
PI'OOf. Write a; = (CLIL"O et aivsi)vj = (jl,ov R ajl,su ... 7.j7",0a L aj’!‘,sr) and
o= e Xl Xy by
J

with ¢; ; € k(t) and Y}/ jiv = di. Let L be a finite extension of k(t) containing all a; ;
and all ¢; ;. For each place p of L over k, one has that

. ) . I S
—ord, (ci’jafbo e a?jl'," coeayyr) = —ordp(cij) — Z Z Jirordy(agy)
I=1 I'=0
r o s

< —ordy(ci) + Z Z Ji,p max{—ordy(ao),...,—ordp(ass,)}

1=11'=0

s
< II;Z}X{—OI‘dp<CZ',j)} + Z d; max{—ordy(a;o),...,—ordp(ass,)}-
’ =1
This implies that for each i,
—ordy(¢s(ar,...,a,)) < mfux{—ordp(ci7jaf(’)° .. .a?fl’f’ e affsr)}

T

< Hﬁx{—ordp (cij)t+ Z dy max{—ordy(ai),...,—ordy(ars,)}-
’ =1

By definition, one sees that h(®(ay,...,a,)) <> ,_, dib(a;) + h(®). O
The above proposition has the following corollaries.

Corollary 2.10.

1. Suppose that Q is a polynomial in Q[X, ..., X,,] with degree d; in X; for alli. Let

b1, ..., bm € k(t). Then
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m

H(Q(b1, ..., bm)) < Zdib(bi)-

In particular, h(a + b), h(ab) < b(a) + b(b) for any a,b € k(t).
2. Suppose that ¢y, co,c3,c4 € Q satisfy that cicqy — cocz # 0. Then

h<01a+02> ~ b(a)

c3a + ¢4

for any a € k(t).

Proof. 1. Homogenizing @, we obtain Q € Q[X1.0, X1.1,- -+, Xm.0, Xm.1] \ {0} homoge-
nous in X; o, X;,1 of degree d; for all ¢ such that

Q(b1,....bm) =Q(b1,...,bm)

where b; = (1 : b;). In Proposition 2.9, if we take ¢g = [/, Xf’f), ¢1 = Q,a; = b; then
we have that

H(Qb1, b)) = B(Q(b1, b)) < D dib(by) =D dib(bi),

i=1
2. If cga + ¢4 = 0, then cja + c2 # 0 since cjcq — cacz # 0. One sees that b((cia +
c2)/(csa + ¢4)) = h(o0) = 0 and h(a) = h(—cq/c3) = 0, then the desired equality holds.
Now assume cga + ¢4 # 0, we take r = 1,57 = 1 and
o = (03X171 + C4X170,61X171 + CQXLO), a; = (1 : CL)
in Proposition 2.9. Then one has that
cia + co c1a + co
— | = 1: ——= =h(P < .
(205 —p((1:2222) ) —p(a) <o)
Conversely, let b = (c1a + ¢2)/(csa + ¢4). Then a = (cab — c2)/(c1 — c3b). A similar
argument implies that h(a) < h(b). Thus h(a) = h(b). O

Corollary 2.11.

1. Let by = (bio : -+ : bin,) € P™(K(t)) for i =1,2. Suppose that by o = byo = 1 and
set

Cc = (bl,O e bl,nl : bg’() e bgﬁn2) S Pn1+n2+1(M)'

Then b(c) < h(b1) + h(bz).
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2. Suppose that b = (bg : -+ : by) € P™(k(t)). Then h(b) < >0 b(b).
Proof. 1. We take r = 2,51 =ny,80 =n2, ® = (g : -+ : Gnytnot1) With
¢ B Xl,iXQ,O i:O,...,nl

’ Xl’oXQ,i,n1,1 t=n1+1,...,n1+no+1

and a; = by,as = by. Then ®(a;,as) = ¢ and h(c) < h(by) + h(bz) because of Propo-
sition 2.9.

2. In Proposition 2.9, take r = n+ 1,81 = -+ = 5,41 = 1, & = (¢, ..., d,) with
¢; = Xi+1,1 H?ill,j;ﬁu»l Xj}o, a;, = (1 : bifl) foralli=1,...,n+1. O

Next, we estimate the height of the resultant of two polynomials. One can refer to
Section 6 of Chapter 3 in [7] for the definition and properties of resultant.

Corollary 2.12. Assume that P, Py € k(t)[X1,..., Xm, Y]\ {0}. Then
h(resy (Pr, Pp)) < deg(P2,Y)h(P1) + deg(Pr,Y)h(F2)
where resy (Py, Py) is the resultant of Py, and P» with respect to Y.

Proof. The assertion is clear if resy(P;,P) = 0. In the following, suppose that
resy (Py, P2) # 0. Assume deg(P;,Y) = n;, i = 1,2. Denote X = (X1,...,X.) and
X4 =TI, X% ford = (dy,...,dm) € Z™. Write

ni n2
Pr=> a(X)Y', Py=) b(X)Y"'
=0 =0

— _— =

where a;(X),b;(X) € k(t)[X]. Then

Ay An,—1 T aop
Gnp, Qpy—1 ago
resy (P, Po) = ! ! .
Y( 1 2) bn2 bn271 bO
b’ﬂz bnz—l e bO

Denote by C,Cy the points in P*(k(t)) whose coordinates are the coefficients in X,Y
of P, and P, respectively, where s is the maximum of the numbers of terms of P, and
Ps. By the definition of determinant, we can write

La
TESy(Pl,PQ) = Z Zﬁdyjmd’jnd’j Xd
d j=1
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where B8q,,a € Z,{q > 0, mgq; is a monomial in the coordinates of C; of total de-
gree no and ng; is a monomial in the coordinates of C' of total degree ni. Viewing
Zfd:l Bd,jmq ng,; as a polynomial homogeneous in the coordinates of C; of degree
ny and homogeneous in the coordinates of Cy of degree ny with coefficients in Z, by
Proposition 2.9, one has that

