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ON THE COMPUTATION OF THE GALOIS GROUP
OF LINEAR DIFFERENCE EQUATIONS

RUYONG FENG

ABSTRACT. We present an algorithm that determines the Galois group of lin-
ear difference equations with rational function coefficients.

1. INTRODUCTION

The current algorithms for computing the Galois groups of linear difference equa-
tions were only valid for equations of special types, such as second order equations,
equations of diagonal form or with constant coefficients and so on. In [II,12], a
(q-)difference analogue of Kovacic’s algorithm was developed for linear (q-)difference
equations of order two. For the basic hypergeometric equations and Mahler equa-
tions of order two, algorithms were given in [23124]. In [31], algorithms for linear
difference equations of diagonal form were developed. For linear difference equa-
tions with constant coefficients, an algorithm can be found in [29], where the author
further showed that there is a recursive procedure that derives the Galois group
from the ideal of algebraic relations among solutions, and vice versa. In [7], some
general properties of Galois groups were established for linear difference equations
of order two on elliptic curves and were applied to the calculation of some Galois
groups. In [19], upper and lower bounds were given for the Galois groups of Frobe-
nius difference equations over (Fy(s,t), ¢,), where ¢4(s) = s? and ¢4(a) = a for
all a € Fy(t). In contrast, algorithms for computing the Galois groups of linear
differential equations have been well-developed (see [21BL14L[17.27]). Particularly,
n [14], Hrushovski developed an algorithm that calculates the Galois group of all
linear differential equations with rational function coefficients. His algorithm in-
volved many arguments from logical language and has recently been reworked by
Rettstadt in [22] and by the author in [9]. In this paper, we develop an algorithm
for computing the Galois group of linear difference equations with rational func-
tion coefficients of arbitrary order. Our algorithm can be considered as a difference
analogue of Hrushovski’s algorithm.

The philosophy of computing the Galois groups of linear difference equations is
quite similar to that of linear differential equations. Galois groups of these two kinds
of equations are linear algebraic groups over the field of constants. Hence bounds
for the defining equations of linear algebraic groups developed for the differential
case can be applied to the difference case without any modification. However, there
exist some results in differential algebra whose difference analogues are no longer
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correct, and vice versa. For example, associated primes of a radical differential
ideal are still differential ideals, while those of a radical o-ideal need not be o-ideals
but o®-ideals for some integer §. This forces us to consider o%-ideals. Another
example is that the Picard-Vessiot extension ring for a linear differential equation
is not necessarily the coordinate ring of a trivial torsor for the Galois group, while
that for a linear difference equation is the coordinate ring of a trivial torsor. This
implies that one only needs to consider objects such as hypergeometric elements
that are defined over the base field.

Throughout this paper, C' stands for the algebraic closure of a field that is finitely
generated over the rational numbers. k stands for the field of rational functions in
x with coefficients in C' and k denotes the algebraic closure of k. The difference
field which we are interested in is the field k& with an automorphism o given by
o(z) =2+ 1and o(c) = c for ¢c € C. Consider the linear difference equation

(1.1) oY) =AY,

where Y is an n x 1 vector with indeterminate entries and A € GL, (k). Let
R be the Picard-Vessiot extension ring of k for (II). The Galois group of (L))
over k, denoted by Gal(R/k), is defined to be the set of o-k-automorphisms of
R, i.e., k-automorphisms of R that commute with o. Let F' be a fundamental
matrix of (LI) with entries in R, i.e., F' € GL,(R) satisfying o(F) = AF. Then
for any ¢ € Gal(R/k), ¢(F) is another fundamental matrix of (II). Thus there
exists [¢] € GL,(C) such that ¢(F) = F[¢]. The map given by ¢ — [¢] is a
group homomorphism of Gal(R/k) into GL,(C). Denote by G the set {[¢] | ¢ €
Gal(R/k)}. It was proved in (Theorem 1.13, page 11 of [31]) that G is a linear
algebraic group defined over C'. The reader is referred to Chapter 1 of [31] for more
information about the Galois theory of linear difference equations.

The group G can be reformulated as the stabilizer of some ideal in a o-ring,
which we describe below. Let Y denote an n x n matrix (y; ;), where the y; ; are
indeterminates. Sometimes, in brief, we also consider Y as a set of indeterminates.
By setting o(Y) = AY, one can extend o from k to k[Y,1/det(Y)] so that it
becomes a difference extension ring of k. An ideal I C k[Y,1/det(Y)] is called a
o-ideal if o(I) C I. The results in section 1.1 of [31] imply that R is isomorphic
to k[Y,1/det(Y)]/I for some maximal o-ideal I. Define an action of GL,,(C) on
k[Y,1/det(Y)] given by g-Y =Yg for all g € GL,,(C). Suppose that J is an ideal
of k[Y,1/det(Y)]. The stabilizer of J, denoted by stab(J), is defined as

stab(J) = {g € GL,(C) | P(Yg) € J, V P € J},
which is an algebraic subgroup of GL,,(C). Set
Ir ={P e klY,1/det(Y)] | P(F)=0}.

Then Ir is a maximal o-ideal and G = stab(Ir). By the uniqueness of the Picard-
Vessiot extension ring of k for (LIJ), one sees that for any maximal o-ideal I of
kY, 1/ det(Y)], there is g € GL,(C) such that g-I = Ip. From this, one can readily
verify that the stabilizers of maximal o-ideals in k[Y,1/det(Y")] are conjugate. In
other words, as linear algebraic groups, these stabilizers are isomorphic. Therefore
we shall also call the stabilizer of a maximal o-ideal of k[Y, 1/ det(Y)] the Galois
group of (L)) over k. Using the Grobner basis method, one can easily obtain the
defining equations of stab(l) once a Grobner basis of I is known. Thus, the above
definition indicates that finding a maximal o-ideal of k[Y, 1/ det(Y")] will suffice to
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determine the Galois group. We shall give in this paper an algorithm that computes
a maximal o-ideal of k[Y, 1/ det(Y)].

The rest of the paper is organized as follows. In section 2, we introduce some ba-
sic results that provide the theoretical background of our algorithm. Meanwhile, we
introduce some basic definitions such as proto-groups, proto-maximal o-ideals and
so on. In section 3, we show how to compute a proto-maximal o-ideal. In section
4, we describe a method to extend a proto-maximal o-ideal to a maximal o’-ideal
so that one can easily obtain a maximal o-ideal by taking the intersection of ideals.
In section 5, the methods developed in the previous sections are summarized as an
algorithm, and an example is presented to illustrate the algorithm. In Appendix A,
we describe a method to find coeflicient bounds for generators of a proto-maximal
o-ideal. In Appendix B, an algorithm for computing o?-hypergeometric elements
in k[Y,1/det(Y)]/I;;, is developed, where [, is a prime o?-ideal.

2. SOME BASIC RESULTS

In this section, we shall introduce some basic results about proto-groups, k-
torsors and several related problems whose algorithmic solutions will be needed in
our algorithm.

Let H be an algebraic subgroup of GL,(C). For ease of notation, we shall
use H(k) (resp. H(k)) to denote k-points (resp. k-points) of H. H, stands for
the algebraic subgroup of H generated by unipotent elements and H° denotes the
identity component of H.

2.1. Proto-groups. As in the differential case, degree bounds on proto-groups play
a central role in the main algorithm presented in this paper. In this subsection, we
will first introduce the notion of proto-groups and then present a degree bound on
them as well as a property of them.

Definition 2.1. Let H be an algebraic subgroup of GL,(C). H is said to be
bounded by a positive integer d if there is a set S C C[Y] such that H is the set of
zeroes of S in GL,,(C) and elements of S are of degree not greater than d.

Definition 2.2. Let G, H be two algebraic subgroups of GL,,(C). H is said to be
a proto-group of G if they satisfy the following condition:

H,<G°<G<H.

In the case that G is the Galois group of (L)) over k, H is called a proto-Galois
group of (1)) over k.
Remark 2.3. Let G, H be two algebraic subgroups of GL,,(C) and G < H.

(a) Suppose that H is a proto-group of G and H is an algebraic group satisfying
G < H < H. Then H is also a proto-group of G, since H, < H,,.

(b) If H, = 1, then H is reductive. However, in general, the converse is not true.
For instance, let H = GL,,(C). Then H is reductive but H, = SL,,(C).

(¢) Due to the Theorem on page 99 of [13], H, =1 if and only if H consists of
semisimple elements. This implies that H, = 1 if and only if H® is a torus.
Therefore, if H® is a torus, then H is a proto-group of G. Conversely, if H
is a proto-group of G and G° is a torus, then H® is a torus too.

