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1. Introduction

The study of parametrized differential /difference Galois theories was initiated in [7,24].
In particular, in [24], a X ATII-Galois theory was developed for ¥ All-linear systems and
was applied to giving a group-theoretic proof of Hélder’s Theorem that the Gamma
function is hypertrancendental. Here X is a set of automorphisms, A is a set of derivations
and II is a set of other derivations that endow a differential structure on parameters.
Inspired by the work in [7,24], various Galois theories were developed for other kind of
systems, for instance, o-Galois theory for linear difference equations in [30], difference
Galois theory for linear differential equations in [12] and so on. These theories provide
powerful tools to study differential /difference algebraic properties of solutions defined by
the corresponding linear systems. In particular, using these Galois theories, one is able
to prove the hypertranscendence of functions arising in combinatorics, number theory
ete, see [1,2,6,14,15,23,24,31] and references therein. These applications essentially rely
on the fact that Galois groups measure differential /difference algebraic relations among
solutions, i.e. the group is larger, the differential/difference algebraic relations are fewer.
On the other hand, the problem of determining Galois groups is one of fundamental
problems in Galois theories, which leads to many questions in other areas of mathematics.
So far, except for linear differential/difference equations, there is no complete algorithm
for computing the Galois groups of other kinds of equations. The readers are referred to
[3,4,10,13,16,18,20,23,25] and references therein for methods to calculate Galois groups.

In this paper, we shall focus on ogd-linear systems, i.e. systems of linear difference-
differential equations with one single automorphism o, one single derivative § and without
parameters. Moreover, we assume that ¢ and § commute. Many higher transcendental
functions such as Hermite polynomials, Bessel polynomials, Tchebychev polynomials etc
satisfy od-linear systems (see Chapters 7 and 10 of [17]). For simplicity, we take the
Tchebychev polynomials as an example to state the main results of this paper. Let C
be an algebraically closed field of characteristic zero and let C'(m,t) be the od-field with
o(m) =m+ 1 and 6 = d/dt. Consider the Tchebychev polynomials

(2]
_mxSs (D) m =) o
Tn) =5 2 4i(m — 20) S

Denote Y = (T, (t), Tyt1(t))!. Then Y satisfies the following od-linear system:
oY) = A(m,t)Y, §(Y) = B(m,t)Y (1)

where

1—t2 1—t2

0 1 (’n’L71)t _m—l
A= (O 3) B = (5 TR ).
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Identified with an algebraic subgroup of GL,(C), the od-Galois group G of (1) over

C(m,t) is
o {(5 &) eee (& e

(See Example 5.7). Consider o(Y) = A(m, )Y as a family of linear difference equations
with parameter t. Setting ¢ to be a ¢; € C \ {£1} yields a linear difference equation
o(Y) = A(m,c1)Y over C(m) whose o-Galois group is

{(g 501> |§q:1} c1 4+ +/c2 — 1 is a g-th root of unity
5 0 X 2 i i
0 ¢! |¢eC c1 ++/c5 — 1 is not a root of unity

o,C1

(see Example 6.7). Note that the condition ¢; # =1 is necessary to guarantee that
the matrix B(m,c1) is well-defined but the above equality for G, ., is still true even
when ¢; = +1. Similarly, setting m to be a ¢ € C yields a linear differential equation
d(Y) = B(ca,t)Y over C(t) whose -Galois group is

. G c2 ¢ Q
he2 T {(g §91>,<§91 g)fqzl} =LeQ

(see Example 6.8). One sees that both G, ., and Gs., are algebraic subgroups of G.
Moreover setting U; = {¢; € C' | ¢1 + +/c? — 1 is not a root of unity} and Uy = C, one
sees that both Uy and Us are Zariski dense and G = Go ¢, Gs.c, for any (c1, c2) € Uy X Us.
The goal of this paper is to show that these relations still hold true for general od-linear
systems (see Theorems 6.3, 6.6 and 6.18, where we use stab(m) and stab(n) instead
of G, ., and Gs., respectively). We hope these results will be helpful for computing
the od-Galois groups of linear difference-differential equations. Notice that the relation
between the d-Galois group of §(Y) = B(m,t)Y over C(m)(t) and the §-Galois group
of 6(Y) = B(co,t)Y over C(¢) has been well investigated in [22,26], and its difference
analogue is presented in [19].

