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1. Introduction

In [10], Hrushovski developed an algorithm to compute the Galois groups for general
linear differential equations. To the best of my knowledge, this is the first algorithm
that works for all linear differential equations with rational function coefficients. Be-
fore Hrushovski’s results, the known algorithms were only valid for linear differential
equations of special types, for instance, low order or completely reducible equations.
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The algorithm due to Kovacic [13] deals with the second order equations. In [21], the au-
thors determined the structural properties of the Galois groups of second and third order
linear differential equations. In many cases these properties can be used to determine
the Galois groups. In [2], the authors gave an algorithm to compute the Galois group
of linear differential equations that are completely reducible. The reader is referred to
[20,22] for the survey of algorithmic aspects of Galois groups and the references given
there for more results. In particular, in [20], the author gave a clear explanation of the
method based on the Tannakian philosophy and introduced the various techniques that
were used in the known algorithms.

Throughout the paper, C' denotes an algebraically closed field of characteristic zero
and k = C(t) is the differential field with the usual derivation § = %. The algebraic
closure of k is denoted by k. Linear differential equations we consider here will be of the
matrix form:

5(Y) = AY, (1)

where Y is a vector with n unknowns and A is an n X n matrix with entries in k. Denote
the Picard—Vessiot extension field of & for (1) by K and the solution space of (1) by V.
Then the Galois group of (1) over k, denoted by Gal(K/k), is defined as the group of
differential automorphisms of K that keep all elements of k fixed. For brevity, we usually
use G to denote this group. One can readily see that G is a subgroup of GL(V), the group
of automorphisms of V. A matrix in GL,,(K) whose columns form a basis of V is called
a fundamental matrix of (1).

Elements of V™ are vectors with n? coordinates. For the sake of convenience, elements
of V™ are also written in the matrix form. In such a case, V" = {Fh | h € Mat,(C)},
where F is a fundamental matrix of (1). Set

Vir, ={Fh|heGL,(C)}.

inv

Then V. is an open subset of V". Note that if F' = I,,, then V

inv inuv

= GL,(C). In this pa-
per, we will always use X to denote the nxn matrix whose entries are indeterminates x; ;.
Without any possible ambiguity, we will also use X to denote the set of indeterminates
and use k[X] (resp. C[X], K[X]) to denote the ring of polynomials in X over the field k
(resp. C, K). Let Z be a subset of V.. Z is said to be a Zariski closed subset of V7 if

mnv* mnv

there are polynomials Py (X), -+, P, (X) such that Z = Zero(Py(X),---, P (X)) NV

mnuv*
In this case, we also say that Z is defined by Py (X),- -, Py (X). We will use Ng(V7,)
to denote the set of all subsets of V.

inv?

which are defined by finitely many polynomials
of degree not greater than d. Note that here we have no requirement for the coefficients
of these polynomials. Suppose that k is an extension field of & and Z C o I Z can
be defined by polynomials with coefficients in k, then Z is said to be k-definable. Note
that there is a naturel action of GL(V) on V?,, which is defined as o - u = o(u) for

all 0 € GL(V) and u € V.. The stabilizer of Z, denoted by stab(Z), is defined as the

nv*
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subgroup of GL(V) whose elements keep Z unchanged. Let Z € Ny(V;,). In case that
we emphasize the degree d of defining polynomials, we will also say “Z is bounded by d”.

Let F be a fundamental matrix. For any o € GL(V), there exists [0] € GL,,(C) such
that o(F) = F[o]. The map ¢r : GL(V) — GL,(C), given by ¢r(0) = [o], is a group
isomorphism. Let H be a subgroup of GL, (V). For ease of notations, we use Hp to
denote ¢p(H). H is said to be an algebraic group if Hp is. It is known that G is an
algebraic group. Assume that # is an algebraic group. Then H°, H? are used to denote
the pre-images of H$ and Ht., where H% denotes the identity component of Hp and
’H} is the intersection of kernels of all characters of Hp. H is said to be bounded by d
if HF is.

The key point of Hrushovski’s algorithm is that one can compute an integer d such
that there is an algebraic subgroup # (or #r) of GL(V') bounded by d satisfying

(+): (H°)'9G°<G<H, or (M) QG%<Gp<Hrp.
For simplicity of presentation, we introduce the following notion.
Definition 1.1. An algebraic group H (or Hp) in (%) is called a proto-Galois group of (1).
Roughly speaking, Hrushovski’s approach includes the following steps.

(S1) (Proto-Galois groups). One can compute an integer d only depending on n such
that there is a proto-Galois group of (1), which is bounded by d. In fact, if we let
H be the intersection of the stabilizers of k-definable elements of N;(V; ). Then
H is a desired proto-Galois group of (1).

(S2) (The toric part). Compute H$ and let x1,---,x; be generators of the character
group of H%. Then the map ¢ = (x1,--+,X:) is a morphism from H$ to (C*)!
and ¢(G%) is the Galois group of some exponential extension E of k over k, where
k is an algebraic extension of k. One can find E by computing hyperexponential
solutions of some symmetric power system of (1). Pulling ¢(G%) back to H$%, one
obtains Gp.

(S3) (The finite part). Find a finite Galois extension k¢ of k and a kg-definable subset
Z of V1 such that G° = stab(Z). Let Z1 = Z, Zs, -+ -, Z,, be the orbit of Z under

mu

the action of Gal(k¢/k). Then G = " {0 € GL(V) | 0(2) = Z;}.

We follow Hrushovski’s approach, but take out the logical language and elaborate the
details of the proofs that were only sketched in his paper. We hope this will be helpful for
the reader to understand Hrushovski’s approach. Meanwhile, we modify the step of his
approach where a proto-Galois group is computed. To obtain a proto-Galois group, the
step (b) of Algorithm B in [10] first computes the formulas for all k-definable elements
of Ng(V,) for some sufficiently large d, and then calculates the intersection of the

stabilizers of these k-definable elements from their formulas. We shall show that the



4 R. Feng / Advances in Applied Mathematics 65 (2015) 1-87

intersection of those stabilizers is actually equal to the stabilizer of a certain k-definable

n
muv

element of Ny(
of Ny(V

mnuv

). In the sequel, one only needs to compute one k-definable element
) to find a proto-Galois group. This improves the step (b) of Algorithm B in
some sense (see Remark 2.5 for further discussions). Hrushovski showed in the part IIT
of [10] how to compute the integer d as claimed in (S1). As well as providing the detailed
explanations of his proofs, we present an explicit estimate of the integer d, which is
sextuply exponential in the order of matrices. The bound we estimated is much larger
than the one guessed by Hrushovski in Remark 4.5 of [10]. To estimate d, we need Jordan
bounds on finite groups and complexity bounds on Groébner basis, which are exponential
and doubly exponential respectively. The successive compositions of those bounds and
central binomial coefficients result in a large bound for the integer d. The reader is
referred to Remark B.3 for the details.

The paper is organized as follows. In Appendix A, we describe a method to find
coefficient bounds for k-definable elements of Ng(V;?, ), that is, a method to bound the
degrees of the coefficients of defining polynomials of such sets. In Appendix B, an explicit
estimate of the integer d that bounds the proto-Galois groups is presented. These bounds
will guarantee the termination of the algorithm. In Sections 2 and 3, we show how to
compute a proto-Galois group and then the Galois group. Some computation details are
omitted in these sections and will be completed in Section 4.

2. Proto-Galois groups

This section will be devoted to finding a proto-Galois group of (1). Let d € Z>oU{oo}
and I C k[X]. I<4 denotes the set of polynomials in I with degree not greater than d.
Set

Ipg={P(X) € k[X]<q | P(F) =0} and Zpa = Zero(Ira)( |Vin, (2)

When d = oo, we use Ir and Zp for short. I'r consists of algebraic relations among entries
of the fundamental matrix F'. The Galois group of (1) is considered as the subgroup of
GL(V) that preserves Ir. Precisely,

G={oeGL(V)|o(Zr)=Zr}.

Hence once I is computed, G will be determined. Of course, Ir has a basis that lies
in some Fg4 but we do not know how to directly calculate such a value of d. This is
why we proceed as outlined in steps (S1)—(S3). In this section, we shall show that if
d is sufficiently large then stab(Zr4) is a proto-Galois group. Given an integer d, the
results of Appendix A enable us to compute Ir 4 (see Section 4.1). Corollary B.15 in
Appendix B gives us a bound on such a d. We also describe properties of a proto-Galois
group that are needed to justify our algorithm. Let us start with three lemmas.



R. Feng / Advances in Applied Mathematics 65 (2015) 1-87 5

Lemma 2.1. Assume that U is a C-definable Zariski closed subset of GL,,(C) such that
G Cstab(FU). Then FU s a k-definable Zariski closed subset of V.. Moreover if U is
bounded by d then so is FU.

Proof. Assume that U is bounded by d. Let
J ={P(X) € C[X]<q | Vu € U, P(u) = 0}.

Since U is bounded by d, U = Zero(J) N GL,(C). Let I be the ideal in K[X] generated
by {P(F71X) | P(X) € J}. Set

<d = jﬁK[X]<d.

Then {P(F~'X) | P(X) € J} C I<qand FU = Zero(I<4)NV;,. Moreover, assume that
P(X) is a polynomial in K[X]<, satisfying that P(Fu) = 0 for any w € U. Then one
can easily see that P(FX) is a K-linear combination of finitely many elements in J.