(d) If H is a proto-Galois group of (II]) over k and I is a maximal o-ideal of
k[Y,1/det(Y)], then H is a proto-group of some algebraic group conjugate
to stab([).
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Below are some examples of algebraic groups and their proto-groups.

Example 2.4.
(1) Let H be an algebraic group satisfying SL,,(C) < H < GL,(C). Then H
is a proto-group of SL,,(C), since H, = SL,(C).

X
(2) Let G = { (g IZ) a7c§#§/ ;ble ¢ } where p,v € Z and C* is the

multiplicative group of C'. Then GV is a maximal proto-group of G*¥ for

all u,v € Z, since
1 0
2 a—
ww={s 1)}

and if g € GLa(C)\ G*Y, then the algebraic subgroup of GLa(C) generated
by g and G®° contains a unipotent element not in G/,

(3) Let
= {(s Yerec)o{ 0 )

Then H is a proto-group of any of its algebraic subgroups, since H,, = 1.
4) Let G be an element in § A5%2, §5%2 ASM2 L where 5L stands for the preim-
4 4 5

age of * under the canonical projection from SLs(C) to PSLa(C). Then
C* - G is a proto-group of G.

a,bECx}.

The key point of Hrushovski’s algorithm is the following proposition, which pro-
vides a degree bound on proto-groups.

Proposition 2.5 (Corollary 3.7 of [14], Corollary B.15 of [9]). One can find an
integer d only depending on n such thathor any algebraic subgroup G of GL,,(C),
there is a proto-group of G bounded by d.

The above proposition implies that given any linear difference equation of order
n, there exists a proto-Galois group of it bounded by the integer d. The integer d
can be explicitly given as follows (see Corollary B.15 of [9] for details). Set
2

2
n24(2n)38" 02 2 2 3.87
(21) K1 = m?x <( n'2 )) , Ko = K1(2n)3~8 (n + ( Tl) >

i n?

Ky = Ra(K2 + 1)m?x{(“%j1>}, I(n)=J (m?x{(ntrly}) ,

where J(m) is an integer value function called Jordan bound and it is not greater

than (vBm +1)°™ — (vVBm —1)>™ . Then
(2.2) d = (k)"

It is well-known in the theory of linear algebraic groups that any algebraic sub-
group of a diagonalizable group D is the intersection of the kernels of some char-
acters of D (see the Proposition on page 103 of [I3]). Given a connected algebraic
group H, the following proposition describes algebraic subgroups of H, which are
characterized by characters of H.

and
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Proposition 2.6. Suppose that H is a connected algebraic subgroup of GL,(C).
Then G is the intersection of the kernels of some characters of H if and only if H
is a proto-group of G.

Proof. Assume that H is a proto-group of G. Let xi1,---,Xx¢ be generators of
X (H), the group of characters of H. Define a map v : H — (C*)* given by
P(h) = (x1(h), -+ ,xe(h)). Then ¢(H) is a diagonalizable group and (G) is one
of its algebraic subgroups. Due to the Proposition on page 103 of [13], ¥(G) is the
intersection of the kernels of some characters of )(H). Denote these characters by
X1, ,Xi- Notice that 1 induces a group homomorphism

P X ((CNY) — X(H),
X = xo.

We claim that G = ﬂi:l ker (¢*(x:)). Obviously, G C Nt_, ker (v*(x;)). Suppose
that h € N._, ker (¢*(x:)). Then x;(¢0(h)) = 1 for all 1 < i <. This implies that
P(h) € Y(G). Lemma B.10 of [9] states that H, = ker(¢). Hence ker(¢) C G and
then h € G. In what follows, ﬂlizl ker (¢*(x;)) € G. This proves the claim.
Conversely, assume that G is the intersection of the kernels of some characters
of H. Then H, = ker(¢) C G. Since H, is connected, H, C G°. Thus H is a
proto-group of G. O

The connection between proto-groups and o-ideals in k[Y, 1/ det(Y")] is provided
by geometric objects called k-torsors, which are introduced in the next section.

2.2. k-Torsors. Throughout the paper, we shall use Zero(J) to denote the set

of zeroes of J in GL,(k), where J is a subset of k[Y,1/det(Y)]. Suppose that

Z C GL,, (k) is a variety defined over k. We shall use I(Z) to denote the set of all
polynomials in k[Y, 1/ det(Y)] that vanish on Z.

Definition 2.7. (see Definition 3.13 of [29]) Let Z C GL, (k) be a variety defined
over k and H an algebraic subgroup of GL, (k) defined over k. Z is said to be a
k-torsor for H if for any 21,29 € Z, there is a unique h € H such that z; = 29h.
A k-torsor Z for H is said to be trivial if Z N GL, (k) # 0, i.e., Z = BH for some

B € GL, (k).

Remark 2.8. Note that if Z is a trivial k-torsor for H, then Z = BH for any
B e ZNGL,(k).

Let I be a maximal o-ideal of k[Y,1/det(Y)]. Then one has that

Proposition 2.9 (Proposition 1.20, p. 15 of [31]). Zero([) is a trivial k-torsor for
G(k), where G = stab(I).

For convenience, we introduce proto-maximal o-ideals, which are defined to be
the ideals of trivial k-torsors for proto-Galois groups.

Definition 2.10. Let I be a o-ideal in k[Y,1/det(Y)] and G = stab(I). Then I is
said to be proto-mazimal if G is a proto-Galois group of (LIl over k and Zero([)
is a trivial k-torsor for G(k).

Remark 2.11.

(a) Proposition implies that maximal o-ideals are proto-maximal.
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(b) Suppose that I is a proto-maximal o-ideal an@ I is a maximal o-ideal
containing /. Let H = stab(l) and G = stab(l). We claim that H is a
proto-group of G. In fact, let B be an element in Zero(I) N GL, (k). As

Zero(I) and Zero(I) are trivial k-torsors,
Zero(I) = BG(k) C Zero(I) = BH (k).

Hence G < H. By Remark 23] since H is a proto-Galois group, there is
g € GL,(C) such that H is a proto-group of gGg~*, i.e., H, < gGg~! <
H. Note that g~'H,g < H, because g~'H,g is generated by unipotent
elements and ¢~ 'H,g < G < H. As H, is connected and both ¢~ 1H,g
and H, are of the same dimension, g~'H,g = H,. Therefore H, < G,
which implies that H is a proto-group of G.

Suppose that H is a connected algebraic subgroup of GL,(C) and Z is a trivial

k-torsor for H(k). Then for any B € Z N GL, (k), the map given by
(2.3) kY, 1/ det(Y)])/I(H) — k[Y,1/det(Y)]/1x(2)
P(Y)— P(B7'Y)

is an isomorphism of k-algebras. A theorem of Rosenlicht ([I8[25][28]) implies that
invertible regular functions on Z are closely related to characters of H. This theo-
rem states: let G be a connected linear algebraic group defined over an algebraically
closed field k and let y be a regular function on G with 1/y also a regular function,
then y is a k multiple of a character. Notice that characters of H can be viewed as
elements in C[Y,1/det(Y)]/Ic(H).

Lemma 2.12. Suppose that J is a prime o’-ideal of k[Y,1/det(Y)] where § > 1,
and Zero(J) is a trivial k-torsor for H(k) where H is a connected algebraic sub-
group of GL,(C). Let B € Zero(J) N GL,(k). If x is a character of H, then
X(B~YY) is invertible in k[Y,1/det(Y)]/J. Conversely, if P is an invertible ele-
ment in k[Y,1/det(Y)]/J, then P = rx(B~'Y) for some r € k and some character
x of H.

Proof. We only need to prove the second assertion. Since C' is algebraically closed,
H(k) viewed as a linear algebraic group defined over k is still connected. The
map ([23) implies that P(BY) is invertible in k[Y,1/det(Y)]/Ix(H). Applying
the above theorem of Rosenlicht to P(BY'), one has that P(BY) = rx for some
r € k and some character x. Observe that k[Y,1/det(Y)]/J is a o°-extension
domain of k. Due to Lemma 1.19 on page 15 of [31], (k[Y,1/det(Y)]/J) Nk = k.
Hence (k[Y,1/det(Y)]/Ix(H)) Nk = k. We then conclude that » € k and P =
rx(B~Y). O

In section 4, one will see that invertible elements of k[Y, 1/ det(Y")]/J are actually
o%-hypergeometric over k. In the case where § = 1 and J is a proto-maximal o-
ideal, algebraic relations among these o-hypergeometric elements will reveal the
characters of stab(.J) that determine the Galois group G.