It is well-known that a finite number of elements in a d-field (resp., o-field) are linearly
dependent over the field of constants if and only if their Wronskian (resp., Casoration)
equals zero (see page 271 of [9] and page 9 of [35]). For a A-field, Kolchin (see page 86 of
[27]) proved the following: a finite number of elements in a A-field are linearly dependent
over the field of constants if and only if all Wronskian-like determinants vanish. For
elements in a Y A-ring, the above criteria are not valid in general (see Example 3.5).
However, under certain assumptions one can still have similar criteria. For instance, in

[29], a criterion for hyperexponential elements in a Y A-ring is presented. In this paper,
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we shall present a criterion for elements in a simple X A-ring, which generalizes Kolchin’s
result.

The paper is organized as follows. In Section 2, we introduce some basic definitions
about X A-linear systems. In Section 3, we present a criterion for testing linear depen-
dence of elements in a simple YA-ring. In Section 4, we present some properties of the
specializations of X A-Picard-Vessiot rings. In Section 5, we focus on od-Picard-Vessiot
rings. We provides a sufficient condition for a od-Picard-Vessiot ring to be a o-Picard-
Vessiot ring. The main results of this paper are presented in Section 6.

We are grateful to Carlos Arreche and Michael Wibmer for their valuable comments.

2. Y A-linear systems

In this section, we shall recall some basic concepts of Y A-linear systems. The readers
are referred to the references [24] for details. All fields in this paper are of characteristic
Zero.

A YA-ring is a ring R with a set of automorphisms ¥ and a set of derivations A such
that for any u,7 € SUA, 7(u(r)) = p(r(r)) for all » € R. The notations of X A-field,
Y A-ideal, ¥A-homomorphism, etc. are defined similarly. The Y A-constants R>* of a
Y A-ring R is the set

R®2 ={reR|o(r)=rVYoeX,and §(r) =0 Vs € A}.

A simple Y A-ring is a Y A-ring whose only Y A-ideals are (0) and R. Given a YA-field
k, a X A-linear system is a system of equations of the form

{ai(y) =AY, A €GLy(k), Vo, €X )

51(Y) =B)Y, B¢ gln(k), V(SZ cA
where the A;, B; satisfy the integrability condition:
0i(Aj)Ai = 0;(Ai) A,

0i(Bj)A; = 0;(A:) + A; By,
(51'(Bj) + BjBi = (SJ(BL) + BiBj

for all o;,0; € ¥ and all §;,d; € A. Assume that k is a ¥ A-field.

Definition 2.1 (Definition 6.10 of [2/] with I = (). A ¥A-ring R is a ¥ A-Picard-Vessiot
ring over k for (2) if

1. R is a simple ¥ A-ring, and
2. R = k[X, #(X)] where X € GL,(R) satisfies 0;(X) = A;X Vo, € ¥ and §;(X) =
B, X V§; € A.
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The invertible matrix X in Definition 2.1 is usually called a fundamental solution
matrix of the corresponding Y A-linear system. Suppose that X is a fundamental solution
matrix of (2). Then the above integrability condition can be naturally derived from the
equality 7(u(X)) = p(7(X) for any 7,0 € TUA.

Definition 2.2. Suppose that R is a ¥ A-Picard-Vessiot ring over k for (2). The ¥ A-Galois
group of (2) over k (or R over k) is defined to be the set of ¥ A-k-automorphisms of R
over k, denoted by ZA-Gal(R/k).

A YA-Picard-Vessiot ring R over k for (2) alway exists. When k¥2 is algebraically
closed, R is unique up to Y A-k-isomorphisms (see Proposition 6.16 of [24] for a proof),
and YA-Gal(R/k) can be identified with an algebraic subgroup of GL,, (k¥*) defined
over k¥2 (see Proposition 6.18 of [24] for a proof). The second assertion is still true
if the condition that k*# is algebraically closed is replaced with R*® = k*2. For the
difference case, i.e. ¥ = {o} and A = (), this has already been proved in [8,36]. Using an
argument similar to the proof of Theorem A.2 in [33], one will see that the general case
is also true. Note that by Proposition 6.14 of [24] with II = 0, if k2 is algebraically
closed then R¥® = k¥2. We begin with the following lemma that is a generalization of
Lemma 1.7 on page 6 of [34].

Lemma 2.3. The ©A-constants R¥> of a simple SA-ring R is a field.

Proof. It is clear that R™® is a ring and it is not the zero ring. It remains to show
that every nonzero element of R¥* is invertible. Suppose that a € R \ {0}. One can
verify that the set {ba | b € R} is a nonzero Y A-ideal. Since R is a simple Y A-ring,
{ba | b € R} = R. Hence there is b € R such that ba = 1, i.e. a is invertible. O

Lemma 2.4. Suppose that S C T are two XA-rings and S is LA-simple. Then S and

T2 are linearly disjoint over S*2.