Therefore P(X) € I<4. Now let
Iéd = NSd N k[X]

We will show that I, generates I. For this, it suffices to prove that I<4 generates I<g,
since I<,4 generates I. We will use the an argument similar to the one given in (p. 23, [23])
to prove this. Let (I<4) denote the ideal of K[X] generated by I<4. Assume that I<4 is
not a subset of (I<4). Pick Q(X) € I<4\ (I<q) such that num(Q(X)), the number of
the monomials of Q(X), is minimal. If num(f) = 1, it is clear that Q(X) € (I<q). Hence
num(Q(X)) > 1. Without loss of generality, we may assume that one of the coefficients
of Q(X) equals one and one of them, say ¢, is not in k. Let 0 € G. We use Q,(X) to
denote the image of Q(X) by applying o to the coefficients of Q(X). For every u € U,
since Qo= (Fu)) = 0,

o(Q(o7H(Fu))) = Qo (o(0 ' (Fu))) = Qo (Fu) = 0.

This implies that Q,(X) € I<4 for all ¢ € G. Then the minimality of num(Q(X)) implies
that both Q(X) — Q,(X) and ¢ *Q(X) — 0(c)"*Q,(X) are in (I<4). Therefore

Voeg. (000 — e )QX) € (I<a).

Since ¢ ¢ k, there is o € G such that o(c) # ¢. So Q(X) € (I<4), a contradiction. Hence
I<4 generates fgd. O

The correctness of the statement below is almost obvious. However, since it will be
used frequently, we state it as a lemma.

Lemma 2.2. Let H be a subgroup of GL,(C) and N = stab(FH). Then Np = H.
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Proof. Recall that the action of GL(V) on V}?, is defined as o(Fu) = Flo]u for each
u € GL,(C), where [0] = F~1o(F). One can then see that Nz C H. Assume that h € H.
Then there is an element op, in GL(V) satisfying that oy, (F) = Fh. Now for any h' € H,

on(Fh') =Fhh € FH and o,(Fh™'h') = Fh.
These facts imply that o, € A and then h € Np. This concludes the lemma. O

From (2), one sees that Zp 4 is minimal among those k-definable elements of Nq(V},)
which contain F'. Furthermore, the following lemma implies that stab(Zp 4) is also min-

imal.

Lemma 2.3. Let Z be a k-definable element of Ng(V,). Then stab(Zp 4) C stab(Z).
Proof. We may write Z = FU for some Zariski closed subset U of GL,(C). We first
claim that

Z = U ZF’d’U,.
uelU

Obviously, Z is a subset of the right-hand side because F € Z F,4- Suppose that Z is
defined by S, a set of polynomials in k[X] with degree < d. For any u € U, one has that
P(Fu) =0 for all P € S. Due to the definition of I 4, P(Xu) € Ip4 for all P € S and
u € U. Hence P(zu) =0forall z € Zpy, ue U and P € S. So Zpqu C Z for all u e U.
This proves the claim. Now assume that o € stab(Zp ). Then one has that

o(2) = U o(Zpa)u= U Zpaqu=Z.
uelU uelU

Therefore o € stab(Z). O

In Corollary B.15 of Appendix B, we produce an integer d such that there is a family
F of subgroups of GL,,(C) bounded by d having the property that for any subgroup H
of GL,,(C) there is an H € F such that

(A°)' <H° <H <H.

Note that if we let H = Gp, then H is a proto-Galois group. In the following, d always
denotes the integer produced in Corollary B.15 of Appendix B.

Proposition 2.4. Let H = stab(Z ;). Then H is a proto-Galois group of (1) and more-
over, Zp 5= FHp.
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Proof. We first show that Zp; = FHp. We may write Z; = F'H for some set of
matrices H C GL,(C). If H is a group, then one has that Hr = H by Lemma 2.2.
That is to say, Zp 3 = FH = FHp. Hence it suffices to show that H is a group. As
F € Zp j, we have that I, € H. Suppose that hqi,hy € H. For any P(X) e Iy 5, the
equality P(Fhz) = 0 implies that P(Xhz) is an element of I, ;. Hence P(Fhihs) = 0
and then hihy € H. It remains to prove that for any h € H, h~' € H. As H is closed
under the multiplication, Hh C H. Multiplying both sides of Hh C H by h repeatedly,
we have that

...C Hh* C Hh* C Hh C H.

It is easy to verify that H is a Zariski closed subset of GL,(C) and so is Hh® for all
positive integer i. The stability of the above sequence indicates that Hhiot! = Hh' for
some g > 0 and therefore Hh = H. So h~! € H.

Now we prove that H is a proto-Galois group of (1). First of all, as Z .4 1s k-definable,
G C stab(Zp, ;) = H. By Corollary B.15, there is a proto-Galois group H of (1) bounded
by d.Since Gr C H,G C stab(Fﬁ) and then by Lemma 2.1, FH is a k-definable element
of Nj(V,). Lemmas 2.2 and 2.3 imply that Hp C H. Note that (H$)! is generated by

all unipotent elements of 5 and these elements must be in H°. Hence
(H3)' < (H°)" < G5 < M.
Then the conclusion follows from the fact that (#%)" is a normal subgroup of H%. O

Remark 2.5. Let H be the intersection of the stabilizers of k-definable elements of
Nz(V2,). The idea of Algorithm B of [10] to compute H is as follows: find the formulas for
k-definable elements of Ny(V;*,) and then obtain the defining equations for H from these
formulas. More precisely, Corollary 1.4 of [10] states that k-definable elements of Ng(V;,)
correspond to hyperexponential solutions (equivalently, one-dimensional k-definable sub-
spaces of the solution space) of a linear differential equation, which is a symmetric and
exterior power of (1). Due to Lemma 2.4 of [18] or Lemmas P1.1 and P1.2 of [10], one can
effectively find all hyperexponential solutions of a given linear differential equation. By
Proposition 1 of [10], one can obtain the formulas for k-definable elements of Ng(V,)
from the corresponding hyperexponential solutions. Note that Proposition 1 of [10] claims
that one can effectively find the formulas for k-definable subspaces of V' (and thus the
formulas for k-definable elements of Ng(V/",)), but its proof does not supply the details
on how to deduce these formulas.
Due to Lemma 2.3, one has that

stab(Z 7) C HC stab(Zp, 7).

Hence stab(Zy, ;) = H. In other words, it suffices to compute the k-definable element Z Fd
to find H. In addition, Proposition 2.4 states that H is a proto-Galois group. Our method
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to compute the defining equations of Zp, ; is described in Section 4.1. Our approach seems
simpler than the one presented in the step (b) of Algorithm B in [10], since it reduces
the number of k-definable elements which we need to compute. However, it is not clear
whether the complexity of our method is better or not.

3. Recovering Galois groups

Throughout this section, I, j, Z ; and H are as in Proposition 2.4. We will first com-
pute a Zariski closed subset of Z ; whose stabilizer is G°. Then using the Galois group of
a finite Galois extension of k, we construct Iz and then the Galois group G, where I is
defined in (2) with some fundamental matrix F and d = oc. Note that G° is defined as the
pre-image of G under the map ¢ given in Section 1. It is well-known that G° is equal
to Gal(kK/k) where kK is the Picard-Vessiot extension field of k for (1). In the coming
sections, we will assume that the following problems can be solved algorithmically.

(P1) Given an ideal in k[X], compute a Grobner basis of it with respect to some
monomial ordering. The reader is referred to Chapter 2.7 of [4] for Buchberger’s
Algorithm.

(P2) Given an unmixed ideal in k[X], compute its primary decomposition and its associ-
ated primes. There are several methods for this problem, for instance the methods
presented in [8], Section 4 of [6], parts 36 and 42 of [17].

(P3) Given an irreducible polynomial P € k[z], compute the Galois group of P over k.
A method to compute the Galois group of a polynomial over k was presented in [3].
Note that there are many algorithms to compute the Galois group of a polynomial
over the field of rational numbers (see [11] for the survey) and most of them can
be generalized to the field Q(¢).

(P4) Given an unmixed ideal S in k[X] with Zero(S) N GL, (k) # 0, compute a zero of
S in GL, (k). Let S = {S, det(X)z — 1}. By the algorithms developed in [7,14], one
can find normal chains (or p-chains) 4; such that

Zero(S) = U Zero((Ai) : 1)

where I4, is the product of initials of polynomials in A;. The polynomials in a
normal chain A; : Pp,---, P, are of the following form:

Pi(u,yy) = Ilyfl + terms in which y; has degree < dj,
Py(u,y1,y2) = Igyg2 + terms in which y, has degree < da,

P(u,y1, - ,y) = Ilyld‘ + terms in which y; has degree < d,

where {u} is a set of parameters, {u} U{yi, -,y } is a permutation of {z11,---,
Tnn, 2} and I; € k[u]. Fix a normal chain A; and pick u € k11 such
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that I4, (1) # 0. Then one can compute a zero of S by solving the system
{Pl(ﬁa yl)a PQ(ﬁvyhyQ); e 7Pl(ﬁ7y1a B yl)}
3.1. Identity component G°

In Section 4.1, we will show how to compute I ; and Hp. For the moment, we
assume that Hp has been computed. Using the algorithms for the problem (P1), we
obtain the identity component H%, which is given by the generators of its vanishing
ideal. The defining equations of Hy will lead to a Zariski closed subset Zyo of Zp ;
such that the stabilizer of Zy. is H°. Let x1,---,x; be generators of X (H$), where
X (M%) is the group of characters of H%. We will show that each character corresponds
to a hyperexponential element over k. Assuming we can find x1, - - -, x; (and we will show
how this can be done in Appendix B), the results in [2] allow us to find algebraic relations
among hyperexponential elements associated with xi,---,x;. These relations together
with Z30 produce a Zariski closed subset Z of Z3. such that the identity component of
stab(Z) is G°. Using an argument similar to the one used to construct Zye, we are able
to find a Zariski closed subset whose stabilizer is G°.

Let kK be the Picard-Vessiot extension field of & for (1) and H a subgroup of GL,,(C).
For brevity, we will use H(kK) to denote Zero(I(H)) N GL,(kK) where I(H) is the
vanishing ideal of H in C[X]. Let N be an algebraic subgroup of GL,(V) and v an
element of GL,, (k).