La
h(reSY(PlaP2)) =5 :Zﬁd,jmd,jnd,j R

Jj=1

< n2h(Ch) + nih(C2) = n2h(Pr) + nih(F). O
Corollary 2.13. Suppose that P € k(t)[X,Y]\ {0} and a,b € k(t). Then
H(P(X +a,Y +b)) < b(P) 4 deg(P, X)h(a) + deg(P,Y)h(b).
Proof. Denote d; = deg(P, X) and dy = deg(P,Y) and write

di  do

P=>" ci; XV, ¢; ;€ k(t).

i=0 j=0

An easy calculation yields that

P(X +a,Y +b) Zl 22 Zl 22 (ll) < >ci’jai—zlbj—zz xhylz.

l1_0l2 0 1= llj l

Note that Zz I ZJ I (; )( )C’L ;a'~hbi 2 is homogeneous in ¢; ; of degree 1, homoge-
neous in 1, a of degree d; and homogeneous in 1, b of degree ds with coefficients in Z. By
Proposition 2.9,

B(P(X +a,Y +b) = b Z Z (h)( )%aihbﬂz -

i=ly j=la

< h(P) +dib(a) +d2b(b). O

When b is an absolute logarithmic height defined in an algebraic number field, the
results in Corollaries 2.12 and 2.13 with error terms have already been proved in [2].

Corollary 2.14. Suppose that M = (a; ;) is an | x m matriz with a; ; € k(t) and b(a; ;) <
k. Assume that the linear system Mx = 0 has a nonzero solution. Then Mx = 0 has a
nonzero solution a with h(a) < r2(r + 1)k, where a is viewed as a point in P (k(t))
and r = rank(M).
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Proof. The assertion is clear in the case M = 0. Suppose that M # 0 and r = rank(M).
Without loss of generality, assume that the first r-rows of M are linearly independent
over % and denote by M the r x m matrix formed by those rows. Then M and M have
the same solution space and thus there is no harm to replace M by M. Since Mx = 0
has a nonzero solution, r < m. Without loss of generality, we further assume that the
matrix M; formed by the first 7-columns of M is invertible. Denote by b the (r + 1)-th
column of M. Using Cramer’s rule, (Dy/det(M),...,D,/det(M;))! is the solution of
Mix = —b, where D; is the determinant of the matrix obtained by replacing the i-th
column of M; by —b, and (-)* denotes the transpose of a vector. Set

a = (Dl, . .7Dr,det(M1),O, PN ,O)t.
——

m—r—1

Then a is a solution of Mx = 0. Note that D; and det(M;) are homogeneous in
ai1,---,arr+1 of degree r. By Proposition 2.9, h(a) < rh((a11 : -+ : arprs1))- By
Corollary 2.11,

h((ar,1 -t arpy1)) < Zf)(am‘) <r(r+1)k.

4,J
So h(a) <r*(r+1)k. O

Note that all valuations constructed by places of L over k are non-archimedean (see
page 62 of [14] for the construction). By Proposition 2.4 on page 57 in [14] with s = 0,

one sees that if G and H are polynomials in k(t)[ X1, ..., X,,], then

b(GH) =h(G) + b(H),
from which we have the following proposition.

Proposition 2.15.

1. Suppose that G, H € k(t)[X1,..., Xm] and G divides H. Then h(G) < h(H).

2. Suppose that H is a nonzero polynomial in k(t)[X] and a is a zero of H in k(t).
Then b(a) < b(H).

Proof. The first assertion is clear. The second one follows from the facts that X — a
divides H and h(X —a) =bh(a). O

The following result is claimed on page 13 of [18]. We present a proof here for com-
pleteness.
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Proposition 2.16. Suppose that a = (ag : -+ : a,) € P™(k(t)). Let b be a point in
]P’(dt")_l(m) with all monomials in ag,...,a, of total degree d as coordinates. Then
h(b) = dh(a).

Proof. Due to Proposition 2.9, one sees that h(b) < dh(a). It remains to prove the
converse. Let L = k(¢, ag, ..., ay). For each place p of L over k, one has that

max{—ord,(ai®---a;*) |si > 0,80+ -+ s, =d} > mrég({—ordp (a)}
1=

= dm:zlag({—ordp(ai)}.
By definition, h(b) > dh(a). So h(b) =dh(a). O
3. The Riemann-Roch spaces

Throughout this section, let K be an algebraically closed field of characteristic zero
with an absolute logarithmic height h. The heights of elements in K and nonzero poly-
nomials with coefficients in K are defined as in Definition 2.5. Furthermore, we assume
that

(A1) Propositions 2.7 and 2.9 hold for h and K in place of k(t). Consequently, Corollar-

ies 2.10, 2.11, 2.12, 2.13 and 2.14 hold for h and K in place of k(¢).

(A2) Propositions 2.15 and 2.16 also hold for h and K in place of k(t).
Remark 3.1. Under the assumption that Corollary 2.10 holds for h and K, one has that

h(a) =0 for all a € Q. To see this, we first have that h(m) = 0 for all m € Z. Then for
mi, Mg € Z \ {0}7

b (m1/m2) < h(m1) + bH(1/mz2) = bh(m1) + h(mz) =0.
So h(a) =0 for all @ € Q.
Let L be an algebraic function field of one variable over K and D a divisor of L.
Suppose that Lx (D) # {0}. In this section, we are going to give bounds for the degrees

and height of a certain nonzero element in Lx (D). Let us start with two lemmas.