Proof. Use an argument similar to the proof of Lemma 1.1.6 of [36]. O

Given two n X n matrices (a;;), (bi ), we shall use (a;;) ® (b; ;) to stand for the
matrix (), a;; ® by ;). Suppose that R is a ©A-Picard-Vessiot ring over k for (2) and
R>2 = k>2 . Then R can be viewed as a subring of R®;, R and R®;, R can be endowed
with a YA-structure naturally. Moreover, R ®; R is generated by (R ® R)*® as an
R-module. Due to Lemma 2.4, R and (R ®;, R)** are linearly disjoint over R** and
then over k2. These imply that the R-homomorphism R ®;sa (R ®) R)™® — R® R
given by a ® b — (a ® 1)b is isomorphic (see, for instance, Lemma 2.4 of [33] for a proof
of the differential case). The inverse map ¢ of this isomorphism can be given explicitly
as follows:
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¢: R R—— R®sa (R®; R)®A (3)

a®br—> (a® 1)b(X ® Z)

where X is a fundamental solution matrix in GL,(R) and Z = X~! ® X. Using an
argument similar to the proof of Theorem A.2 in [33], one has the following proposition.

Proposition 2.5. Suppose that R is a YA-Picard-Vessiot ring over k for (2) and R** =
k¥A. Then YA-Gal(R/k) can be identified with the set of k¥*-points of an affine alge-
braic group defined over k™2 with (R ®;, R)¥? as its coordinate ring.

For the remainder of this paper, when we speak of the Y A-Galois group of R over
k, we usually refer to Homyza ((R ®% R)¥®,k¥2). Let K be the total ring of fractions
of R. Then each 7 € YA-Gal(R/k) can be uniquely extended into an automorphism
of K over k. We still use 7 to denote this extended automorphism and we have that
YA-Gal(R/k) = ZA-Gal(K/k).

3. Linear dependence of elements in a simple 3 A-ring

In this section, we shall give a criterion for testing linear dependence of elements in
a simple Y A-ring. This criterion will be used in the later sections and it may be of
independent interest. The following notation will be used frequently.

Notation 3.1. O is the semigroup generated by ¥ U A.

Suppose that R is a simple X A-ring. Then we have an action of © on R. We define
an action of © on the polynomial ring R[X1,..., X,,] by setting 6(f) = Zle O(a;)m;
for0 € ©® and f = Zle a;m;, where a; € R and m; is a monomial in the indeterminates
X1,...,Xm. Let W be a subset of R[Xq,...,X,;]. We say W is closed under the action
of ©if O(f) e W for all € ©, f € W. A zero u in R™ of W is said to be nontrivial if
u # (0,0,...,0).

Lemma 3.2. Suppose that W C R[ X1, ..., X,,] is a set of linear homogeneous polynomials
and W is closed under the action of ©. Then W has a nontrivial zero in R™ if and only
if for any f1,..., fm € W, det(My,.. 1,.) =0, where My, . ;. stands for the coefficient
matriz of f1,..., fm-

m

Proof. We prove the sufficiency by induction on m. Suppose that m = 1. Then each
f € W must be of the form aX; for some a € R because f is linear and homogeneous in
X;. Furthermore a = det(My) = 0 by the assumption. Thus f = 0 and then W = {0}. In
this case, 1 is a nontrivial zero. Suppose that m > 1. Let W be the R-module generated
by W. Then W C W and so every zero of W is also a zero of W. Hence it suffices to
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show that W has a nontrivial zero in R™. Since W is closed under the action of ©, so is
W. Set

Wy =WNR[Xy,. .., X;m 1]

Then Wm is also an R-module that is closed under the action of ©. Note that all ele-

ments of W, are linear and homogeneous in X1, ..., X,,_1. Thus (0,...,0,1) e R™isa
nontrivial zero of W,, viewed as a set of polynomials in R[Xy,..., X, If W, = W then
(0,...,0,1) is a nontrivial zero of W and also a nontrivial zero of W. So the assertion

holds in this case. Suppose that W,, #+ W. We claim that for any hy,...,hm_1 € Wi,
det(Mp, . pn,,_,)=0.Let f =a1 Xy + -+ anXm € W\ W,,. Then a,, # 0. Since R is
S A-simple, there are by,...,by € Rand 61, ...,0; € © such that >'_, b;6;(a,,) = 1. Set
B = 324, b:0:(f). Then