Proposition 3.1. Suppose that v~'F € N¢(kK) and N3 is defined by S, a set of polyno-
mials in C[X]. Set

Zy = Zero({P(v"'X) | P(X) € S}) [ | Vine-
Then Z. is a nonempty subset of FNg and stab(Z,) = N°.

Proof. As N is an algebraic subgroup of GL,,(C), there is ¢ € N such that y~1Fg €
N (/5K) That is to say, F'g € Z,. Hence Z, is nonempty. Now write Z, = F'H for some
H C GL,(C). For any h € GL,(C),

heH & ~ 'FheNp(kK) < ~ 'Fgg'heNp(kK) < g 'heNp.
This implies that H = gNg. One then has Z, C FNp because g € Np. This proves the
first assertion. As A3 is normal in N, one has that H = Ngg. Let N = stab(Z,). We
then have that
N = stab(Z,g™") = stab(FNR).

Lemma 2.2 implies that Np = N2, ie. N=N°. O
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Lemma 3.2. Let a be an element of Zero(I ) N GL, (k). Then a™'F € Hp(kK).

Proof. It suffices to show that o € FHp(kK). From the definition of Zp 3, one can see
that Z, ; is bounded by d and so is Hp. Assume that Q is a polynomial in ClX].;
such that Q(h) = 0 for all h € Hp. Then from the proof of Lemma 2.1, Q(F~1X) is
a K-linear combination of elements of I, ;. Hence Q(F~1a) = 0, which implies that
Fla € Hp(kK),ie a € FHp(EK). O

Let a be an element of Zero(I, ;) N GL, (k) and S a set of polynomials in C[X] which
defines H%. Set

nuv*

Zye = Zero({P(a™'X) | P(X) € S}) (Vi

Then Lemma 3.2 and Proposition 3.1 indicate that Zy. is a Zariski closed subset of
FHp and stab(Zy0) = H°. Let F be any element of Zypo, i.e. o 'F € HS(kK). Then
we have the following proposition.

Proposition 3.3. Let x : H3 — C* be a character of H%., which is represented by a
polynomial in C[X,1/det(X)]. Then x(a~'F) is a hyperezponential element over k.
Moreover for any h € H%,

X(oflﬁh) = X(oflﬁ)x(h).

Proof. Since ¥ is a character of HS., for any hy, hy € HS(EK), x(hihs) = x(h1)x(h2).
Notice that a~'F € H% (kK). For any h € H$,

X(oflﬁh) = X(oflﬁ)x(h).
Suppose that o € G°. Then o(a'F) = a~'F[o] for some [0] € GL,(C). As a™'F

belongs to H% (kK) that is C-definable, we have that o(a™'F) € H%(kK). Tt follows
that [o] € H$. Hence for any o € G°,

X(@tFo])  x(aF)x([o])  x(aTF)

U(X(a‘lﬁ)’>x(a‘lﬁ[0’])’ X' F)'x([o])) _ x(a”'F)

(e 'F) 7.
Thus @iF) € k. O
Suppose that x1,-- -, x; are the generators of X (%), all of which are nontrivial and
represented by polynomials in C[X]. Then each character x; corresponds to a hyperex-
ponential element x;(a~'F), denoted by h;. Let v; = h}/h; for all i with 1 < i <, and
E =k(hy,---,h;) that is the Picard—Vessiot extension of k for the equations

5(Y) = diag(v, -, w)Y.
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Note that E is a subfield of kK. Let h = diag(hy,---,h). Then h is a fundamental
matrix of the above equations and Gal(E/k) can naturally be embedded into (C*).
Denote the image of Gal(E/k) by T under this embedding. That is to say,

T={(c1,-,e)" € (C*)' | Jo € Gal(E[k) s.t. o(hi) = cihy, i=1,---,1}.

In [2], the authors show that when C' is an algebraically closed computable field, given

v, -+, v, one can compute a set of elements S = {hy,,--,hy, } € {h1,---, h} such that
(¢) hyy,- -, hy, are algebraically independent over C;
(#) for each j € {1,---,l}, there are an element f; € k and integers m;, m; j,m; # 0
satisfying

T
n =g [T
i=1
if S is nonempty, or h;” = f; if S is empty.

The equalities in (i) generate almost all algebraic relations among hq,-- -, h;. Due to
the proof of Proposition 2.5 in [2], the set {y;" —[[\_y yn,'7,j = 1,2,---,1} defines an
algebraic subgroup of (C*)!, whose identity component is equal to T. As F € FHp, it
follows from the normality of Hg in Hp that HE = Hp. Thus Gz C HE = Hy. Let
©=(x1,"",x1)- Then we have

Lemma 3.4. ¢(Gz) =T.

Proof. Note that G° = Gal(kK/k) and E C kK is a Picard-Vessiot extension field. By
the Galois theory, the map 1 : G° — Gal(E/k) given by 9(0) = o|g for any ¢ € G° is
surjective. For any [0] € G2, there is 0 € G° such that o(F) = F|o] and then

¢(0)(h) = a(h) = (o(h1),---,0(l)) = (xa(a  Flo]),---, xi(a " Flo]))
= (X1(04—1F)X1([0])a"'»Xl(Oé_IF)Xl([UD) = (X1([0])h17"'7Xl([0])hz)~

By the definition of T', we have that ¢([o]) = (x1([o]), -, xi([o])) € T. Now assume
that (c1,-+,¢;)7 € T. Then there is 0 € Gal(E/k) such that o(h;) = c;h; for all j with
1 < j < 1. Due to the surjectivity of 9, there is & € G° such that ¢(6) = . Assume that
&(F) = F[5] for some [6] € G%. It follows that

_ o) _o(hy) _ (7 FB) _ e @) _ e
T Ty T e E) T (e tE) =x;(16]), J=1,,1L

In other words, (c1,- -+, )" is the image of [6] under the morphism ¢. So ¢(G3) =T. O
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Set
J={P(a7X)|Pe S}U{Xj(alX)m"‘ —fi [T (@ X)™, = 1,~-~,l},
i=1

where S is the set of generators of I(H%). It is easy to see that F is a zero of J. Let
Zj = Zero(J) NV}, and H = stab(Z;).

muv

Proposition 3.5.

(a) H° = G°.
(b) Suppose that § € Zero(J) N GL, (k). Then B~ F € Hp(kK).

Proof. Write Z; = FH for some H C GL,(C). We first claim that H = Hz. Recall
that a='F € H%.(kK). An easy calculation yields that

HZHOFﬂZem({ me” j:1,2,--~,l}>. (3)

Therefore H is a group and then the claim follows from Lemma 2.2.
(a) To prove H° = G°, it suffices to show that 7-_1%, = Q%, ie H° = g%. It is easy to
see that

go(H)znp(H%)ﬂZero({ Hym” j:1,2,---,l}>.

Lemma 3.4 and the discussion before it indicate that the identity component of ¢(H) is
equal to T'. Note that ker(p) = (H%)" = (H%)". Then we have ker(p) C g since H is
a proto-Galois group. As Z; is k- definable, G° C H and then Qo - HF = H. Now we
have

[ : G3] = [H/ kex(p) : G3/ ker()] = [o(H) : ¢(G3)].

Owing to Lemma 3.4, p(G%) is equal to T that is the identity component of ¢(H). Hence
[H : G%] is finite. Thus H° = %, which proves (b).
(b) As both 8 and F are zeros of .J, the construction of .J implies that

B'F € H%(EK) and Xj mew 1By =0, j=1,--,L

Hence ~'F € H(kK). So B~'F €¢ Hz(kK). O
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Let 3 be a zero of J in GL,, (k). The above proposition implies that 37'F € H(kK).
Assume that G2 (and thus 7—2%) is defined by S, a set of polynomials in C[X]. Set
Zgo = Zero({P(B'X) | P€S}H) NV,
Then Proposition 3.1 induces that Zgo is a Zariski closed subset of FHy and
stab(Zge) = G°.

3.2. Galois group G

Let 8 and Zgo be as in the previous section and F an element of Zgo. Then 3~'F €
Q%(IQJK). Moreover, since Zgo is a subset of FH s, one has that F' = Fh for some h € H .
This implies that Q% = h_lg%h. At the same time, by Proposition 3.5, G2, is normal
in H . Therefore h™'G2h = G2. In the sequel, G2 = G2.

Let kg be the Galois closure of k(371), where k(37!) denotes the extension field of k
by joining the entries of 371. By the algorithms for (P3), one can compute Gal(kg/k).
For any 7 € Gal(kg/k), set

Ty = ({P(r(8) 7' X) | P(X) € 1(G7) })
where (x) denotes the ideal in kg[X] generated by .

Proposition 3.6. Let Iz be defined in (2) with F = F and d = co. Then

IF:( N Jr(ﬁ))ﬂk[X]-

r€Gal(kg/k)

Proof. Denote the ideal in the right-hand side of the above equality by @. Suppose that
P(X) € &. Then P(X) € Js. Note that Zero(Js) N V7, = Zgo. So P(F) = 0. That is to
say, P(X) € Iz. Thus & C I. Conversely, suppose that P(X) € Iz. Then P(F) = 0.
Applying G° to it, we obtain that P(Fg) = 0 for every g € Gz and thus P(Fg) =0
for all g € Q%(IQK). Since 3~'F e Q%(IEK), FQ%(IEK) = 59%,(1;1(). This implies that
P(BX) vanishes on G2 (kK). Consequently, P(3.X) belongs to (I(G%)) and so P(X) € Jg.
Because all coefficients of P(X) are in k, P(X) € J. (g for all 7 € Gal(kg/k). Hence
P(X)ed. O

If I is computed, then it is easy to verify that
Gr ={9€GL,(C) | VP(X) € Iz, P(Xg) € I}.