Lemma 3.2. Let fi = Y 5 ais2° € K[[2]] fori=1,...,r. Write [Ti_; fi = Y5 ¢s2°
with ¢, € K. Then

Bex) < D (s + 1) mivx{n(as,)}.
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Proof. One can easily check that

Cs = g A1y - Qpl,.-

0<ly,...,lr<s,
li+-+lp=s

By Corollary 2.10, one has that
bles) <D blaiy) < Z + D)max{b(ai;)}. O
i=1 j=0 i=1
Lemma 3.3. Suppose that Q € K[z,Y] and f = 7,5, a;z' € K[[z]] with Q(z, f) = 0.

Then for i >0,

h(a;) < (deg(Q,Y) +1)'0(Q).

Proof. Denote n = deg(Q®,Y). Dividing @ by some power of z if necessary, we may
assume that z 1 Q. Note that this operation does not change the height of Q. It is easy to
verify that h(Q(0,Y")) < h(Q). Since Q(0,Y) # 0 and Q(0,ag) = 0, by Proposition 2.15,
h(ao) < H(Q(0,Y)) < h(Q). Now set Q1 = Q(z,a0 + 2Y). Then by Corollary 2.13,

h(Q1) = b(Q(z, a0 + 2Y)) = b(Q(z,a0 +Y))

< b(Q) +nb(ao) < H(Q) +1b(Q) = (n+1)H(Q).

Again, we may assume that z t Q. One sees that a; +asz+- - is a solution of Q1(2,Y) =
0. Using a similar argument, one has that h(a;) < h(Q1) < (n 4+ 1)h(Q). Set Q11
Qi(z,a; + 2Y) for i = 1,2,.... Repeating the previous process yields that h(a;)
(n+1)'h(Q). O

<

Now suppose that L = K (z,y) where z is transcendental over K and [L : K(z)] < oco.
Furthermore, assume that P € K[X,Y] is a nonzero irreducible polynomial such that
P(z,y) = 0. Let us first adapt a result given in [17] on the degree bound for a basis of
a Riemann-Roch space. For this, we need to recall some notations introduced in [17].
Write

P(X,Y)=Ag(X)Y" + Ay (X)Y" L+ A, (X), (2)
where A; € K[X], Ao # 0 and deg(P,Y) = n. Set
= ]-7 Y2 = Ao(l')y, ceey Yn = AO(m)yn_l +o 4+ ATL*Q(‘II")Z—/

Then the y;’s are integral over K|[z]. To see this, note that y; is integral over K[x] if and
only if y; has no pole lying above  — ¢ for any ¢ € K. Suppose that p is a pole of some
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y; lying above 2 — ¢ for some ¢ € K. Then p is a pole of y and thus a zero of y~!. On
the other hand,

yi = Ao(@)y' "+ Aia(a)y = —Aia(2) = Ai(a)yTt == Ap(a)y

which implies that p is not a pole of y;, a contradiction. Let d(X) be the discriminant
of P with respect to Y. Let D =} dyp be a divisor of L. It is clear that Lx(0) = K.
Thus we assume D # 0 in the rest of the article. Additionally, we adopt the following
notations, where tdeg(-) denotes the total degree of a polynomial.

Notation 3.4.

5D = Z ‘dP|’

p
p = tdeg(P),

qp(X) = d(X)Pte+or) H (X — my())PlrH0),

pesupp(D),
ordy, (z)>0

U = supp(div(z)~) Usupp(div(y)~) Usupp(div(ap(z))),
h(D) = max{h(P), max{h(my(z)) | Vp € U}}.

Remark 3.5. Note that supp(D) C U. To see this, for p € supp(D) with ord,(z) > 0,
p is a zero of & — mp() and thus a zero of qp(x). So p € supp(div(qp(x))) C U. For
p € supp(D) with ord,(z) < 0, p € supp(div(z)~) which is obvious in U.

In [17], when K = C, Schmidt gave a degree bound for a basis of the Riemann-Roch
space L¢ (D) of a divisor D. Moreover, he proved that if P has coefficients in a subfield &k
of C and D is defined over k then there is a basis of L¢ (D) whose elements are in k(z, y).
After small modifications of Schmidt’s results, we are able to prove that Schmidts’s result
on degree bound is also valid for the algebraically closed field K. Suppose that k C K is
an algebraically closed subfield such that P(X,Y") € k[X,Y]. By Definition 2.3, one sees
that each divisor of k(x,y) is also a divisor of K (z,y). Suppose that f € k(z,y)\{0}. To
avoid confusion, we denote by divg(f) the divisor of f viewed as an element in k(z,y)
and by divg (f) the divisor of f viewed as an element in K(z,y).

Lemma 3.6. Suppose that k C K is an algebraically closed subfield such that P(X,Y) €
k[X,Y]. Then for every f € k(x,y) \ {0}, divg(f) = divi (f).

Proof. If f € k then there is nothing to prove. Suppose that f ¢ k. Since a zero (resp.
pole) of f in k(x,y) is also a zero (resp. pole) of f in K(z,y), f ¢ K. Due to Theorem
4 on page 18 of [5],
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deg(divy(f) ") = deg(divi(f)7) = [k(z,y) : k(f)].

Similarly, one has that

deg(dive (f)*) = deg(divi (f)7) = [K(z,y) : K(f)]-

As k is algebraically closed, [k(z,y) : k(f)] = [K(z,y) : K(f)]. This implies that
deg(divi(f)*) = deg(divi(f)™) and deg(divi(f)~) = deg(divig(f)~). On the other
hand, one has that divy(f)", divg(f)~ are divisors of K (x,y) and divg (f)* —divi(f)* >
0, divg (f)~ —divg(f)~ > 0. Therefore divy (f)T = divg (f)T and divg(f)~ = divi (f) .
Consequently, divg(f) = divg(f). O

Proposition 3.7. Let p,dp,qp be as in Notation 3.4. Then there are integers 7y, ..., Ty,
and a monic factor q of qp with deg(q) < p(p + 0p), Bi; € K[X] with deg(B; ;) <
2p(p+ 26p) such that L (D) has a basis of the type

~ B ()
1 0,J
21D Yi (3)
— q(x)
J_
where i runs over all integers s € {1,2,...,n} satisfying ms > 0 and | runs over all

integers in {0,1,... m;}.