2.3. Some related problems. In this paper, we shall need algorithmic solutions
of the following problems.
(P1) Given an ideal in k[Y], compute a Grébner basis of it with respect to some

monomial ordering. The reader is referred to section 2.7 of [5] and section
5.5 of [ for the algorithms.
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(P2) Given an ideal in kY], compute its radical and its associated primes. There
are several methods for this problem, for instance the methods presented
in [I0], sections 2 and 4 of [§], section 8.7 of [I], parts 36 and 42 of [26].

(P3) Compute the Galois group of linear difference equations of diagonal form.
Equivalently, given by,--- ,by € k, compute a set of generators of the fol-
lowing Z-module:

T

When k = Q(z), a method was described in section 2.2 of [31]. Using the
results in section 3.2 of [6], one can adapt the method in [3I] to solve the
problem with & = C(z). This problem is the bottleneck in extending our
algorithm to equations over a larger base field.

(P4) Given linear difference equations with coefficients in k, compute all hyper-
geometric solutions. The reader is referred to ([420]) for algorithms.

¢ s
3 fek”st. by = °(f) , where § > 1.
f 115 5 >

i=1

3. THE COMPUTATION OF PROTO-MAXIMAL o-IDEALS

Let F' be a fundamental matrix of (L)) and let d be a positive integer or oco.
Denote

(3.1) Ira=({PY) € kl[Y]<a | P(F) =0}),

where k[Y]<4 denotes the set of polynomials in k[Y] with degrees not greater than
d, and (x) denotes the ideal in k[Y,1/det(Y)] generated by *. When d = oo, Ipq4
is equal to Iy defined in the Introduction. One can readily verify that Irq is a
o-ideal and furthermore Ir is a maximal o-ideal. The fact that k[Y, 1/ det(Y)] is a
Noetherian ring implies that for sufficiently large d, Ir 4 is a proto-maximal o-ideal.
Therefore to achieve a proto-maximal o-ideal, one only needs to solve the following
two problems: (a) Given an integer d, how does one compute Ip4? (b) When is
the integer d large enough such that Ir g is proto-maximal?

3.1. The computation of Ip4. In [16], Kauers and Zimmerman presented an
algorithm for computing generators for the ideal of algebraic relations among so-
lutions of linear difference equations with constant coefficients. Their algorithm
relies on the fact that one can explicitly write down solutions of the equations of
such type. Here, our task is different. We only compute the ideal generated by
algebraic relations with bounded degree, while we are interested in linear difference
equations with coefficients in k.

We first show which fundamental matrix F' we take in this section. Let S¢ be
the difference ring of germs at infinity of C' (see Example 1.3 on page 4 of [31] for
the definition). Let p be a nonnegative integer such that ¢ is not a pole of entries
of A and det(A(:)) # 0 if ¢ > p. Define an element Z = (Zy, Z1,---) of GL,,(S¢)
as follows: Z; =0 for 0 < i < p, Z, € GL,(C) (arbitrary) and Z;;1 = A(i)Z; for
i > p. Define a map

¥ k[Y,1/det(Y)] — Se
as follows:
for f € kaw(f) = (07 707f(i)7f(i+1)7"' 7) and ¢(Y) =17,

where 7 is a nonnegative integer such that j is not a pole of f if j > . Proposition
4.1 on page 45 of [31] states that ¢ induces an embedding of k[Y, 1/ det(Y")]/I into
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Sc, where I = ker(¢)) that is a maximal o-ideal. Let F' be the image of Y in
E[Y,1/det(Y)]/I. From this construction, we have that Ir 4 = Iz 4.

The results in Appendix A imply that one can compute an integer ¢ such that
I q has a set of generators consisting of polynomials in C[z][Y] whose degrees in
x are not greater than . Let N = (dtlnz) — 1 and myg,--- ,mpy be all elements in
Zgzo with |m;| < d. Write P = Zf:o E;V:O Cj(e+1)+i2'Y™ for generators P, where
y™i = [[y;"" with m; = (m; ;). We can then reduce the original problem to

Jil
the following one: find a basis of the vector space

¢ N
U= (00,017"' 7C(N+1)(£+1)—1) e N+ ‘ chj(£+1)+ixiij =0
i=0 j=0

We are going to solve the latter problem. Observe that o(x! F™) is a k-linear com-
bination of the monomials F™o ... giF™i ... gfF™~_ Hence there is a nonzero
linear difference operator L in C[z][o] such that L(z?F™i) = 0 for all 0 < i < ¢
and 0 < j < N. This operator L can be computed using equation (II). Notice
that at present, we do not know the ideal I and thus do not know F'. Fortunately,
one can easily compute the first many terms of the sequence solution Z that can
be considered as a difference analogue of formal power series solutions of linear
differential equations.
For convenience, write (II) and L in the form of linear recurrence equations

(3.2) Yit1 = Am)Y,,m > p
and
(3.3) L = ai(m)ym+i + a1—1(m)Ymy1—1 + - - - + aog(m)yYm, m > v,

where p is a positive integer such that 7 is not a pole of entries of A(x) and
det(A(i)) # 0 for all ¢ > p, and v is an integer greater than the integer roots
of a;(z)ag(xz) = 0. One easily sees that

Lemma 3.1. Assume that {s,,Sy,+1, -, } is a solution of B3). If there is a
nonnegative integer j such that s,4; = -+ = s,11—145 = 0, then s; = 0 for all
1> U,

Let x be an integer greater than p and v. Notice that the sequence {Z,, Z,11,--- }
is a solution of ([3:2) and for all 0 < i < £ and 0 < j < N, the sequence {x'Z; ",

(k+1)'27,--+,} is a solution of [B3). Set

¢ N
Pe(z,Y) = Z ch(Hl)Jrixime,where c=(co, - ,enprnse) € CNFDERD)
=0 j=0
Then the sequence {Pc(k, Zy), Pe(k + 1, Zx41), -+ , } is also a solution of ([B.3)).
Proposition 3.2. ¢ € U if and only if Pe(i,Z;) =0 for allk <i<x+1—1.

Proof. Assume that ¢ € U. Then P.(z, F) = 0 and thus ¢(P(z, F)) = 0. In other
words, there is a positive integer j such that P, (i, Z;) = 0 for all ¢ > j. Lemma 3]
implies that P.(i,Z;) = 0 for all k < i < k+ 1 — 1. Conversely, suppose that
P.(i,Z;) = 0 for all Kk < i < kK +1—1. By Lemma Bl again, P.(i,Z;) = 0 for
all @ > k. This implies that ¢(P.(z, F)) = 0. Equivalently, P.(z, F) = 0. Hence
cel. (]
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The conditions P.(i,Z;) =0 for all Kk < i < k41— 1 induce a linear system for
c. Solving this system, we obtain a basis of U.

Algorithm 3.3. Compute a basis of I q.

(i) Using the results in Appendiz A, compute an integer { such that Iy g has
generators consisting of polynomials in Clx][Y] whose degrees in x are not
greater than £.

(i) Construct a nonzero operator L in C|x][o] that annihilates x'F™i for all
0<i</land 0 < j < N, where my,--- ,my are all elements in Zgzo
satisfying |m;| < d N

(iii) Let k be an integer that is greater than both p and all integer roots of the
leading and trailing coefficients of L.

(iv) Compute Zy, Zs1, 3 Lwti—1, where l = ord(L). Set

¢ N
Pe(z,Y) = Z Z%(Hl)ﬂﬂymi,‘: = (o, C(N+1)(t41)—1)-

i=0 j=0
Putting
Pe(k,Zy) = =Pe(k+1—1,Zx11-1) =0,
we obtain a linear system L in co,C1,"+ , C(N41)(04+1)—1-

(v) Solve L and return { Ps(z,Y) ’ € is a zero of L in CNFDEHD) }.

Example 3.4. Consider the Fibonacci numbers F(n). It satisfies that

(rin )= (1) (st

z_<12,((1) N ;))

We are going to calculate Iz 5. Using the results in Appendix A, one sees that there
are generators of Iz o whose degrees in x are zero. Let myg,--- ,my4 be all vectors
in Z4, satisfying |m;| < 2. Let

Let

L=0%—406°4+20* + 66% — 40% — 20 + 1.