In the following, we present another method to compute Gz that avoids computing I .
From Proposition 3.20 and Theorem 3.11 of [15], there is a Picard—Vessiot extension
field, say K, of k that contains kg and K as subfields. Then Galois theory implies that if
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7 is an element of Gal(kg/k) (or G), then there is p € Gal(K /k) such that the restriction
of p on kg (or K) is equal to 7. Let S be a set of generators of I(G%). Set

G= |J {9eGL.(O)|vQeS, Q(r(8)~'Fg) =0}.

reGal(kg /k)

Then we have
Proposition 3.7. G = G.

Proof. We first prove that Gz C G. Assume that [0] € Gf. Then there is o € G such that
o(F) = F|o] and furthermore there is p € Gal(K /k) such that p|x = 0. Let 7 = plp,.
Note that 7 € Gal(kg/k). Then for all Q € S,

p(Q(BTIF)) = Q(r(H) o (F)) = Q(r() " Flo]) = 0.

This implies that [0] € G. Conversely, assume that g € G. Then there is 7 € Gal(kg/k)
such that Q(7(8)~'Fg) = 0 for all Q € S. Meanwhile, there is p € Gal(K /k) such that
plee = 771, Since p|x € G, there is h € Gz such that p|x(F) = Fh. Now we have that

vQeS, p(Q(r(8)'Fg)) =Q(B™ Fhg) = 0.
Hence f~'Fhyg € Q%(f(), which implies that hg € G7 and thus g € Gz. O
4. Modified Hrushovski’s algorithm

Now we are ready to present the algorithm. Instead of G, we shall compute G for
some fundamental matrix F. Throughout this section, C' will denote the algebraic closure
of a computable field of characteristic zero.

Algorithm 4.1. Input: A linear differential equation (1) with coefficients in C(t).
Output: the Galois group Gz.

(a) By Corollary B.15, determine an integer d such that there is a proto-Galois group
of (1) bounded by d.

(b) Compute a fundamental matrix F' (the first finitely many terms of its formal power
series expansion at some point). Compute r.q and then Hp, where I ; is defined
in (2) and H is the stabilizer of Zero(I ;) N Vi, (See Section 4.1.)

(¢) Compute H3 and find a zero a of I ; in GL,(C(t)) and an F in V7, such that
o~ 'F is an element of HS(kK). (See Section 4.2.)

(d) Compute generators of X (H$%), say x1,- -, Xxi, which are represented by polynomi-
als in C[X]. Denote x;(a™'F) by h; for i = 1,2,---,1. By Proposition 3.1, h; is
hyperexponential over C'(t). Compute these h;. (See Section 4.3.)
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(e) Using the method developed in (Proposition 2.4, [2]), compute algebraic relations
for hy,---, hy, say

{h}”j — ST j:1,2,---,1}

i=1

where f; € C(t) and h,,,- -, hy, are algebraically independent over C(t).
(f) Denote a set of generators of I(H$.) by S, a subset of C[X] and set

J={P<or1x>rPes}U{x;wa—lx fJHx’”” (0= %). 1,.-.,l}.

Compute H = stab(Zero(J) N V},) and then H° that is equal to G°.

(9) As in the step (c), compute G%, and find 3 in Zero(J) N GL, (C(t)) and an F in V7,
such that f~'F € Q%(IEK). (See Section 4.2.)

(h) Denote a set of generators of I(G%) by S C C[X]. Let kg be the Galois closure
of C(t)(B71), where C(t)(B71) is the extension field of C(t) by joining the entries

of 1. Compute Gal(kg/C(t)) and

Gr= J  {9€CL.O)[VQeS, Q(r(8) Fg) = 0}.

T€Gal(kag/C(t))

(i) Return Gz.

The correctness of the algorithm follows from the results in Sections 2 and 3. In the
following, we will present several computation details omitted in the previous sections.
Generally, it is difficult to find a fundamental matrix of (1). What we can compute is
the first finitely many terms of formal power series solutions of (1) at some point of C'.
Let z be a generic point of C'. Expanding A at t = z, we have

1
A=Ag+ At —2)+ At —2)* +---, A€ Matn<C[z, ﬁ]) (4)
q(z
where ¢(z) is a polynomial in C[z] such that ¢(z) is the least common multiple of the
denominators of the entries of A. Using the above expansion, we can compute a formal
power series solutions of (1) that has the following form

I.=1I,+Di(t—z)+Ds(t—2)>+---, D, GMatn(C[Z’%ZJ).

Assume that a is an element of C such that g(a) # 0. Then I', can be specialized to I,
that is a formal power series solution of (1) at ¢ = a. The field k can be naturally embed-
ded into C((t—a)), the field of Laurent series in t—a. Due to Proposition 1.22 of [23], k(I7,)
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is a Picard—Vessiot field for (1) over k. Therefore K and k([,) are k-isomorphic as differ-
ential fields. In other words, K can be embedded in to C((t—a)). Let ¢, : K — C((t—a))
be this embedding and F, = ¢, 1(I,). Then F, is a fundamental matrix of (1) with en-
tries in K. Let v be an element in k. Assume further that a is a regular point of 7, i.e.
~ has a formal power series expansion at ¢ = a. Then the map ¢, can be extended into
an embedding of K (v) into C'((t — a)). Note that we do not know the element F, since
at this point we do not know K. So in the following sections, we shall only work with
I', during the process of computations.

4-1. Computing I, ; and HFp,

Since K and k(I;) are k-isomorphic, I, ;= I ;. Sotofind Iy, gz it suffices to com-
pute I, 7. Corollary A.5 says that the coefficients of defining polynomials in C(t)[X].;
of Zp, ; can be chosen to be rational functions bounded by an integer £. Without loss

of generality, we may assume that all these coefficients are polynomial in ¢ which are
bounded by 2¢. Let

Pe(X)= ) ( > c“ﬁ(t—a)")Xﬁ’, c= (" Cm )

\mlﬁd 0<i<2¢

where the ¢; 7 are indeterminates. A small modification of Theorem 1 in [1] yields the
following theorem that bounds the order of P.(I7}).

Theorem 4.2. One can compute an integer N depending on A, n, £ such that
P.(I,) =0 or ordi, (PC(Fa)) < N.

Proof. Note that Theorem 1 in [1] works for the case that P.(X) is homogeneous in X.
Consider I, as a vector with n? entries. Then (I,,1) is a solution of the system

0(Y) =diag(4,A,---, A 0)Y
—_————

n

and P.(I7) is homogeneous in the entries of (I,,1). The theorem then follows from
Theorem 1 in [1]. O

The above theorem can be generalized to the case that the coefficients of P.(X)
involve algebraic functions. More precisely, let v be an algebraic function with minimal
polynomial Q(z) and let I = deg(Q(x)). Assume that w = (1,7v,72,---,7"1)T. Then
it is easy to see that w is a solution of linear differential equations §(Y) = BY where
B € Mat;(C(t)) can be constructed from Q(x). Let
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l
Po(X) = Z (Z( Z Cign(t = a)l>7]>Xm’ c= (" Cijm )
|| <d \j=1 “0<i<2¢
Assume that ¢ = a is a regular point of . Then
Corollary 4.3. There is an integer N depending on A, Q(z), n, £ such that
pC(Fa) =0 or ordi—g PC(FQ) < N.
Proof. We only need to consider the system

0(Y) = diag(A4,---, A, B,0)Y.
——

Then the corollary follows from the above theorem. O

Let S be the set of the coefficients of the first N + 2 terms of P(I}). Then S is a
linear system in ¢ and

Ps(I,)=0 <« cis asolution of S.

So computing I, ; (and thus I ;) is reduced to solving the linear system S.

Assume that T r,.d is computed. Then we can compute Hp, as follows. For any h €
Hr,, Foh € Z, . 1t implies that for any P(X) € I g, P(Fyh) = 0 and so that P(Xh) €
I ;- This induces the defining equations for Hp,. More precisely, let Py (X), -+, Pu(X)
be a C(t)-basis of I, ;. Let x = (--- ,X™ ...) be a vector consisting of all monomials

in X with degree not greater than d, where X™ = 2"} x]"y” -+ anw". For any h €

GL,(C), there is [h] € GL(ﬂgﬁ;) (C) such that
d

h-x = (~-~,(Xh)m,-~-) = x[h].
'n.2 7,
For any i = 1,---, u, there is p; € C’(t)( 4 ) such that P;(X) = xp;. Then we have
hErHFa =4 Vl,ftjl()(}l):X[h]pz EIF(“J =4 Vi, [h]pi/\pl /\pg/\-~-/\pH:O.
This induces the defining equations for Hp,.
Example 4.4. Consider the following equations
y _t 1 y
2 2
() - (5 250) () @
b2 e 1/ \Y2
We shall compute a proto-Galois group. Let us first compute I, ;. We are not going to
calculate the coefficient bound ¢ for Zr, ;. Instead, we compute Ir, 1 as follows. Set
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2
P(X)= > ( c,;ﬁtl) Xm
[m|<1 \i=0
where ¢; 7 is indeterminate. Then due to Theorems 1 and la of [1], we have that
ord;—g (P(FO)) < sN + c1sh + co82 = 30

where N =2, h =1, s =5, ¢c; = —1, cg = 1. Compute the first 31 terms of a formal
power series solution Iy of (5), say

_ 0 —1 _1 0 0 0 334305 0
In=1I t 2 t2 B4, 67108864 430
0 2+(2 0) +(0 —2) +<—1 0) ot 0 0

Denote the set of the coefficients of the first 31 terms of P(I) by S. Then S is a linear
system in ¢; ;» and each solution of S corresponds to an element of I, ;. One then has

that I, 1 contains the following vector space
V= spank{xl,g + t,%g,l — 2ti)’]171, Z22 + 2t2 — 1}

One can verify that if P € k[X]|<; and P(Iy) =0, then P € V. Hence V = I, 1 = I, 1.
Let H = stab(Zp, 1). Then

= {0 1)

Since elements of M, are semi-simple, H, is a proto-Galois group.

ceC’\{O}}

4.2. Computing o and F

Assume that we have calculated I, ; and Hp,. The algorithms for the problem (P1)
enable us to obtain HF , which is given by a set of generators of I(H3, ). Compute a
zero « of I, ; in GL,(C(t)) by the method presented in (P4). Assume that b € C
is a regular point of =t and ¢(b) # 0, where ¢(2) is as in (4). It is well-known that
there is ¢ € GL,(C) such that F = F,g. We are going to find such g. One has that
a~'Fyg € M3, (kK) if and only if for any P € I(H$, ), P(a~'F,g) = 0. Assume that
P € I(H, ). The application of ¢ to P(a~1'F,g) yields that

P(oflfbg) =0.