Proof. If Lx (D) = {0}, we take all m; < 0 for ¢ = 1,...,n and the assertion is obvious.
Now assume L (D) # {0} and aq,...,am, € L is a basis of Lk (D) over K. Let k C K
be a field finitely generated over Q such that P € k[X,Y], a1,...,am € k(z,y) and the
center of p has coordinates in kU {oo} for every place p in supp(D). Then the irreducible
parametrization corresponding to p has coordinates in k((z)) for any p € supp(D),
where k is the algebraic closure of k. We embed k into C and view P as a polynomial in
C[X,Y]. Then P is irreducible over C because P is irreducible over k. Denote by L the
field of fractions of C[X,Y]/(P), where (P) stands for the ideal in C[X,Y] generated
by P. Then k(z,y) can be viewed as a subfield of L. Note that D is still a divisor of
both k(zx,y) and L. By Lemma 3.6, £z(D) C Lc (D). Since D is defined over k, by
Theorems A2 and B2 of [17], Lc(D) has a basis of the type (3) with B;; € k[X],
deg(q) < deg(P,Y)dp +deg(d)/2 and deg(B;,;) < deg(P,Y)(deg(P, X)+30p) + deg(q).
Note that deg(d) < (2deg(P,Y) — 1) deg(P, X) < 2p%. One sees that deg(q) < p(p+dp)
and deg(B; ;) < 2p(p+ 26p). Due to Theorem 1 on page 90 of [5], the vector spaces
L7(D) and L¢ (D) have the same dimension and then £z (D) has a basis of the type (3)
with B; ; € k[X]. Since L;(D) C Lk (D) by Lemma 3.6 and a1, . . ., ay, € k(z,y), Lz(D)
and L (D) have the same dimension by Theorem 1 on page 90 of [5]. These imply that
L (D) has a basis of the type (3) with B; ; € k[X] C K[X]. O

Corollary 3.8. Let p,dp,q be as in Proposition 3.7 and D = D — div(q(z)). Suppose that
Ly (D) # {0}. Then Lk (D) contains a nonzero element of the type
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n—1
> By’
J=0

where B; € K[X] with deg(B;) < 4p(p + dp).

Proof. By Proposition 3.7, there are integers my,...,m,, and B;; € K[X] with
deg(B; ;) < 2p(p + 20p) such that Lx (D) has a basis of the type

n

B, i(z)
1 i
21D Yi (4)
=~ ql@) 7
where ¢ runs over all integers s € {1,2,...,n} satisfying 75 > 0 and [ runs over all

integers in {0,1,...,m;}. Note that Lx(D) = Wlm)'CK(D)~ Thus Lk (D) # {0} which
implies that not all ; are negative. Suppose that m;, > 0. Setting [ = 0 in (4) yields that
> Biq"(’;gm) yj is an element in Lx (D). Write >0 By, j(z)y; = Zj:_ol Bj(x)y’ where
B; € K[X]. Note that y; = 1 and y; = Zi;i Aj_1_g(x)y® for j > 1. One has that

n—1 n j—1
Y Bi(@)y’ = Biga(e) + > Aj-1-s(@) By j(@)y’
s=0

Jj=2s=1

B+ [ 3 A @B ) |

s=1 \j=s+1
Therefore By(z) = By, 1(z) and B,(z) = > i—er1 Aj—1-5(2)Biy j(x) for s > 1 and so

deg(B,) < max deg(B;, ;) + maxdeg(4;) < 2p(p + 20p) + p < 4p(p + op).
j J
The corollary then follows from the fact that Lx (D) = Lk (D). O

In the rest of this section, let us estimate the heights of the coefficients of Bj. We
first estimate the heights of the coefficients of a place represented by an irreducible
parametrization of P(X,Y) = 0.

Proposition 3.9. Let p = tdeg(P). Suppose that (z* + a, 2" (co + cg, 2/ +--+)) is a place
of P(X,Y)=0. Then

h(ci) < (p+ 1) max{h(P), h(a)}
where ¢; =0 if ¢ # {5 for all j > 1 and i # 0.

Proof. We first consider the case > 0. Set P(z,Y) = 2¢P(2* + a,2"Y) where d is the
integer such that P € K[z,Y] and z{ P. By Corollary 2.13, one can verity that
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b(P) < b(P) + deg(P, X)h(a) < (p + 1) max{h(P), h(a)}.

As co+cg, 21 +- - - is asolution of P(2,Y) = 0 and deg(P,Y) = deg(P,Y), by Lemma 3.3,
one sees that

b(ci) < (deg(P,Y) +1)'h(P) < (p+ 1) max{h(P),b(a)}.
Suppose that p < 0. Similarly, set P(z,Y) = 2z¢P(2*, 2YY) where d is the integer such
that P € K[z,Y] and z { P. Then h(P) = h(P) and deg(P,Y) = deg(P,Y). Since
co+ce 2 4 -+ is a solution of P(2,Y) = 0, by Lemma 3.3, h(c;) < (p+1)""'h(P). O

For a place p = (2" +a,2"(co+c1z+---)) of P(X,Y) = 0, the series (2 +a)!(2"(co +
c1z+ ---)) is called the expansion of z'y7 at p, denoted by xlyj|(x7y)=p for brevity.