Then L annihilates Z™: for all 0 < i < 14. Set k = 0. Computing the first 6 terms
of Z, denoted by Z; for i = 0,---,5. Set ¢ = (¢co,c1,- -+ ,c14) and let Pe(z,Y) be
defined as in step (iv). Then

Pc(0,Zy) = co+c1 + ¢y + 5+ cs + cua,

P.(1,Z1) = co+ ca + ¢34+ ¢4 + co + c10 + c11 + c12 + 13 + C14,

P.(2,Z5) =co+c1 +catc3+2¢q+ 5+ g+ cr+ 2c8 + co + c10

+ 2c11 + c12 + 2¢13 + 4cia,

P.(3,Z3) = co+¢1 + 2¢o +2¢3 + 3cq4 + - - - + 4erg + 6¢13 + 9eq,

P.(4,Z4) = co+2c1 + 3ca + 3c3 + 5eq + - -+ + 9c12 + 15¢13 + 25¢14,

P.(5,7Z5) = co + 3c1 + 5ca + 5es + 8¢y + -+ - + 25¢12 + 40¢13 + 64c14.
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Solving the linear system {P.(i, Z;)|i = 0,---,5}, one has that
co =0,¢1 = —cq,00 = —c4 — €3,05 = —Cg — C14,
€ = —Cs — 2C14 — €7 — €11 — €13,C9 = —C14 — C10 — €11 — C12 — C13.

From this, one sees that Iz o is generated by yo1 — y1,2, Y22 — Y1,2 — Y1,1-

3.2. When is I, proto-maximal? Let d be a bound on the degree of a proto-
group as given in (Z:2). In this section, we shall show that I ; is proto-maximal.
Before proving this, we first present two properties of I 4. The first one is that
Ip 4 is locally maximal, i.e., it is maximal among proper o-ideals in k[Y, 1/ det(Y")]
which are generated by polynomials in k[Y]<4. The second one is that Zero(Ipq)

is a trivial k-torsor for Hp 4(k) where Hp g = stab(Ipq).

Proposition 3.5. Suppose that J is a proper o-ideal in k[Y,1/det(Y)] generated
by polynomials in k[Y|<q. If Ipq C J, then Ipq = J.

Proof. Since J is a o-ideal, it is contained in some maximal proper o-ideal. Hence
there is a fundamental matrix F of (LT)) such that F is a zero of J. Suppose that
F = Fg for some g € GL,(C). Define an automorphism ¢, of k[Y,1/det(Y)] as
follows: ¢y (f(Y)) = f(Yg) for all f € k[Y,1/det(Y)]. Let J = ¢y4(J). One easily
sees that J is still a o-ideal in k[Y, 1/ det(Y')] generated by polynomials in k[Y]<q.

Furthermore, F' is a zero of J. Hence by the definition of Ir 4, one has
¢g(J)=J CIpqCJ.
Successive application of gb;l to J yields the following sequence:
TS () o () S

The Noetherian property of k[Y, 1/ det(Y)] implies that there is some integer ! such
that ¢, '(J) = ¢, (J). As ¢, ! is an automorphism, J = ¢y(J). So J =Ipg. O

Corollary 3.6. Suppose that F' is a fundamental matriz of (LI)). If F is a zero
of Ip,a, then Ipq = Ip 4.

Proof. From the assumption, one has that Ir4 C I 4. Then the corollary follows
from Proposition B3] because I ; is a proper o-ideal generated by polynomials in
ElY]<a- O

Note that Ip 4 is contained in the maximal o-ideal Ir. Proposition states
that Zero(Ir) is a trivial k-torsor, i.e., Zero(Ir) N GL, (k) # 0. We shall show that
the same property holds for I 4. For short, we denote by Hp 4 the stabilizer of
Ipq. The ideal Iy 4 is generated by polynomials in k[Y]<4. Using linear algebra,
one has that Hp 4 is bounded by d, i.e., there is a set S of polynomials in C[Y]<q4
such that Hp 4 = Zero(S) N GL,,(C). Precisely, let [ = Ir 4N k[Y]<q. Then I is a
k-vector space of finite dimension and I 4 is generated by I. Let Pp,---,P, bea
basis of I and uy,us,--- ,u; be monomials in Y such that {Py,---, Py, u1, -+ ,u}
is a basis of k[Y]<4. Then for g € GL,(C), g € Hrq if and only if the coefficient
of uj in P;(Yg) is zero for all 1 < i < m,1 < j < [. Now suppose that g is an
n X n matrix with indeterminate entries. Let ¢; ; be the coefficient of u; in P;(Yg)
where i =1,--- ,m,j =1,--- 1. For all ¢, 7, write ¢; ; = ﬁ Soha e s, where
a;; € Clz] and ¢; ;s € C[g]. One easily sees that ¢; ; s is of degree not greater than
d and the set {¢; js|i =1,--- ,m,j=1,---,1,s=0,--- ,e; ;} defines Hp 4.
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Proposition 3.7. Zero(Irq) is a trivial k-torsor for Hpa(k), ie., Zero(Ipq) =
BHp 4(k) for any B € Zero(Ipq4) N GL, (k).

Proof. Let B be an element of Zero(Ir) N GL, (k). Since Irq C Ir, B € Zero(Ip q).
It suffices to show that Zero(Ir4) = BHr q(k). Let J be the ideal in k[Y, 1/ det(Y)]
generated by

{Q B'Y)| Qe Ic(Hpq) NClY <d}
Because Hp 4 is bounded by d, one has that Zero(J) = BHp (k). We shall show
that J = Ip 4. Let G = stab(Ip). For any g € G and P € Ip4NEk[Y]<q, P(Yg) €
k[Y]<q and then it belongs to k[Y|<qNIp which is a subset of Iy 4. Hence g € Hp 4.
Consequently, G C Hp 4. Due to Proposition 29, Zero(Ir) = BG(k). Therefore
Zero(Ip) C Zero(J). As Ip is radial, J C Ip. This implies that F' is a zero of J.
By the definition of Irgq, J C Irq. It remains to show that Ir4 C J. Suppose
that P is an element of k[Y]<4 N Ip4. Then for each h € Hp 4, P(Yh) € Ip 4 and
therefore P(Bh) = 0. Write

l
=> aP(Y
=1

where P;(Y) € C[Y] and ¢y, - - , ¢ are linearly independent over C'. Obviously, for
all 4 with 1 <4 </, the degree of P;(Y) is not greater than d and P;(h) = 0 for all
h € Hpg4. In other words, P;(Y) € Ic(Hpq) N C[Y]<q for all 4 = 1,--- 1. Hence
P <€ J and then Ipq C J. O

Remark 3.8. As an algebraic subgroup of GL,(k), the irreducible components of
Hp 4(k) are equidimensional. Hence /I 4 is an unmixed ideal.

Corollary 3.9. Let Iiy, be an associated prime of \/Irq. Then stab(li,) = Hg .
Moreover Zero(Iiy,) is a trivial k-torsor for Hgd(lé)

Proof. Let B be an element of Zero(Iiy) N GL, (k). By Proposition B.1]

Zero(I;,,) = BH;(k),
where H; is an irreducible component of Hp 4. Since B € Zero(liy,), H; = Hp ;.
Thus Zero([iy) is a trivial k-torsor for Hy, 4(k). Tt remains to show that stab(I;,,) =
Hg 4. Suppose that h € stab(ly,). Then P(Yh) € Iy for any P(Y) € Iy,.
Hence P(Bh) = 0 for any P(Y) € [ix, i.e., Bh € Zero(liy). Therefore h € Hp, ;.
Conversely, suppose that h € Hp ;. Then BHFd(k)h = BHEAI%). This implies

that for any P(Y) € I, and Z € Zero(Im) (Zh) =0. As I, is prime, P(Yh) €
Iy, for any P(Y) € Iiy,. Hence h € stab([i). O

Proposition 3.10. H, ; is a proto-group of stab(I), where I is any mazimal o-
tdeal containing Iy, ;. Furthermore, I, ; is proto-mazimal.

Proof. Let G = stab(I) and H be an algebraic subgroup of GL, (C) that is bounded
by d and is a proto- group of G. Such H exists by Proposition [2 Observe that
there is a fundamental matrix F such that I = I. Since F is a zero of I and thus
a zero of Iy ; too, we have that Iy ; = I ; due to Corollary B.6l Let B be an
element of Zero(I) N GL,, (k) and set

J={QB7Y) | Q elc(H)nClY] 4}

Licensed to EXLILAMS600. Prepared on Tue May 10 02:06:02 EDT 2022 for download from IP 124.16.148.4.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



952 RUYONG FENG

Since H is bounded by d, i.c., there is a set S of polynomials in Ic(H)NC[Y]_; such
that Zero(S) = H(k), Zero(J) = BH(k). By Proposition 29 Zero(I) = BG(k).
Therefore J C I, because [ is radical and H is a proto-group of G. One then has
that F is a zero of J. This implies that

JCIpg=1p;C1.