Using the bound given in Theorem 4.2, the above condition induces the defining equations
for g. Compute such a g and let F = Fyg.
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Example 4.5. (Example 4.4 continued.) Let

(1 =t
CT N\ 1-922)

Then a € Zero(Ig, 1) and by Lemma 3.2, a='Fy € Hp, (kK). Notice that Hg, = H, .
We can take F, as F.

4.8. Computing h;

By Algorithm B.19 of Appendix B, we can find a set of generators of X (Hf, ), say
X1, -, X1- Assume that x1,- -, x; are represented by polynomials of degree not greater
than an integer k. Denote the monomials in the entries of a~'F with degree not greater
than x by my,---, m,,. Then each m; satisfies a linear differential operator L; with co-
efficients in C(¢)(a™!). Let L be the least common left multiple of Ly, - -+, L,,. Then for
eachi=1,---,1, h; = Xi(oflﬁ’) is a hyperexponential solution of L. To compute h;, it
means to calculate v; = hf/h; where ¢ = 1,---,l. From [18], one can compute all hyper-
exponential solutions of L and then the bounds for minimal polynomials of 4’ /h where h
is any hyperexponential solution. Using these bounds and Hermite-Padé approximation,
one can recover v; from the series expansion of y;(a~'F)'/x;(a"1F).

Example 4.6. (Example 4.5 continued.) One can readily see that x 1 represents a char-
acter of Hy, , say x1, and X1 generates X(Hj, ). Meanwhile, a~'F is a fundamental

s()= (7 o) (%)

matrix of

This implies that

15 . t
Xl(a 1F), i.e. Ul:tQ—l'

X1 (ailp), = 21

In the following, we calculate the algebraic relations of xi(a~'F) and g% An easy
calculation yields that yi(a™'F)? = ¢(t*> — 1) for some ¢ € C. Note that F = F.
Applying ¢ to x1(a"1F)? = ¢(t? — 1), one has that
_ 2
Xl(Oé 1F0) = C(t2 - 1)

Since (@™ 'Iy)t—0 = Iz, x1(a ™ Tp)t—0 = 1 and so ¢ = —1. Let S = {z1 2,721,222 — 1}.
Then the ideal I(#$) is generated by S. Set

J={P'X)|Pes}J{xila™'X) + (¥ -1)}.
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In other words,

J— (1 — 2t2)x1,2 + txo 9, T2,1 — 2211,
T2 — 2t.’[}1,2 -1, ((1 — 2t2)$1’1 + t.’[]g,l)g + (t2 — 1) ’

Let H = stab(Z;). Then

Hence Q% = 7-_[15 = I.
4.4. Computing Gz

The method described in Section 4.2 can be adapted to find 8 and F in step (g).
So far, in step (g), we obtain 8 and F satisfying that 3~'F € Q%(EK), and a set of
generators of I(G%), denoted by a subset S of C[X]. Assume that ¢ = c is the point we
pick to find 8 and F in step (g). That is to say, ¢.(F) = I.g for some § € GL,,(C) and
B! has a formal power series expansion at the point ¢t = c¢. By Corollary 4.3, there is
an integer N such that for all @ € S and 7 € Gal(kg/C(t)),

Q(T(ﬁ)_lfcgc) =0 or ordt:C(Q(T(ﬁ)_lf’cgc)) < N.

For each 7 € Gal(kg/C(t)), let S, be the set of coefficients of the first N + 2 terms of
all elements in {Q(7(3)"'I.gc) | Q € S}. Then for each 7 € Gal(kg/k), S, is the set of
polynomials in ¢ and for any g € GL,(C), Q(7(8)"'I.gg) = 0 for all Q € S if and only
if g € Zero(S,). Let

Gp = ( U Zero(ST)) ﬁ GL,(C).
T€Gal(ka/k)

We then obtain the desired Galois group.

Example 4.7. (Example 4.6 continued.) Let
g VI=P
C\2tv1—t2 1-212 )7

Then g € Zero(J) N GLa(k). One has that

1—¢2
—2t 1

. (1=2tH)VI=t2 /122
()
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We first find a g € GLo(C) such that ~'Fg € Q%(I%K). Observe that 0 is a regular
point of 3~1. The application of ¢y to 3~ ' Fg implies that

B~ Tog € G (C((1)))-

Notice that Gz = {I2} and (B~'T)i=0 = I>. These imply that g = I,. Thus ~'F €
g%(l;:K), i.e. B71F = I,. The ideal I(g};) is generated by {z11 — 1,212, %21, 222 — 1}.
One can readily see that Gal(k(v1 —t2)/k) = {1,7}, where 7(vV1 —t2) = —v1 —t2.

Set

G1={g€GLy(C) | Q(B~'Fg) =0,5Q € I(G3)}

and

G, ={g€GL(C) | Q(r(B7")Fyg) =0,vQ € 1(G%) }.
Then Gy = {2} and G, = {diag(—1,1)}. Hence G5 = {I>,diag(—1,1)}.
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Appendix A. Coefficient bounds for k-definable elements of Ng(V,

In this appendix, the symbols in the previous sections are used. We will describe a
method to find coefficient bounds for k-definable elements of Ng(V;* ), that is, a method
to bound the degrees of the coefficients of defining polynomials of such sets. Let Z be
a k-definable element of Ny(V?

). In Section 3 of [24], the authors gave bounds for
rational solutions of the symmetric power of (1), which allow us to calculate a subset of
the defining polynomials of Z. The elements in this subset are of the form Q(X)—c where
Q(X) € C[X] and ¢ € k. However, we do not know if the polynomials of the above form
define Z. In [9], the author presented coefficient bounds for k-definable subspaces of V'
(see Definition A.1). We shall generalize these coefficient bounds to k-definable elements
of Na(Vi,)-

Let W be a C-vector subspace of V' of dimension m and wy,---,w,, be a basis of W.
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Definition A.1. W is said to be k-definable if there exists (n — m) x n matrix M of the
rank n —m such that

M(wq,wa, -+, W,,) =0. (6)
M is said to be an annihilating matrix for W (see Lemma 1 of [9]).

Due to Lemma 1 of [9], W is k-definable if and only if W is a G-submodule of V/,
where G is the Galois group of (1) over k.

Definition A.2. Let W be a k-definable subspace of V' and [ an integer. We call W
bounded by [ if there is M with deg(M) < [ such that (6) holds, where deg(M) is
defined as the maximum of the degrees of entries of M.

The theorem in [9] implies the following proposition.

Proposition A.3. One can compute an integer £ such that all k-definable subspaces of V
are bounded by £.

Since we restrict ourselves to Zariski closed subsets of V" . we need to consider the

wmnvr
following two new systems. One is the n-direct sum of (1):

5(Y) = diag(A, A, - -, A)Y = A®"Y. VED)
————

Then V™ is the solution space of (A®") and diag(F,F---,F), denoted by F®" is a
————

n
fundamental matrix. The other is the symmetric power of (A%"). Define a map

n2+d

g<d.yn .y g(")
V:(vl,laUQ,la"'aUn,n) — ("'avﬁ7lilvﬁ7g2"'Uﬁ,nﬁn7“'7)a Z ,LL’L,] Sd
1<ij<n
Then S<%(v) is a solution of the symmetric power of (A¥"), denoted by

5(Y) = (5574%M)y. (5=2A4%m)

The matrix SS?A®" can be constructed from A and its entries are in k. More details
about the symmetric power can be found in (p. 39, [23]) and [24]. Denote the solution
space of (S=1AD") by (Vn)©O=d,

Let Z be an element of Ng(V»

inv

). Set
Wz = spang{S=%(z),z € Z}.

Then Wy is a subspace of (V7)®<d,
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Proposition A.4. Assume that Z € Ng(V},). Then Z is k-definable if and only if Wz is
k-definable.
Proof. Suppose that S<¢(vy),---,55%(v,,) is a basis of Wy. Denote pu = ("ij‘d).

(=) Assume that o € G. Since Z is k-definable, o(v) € Z for all v € Z. This implies
that for each i = 1,---,m, o(S5%(v;)) = S=%o(v;)) € Wz. Consequently, Wy is a
G-module. By Lemma 1 in [9], Wy is k-definable.

(<) Assume that Wy is k-definable. By Lemma 1 in [9], there exists (u —m) X u
matrix M of the rank g — m such that

M(S%%(v1),- -+, 5% (vpm)) =0
Denote the ith-row of M by m; for ¢ = 1,--+, u — m. Let x = (--- ,x’f’ll‘l R |
where p11 + p1,2 4+ -+ + pinn < d. Then P;(X) = m; - x is a polynomial of degree at
most d with the coefficients in k, where i = 1,-- -, — m. One can easily verify that

Z C Zero(Py(X), -+, Pyem(X)) [\ Vit
Since Z is an element of Ng(V ), there are Q1(X),---,Q;(X) in K[X] with degree at
most d, which define Z. By the dimension argument, for each ¢ = 1,---,1, Q;(X) is a

K-linear combinations of P;(X), -+, P,_,(X). Therefore the above inclusion relation is
actually an equality. O

The above two propositions indicate the following corollary.