Lemma 3.10. Let p = tdeg(P). For 1 > 0,57 € {0,...,n — 1} and a place p, 2y’ has an
expansion at p of the type

Y| ymp = # D Bpiis?
s=0
where dy ;. ; is an integer greater than —lp — p* and By, ;s € K with
B(Bpg.s) < ((s+1)*(p +1)°72 + ) max{h(P), h(my(x))}.
Proof. Suppose that

p=(x(2),y(2)) = (2" +a,2"(co +ce, 2 +---)).

Then h(my(x)) = h(a). To see this, if g > 0 then m,(z) = a and we are done, if p <0
then 7, (2) = oo and @ = 0 and thus h(m,(z)) = 0 = h(a). By Proposition 3.9, for i > 0,

b(ci) < (p+1)"" max{bh(P), h(a)}

where ¢; = 0 if i # [; for all j > 1 and i # 0. Write y(z)? = 29¥ > e>0bjs2°. By
Lemma 3.2 with f; = Zszo cs2°, one sees that

Z s+1) max{f](cq,)} <j(s+ 1)max{b(c7)}

< (s +1)(p + 1) max{h(P), h(a)}.

The last inequality holds because j <n —1< p+ 1.
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We first consider the case > 0. Note that (2* +a)! = le, 0 ( )al=*z%". This implies
that (z* + a)'y(z)? has an expansion of the type z° Y ss0 Bpigs2® at z = 0, where
e;,; = jv and

l

AN

ﬂp,l,j,s = E bj,sfi,u (Z_)(Ll
=0

with b;; = 0 if ¢ < 0. Therefore by Corollary 2.10,

B(Bpass) < D 0(bja) +1b(a) < (s +1)*(p+ 1)™* + 1) max{b(P), h(a)}.
i=0
Set dy;; = jv. Then we have the required expansion for zly? at p. Finally, as |v| <
lord, (y)| < p, one has that dy; ; > —p? > —pl — p?
Now suppose that p < 0. In this case, one easily sees that d,;; = jv + lu and
Bpij.s = bjs. As |u| < |ordy(z)| < p, one has that dyp;; > —lp—p?. O
Let c=(...,¢j,...) be a vector with indeterminate coordinates and set
n—14p(p+dp)— '
RN s
7=0
Proposition 3.11. Let p,0p, h(D) be as in Notation 3.4. Let D be as in Corollary 3.8.
Suppose that L (D) # {0}. Then Lk (D) contains a nonzero element of the type
n—14p(p+dép)—1 4
=2 2 gy )
7=0
with
h(a) < 1600(p + 0p)%(p + 1)>7+7P) ~1h(D),

where a;; € K, at least one of a;; equals 1 and a is viewed as a projective point.

Proof. Let U be as in Notation 3.4. By Lemma 3.10, for each place p, j =0,...,n—1
and [ > 0, z!47 has an expansion at p of the type

oo
l j _ d 1,7 . S
ry |(aj’y):p =z § :ﬂp,ld,sz
s=0

where d,; ; is an integer greater than —lp — p? and S, ;s € K with
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B(Bpg.s) < ((s+1)*(p +1)°72 + ) max{h(P), h(my(x))}.

Set 0 = miny ; ;{dy; ;} and write

o0
l,.J o s
Y |(z,y)=p = # Zaml,jysz

s=0

One can easily see that ap;js = 0if s < dp;; — o0 and api5s = Bpijstod,,, if
s > dy,j — 0. Therefore for s > dy,;; — o,

b(p.rgs) = D(Bptgisto—dy;) < ((5+1)(p+ 1) + 1) max{h(P), h(my ()},

where the last inequality holds since s + 0 — dp;; < s. Then for each place p, g(c) has
an expansion at p of the type

9 @y=p =22 [ D cjapiis | 2

s>0 l,j

Suppose that ¢ = (--- : ¢ : ---) where ¢ ; € K. Note that a pole of g(c) is either
a pole of z or a pole of y and so all poles of g(c) are in U. Write D = Zp mpp. Then
g9(c) € Lk (D) if and only if ord, (g(€)) > —my,, for every p € supp(D) and ord,(g(c)) > 0

for every p € U \ supp(D), i.e. ord.(g(€)|(z,y)=p) = —my for every p € supp(D) and
ord (g(€)| (z,y)=p) = 0 for every p € U\ supp(D). Equivalently, ¢(¢) € L (D) if and only
if ¢ is a solution of the following linear system

ch’jap,l’j,s =0[s5=0,...,—mp—o—1,pc supp(ﬁ) /\
L,j

ch’jap,l’j,s =0]s=0,...,—0—1,p €U\ supp(D)
l,j

Note that D = D —div(g(z)). By Remark 3.5, supp(D) C U and thus supp(D) C U. By
definition, h(m,(x)) < (D) for all p € U. So for | < 4p(p+ép) —land p € U,

B(apis) < (s +1)(p + 1) + DA(D)
< (p+8p)(s + 1?(p+ 1) *h(D).

The second inequality holds because (s + 1)%(p + 1)*™2 —4p > (s + 1)%(p + 1)*T2. In
what follows, we shall estimate —m, when m,; < 0. Note that

deg(div(g(x))") = deg(q) deg(div(x) ™) = deg(q)n < p*(p + dp).
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Hence |my| < ép + deg(div(g(z))") < (p+ 1)%(p + ép). Since 0 > —pl — p* and | <
4p(p+ 6p) — 1, one has that

—my —0—1<(p+1)*(p+dp) + pl + p°
<5p*(p+0p) + 2p(p+ 6p) + p* + 6p
=5(p+1)*(p+dp) — 7p> —8pbp — 5p — 46p
< 5(p+1)2(p + dp) — 24.

Therefore the heights of the coefficients of the system (6) are not greater than

T2 (p+0p)(5(p+1)*(p+ dp) — 23)(p+ 1) H90) =21 D)

< 25(p+0p)*(p + 1)7Pt0)* 17 ).