The first inclusion holds because J is generated by a set of polynomials in k[Y]_ ;.
Proposition [3.7] implies that -

G< HF& < H.
Then the first assertion of the proposition follows from Remark 2.3 and the second
assertion follows from Proposition [3.7] and the first assertion. O
Example 3.11. Consider
(1 0 1 0\ [m
(3.4) oly2]=10 0 1] |
Y3 z 0 0/ \ys

Using the method developed in section 3.1, we can compute a o-ideal

Iz = <y1,1y1,2, Y1,1Y1,3,Y1,1Y2,1, Y1,1Y2,3, Y1,1Y3,1, Y1,1Y3,2, Y1,2Y1,3, Y1,2Y2,1, Y1,2Y2,2,
Y1,2Y3,2,Y1,2Y3,3, Y1,3Y2,2, Y1,3Y2,3, Y1,3Y3,1, Y1,3Y3,3, Y2,1Y2,2,Y2,1Y2,3, Y2,1Y3,1,

Y2,1Y3,3,Y2,2Y2,3, Y2,2Y3,1, Y2,2Y3,2, Y2,3Y3,2, Y2,3Y3,3, Y3,1Y3,2, Y3,1Y3,3, y3,2y3,3>-
Furthermore, one has that

0 0 0
stab(Iz,2) = { ( B 0) afy # 0} U { (0 )
0 ~ v
0 0 «
U B 0 0
0 v O

Since stab(lz2)° is a torus, stab(lz32) is a proto-Galois group of (LIl over k.

Moreover, Zero(Iz2) = stab(Iz2)(k), i.e., Iz is a trivial k-torsor. So Iz is a
proto-maximal o-ideal. This example will be continued in Example [£7

0
8
0

oS O R

o oR

a/ﬁv#o}

ozﬁ’y;éO},

4. THE COMPUTATION OF MAXIMAL Ué—IDEALS
The results in the previous section enable us to calculate a proto-maximal o-
ideal. Suppose that we have obtained a proto-maximal o-ideal, say I ;. Let I,
be an associated prime of , /I ;. It can be obtained with an algorithmic solution

of problem (P2). Since I ; is a o-ideal and so is its radical, I, is a o9%-ideal for
some positive integer . In the following, we will enlarge I, to obtain a maximal
o%-ideal. By Corollary 3.9, one sees that for any B € Zero([;,,) N GL,, (k),

(41) Zero([irr) = BH;_‘7J(]_€) and Stab(,[irr) = H;,7d'.

Let I5 be a maximal o°-ideal that contains I, and Gy = stab(Is). Obverse that
Proposition still holds for maximal o%-ideals. This implies that Zero(Is) =
BGs(k) for any B € Zero(Is5) N GL, (k). Then equation (&) implies that G5 C
H;d. We shall show that H;d is a proto-group of Gj.
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Lemma 4.1. Let I be a mazimal o°-ideal and I = TN o(I)N---No® (). Then

(a) I is a mazimal o-ideal, and

(b) [stab(I) : stab(I)] < 6.

Proof. (a) Suppose that I is a maximal o-ideal containing /. We claim that ICI.
Suppose on the contrary that I\ I # (. Then I\ o*(I) # @ forall 1 <i <§—1,
since o is an isomorphism and I is a o-ideal. Observe that o (I ) is o%-maximal for
all 0 <4 < & — 1. Therefore [ + o'(I) = k[Y,1/det(Y)] for all 0 < i < §—1. In
other words, there are a; € I,b; € Ui(f) such that a; +b; =1 forall 0 <¢<§ — 1.

One then has that
5—1
1=Haz—|—b Hb +a
i=0

where @ € I. From the assumption, Hi:O b; € I which is a subset of I. Hence
1 € I, a contradiction. This proves the claim. The claim implies that I C oi(f )
for all 0 < ¢ < § — 1. Consequently, I C I. Therefore I = I, which is a maximal
o-ideal.

(b) Let G = stab(I) and G = stab(]). Let B be an element of Zero(I) N GL, (k).
Due to Proposition 2.9] one has that

(4.2) Zero(I) = BG(k) and Zero(I) = BG(E).

It is easy to see that O'i(f) is a maximal Ué—idf)al for~ all 0 <7< §—1. Hence there
are g1, ,gs—1 € GL,(C) such that ¢y, (c*(1)) = I, where ¢, is an isomorphism
of k[Y,1/det(Y)] given by ¢4, (Y) = Yg;. This implies that

(4.3) Zero(o'(I)) = BG(k)gi, i =0,1,---,6 — 1.
Equations ([.2) and (£3) imply that G = Uz 0 ' Ggi. In what follows, [G : G] <
0. O

Let I = IsNo(Is)N---No%1(I5). Then Iy, ; € I. The above lemma together
with Proposition B.I0 implies that H ; is a proto-group of stab(/), i.e

(HF, g)u < (stab(I))° < stab(I) < Hy ;.

Observe that (HF cZ) = (H; J) . Due to the above lemma again, (stab(/))° = G¢.
Thus b b

(2, ) <Gy <Gy < HY

, HY, 5 is a proto-group of Gs. Proposition .0 then implies that G; is the

1ntersect10n of the kernels of some characters of H ° Suppose that x1,---,Xx; are

characters of H; i such that

ker(x1) N---Nker(x;) = Gs.
Then we have the following lemma.
Lemma 4.2. Let B be an element of Zero(Is) N GL, (k) and set
S=lnU{xi(BTY)~1i=1,--- 1}
Then Zero(Is) = Zero(S).
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Proof. It suffices to show that Zero(S) = BGs(k). From (@), one has that
Zero(Iyy) = BH}, ;(k) because B € Zero([ir) NGLy, (k). Suppose that Z € BGs(k).

As Gy is the intersection of the kernels of the characters X1, ,Xi, one sees that
Z € Zero(S). Conversely, assume that Z € Zero(S). Then Z € Zero(I;,,) and thus

Z = Bh for some h € H} ;(k). Meanwhile for each i =1,--- 1,

Xi(B™'Z)=xi(h) = 1.
This implies that h € Gs(k). Therefore Zero(S) = BGs(k). O
Lemma 212 states that i;(B~'Y) is invertible in k[Y, 1/ det(Y)]/ L. This to-
gether with the above lemma implies that for computing Iy, it suffices to find
suitable invertible elements of k[Y,1/det(Y)]/ . In the following, we first prove
that invertible elements of k[Y; 1/ det(Y)]/I;, are actually o®-hypergeometric over

k and then show that algebraic relations among o-hypergeometric elements enable
us to find I5. We start with a definition.

Definition 4.3. A nonzero element P of k[Y,1/det(Y)]/[;;; is said to be o°-
hypergeometric over k if P is invertible in k[Y,1/det(Y)]/l;y and o(P) = rP
for some r € k. Suppose that P;, P, are two o%-hypergeometric elements over k
of k[Y,1/det(Y)]/Iiry. We say Py and P are similar if there is r € k such that
P1 = ’I”PQ.

Elements of k[Y,1/det(Y)]/I;;; are represented by elements of k[Y,1/det(Y)].
Let P be an element of k[Y,1/det(Y)]. The image of P in k[Y,1/det(Y)]/ Ly is
o%-hypergeometric over k if and only if

Zero(P) N Zero(Iiy) = 0 and 6°(P) — 7P € Iy
for some r € k.

Proposition 4.4. Let B be an element of Zero(Iiyy) N GLy, (k) and x a character
of H, 4 that is represented by an element of C[Y,1/det(Y)]. Then x(B~'Y) is a

o0 -hypergeometric element over k of k[Y,1/det(Y)]/Liry. Furthermore, if x1 and
X2 are two distinct characters, then x1(B~'Y) and x2(B~'Y) are not similar.