Corollary A.5. One can compute an integer £ such that for every k-definable element Z
Of Nd(V"

), the coefficients of the defining equations of Z can be chosen to be rational

functions with degrees not greater than £.

Proof. Let Z be a k-definable element of N4(V;,). Then Wy is a k-definable subspace
of (V™)®=d by Proposition A.4. Moreover, from the proof of Proposition A.4, the coeffi-
cients of the defining equations of Z can be chosen to be the entries of the annihilating
matrix of Wyz. Hence to prove the corollary, it suffices to show that one can compute an
integer ¢ which bounds all k-definable subspaces of (V"*)®<9, This is done by applying

Proposition A.3 to (V")®<d
Appendix B. Bounds for proto-Galois groups

In this appendix, we shall find an integer d depending on n with the following property.
For any algebraic subgroup G of GL,,(C), there is an algebraic subgroup H of GL, (C),

which is bounded by d, satisfying

() (H?)' 267 <G<H.
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Most of results in this section appeared in the part III of [10], where more families of
algebraic subgroups of GL,,(C) that can be uniformly definable were given. Here we
only present those we need. In addition, we will use the term “bounded by d” instead
of “uniformly definable”. As mentioned in Introduction, we elaborate the details of the
proofs in [10] and present the explicit estimates of the bounds. Meanwhile, we will show
how to compute a set of generators of the character group of a given connected algebraic
subgroup. The following notation will be used frequently.

Notation B.1. Let H be an algebraic subgroup of GL,(C) and S an arbitrary subset
of H.

F: a family of algebraic subgroups of GL,,(C);

Hr: the intersection of all H' € F with H C H';

Ny (H’): the normalizer of H' in H where H' is an algebraic subgroup of H;
Fmt(H): the family of maximal tori of H;

Fimt(H): the family of intersections of maximal tori of H;

Fup: the family of subgroups of GL,,(C') generated by unipotent elements;
X (H): the group of characters of H;

H: the intersection of the kernels of all characters of H.

An algebraic subgroup H of GL,,(C) is said to be bounded by d if there are polynomials
Q1(X),-+,Qm(X) in C[X] with degree not greater than d such that

H= ZerO(Ql(X)’ o 7Qm(X)> mGLn(C)

For a family of algebraic subgroups of GL,(C), say F, we say F is bounded by d, if
every element of F is bounded by d. For an ideal I in C[X], I is said to be bounded by
d if there exist generators of I whose degrees are not greater than d. Throughout this
appendix, unless otherwise specified, subgroups always mean algebraic subgroups.

B.1. Preparation lemmas

To achieve the integer d, we need the following degree bounds from computational
algebraic geometry. For the moment, we assume that I is an ideal in C[xy, - -+, z,]. Then
we have

Proposition B.2. Suppose that I is bounded by d. Then there is v(n,d) in N such that
INClxy,- -, x;] is bounded by y(n,d).

Remark B.3. By Grobner bases computation, v(n,d) can be chosen as 2(‘1—22 + d)2n_1,
which is less than (d + 1)2". The reader is referred to (Corollary 8.3, [5]) for more
details.
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The following several lemmas play the key role in this appendix.

Lemma B.4. Let H be a subgroup of GL,(C) bounded by d. Then there exists a family
Fad(H) of subgroups of H bounded by max{d,n} such that for any connected subgroup
H' of H, Ny(H') € Faq(H). Particularly, Foq(GLy,(C)) is bounded by n.

Proof. Let gl(H) be the Lie algebra of H. Consider the adjoint action of H on gi(H).
Then gl(H') is a subspace of gl(H) and Ny (H') is the stabilizer of gl(H’) under the
adjoint action. Let By,---,B; be a basis of gi(H') and the e;; a basis of Mat,, (C).
Then for any h € Ny(H'), there is g, € GL,2(C) such that h(ei 1, -, e,n)h ™t =
(e1.1,"*€nn)gn. It is easy to see that the entries of g, are of the form P, ,,(h)/ det(h)
where the P, ,,,(X) are polynomials with degree at most n. Assume that B, = (e1,1,- -+,
enn)bs for s =1,--- 1 where by = (bs; ;) € O™ . Then since hBsh=t € gl(H'), there
are as 1, ,as,; € C such that hB,h~1 = ZE as,¢Be. In other words,

l
hBSh—l — Z bs,i,jhei’jh_l — (61’17 e 7en,n)ghb8 = (el,la . 7e,n’n) Z as’gbg-
N §=1
That is
1
gnbs = Zas,gbg-
e=1
The above nonhomogeneous linear equations have solutions if and only if
rank(by, -+, b;) = rank(by, -, by, gnbs).

This leads to the equations that together with the defining equations of H define Ny (H').
Since the entries of gj, are of the form P, ,,,(h)/ det(h) where the P, ,,,(X) are polynomials
with degree at most n, the defining ideal of Ny (H’) is generated by those of H and the
polynomials with degree < n. Hence F,4(H) is bounded by max{d,n}. In particular,
when H = GL,,(C), Foqa(GL,(C)) is bounded by n. O

Let {rgx:H — GL,(C) | H € F,\ € A} be a family of homomorphisms from ele-
ments of F to GL,(C) where u is a positive integer and A is a set. Assume that

We will say that {7z} is bounded by m if deg(Pfé’)‘(X)) < m and deg(Q* (X)) < m.

Lemma B.5. Let {ry » | H € F,\ € A} be as above. Assume that F is bounded by d and
{Tu | H € F,\ € A} is bounded by m. Then
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(a) {raA(H)} is bounded by (d + 1)2“2+n2 where d = max{m + 1, d}.
(b) If ' is a family of subgroups of GL,(C) bounded by d’, then

{ra\(H' nTux(H)) | H € F',H € F,\ € A}
is bounded by max{d, md'}.

Proof. Assume that H is defined by Sp, a set of polynomials in C[X] with degree < d.
(a) TaA(H) is defined by

QX1 = PINX), -+, QTN X )y — PENX), Se) (\Clyrnsvi, -+ Y-

_ 2,2 _
By Proposition B.2, 75 x(H) is bounded by (d + 1) ™ where d = max{m + 1,d}.

(b) Assume that H' is defined by g1(Y), -+, gs(Y) where deg(g;(Y)) < d’. Then one
can see that TI}}/\(H' N7 A(H)) is defined by

Clearing the denominators, we obtain the defining polynomials of TI}{\(H "NTaA(H)) in
C[X], whose degrees are not greater than max{d,md’'}. 0O

Given a non-negative integer d, set

n?+d 2 2
d*max{(( ;l )) }, n*d*d(n ;_d)

A standard theorem in the theory of linear algebraic groups stats that if H<<{H' are linear
algebraic groups, then there exists an integer N and a homomorphism 7 : H — GLy(C)
such that the kernel of 7 is H (see Theorem 11.5, p. 82, [12]). The following shows that
one can uniformly bound 7.

Proposition B.6. Assume that F is bounded by d and let

P={(H,H)|H €GL,(C),H € F with H<H'}.
There is a family of homomorphisms {Tg' g | (H',H) € P} bounded by n* such that
T g H — GLg+(C) and ker(tyr ) = H. Furthermore, if H' varies among a family

of subgroups of GL,,(C) bounded by d', then {ry y(H') | (H',H) € P} is bounded by

o(d*)24n?

(d+1) ., where d = max{n* +1,d'}.
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Proof. C[X]<q is a C-vector space with dimension ("2;‘1). The group GL,(C) acts
naturally on C[X]<4, which is defined as follows

Vg € GL,(C), P(x) € C[X]<q, g-P(X)=P(Xg).
Suppose that H € F. Let
I<4(H) ={P(X) € C[X]<q | P(H) =0}.

Then I<4(H) is also a C-vector space of finite dimension. Since I<4(H) defines H, one
has H = stab(I<4(H)). Let v = dim¢ (I<q(H)) and

E = ) C[X]<a.

Then
n%+d v
dime(FE) = <( z )> and /\Igd(H) =Cv forsomeveE.

The action of GL,,(C) on C[X]<4 induces an action of GL,,(C) on E. We will still use - to
denote this action. It is easy to see that H = stab(Cv). Let U = @ U, where the x are
characters of H and

UXZ{u€E|h-u:)<(h)u}.

Note that the above direct sum runs over a finite set. Assume that U = @;_, U,,. It is
clear that v € U,, for some i. Let H' be a subgroup of GL,,(C') satisfying that H < H'.
Then U is invariant under the action of H’. Let £ be the set of C-linear maps from U
to U which leave each Uy, invariant. Then since dim¢ (U) < dim¢(E),

) ) (n2+d) 2
Let uy,---,u; be a suitable basis of U such that under this basis, each element of L is
represented as the matrix diag(My, - -, Ms) where M; € Matdim(UXi)(C). Furthermore
every matrix of the form diag(Mjy,---, M) where M; € Matgim

Xi)(C) represents an
element of L. For any h' € H', there is [h'] € GL;(C) such that

(h/'llh'“,h/'ul) =(u17"'7ul)[h/]~

An easy calculation yields the entries of [h’] are polynomials in those of b’/ with degree
< dv. For any L € L, we will use L" to denote the matrix in GL;(C) satisfying

L((uy,ug,---,w)) = (ug,ug,---,uy) L™
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The action of H' on U yields an adjoint action of H' on L as follows: for any L € L,
h e H',

(W - L)((ug,--,w))=h"-L(K " uy,- B 7)) = h’-L((u1,~-~,ul)[h']_1)

. ((ul,-~-,ul)Lu [h’}_l) _ (111,"'7111)[}/][/“ [h']_l,

n2 2
Fix a basis of £, say Li,---, Ly,, where m < (( gd)) . Then the adjoint action induces
a homomorphism from H' to GL,,(C)
TH' . H :H’—)GLW(C), TH/7H(h/) = Nn' (7)

where 1y, € GL,,(C) satisfies that

1

(W12 W) WL W] T) = (L L e

We will show that ker(ry: ) = H. Suppose that b’ € ker(rgy: g). Then n = I,. In
other words, [h']L" = L“[h/] for all L € L. This implies that [h] is of the following form:

[h'] = diag(cl, RN & P CT P 7Cs)~
~—— ~—
dim(Vy,) dim(Vy)

Particularly, A’ - v = ¢;v for some i. Hence h' € H = stab(Cv). One can easily see
that H C ker(7y+ gr). Hence H = ker(tg/ m). Since m < d*, GL,,(C) can be naturally
embedded into GLg4+(C). Composing this embedding map with 7z z induces a homo-
morphism from H' to GLg4~(C) with kernel H. We will still denote this homomorphism
by Th/ m. An easy calculation implies that

where P;?’H(X), QP H (X)) are polynomials in x;; and QP H (') = det([r']). Fur-

thermore, the Pf;,’H(h’ ) are polynomials in the entries of [h'] with degree < [. Since

the entries of [A'] are polynomials in those of h’ with degree < dv, the P;;/’H(h’ ) and
QY H(n') are polynomials in the entries of k' with degree < Idv, which is not greater
than n*. This proves that {ry x | H € F, X € A} is bounded by n*.