The system (6) contains 4np(p + 6p) < 4p*(p + dp) variables and thus the rank of the
system (6) is not greater than 4p*(p + 6p). Notice that the system (6) has a nonzero
solution due to Corollary 3.8. Therefore by Corollary 2.14, the system (6) has a nonzero
solution ¢ with

h(€) < (4p* (0 + 00))*(4p* (p +0p) + )T < 1600(p +8p)°(p + 1)*+20) = 1h(D).
Let A be a nonzero coordinate of ¢ and set a = ¢/A. Then g(a) is the desired element. O

Proposition 3.12. Let a be as in Proposition 3.11 and let p, dp, h(D) be as in Notation 3.4.
Suppose that Q1 € K[X,Z],Q2 € K[Y, Z] are nonzero irreducible polynomials such that

Q1(z,9(a)/q(x)) = 0 and Qa2(y, g(a)/q(x)) = 0. Then
B(Q1), B(Q2) < 1600(p + 3p)° (p + 1)*7H92) =2(D).
Proof. Suppose that a = (...,a;;,...). Set

n—14p(p+ép)—

GX.Y,Z)=q(X)Z-)_ Z alijle.
7=0

Then deg(G, X) < 4p(p+ dp) — 1 and g(a)/q(z) is a solution of G(z,y, Z) = 0. Denote
R = resy(P,G). Since P(X,Y) is irreducible and it does not divide G(X,Y,Z), R is
nonzero. Furthermore R(xz,g(a)/q(z)) = 0 and then @) divides R. Now let us estimate
the height of ¢(X). Suppose that by,...,bg are all roots of ¢(X) = 0 where d = deg(q).
Then b; is either a zero of d(X) or it is equal to m,(x) for some p € supp(D). In the
first case, h(b;) < (2p — 1)h(P) by Corollary 2.12 and in the second case h(b;) < h(D).
Therefore h(b;) < (2p — 1)h(D). Each coefficient of ¢(X) is a homogeneous polynomial
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in 1,by,...,bq of degree d. By Proposition 2.9, h(g(X)) < db((1: by : ---:bg)). Due to
Corollary 2.11, h((1 : by : -+ : bg)) < Z?Zl h(b;). Since d = deg(q) < p(p+ dp),
d
h(g(X)) <d)_b(b;) < d*(2p — DI(D) < (p+6p)*(2p° — p*)h(D).
i=1

Let ¢ be a point in some projective space with the coefficients of ¢(X) and all a; ; as
coordinates. By Corollary 2.11,

h(c) < blg) +h(a)

< (p+6p)2(20° = p*)h(D) + 1600(p + 8p)%(p + 1)5@+02)° 1R D)

< 1600(p + 6p)%(p + 1) +9P)*~10h( D).

Equivalently, h(G) < 1600(p+ 6p)8(p+1)5(°+30)*~10( D). Due to Proposition 2.15 and
Corollary 2.12, one has that

B(Q1) < H(R) < deg(G,Y)h(P) + deg(P,Y)h(G)
< (p— 1)h(D) + 1600p(p + 5p)%(p + 1)>@+52)° =10 (D)

< 1600(p + 6)%(p + 1)+ =9 D).
Using a similar argument, one has that

h(Q2) < deg(G, X)h(P) + deg(P, X)h(G)
which is also less than 1600(p + dp)®(p + 1)3+90)*~9(D). o
4. Main result

Throughout this section, let K,h be as in Section 3 and L stands for an algebraic
function field of one variable over K, i.e. L = K(x,y) where x is transcendental over
K and [L : K(x)] < oco. Suppose that p is a place of L over K. Let m, be defined as
in Section 2.1. We start with a height inequality for points on an algebraic curve of
special type. This inequality is an easy corollary of Proposition on page 14 of [18]. For
completeness, we present a detailed proof and estimate the constant term.

Proposition 4.1. Suppose that Q is a nonzero polynomial in K[X,Y] satisfying deg(Q,Y) =
tdeg(Q). Then for each (o, B) € K? with Q(a, 8) = 0,

h(B) < b(a) +bH(Q).
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Proof. Suppose that n = tdeg(Q). Let my,...,m,; be all monomials in X,Y of total
degrees not greater than n. Without loss of generality, we assume that mg = 1 and
my = Y. Write Q = cY™" +Zf;é b;m; where ¢,b; € K and ¢ # 0. In Proposition 2.9, we
take r = 1,81 =/{— 1,@ = (Xl,O Lol Xl,Zfl : —% Zf;é bin,i) and a = (]. : ml(a,ﬂ) :

- : my_1(e, B)). Then ®(a) = (mg(e,B) : -+ : my(a, B)) and by Propositions 2.16
and 2.9, one has that

nh((1:a:pB)) =h(®(a)) <b(a)+h(®) =bha) +H(Q). (7)
Let ng,...,n,, be all monomials in X,Y of total degrees not greater than n — 1. One
can check that there are ng,,...,n4, such that Xng, # n; for any 4,7 and

{m; |i=0,...,0—1}={n; |i=0,....m}U{Xny, |i=1,...,n},

where £ = m + n + 1. In Proposition 2.9, we take r = 2,51 = 1,80 =m, ® = (¢pg : -+ - :
¢)€—1) with ¢1 = X1,0X27i for i = O, ..., Mm and (;bi = X1,1X2,di,m fori=m+ 1, e ,E— 1,
a; = (1:«)and ag = (ng(a, ) : -+ - : ny (e, B)). Reordering the subscripts if necessary,
we may assume that

(mo,...,Mpy4p) = (Ng,..., Ny, Xng,,..., X0y ).
We then have that ®(a;,as) = a and

h(a) = h(®(a1,a2)) < b(ai) +b(az) = h(a) + bh(az). (8)

By Proposition 2.16 again, h(az) = (n — 1)h((1 : a : §)). This together with (7) and (8)
yields that

b((1:a:pB)) <b(a)+b(Q)

The proposition then follows from the fact that H(8) < h((1:«a:5)). O

As a corollary, we have the following quasi-equivalence of heights for points on an
algebraic curve of special type.