Proof. Obviously, x(B~1Y) is invertible in k[Y, 1/ det(Y)]/I;;,. It remains to show
that o°(x(B~'Y)) — rx(B~'Y) € I, for some r € k. We first claim that

o’ (B™")AsB € Hj, 5(k),

where As = 01 (A)o?"2(A)---0(A)A. For any Q € Ic(Hy, 5), it follows from
@) that Q(B~'Y) € Iy. As I, is a o%-ideal, one has Q(c° (B~ AsY) € [y
Since B € Zero(Iyy), Q(0°(B~!)AsB) = 0. This proves the claim. Now for any
he H;,J(m’

V(07 (B~1) A5 Bh) — x(o® (B~) As B)x(B Bh) = 0.
This implies that

x(c®(B™HYAsY) = x(0°(B~Y)AsB)x(B~Y) € I,
In other words,

o’ (x(B™Y)) = x(¢°(B™1)AsB)x(B™'Y) € I,
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i.e., x(B~'Y) is a o®-hypergeometric element over k of k[Y,1/det(Y)]/I;;,. This
proves the first assertion.
Now assume that x1(B7'Y) — rx2(B~1Y) € I, for some r € k. Then for any

o
hEHF,J’

x1(h) = x1(B~'Bh) = rx2(B~'Bh) = rxa(h).
Particularly, putting h = I,,, one then has that » = 1. Thus x; = x2, a contradic-
tion. (Il

Let 2 be a bound as given in (21)). Proposition B.17 of [9] states that X (H3, ;)

has generators that are represented by polynomials in C[Y]<y,. In the following,
we show how to obtain such generators from a set of o°-hypergeometric elements
over k in k[Y, 1/ det(Y)]/Liyy. Denote

P is o®-hypergeometric over k in k[Y, 1/ det(Y)]/ Iy,
P_TQ¢IirruVT€k7VQEIH\{P} :

Note that H contains all o®-hypergeometric elements over k in k[Y, 1/ det(Y)]/ i,

that are not pairwise similar and are presented by polynomials in k[Y] with degree

not greater than ko. It follows from Lemma [2.12] that one can construct characters
of HY, - from elements of H. Precisely, let B € Zero(Ii;;) N GLy (k) and define a

map 75 from H to X (Hy, ;) as follows:

H = {P € kY] <u,

5 H — X(H} ;)

P —x,
where y satisfies that P — rx(B~'Y) € Ii,. By Lemma 212 for each P € H,
there is a character x such that 75(P) = x, and such a character is unique by

Proposition .4l Therefore 75 is well-defined. Now suppose that y is an element
of X(H}, ;) that is presented by a polynomial in CY]<,,. Due to Proposition [£.4]

(4.4)

again, x(B~'Y) is a o®-hypergeometric element over k in k[Y; 1/ det(Y)]/I;;,. Note
that x(B~'Y) € k[Y]<y,. So there is some P in H which is similar to x(B~'Y).
One sees easily that 75(P) = x. In the sequel, 75(#) contains all elements of
X (H; ;) that are represented by polynomials in C[Y]<,,. Therefore 75(H) is the

desired set of generators of X (Hy, ;).

We can compute H by Algorithm [B.Il in Appendix B. Suppose that we have
obtained such H and assume that # = {P;,---, P,}. Let b; be the certificate of
Pj, ie., aé(Pj) —b;jP; €l forall 1 <j<w. Set

Z=q(m,- my) €2 | 3 fek, st ﬁbmj _ )
- mi, , My , S.t. i = f
j=1
Then Z is a finitely generated Z-module. The solution of problem (P3) allows us
to compute a set of generators of Z. Assume that my,--- ,m, are generators of Z
and further suppose that
. i Ué(fi)

H bj - fi

=1 ’
where f; € k* and m; = (m;1,---,m;,). For each ¢ = 1,---,p, write m; =
m; —m; , where m;, m; are in ZX,, and m; (mi_)T = 0. Denote by P the vector
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(Pr,--+, P,) and P™ =]/, P, where m = (my,--- ,m,). Set

(4.5) P = <Im U {Pmi+ L R u}>
where ¢ = (c1, -+ ,¢,) € (C*)H. Tt is easy to verify that P is a o’-ideal.
Lemma 4.5. There exists a ¢ = (c1,--- ,¢,) € (C*)* such that P is a proper

od-ideal of k[Y,1/det(Y)].

Proof. Let I5 be a maximal o°-ideal containing [;;; and Fs a fundamental matrix
of 0%(Y) = AsY such that Fj is a zero of I5, where As = 0 1(A)o%2(A)--- A.
Then Fj is also a zero of Ij,. So for all j with 1 < j <w,

o (P))(Fy) — b; Pj(F) = 0 (P;(F5)) — b; P;(F) = 0.
This implies that for all ¢ with 1 <4 < p,

(]_j)m7 F ™Mi jpm; m; _Ué(fi) m; _
5) Hb P™ (F5) = o (P™(F5)) P™:i(F5) = 0.

p 2

Hence for each i =1,--- , u, P™(Fs) = ¢; f; for some ¢; € C*. Set ¢ = (c1,- -+ ,¢u).
Then one sees that Fs is a zero of P.. Consequently, P, is proper. ([l
We can calculate a ¢ such that P, is proper as follows: let Qq,---,Q; € k[Y]
generate the ideal [, and z a new indeterminate. Consider c1, - - , ¢, as parameters

and denote by J¢ the ideal in k[Y, z,¢1, - - -, ¢,] generated by

Qla"' 7Ql7det(Y)Z_ 1aPm;r - clfImev"' aPmI _CHfMP

Then algorithms for comprehensive Grobner systems allow us to find a suitable
c € (C*)* such that J. is a proper ideal. The reader is referred to [1521]30132]
and the references cited therein for the algorithms.

Proposition 4.6. Assume that P, is proper and Iy is a mazimal o°-ideal contain-
ing Pe. Then

Zero(Pe) = Zero(Is), i.e., Is = \/Pe.
Proof. Let B be an element of Zero(Il5) N GL,(k) and G5 = stab(ls). Due to
Proposition 2.9]

Zero(I5) = BGs(k).

Obviously, I5 is a maximal o®-ideal containing Ii,,. The discussion after Lemma 1]
states that H° - is a proto-group of Gs. By Proposition [2.6] G5 is the intersection
of the kernels of some characters of H? Fd Let A be the set of these characters.
Note that 75(H) is a set of generators of X(HO ;) Where 75 is defined as in ([€.4).
Suppose that ¥ € A. Then

(4.6) X = HTB(Pi)aiv

where «; € Z. From the definition of the map 75, for each ¢ = 1,--- v, there is
r; € k> such that
(4.7) Pi(Y) —rit(P)(B7Y) € L.
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Lemma implies that )‘((B’l}:') — 1 € I5. Denote by Y the image of Y in
k[Y,1/det(Y)]/Is. Then ¥(B~'Y) —1 = 0. This together with (@8] and (&7
implies that

(4.8) HTB B7lY)-1= ﬁr;aini (Y)—1=0.
i=1

Applying o0 to ([&F), one has that

(4.9) H o )b P (Y) —1=0.

Combining (L) and (IZ:QI), one has that

Hbal:ﬁ (leal)

i=1 "

Set a = (e, ,0) € Z". Then o € Z. So there are integers z1,--- , 2, such
that o = zymy + - -+ + 2z, m,,.
Let Z be an element of Zero(P.). Then one has that P™i(Z) = ¢;f; for all

1 < j < p, because P™i (Z) # 0. By (@&6) and [{7) again,

X(B™'2)-1= V m5(P)*(B™'Z) —1=P*(2) f[r;ai ~1
1

i= i=1

=

v

"
S CEED | CREE (G138

o
T, 1.
j=1 1

This implies that the polynomial x(B~1Y) -1 takes a constant value on Zero(Pe).
Particularly, putting Z = B, one has that y(B~!B)— ia(eifi)® [ =
1 =0. In the sequel, Y(B™1Z) —1 =0 for all Z € Zero(P ) Therefore

Zero(P.) C Zero(Li, U{X(B™'Y) — 1| x € A}).
The former set contains Zero(Is) and the latter one is equal to Zero(Is) by Lemma
Consequently, Zero(P.) = Zero(Is). O

Suppose that a proper P, has been calculated. One can then compute /P, with
an algorithmic solution of problem (P2) and I = v/Pe Na(vVPe)N--- N’ 1 (V/Pe)
with the algorithm presented in (section 6.3, page 260 of [I]). Then the ideal I is
a maximal o-ideal by Lemma ATl

Example 4.7. (Example B.IT] continued) Iz 2 is radical and we have the following
irreducible decomposition:
Iz,z =<y1,1,y1,2, Y2,2, y2,37y3,17y3,3> N <y1,1,y1,3= y2,173/2,27y3,27y3,3>
N (Y1,2, 91,3, Y2,1, Y2,3, Y3,1, Y3,2)-

Set Liyy = (Y1.1,%1,2,Y2,2,Y2,3,Y3,1,Y3,3). Then one can easily verify that I, is a
o3-ideal and

a 0 0
stab([i,) = 0 B 0]laBy#0
0 0 v
X (stab([;,,)) is generated by y11,¥2.2,%33. Thus we only need to compute o3-
hypergeometric elements in k[Y,1/det(Y)]/I;;; which are represented by linear
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polynomials in k[Y]. By Algorithm Bl we can see that y;3,%21,y32 are o°-
hypergeometric elements of k[Y;1/det(Y)]/ir and further they are not pairwise
similar. More precisely,

P (y13) = (@ 4+ 2)y1,3, 0°(Y2,1) = 2y2,1 0°(y32) = (T + 1)ys2.
An easy calculation yields that (0,0,0) is the only element (m;y,ma, m3) in Z3 such
that
e (x4 1) (x +2)" =0 (f)/ f
for some f € k. When m; = my = mg = 0, we can take f = 1 and then
Proposition implies that I, is a maximal o3-ideal. Let
I = Iirr N U(Iirr) N UQ(Iirr) = IZ,Q-

Lemma FE] implies that Iz s is a maximal o-ideal. Thus the Galois group is
stab(Iz,2), which has already been explicitly given in Example B.111

5. THE ALGORITHM AND AN EXAMPLE

We are now ready to present the algorithm for computing the Galois group
stab(I), where I is a maximal o-ideal of k[Y, 1/ det(Y)].