Finally, due to Lemma B.5, {rg» g(H')|H' € F/',H € F with H < H'} is bounded

— 2(d*)2+n2 ,: % ,
by (d+1) , where d = max{n* +1,d'}. O

Remark B.7. As linear algebraic groups, 7y g (H') is isomorphic to H'/H. Therefore
Proposition B.6 says that H'/H can be uniformly embedded into GLg4+(C) and H'/H
varies among a bounded family if H' does.
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Lemma B.8. F,, is bounded by (2n)3‘8n2.

Proof. Assume that H is a subgroup generated by unipotent elements. Then by (p. 55,
Proposition, [12]), it is the product of at most 2dim(H) one-dimensional unipotent
subgroups. From (p. 96, Lemma C, [12]), we know that any one-dimension unipotent
subgroup is of the form:

m2 n—1
In+mx+7x2+~-~+

2L m" =0, zeC,

where m € Mat,,(C) and m™ = 0. Hence H has a polynomial parametrized representa-
tion

2 dim(H) o .
(Y)= H (In+mi$i+ 1xl2_|_..._|_ i xnl)

=1

Observe that dim(H) < n?. So the polynomials in the above representation contain at
most 3n? variables and are of degree not greater than 2n2(n — 1). Eliminating all z; in
the above representation, we will obtain the defining ideal of H. By Proposition B.2 and
Remark B.3, F, is bounded by

2
23n

(2n*(n—1) +1) < (2n)3'8n2. 0

Lemma B.9. Both Fp,:(GL,(C)) and Fimi(GLy(C)) are bounded by 1.

Proof. Every maximal torus of GL,,(C) is conjugate to (C*)™. Hence it is equal to the
intersection of GL,,(C) and a linear subspace of Mat,,(C'). Consequently, F,;(GL,(C))
is bounded by 1. As the intersection of linear subspaces of Mat,, (C) is still linear, any
element of Fip,:(GL, (C)) is the intersection of GL,,(C) and a linear subspace of Mat,, (C).
So Fimit(GL,,(C)) is also bounded by 1. O

Lemma B.10. Assume that H is a connected subgroup of GL, (C). Then H' is generated
by all unipotent elements of H.

Proof. Since H/H" is a torus, there are no nontrivial unipotent elements in H/H*.
Hence all unipotent elements of H are in H!. From Lemma 2.1 in [19], H® is generated
by (P, P) and R, (H) where P is a Levi factor of H and R, (H) is the unipotent radical
of H. Moreover (P, P) is semi-simple, so it is generated by unipotent elements. Therefore
H? is generated by all unipotent elements of H. O

B.2. Main results

Let J(n) be a Jordan bound, so that every finite subgroup of GL,(C) contains a
normal abelian subgroup of index at most J(n). Various authors gave bounds for J(n).
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Below is a bound due to Schur [16]:
J(n) < (V8n+1)2" — (VBn — 1),

In the following, we will show the main results in this appendix. Denote

2

n? 4 (2n)> 5" 2 /n2 4 (2n)38"
m=m{ (O ) ] = (TTET )

i n?

Proposition B.11. There exists an integer I(n) that is not greater than J(maxi{ (“iﬂ) })
and a family F of subgroups of GLy(C) bounded by

ks £ ko (k2 +1) m?X{ (“% - 1) } (9)

7

with the following property. For every subgroup H of GL,(C), there is H' € F such that

(a) H° < H'.

(b) H normalizes H'; so H < HH' < GL,(C).
(¢) [H:HNH'|=[HH':H'| <I(n).

(d) Ewvery unipotent element of H' lies in H®.

We will show the proposition by separating three cases.

Lemma B.12. Proposition B.11 is true for finite groups with I(n) = J(n) and F is
bounded by 1.

Proof. Assume that H C GL,(C) is a finite group. Let H be a normal abelian subgroup
of H with [H : H] < J(n). As a finite abelian subgroup of GL,,(C) is diagonalizable, H is
contained in some maximal tori of GL,,(C)). Let H’ be the intersection of maximal tori
containing H. Then H' € Fip:(GL,(C)). Clearly, H normalizes H'. Since H C HN H’,
[H: H' NnH] <[H: H] < J(n). The only unipotent element of H' is the identity. So
(a)—(d) hold for H, H'. The lemma follows from the fact that F;;,:(GL,(C)) is bounded
by 1. O

Lemma B.13. Assume that H is a subgroup whose identity component is a torus. Then
2
Proposition B.11 is true for H with I(n) = J(maxi{("2i+1) }) and F is bounded by

s (7))

Proof. Let M = (H°)r,, . (cL.(c)) and N = Ngr, (c)(M). It is easy to verify that H
normalizes M and thus H C N. Since M lies in the family F;;,:(GL,(C)) bounded
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by 1, Lemma B.4 implies that N lies in the family F,4(GL,(C)) bounded by n. Let

2
n = maxl-{ ("2:’1) } By Proposition B.6, there is a homomorphism

TN,M N — GLﬁ(C)

satisfies that ker(ry ) = M and 7y 5 is bounded by 7i(n? +1). As H® C M, 7n . (H)
is a finite subgroup of GLj(C). From Lemma B.12, there is M € Fin,(GL57(C)) such
that (a)(c) hold for 7 (H), M (with I(i) = J(7)). Let H' = 73", (M N7y (N)).
Note that Fim:(GL7(C)) is bounded by 1. By Lemma B.5, H’ is bounded by 7i(n? + 1).
We will show that the H' satisfy (a)—(d) with I(n) = J(7). It is clear that H® < H'. For
any h € H, since Ty, y(H) normalizes M and 7a ar(N),

TN7M(hH/h71) = TN7M(h)(MﬁTN7M(N))TN7M(/1)71 = MQTN,M(N) = 7'N,M(]{,)-

Therefore hH'h~! C H'. This indicate that hH'h~! = H' for any h € H. In other words,
H normalizes H'. This proves (b). Since both HH' and H’ contain M,

[HH': H') = [rya(HH') : mn a0 (H')] = [rve(H)rvar (H') = e (H')]
= [TN7M(H) : TN7M(H) ﬂTN)M(H/ﬂ = [TN)M(H) : MﬂTN7M(H)] < J(fl)

This proves (c). Suppose that &’ is a unipotent element of H'. Then 7y (k') is a unipo-
tent element of M. However M consists of semi-simple elements. Hence T~ m(R') = 1.
Then ' € M. But M is contained in a torus, so A’ = 1. This proves (d). O

Now we are ready to prove Proposition B.11 for the general case.

Proof. Let U = (H°)!. By Lemma B.10, U is generated by unipotent elements. Then

n2
it follows from Lemma B.8 that U is bounded by (2n)*®" . Let N = Ngr, (o)(U).
Lemma B.4 indicates that N lies in F,q(GL,(C)) that is bounded by n. Let x; and ko
be as in (8). Using Proposition B.6 again, there is a homomorphism

(bN,U N — GL,€1 (C)

such that ker(¢n ) = U and ¢y v is bounded by ko. We first prove that H < N. For
any h € H and any character x of H°, x(hXh~!) is a character of H°. Hence for any
u € U, x(huh™') = 1. So huh™! € U for any u € U. In other words, H normalizes U.
So H < N. As H°/U is a torus, ¢n,u(H)® is a torus in GLy, (C). Lemma B.13 implies
that there is M’ < GL,,(C) bounded by (k7 + 1) maxi{(”%;rlf} such that (a)—(d)
hold for ¢n,u(H), M’ with I(k) = J(maxi{(nf;rl)}). Let H' = ¢, (M' N ¢nu(N)).
Then by Lemma B.5, H’ is bounded by k3, where k3 is defined in (9). An arguments
similar to the once used in the proof of Lemma B.13 implies (a)—(c) hold for H, H' with
I(n) = J(max; { (”fjl) }). Now let us show that (d) holds. Assume that v is a unipotent
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element of H'. Then ¢y y(u) is a unipotent element of M’. Since M’ and ¢y y(H)®
satisfy (d), ¢nuv(u) € énuv(H)°. Whereas ¢y py(H)® is a torus, ¢n,u(u) = 1. Thus
uelUCH°. O

Proposition B.14. Let I(n) and k3 be as in Proposition B.11. Then there exists a family
F of subgroups of GL,,(C) bounded by

CZ A (K3)I(n)71

with the following property. For any subgroup H of GL,(C), there exists H e F such
that H < H, and every unipotent element of H lies in H°.