Corollary 4.2. Suppose that Q = > Z?:o a; ; XY with a;j € K, m = deg(Q, X)
and n = deg(Q,Y). Assume that for all0 < i < m and 0 < j < n if a;; # 0 then
mj +ni < mn. Then for each (o, B) € K? with Q(, ) =0,

nh(B) —mnbh(Q) < mh(a) < nbh(B) +mnb(Q).

Proof. Set Q = 31", >0 @iy X™Y™. Then deg(Q,Y) = deg(Q, X) = tdeg(Q) and
h(Q) = h(Q). Suppose that (a, 3) € K? satisfies Q(c, 3) = 0. Then Q(a'/™, 31/™) = 0.
By Proposition 4.1, h(8Y/™) < h(a'/™)+b(Q). By Proposition 2.7, one has that nh(8) <
mb(a) + mnh(Q). Similarly, one has that mh(a) < nh(8) + mnb(Q). O
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The polynomial @ usually does not satisfy the assumption of Proposition 4.1, i.e.
deg(Q,Y) = tdeg(Q). In order to apply Proposition 4.1, Eremenko proved in [9] that
if div(y)~ < div(z)~ then the irreducible polynomial @ with Q(z,y) = 0 satisfies
deg(Q,Y) = tdeg(Q). The following lemma is a generalization of Lemma 1 in [9].

Lemma 4.3. Assume that Q € K[X,Y] is a nonzero polynomial irreducible over K and
fyg € L\ K satisfying Q(f,g) = 0. Suppose that

mldiv (Tl(f))i S mZdiV (7—2(9))7

where my, my are positive integers and T, T are two linear fractional transformations
with coefficients in Q. Then for every place p of L over K,

mah(mp(f)) < mab(my(g)) +mimab(Q).

Proof. Write T (X) = 2?1‘217 (YY) = %)}Vith a;, by, ¢, d; € Q and a;d; —bie; # 0.
Denote f = 7 (f)™ and g = 72(g)™2. Let Q € K|[Z1,Z>] be a nonzero irreducible

polynomial such that Q(f,g) = 0. Set

H, = (ClX + dl)lel — (alX —l-bl)ml,
Hs = (CQY + dg)m2Z2 — (G2Y + bg)mz,
Rl(Zl7Y) = reSX(Hva(Xv Y))aRQ(ZhZQ) = resY(H27R1(Z17Y))'

As @ does not divide Hy, Ry # 0. Similarly, Ry # 0. Moreover, one can easily check that
Rg(f7 g) = 0. Hence Q divides Rs. By Proposition 2.15 and Corollary 2.12, one has that

H(Q) < h(Rz) < deg(R1,Y)h(Ha) + deg(Hz,Y)h(R1)
< deg(H2,Y)(deg(H1, X)h(Q) + deg(Q, X)b(H1))
— deg(Ha, V) deg(H1, X)B(Q) = mimab(Q).

Since div(f)~ < div(g)~, deg(Q, X) = tdeg(Q) by the Proposition 2 in [9]. If a place
p is not a pole of § then it is not a pole of f too. For such places, the lemma follows
from Propositions 4.1, 2.7 and Corollary 2.10. We are left to consider the case in which
p is a pole of g. Suppose that p is a pole of g. If p is also a pole of f then h(m,(f)) =0
and there is nothing to prove. Assume that p is not a pole of f. If p is a pole of g then
mp(f) is a zero of Q(X,0), where Q = Y"Q(X,1/Y) and r is the smallest integer such
that Q € K[X,Y], and thus h(m,(f)) < h(Q) = h(Q) and we are done. Now suppose
that p is not a pole of g. Since p is a pole of g, comy(g) + do = 0, ie. Ty(g) = —da/ca.
Applying 7, to Q(f,g) = 0 yields that m,(f) is a solution of Q(X, —da/c2) = 0. Write
Q= Zf:o A; (V)X where A;(Y) = > =0 a; ;Y7 € K[Y]. Note that A;(—dz2/cs) viewed
as a polynomial in the a;; is either 0 or homogeneous in the a;; of degree 1 with
coefficients in Q. By Proposition 2.9,
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H(Q(X, —da/c2)) = h((Ao(—da/c2) : -+ : Ay(—d2/c2)))
b((--zaij:--)) =0(Q).

Hence h(m,(f)) < h(Q(X, —dz2/c2)) < h(Q) and the lemma holds. O

IN

Lemma 4.4. Assume S is a finite set of places of L over K and f € L. Then there are
c1,C2 € Q with co # 0 such that

. f - B
supp (le <01f+62> > NS =14.

Proof. Set
M = {m,(f) | Vp € S with ord,(f) > 0}.

Then M is a finite subset of K. Let ¢1,co € Q satisfy that ¢ # 0 and c¢ya + ¢ # 0 for
all a € M. For p € S with ord,(f) > 0, one has that

mp(erf +c2) = amp(f) +c2 #0, ie. ordy(er f + ¢2) = 0.

This implies that ord,(f/(ci1f + c2)) = ord,(f) > 0 for all p € S with ord,(f) > 0. On
the other hand, for p € S with ord,(f) < 0, one has that

ordy(f/(cif +c2)) = ordy(f) —ordp(c1 f + ¢2) = ordy (f) — ordy(f) = 0.
In either case, p is not a pole of f/(c1f + ¢2). Thus ¢1, ¢y have the desired property. O

Lemma 4.5. Suppose that P is a nonzero irreducible polynomial of total degree p in
K[X,Y] satisfying P(x,y) = 0 and d(X) is the discriminant of P with respect to Y.
Let & = x/(c1x + c2) where ¢1,¢o € Q with ¢ # 0. Then

b(mp(z)) < 2pb(P)
for each p € supp(div(z)~) Usupp(div(z) ™) Usupp(div(y)~) Usupp(div(d(z))).