Algorithm 5.1. Input: a linear difference equation of the form ([IIJ).
Output: the Galois group of (L)) over k.
(i) Compute a proto-mazximal o-ideal I, ; by Algorithm B3
(ii) Using the algorithms for problem (P2), compute an associated prime of
IF’(;, denoted by Ii... Compute a positive integer § such that I, is a
of-ideal.
(iii) By Algorithm Bl compute a set of o°-hypergeometric elements over k
in k[Y,1/det(Y)]/Iiyy, whose elements are represented by polynomials in

E[Y]<k,, and are not pairwise similar. Denote them by Py,--- , P,.
(iv) Let b; be the certificates of P;, i.e., o®(P;) — b;P; € I,y where b; € k*
and i = 1,--- ,v. Using the method for problem (P3), compute a set of

generators of the following Z-module:

x Tome _ 9°(f)
Efek,s.t.il;[lbi == }

Z = {(m1,~-~ ,my) € ZY

Denote those generators by my,--- ,m,,.
(v) Set P = (Py,---,P,) and find f;, the element in k* such that P™i =
ad(f:)/ fi, where i =1,--- v. Set

,Pc:IirrU{ij _CifiPm; ‘ 1= 17 7,“/}7

where ¢ = (c1,-++ ,¢,) € (C*)*, and m;, m; are elements in ZX, satisfy-

ing m;” —m; =m; and m; (mi_)T = 0. By the algorithms developed in
[I52TL3B0,32], compute a ¢ € (C*)* such that P is proper.

(vi) With the algorithms for problem (P2) and the algorithm presented in (sec-
tion 6.3, page 260 of [1]), compute \/P. and

Iz\/ﬁma(\/ﬁ)m-~-ma‘” (\/PT)
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Due to Proposition L8], \/Pe is a mazimal o°-ideal and then I is a mazimal
o-ideal by Lemma [E]1
(vii) Using Grébner basis computation, compute stab(I) and then return stab(I).

Correctness of the algorithm comes from the results presented in the previous
sections.

Remark 5.2.

(a) One may suspect that the complexity of the algorithm would be very high,
since the degree bounds d and ks given in (1) and (Z2) are quite large.
These degree bounds guarantee the termination of the algorithm. Addi-
tionally, one needs to find a coefficient bound for generators of I Fd (see
Appendix A). It seems that there does not exist a universal coefficient
bound, i.e., a coefficient bound only depending on d~, the order n, and the
degrees of the coefficients of equations.

(b) Except for one particular case where the Galois group has a torus as its
identity component, we are not able to decide whether I 4 is proto-maximal
or not when d < d. This is why our algorithm does not begin by computing
Irq with d =1,2,---. On the other hand, assume that the Galois group
has a torus as its identity component. Then the first step of the algorithm
can be improved as follows. For d > 0 and e > 0, denote by Ip . the
o-ideal generated by polynomials in

{P € Clz][Y]|P(F) = 0,deg, (P) < e,degy (P) < d},

where degy (P) stands for the total degree of P in y1.1,- - ,Yn,n. We first
set d = 1 and e = 0 and compute Irq. by the method developed in
section B.Jl Then decide if Ip; o is proto-maximal. If Ir; is proto-
maximal, then we are done. Otherwise, increase d or e and repeat the
process. Note that by Remark 23] stab(Ir4.) is a proto-Galois group if
and only if stab(Ipg¢)° is a torus. Using the Grébner basis method, one
can verify whether stab(Ipg.)° is a torus and whether Zero(Ipq.) is a
k-torsor for stab(Ir 4.)(k) once a zero of Ir 4. in GL, (k) is computed. As
Zero(Ip,q) C Zero(Ip,qg.), if Zero(Ip q.¢) is a k-torsor, then it must be a triv-
ial k-torsor. In the sequel, one can verify whether I 4. is proto-maximal.

(¢) In Examples BIT and B3] since the coefficient matrices are monomial (see
page 57 of [13] for the definition), the Galois groups are algebraic subgroups
of the group of monomial matrices and thus their identity components are
tori. Therefore, in these two examples, a small d such as 2 is large enough
to obtain proto-maximal o-ideals.

In the following, we give an example to illustrate the algorithm.

Example 5.3. Consider the following linear difference equation:

Y1 0 1 0 Y1
(5.1) olyp]=|z 0 0 (>
Y3 00 2/ \us

(i) Using the method developed in sectionBI] we compute an ideal I generated
by polynomials in Ipo N C[Y]:

I= <y3,2,y3,17y2,373/2,1y2,27y1,373/1,2y2,2,y1,1y2,1>y1,1y1,2>-
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I is a o-ideal and

stab(I) =

S O R
o™ o

0 0 o O
0|laBy#0,U B 0 0]|aBy+#0
v 0 0 v

As stab(I)° is a torus, stab(l) is a proto-Galois group of (&Il over k.
Furthermore, it is easy to verify that Zero([~ ) is a trivial k-torsor. Thus I
is a proto-maximal o-ideal.

(i) I is radical and one can compute its irreducible decomposition as follows:

I= <y1,1,y1,3, y2,2,y2,3,y3,17y3,2> N <y1,2, Y1,3, yz,l,y2,37y3,17y3,2>-
Set Lire = (Y1,1,Y1.3:Y2,2, Y23, Y31, Y3,2)- Then [y, is a o%-ideal and

stab(lir) = {diag(a, 8,7)laBy # 0},

(iii) Observe that the group of characters of stab(Ii,) is generated by linear
polynomials. Using Algorithm [B.Il we can find that o2-hypergeometric
elements of k[Y,1/det(Y)]/ L, that are represented by linear polynomials
in k[Y] are y1,2,92,1, y3,3. Precisely,

1
2 2 2
= = +1 = — .
9 (yl,z) Y12, O (y271) (x )y2,1, o (y373) a:(a: 1)y3,3

(iv) Set

ms 2
Z= {(ml,mg,mg) €Z® |3 fek” st a™(z+ 1) <ﬁ> =2 J(cf) }
One sees that Z is generated by (1,1,1) and when m; = my = mg = 1,
one can take f =1.
(v) Let P. = (Liyy U {y1,2y2,1y3,3 — c¢}) where ¢ € C*. One sees that for any
c € C*, P, is proper. Take ¢ = 1. Then one can verify that P; is a radical
ideal and thus it is a maximal o2-ideal.
(vi) Compute I =P; No(P1). One has that

I= <y3,27y3,17y2,3,y2,2y2,17y1,3,y2,2y1,27y1,2y§,1ys,3 - y2,1,y%,2y2,1y3,3 — Y1,2,
Y1,292,1Y3,3 + Y1,192,293.3 — 1, y1,192,15 y1,1y1,2>-

(vii) Using Grdbner basis computation, we have that

a 0 0 0 a O
stab(I) = 0 B O0]|lapy=1,U B 0 0)lapgy=1
0 0 v 0 0 v

APPENDIX A. COEFFICIENT BOUNDS FOR GENERATORS OF Ipq
Note that Ir 4 is generated by
S={P(Y) € k[Y]<a | P(F) =0},

which is a k-vector space of finite dimension. We are going to find coefficient bounds
for S. Precisely, we shall find an integer ¢ such that there is a basis of S satisfying

2
that the coefficients of elements in this basis are of degree < £. Let N = (dfi" )
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and My, - -+, My be the monomials in entries of F' with degrees not greater than d.
Observe that for a basis of S, it suffices to find a basis of the following vector space

N
ZaiMi = O} .
i=1

Furthermore, one sees that (M, -+, Mx)? is a solution of a linear difference equa-
tion, which can be constructed from (LI]). Hence our original problem can be
reduced to the following one.