Proof. Let F be as in Proposition B.11 and
F={H|3MeF,M<H,H: M <In)}.

Every element of F is the union of at most I(n) cosets of some element in F. It is
well-known that the union of two varieties is defined by the product of their corresponding
defining polynomials. Hence F is bounded by d. Assume that H is a subgroup of GL,(C).
Let H' be an element in F such that (a)—(d) in Proposition B.11 hold for H, H’'. Let
H = HH'. Then H € F by Proposition B.11 (c). The unipotent elements of H lie in
He° and so lie in (H')°. As the unipotent elements of H’ lie in H°, so do the unipotent
elements of H. O

Corollary B.15. Let F be the family as in Proposition B.1}. Then for any subgroup H
of GL,(k), there is H € F such that

(A°)' <H° <H<H.

Proof. By Proposition B.14, there is H € F such that H < H and the unipotent elements
of H lie in H°. Then the corollary follows from Lemma B.10 and the fact that (H°)? is
normal in H°. O

Remark B.16. Assume that n is sufficiently large. Note that

(5) = ()= () ma e ()} ()

It is easy to verify that (n? + (2n)%%" )/n? > (2n)?8" . This together with the above
inequalities implies that

"2
n2.87> n? + (2’0)3'8” qn2\n? qn?\n? n2.87>
(2n)* 8" < < 2 < (P®+2n)** )" < (2n)*® )" = (2n)*" 8" .
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Therefore one has the following bounds for kq:

2
2 gn 2
)271 8 4n2.8M

(2n)2n248"‘2 (2n 2 (271)4”2'8712 2 (2n)
2 < (\/5 ) < KR < (2 ) =4

Thus k1 is triply exponential in n and so is k2 by (8). An argument similar to the above
2

“11.“)} is quadruply exponential in n. Hence k3 is also quadruply

anrl
i

one induces that maxi{ (
exponential. Since J(n) is exponential, .J (maxi{( )}) is quintuply exponential in 7.

Let I(n) = J(max;{ (H%jl) }). Then d(= Ké(n)_l) is sextuply exponential in n.

In the following, H is assumed to be connected. Proposition B.6 allows us to bound
the degrees of generators of X (H). As C is algebraically closed, X (H) can be viewed as
a subset of C'[H], the coordinate ring of H. The homomorphism ¢ : H — H’ induces a
homomorphism ¢° : X(H') — X (H).

Proposition B.17. Let ko be as in (8). Then there are generators of X(H), which are
represented by polynomials with degree < Ko.

n2
Proof. From Lemmas B.10 and B.8, H! is bounded by (2n)%>®" . By Proposition B.6,
there is a homomorphism 7 g+ : H — GLy, (C) satisfying ker(ry g¢) = H' and 7y gt
is bounded by k2, where &; is as in (8). The homomorphism 7y g+ is of the from

1,7

QU (X) =

H,H*
(P A (X)) where deg(Pi,j’Ht(X)) < ko, deg(Q™ (X))

From the proof of Proposition B.6, QHth (I,) =1 and for any h,h' € H,
Q™" (hh') = det([hR']) = det([h][1']) = det([h]) det([n']) = Q™H" (R)Q™H" ().

This implies that Q7' (X) € X (H). Notice that X ((C*)"') is generated by the char-
acters yi,---,Ys, that are the coordinate functions of (C*)"', and so is the group of
characters of any its subgroup. Since 7y g+(H) is a torus in GLy, (C), it is conjugate
to a subgroup of (C*)"*. So X (g g+ (H)) is generated by some linear polynomials. The
homomorphism 74 g+ induces a group homomorphism:

TIC_)I,Ht IX(THﬁHt(H)) *}X(H)
X/ — X/OTH,H‘

For any x € X(H) and h € H, since x(hh') = x(h) for all B’ € H!, there is g €
Clry gt (H)] such that g o 7 gt = x (see p. 84, Section 12.3, [12]). One can verify
that g is actually a character of 7y gt (H). Therefore Tpr e 18 surjective. Let Ly, -, L
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be linear polynomials, which generate X (7g gt(H)). Then Ly o g g, -+, Ls © To gt
generate X (H). Since Qf-H'(X) € X(H),

t

QM (X), (L1 o T i ) Q™ (X), -+, (L 0 7 e ) Q' (X)

still generate X (H) and are polynomials bounded by k3. O

Let Py(X), -+, P(X) be in C[X]<y, such that their images in C[X]<y,/(I(H))<x,
constitute a C-basis of C[X]<y,/(I(H))<x,, where I(H) is the vanishing ideal of H
in C[X]. Let ¢1,---,¢ be indeterminates and P.(X) = 2221 ¢iP;(X), where ¢ =
(c1,+-+,¢). Then the conditions

Po(I,)=1 and Vh,h' € H, Pe(R)Pe(h') — Pe(hh') =0

induce a system of algebraic equations J for c. Precisely, let I be the ideal in C[X,Y]
generated by {Q(X),Q(Y) | Q@ € I(H)} where Y denotes the set of indeterminates
Y1.1,Y1,2," -, Yn,n- Then I is the vanishing ideal of H x H in C[X,Y]. In the following,
for ease of notation, ¥ also denotes the matrix (y; ;). Assume that G is a Grobner basis of
I with respect to some monomial ordering. Denote by P; ; the remainder of P;(X)P;(Y’)
on division by G and P; the remainder of P;(XY) on the division by G, i.e.

P = Pi(X)P;(Y)®, P =P(XY)®, i,j=1,---,L

)

Then J can be taken to be the union of {¢1Py(I,,) + -+ + ¢ P/(I,) — 1} and the set of
coefficients of the polynomial

Z CiCjIBiyj — Z CZR

1<i,j<1 1<i<l

Moreover, we have the following proposition.
Proposition B.18. dim(.J) = 0 and for each ¢ € Zero(J)NC', P:(X) is a character of H.

Proof. Evidently, for each ¢ € Zero(J) N C!, Pz(X) is a morphism from H to C* and
thus a character of H. Suppose that ¢,¢ € Zero(J) N C' and Ps(h) = Pe/(h) for all
h € H. Then this implies that Pz(X) — Per(X) € (I(H))<x,- Hence

l
> (@ —c)Pi(X)=0 mod (I(H))_,

SRK2
i=1

where € = (¢1,--+,¢) and ¢ = (&', -+, ¢)). Since P1(X), -, P(X) modulo (I(H))<,
are linearly independent over C. So ¢ = ¢&’. That is to say, the map ¢ : Zero(J) N
C' — X(H) defined by o(c) = Pz(X) is injective. Suppose that dim(J) > 0. If C is
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uncountable, then Zero(.J) N C! is uncountable and so is X (H). However, it is known
that X (H) is a countable set, a contradiction. Hence in this case dim(J) = 0. Now assume
that C' is countable. Then C can be embedded into C, the field of complex numbers. One
may check that if ¢ € Zero(J) NC!, then P:z(X) determines a character of H(C) and the
map ¢ : Zero(J) NC! — X (H(C)) is still injective. An argument similar to the one used
previously implies that dim(J) =0. O

Given a connected subgroup H of GL,(C), Propositions B.17 and B.18 allow us to
compute a set of generators of X (H) that are represented by polynomials in C[X].

Algorithm B.19. Input: a set S of generators of I(H), the vanishing ideal of a connected
algebraic group H. Output: a set of generators of X (H), the group of characters of H.

(a) Compute a Grobuner basis of I(H) with respect to some monomial ordering, and find
a C-basis of C[X]<y,/(I(H))<x,, say P1,---, P, where ko is as in (8).

(b) Let I = ({Q(X),Q(Y) | Q € S}). Compute a Grobner basis G of I and the following
remainders on division by G

P,; = Pi(X)P;(Y)®, P =P(XY)®, i,j=1,---,1
(¢) Set
R = Z cicjpi,jf Z cl-}:"i,
1<i,j<I 1<i<l
where ¢p,---,¢ are indeterminates. Let J be the union of {ciPi(I,) + -+ +

P (I,) — 1} and the set of coefficients of R in X, Y. Solve J.
(d) Return {¢1 P, +---+ &P | (¢1,---,¢) € Zero(J) N C'}.

The example below will demonstrate the above algorithm.

Example B.20. Consider

H:{(_“b Z) ‘a2+b2¢0}.

Then H is an irreducible algebraic group and I(H) is generated by {z11 — 22,712 +
x2.1}. We shall only compute the elements in X (H), which can be represented by poly-
nomials with degree not greater than one.

(a) One has that the images of 1, x2 1, 222 are a C-basis of Clz1,1,- -, z22]<1/(I(H))<1.
Let P, =1, P, =121, P3 = x2,.
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(b) With respect to the monomial ordering z11 > %12 > %21 > T22 > Y11 > Y12 >
Y2,1 > Y2,2,

{y1,2 +Y2,1,Y1,1 — Y2,2,T1,2 + T21,T11 — 962,2}

is a Grobuner basis of I(H x H). We can then compute

P1,1 =1, P1,2 = Y21, P1,3 = Y2,2, P2,1 =21, P2,2 = X21%2,1,
Py 3 =221y, P31 =x99, P35 =1x90y21, P33 =195y,

P =1, Py =x31Y2.2 + 22¥2,1, P3 = x32Y22 — T2,192,1.

(c¢) Calculate the set J, which is defined in the step (c) of Algorithm B.19. Then one
has

2 2 2
J = {Cl +c3 — 1,61 — C1,C5 + C3,C2C3 — C2,C3 — 03,6102,6103}.

Solving J, we obtain {¢; = 1,co = ¢c3 =0}, {¢c1 =0,¢c0 = £/—1,¢c3 = 1}.
(d) Hence 1, x32 = +/—1xza; are all characters that can be represented by polynomials
with degree not greater than one.
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