Proof. Suppose that m,(z) = oco. Then h(mp(x)) = 0 and the lemma is clear. In the
following suppose that m,(z) # oco. Suppose that p € supp(div(z)~). Then m,(c1z +
c2) = amp(z) + c2 = 0 and so my(z) = —co/c1. Hence h(my(z)) = 0 and thus the
lemma holds. Suppose that p € supp(div(y)~). Then m,(y) = oo and (mp(x),0) is a
zero of P = Y"P(X,1/Y) where r is the smallest integer such that Y"P(X,1/Y) €
K[X,Y]. In other word, m,(x) is a zero of P(X,0). Note that h(P) = h(P). Hence
h(mp(z)) < H(P(X,0)) < h(P) < 2ph(P). Finally, suppose that supp(div(d(z))) # 0, i.e.
d(z) ¢ K and p € supp(div(d(x))). If p is a pole of d(z) then it is a pole of  and we are
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already done. Suppose that p is a zero of d(z). Then m,(d(z)) = 0 which implies that
d(my () = 0. Hence b(my(x)) < H(d(X)) < 20H(P). D

Now we are ready to prove the main result of this paper.

Theorem 4.6. Let P be an irreducible polynomial in K[X,Y] of degree m with respect to
X and of degree n with respect to Y. Suppose that p = tdeg(P) and 0 < ¢ < 1. Then for
every a,b € K with P(a,b) =0, one has that

(1—e)nh(b) — C <mh(a) < (1+e)nh(db) +C
where
40(p+1)"

C=75-2-(1/e)%(p+1)" & b(P).

Proof. Let L be the field of fractions of K[X,Y]/(P). Then L is an algebraic function
field of one variable over K. Set z = X 4+ (P) and y = Y 4 (P). Then P(z,y) = 0. Choose
c1, ¢ € Q with cg # 0 such that

supp(div(z/(c12 + ¢2))7) Nsupp(div(y)”) = 0.

Such ¢y, ¢o exist because of Lemma 4.4. Let Ay be the smallest integer not less than %
and let A; be the largest integer not greater than Ay 4 p/2. Then &~ < Xy < 4~ + 1 and
A2+ p/2 —1 < A < Aa+ p/2. These imply that

2(0+1)

)\1_)\225_1,&§1+6, AL+ A < (9)

A2

Set & = x/(c1x + ¢2) and
D = Mndiv(y)” — Aemdiv(Z) .

Note that deg(div(y)~) = [L : K(y)] = m and deg(div(z)~) = [L : K(Z)] = n. One sees
that

deg(D) = Ainm — danm = (A — Ag)nm.

Asnmm>n+m—1>p—1and \y — Ay > p/2—1,deg(D) > (p—1)(p — 2)/2 is not
less than the genus of P(X,Y) = 0. Consequently, Lx (D) # {0}. Let dp, h(D) be as
in Notation 3.4. Then h(D) < 2ph(P) by Lemma 4.5 and by (9), op = (A1 + A2)nm <
2(1+ p)p?/e.

Due to Proposition 3.11, Lk (D) contains a nonzero element z = g(a)/q(z), ie.
div(z) + D > 0, where g(a) is of the form (5). As supp(div(z)~) N supp(div(y)~) = 0,
one sees that
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div(z)” < \ndiv(y) ™, Aemdiv(z)” < div(z)T = div(1/2)".

Suppose that Q1 € K[X, Z],Q2 € K[Y, Z] are nonzero irreducible polynomials such that
Q1(z,2) =0 and Q2(y, z) = 0. By Proposition 3.12, one has that

B(Q1), h(Q2) < 1600(p +6p)°(p+1)°*+20)"=*n(D) £ T.
Let p be a place of L over K such that m,(z) = a and m,(y) = b. By Lemma 4.3,

H(mp(2)) < Ainb(b) + Ainh(Q2),
Aemb(a) < b(my(2)) + Aamb(Q1).

The above two inequalities imply that
Aemhb(a) < Ainb(b) + Ainh(Q2) + Aamb(Q1).

In other words, mh(a) < (A1/A2)nb(b) + (m + nA1/A2)T. Note that by (9) Ai/A2 <
1+ € < 2. One has that

mb(a) < (14 €)nh(b) + 3pT. (10)
Note that p+dp < p+2(p+ 1)p?/e < 2(p + 1)3/e. One sees that

3pT = 3p x 1600(p + 6)%(p + 1) +90)° =9 (D)
< 9600p°(2(p + 1)*/€)°(p 4 1) 2 E0e =0 ()
< 9600 - 26 - (1/6)6(p + 1)5(p+2(p+1)p2/6)3+11h(P)

40(p+1)*Y
4004 1)®

<75-2% - (1/e)°(p+1) h(P) = C.
The last inequality holds because
5(p+2(p+ 1)p?/e)® +11 < 5(p+2(p+ 1)p* /e +2)3 < 40(p + 1)°(1/e)>.

Set D = X\ymdiv(Z)~ — (2X2 — A )ndiv(y)~. Then

)\2—(2)\2—>\1)=/\1—>\22§—17
oMy, M,
A2 2

2(0+1)

)\2+2)\2—)\1:3)\2—>\1§2>\2—g+1<

Using a similar argument, one has that
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(1 —¢)nbh(b) <mb(a)+C. (11)
Combining (11) with (10) yields the conclusion. O
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