{(al,--- ,aN) € EN

Problem A.1. Assume that v = (vy,--- ,v,)7 is a nonzero solution of (L)), where
the v; are in some Picard-Vessiot extension ring of k. Set

W:{(al,ag,... ,an) c k" | G1U1+"'+anvn:0}.

Find an integer ¢ depending on n and A, such that W has a basis consisting of
vectors whose entries are of degree not greater than £.

Without loss of generality, we may assume that v, --- ,v, are linearly indepen-
dent over k and

Upgi = Ci1U1 + + CpUp, 1 =1, ,n—T.

For all ¢ with 1 <¢ <n—r, denote ¢; = (¢;,1,¢i,2,° - ,Cin), Where ¢; r4; = —1 and
Cirt; =0foral 1l <j<mn—rwith j# i Then {c1,---,c,_,} is a basis of W.
Actually, for any a = (a1, -+ ,a,) € W, we have that a = —(a,41¢1+- -+ anCp_r).
In the following, we are going to find a bound for deg(c;;), where i = 1,---,
n—r,j=1,---,r. Let V be the solution space of ([T and set

V={weV]|cgwl =0,Vi=1,---,n—r}.

Then V is a C-vector space of finite dimension. Moreover, we have

Lemma A.2. dim(V) =r.

Proof. Clearly, v € V. Suppose that {vi,---,v,} is a basis of the vector space
over C spanned by the orbit of v under the action of Gal(K/k), the Galois group of
(1), where K is the ring of fractions of the Picard Vessiot extension of k for (IT]).
Then v; € V for all i with 1 < i < 1. Hence dim(f/) > p. In the following, we shall
prove that p > r. Denote the matrix consisting of the first yu rows of (vi,---,v,)
by D and the remaining ones by U. For any ¢ € Gal(K/k), there is [¢] € GL,(C)
such that ¢(D) = D[¢] and ¢(U) = Ulgp]. Without loss of generality, we may
assume that det(D) # 0. As for any ¢ € Gal(K/k), ¢(det(D)) = det(D) det([¢]).
One sees from Corollary 1.15 of [29] that det(D) is invertible in K and therefore D
is invertible. Now for any ¢ € Gal(K/k),

HUDY) = Ulglls] Dt =UD .
The Galois theory implies that C' = UD~! € k(*=#*# Set C' = (~C, I,,_,,). Then

é<5)_0

Particularly, C'v = 0. This implies that dim(W) =n —r > n — g and then p > r.

So dim(V) > r. On the other hand, one has that dim(V) +n —r < n and then

dim(V') < r. Hence dim(V) = r. O
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Assume that {vi = v,va,--- v,.} is a basis of V and M is the n x r matrix
consisting of the vectors vi,---,v,. For 1 < i1 < .-+ < 4. < n, denote the
determinant of the sub-matrix consisting of the i1-th,is-th, - - - | i,-th rows of M by

di, iy, i,- Then an easy calculation implies that

iy jin oo yip = bigjig e i 1,2, o, Where by, 4, i, € K.

)

Particularly,

D12, 1 L, i = (—1)T_jcl-1j,f0r all<i<n-randalll<j<r.

5

Let b= (b12,... s s bn—rgin—rt2,.. )T, On the other hand, one can construct
from A an invertible matrix A, with entries in k such that bd; ... » is a solution
of o(Y) = A,Y. Notice that the matrix A, only depends on A and r. Moreover,
one can easily verify that d; ... » is o-hypergeometric over k. This implies that
bdi ... » is a o-hypergeometric solution. By means of cyclic vector, the system
of the form () can be reduced into a scalar linear difference equation. Then
the algorithms for problem (P4) allow us to find all o-hypergeometric solutions of
(TI). Therefore one can find an integer ¢/2 such that o-hypergeometric solutions
of o(Y) = A,Y are of the form wh where h is o-hypergeometric over k and w is a
vector whose entries are elements in k with degree not greater than ¢/2. Particu-
larly, bd; o.... , = Wh where W = (wy, - -+ ,w,) € k™ satisfying deg(w;) < £/2 and h
is hypergeometric over k. Observe that by 2 ... » = 1. Then one has that b = W /@;.
Hence entries of b are of degree < ¢. Specially, deg(c; ;) < £.

In the case that we do not know the dimension of V, we can take r = 1,2,--- ,
n — 1 and construct the corresponding systems o(Y) = ALY, ,o(Y) = A1,
respectively. Compute all o-hypergeometric solutions of these systems and let ¢/2
be an integer such that these o-hypergeometric solutions are of the form wh where
h is o-hypergeometric over k and w is a vector whose entries are rational functions
in  with degrees not greater than ¢/2. Then we have that deg(c; ;) < ¢. This
solves Problem A.1.

APPENDIX B. ¢®-HYPERGEOMETRIC ELEMENTS

In this appendix, we shall describe a method to compute o’-hypergeometric el-
ements in k[Y,1/det(Y)]/I;. In fact, instead of all o°-hypergeometric elements
in k[Y, 1/ det(Y)]/I;r, we only find those o-hypergeometric elements that are not
pairwise similar and are represented by polynomials in k[Y]<g4, the set of polynomi-
als in k[Y] with degrees not greater than d. Assume that ms,--- ,m, are polyno-
mials in k[Y]<q satisfying that {m;,--- ,m,} is a k-basis of k[Y]<q/(Lire NE[Y ]<q),
where m; is the image of m;. With Grobner basis computation, one can find these
m;. As o preserves the degrees of elements of k[Y], there is A € GLy(k) such that

o®((my, My, -, my)) = (Mg, my, -, my)A.

The invertible matrix A can be constructed from A. Now suppose that P = " ¢;m;
is a o-hypergeometric element, where ¢; € k, i.e., 0° (P)—rP € I, for some r € k
and P is invertible in k[Y, 1/ det(Y)]/Ii;;. Then one can verify that ¢, -, ¢, and
r satisfying

C1 C1

Ce Ce
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Let h be a 0-hypergeometric element satisfying o®(h) = r~*h. Then (cy,--- ,c)Th
is a o-hypergeometric solution of the following linear difference equation

(B.1) (V)= A"ty

Consequently, for those ¢, -- ¢, and r, it suffices to find all o°-hypergeometric

solutions of the above linear difference equation. Using the algorithms for problem
(P4), one can find all ¢°-hypergeometric solutions of (B.I). In particular, one
can find o%-hypergeometric solutions cihq,--- ,c;h; that are not pairwise similar
where hy,--- ,h; are o°-hypergeometric and ¢, --- ,¢; are vectors with entries in
k. Here two vectors hq, hy are said to be similar if hy = rhsy for some r € k*.
Furthermore, if h is a o-hypergeometric solution of (B.IJ), then there is a unique
j with 1 < j < such that h = bc;h; for some b € k. Write ¢; = (¢1,-- -, i)
and set P, = Z§=1 c¢ijm;, where ¢ = 1,2,--- ,[. Then 0% (P;) — i P; € Iy, for some
r; € k. It remains to select those P; that are invertible in k[Y, 1/ det(Y")]/I;,,. Note
that P; is invertible in k[Y, 1/ det(Y)]/ Ly if and only if Zero(P;) N Zero(Iy,) = 0.
The latter condition can be detected by Grobner basis computation. Precisely, it
suffices to decide if 1 is in the ideal (I, P;). The previous results are summarized
in the following algorithm.

Algorithm B.1. Compute all o°-hypergeometric elements in k[Y,1/det(Y)]/ L
that are represented by polynomials in k[Y]<q4 and are not pairwise similar.

(a) Compute a Grébner basis for Iy N k[Y] and then find the monomials
my,---,my in k[Y]<q such that {mi,--- ,my} is a k-basis of k[Y]<q/
(LireNEk[Y])<a, where m; denotes the image of m; in k[Y|<q/ (I NE[Y])<a-

(b) Construct an invertible matriz A € GLy(k) such that

05((ﬁ11’ my, - - 7ﬁ1€)) = (ﬁllv my,- - 7ﬁ1€)"4'
(c) Compute o°-hypergeometric elements of o®(Y) = A=Y, which are not
pairwise similar. Denote them by cihy,--- ,cihy, where hy,---  h; are o°-
hypergeometric and ¢y, --- ,c; are vectors with entries in k.

(d) Write c; = (¢i1,- -+ ,cie) and set P, = Zle ¢i;mj, wherei=1,2,--- L.
(e) Decide whether 1 is in (L N kY], P;,det(Y)z — 1) with Grébner basis
computation. Return those P; satisfying 1 € (Iiyy NE[Y], P;,det(Y)z — 1).
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