B = @1 X1 + @2 Xo +- + X €W (4)

where @1, ...,am_1 € R. Suppose that hq,..., hym_1 € W,y,. One sees that

and so det(Mp, ... h,,_,) = det(Mp, ... n, ). Write h; = Z;Zl cij f; with ¢;; € R, where
i=1,2,...,m and f; € W. Without loss of generality, we may assume that s > m. Let
D = (cij)i<i<m,i<j<s and T'= My, y. Then My, . = DT and by Cauchy-Binet

formula,

.....

det(Mpy, ... h,,) = det(DT)

1< < <Im<s

where D(-),T(-) denotes the m order minors of D and T respectively. The last equality

1 ...
m fi,,) = 0. Hence det(Mp, .., ho_y) = 0.

.....

holds because T'
i ... Iy

This proves our claim. By induction hypothesis, viewed as a set of polynomials in
R[X1, ..., Xm-1], W,, has a nontrivial zero in R™ 1, say (c1y.. yCm—1). Set ¢, =

m—1

— >0, aic;, where @; is given in (4). Then Ay, (ci,...,¢n) = 0. For each g € W,

one has that g — bghy,, € W, where by is the coefficient of X, in g. This implies
that g(ci1,...,¢em) — bghm(ci,...,cm) = 0. Consequently, g(c1,...,¢r,) = 0 and thus
(¢1,...,¢m) is a nontrivial zero of W and then also a nontrivial zero of W.

Assume that W has a nontrivial zero (aq, ..., a.) in R™. Then there exists a;, # 0 for
some 1 < iy < m. Note that (g1,...,9m)" = My, . g, (X1,..., X)) forany g1,...,gm €
W. Multiplying both sides by the adjoin matrix Mg of Mg,....g., vields that

seesgm
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Mg g (915, 9m) = det(My, .. g..)(X1,... X))t
Substituting a; for X; in the above equality yields det(My, .. g4.)a; = 0, for all
{91,---,9m} C W and all i = 1,...,m. In particular

det(My, . g.)0 =0,Y g1,...,9m € W. (5)

We shall show that det(M,, . q4,.) = 0 for any gi,...,9m € W. Suppose on the con-
trary that there exist fi,..., fn € W such that d = det(My, . .) # 0. Under this
assumption, we shall show that a;, = 0. This will contradict with the fact that a;, # 0.
We first claim that 6(d)a;, = 0 for all § € ©. For each o € %, since o(f;) € W and
Moty,.otfm) = 0(My, 1), 0(d)as, = det(Mo(s,),....0(fm))0; = 0 by (5). For each

one has that d(d)a;, = 0. Repeating the above process yields that §(d)a;, = 0 for all
6 € O. This proves our claim. Next, we show that a;, = 0. Since R is Y A-simple
and d # 0, there are 61,...,05 and uy,...,us € R such that Zle u;0;(d) = 1. So
ai, = (37, wifi(d))a;, = 0 by the previous claim. Hence we obtain a contradiction as

required. The contradiction implies that for any g1,...,¢m € W, det(My,, . 4,.) =0. O

.....

Denote by ©~! the semigroup generated by {o~1 | 0 € £} UA. Then we also have an
action of ©~1 on R. More generally, for each m > 0, we have an action of @~ on R™
by setting 0((a1,...,am)) = (0(a1),...,0(ay,)) for all # € ©L.

Lemma 3.3. Suppose that W C R[X1, ..., X.] is a set of linear homogeneous polynomials
and W is closed under the action of ©. Let U be the set of all zeroes of W in R™. Then
U is closed under the action of ©71, i.e. 9(U) C U for all € ©~1.

Proof. It suffices to show that §(U) C U for each § € {o7! | 0 € X} U A. Suppose
b € U and f € W. Then f(b) = 0. Since W is closed under the action of O, for
every o € X,0 € A, one has that o(f),0(f) € W and thus o(f)(b) = 0 = (f)(b).
Furthermore, one has that o(f(c~*(b))) = o(f)(b) = 0. As ¢ is an automorphism,
f(e=1(b)) = 0. This implies that c~!(b) € U and then ¢=*(U) C U. It remains to show
that §(U) C U for all 6 € A. Note that for each f € W, f is linear and homogeneous.
From this, one sees that 0 = 6(f(b)) = d(f)(b) + f(6(b)). As §(f)(b) =0, f(5(b)) =0.
Therefore 6(b) € U and then §(U) CU. O

Proposition 3.4. Suppose that R is a simple SA-ring and aq,...,a,, € R. Then
ai,...,an are linearly dependent over R if and only if for all 61, ... 0, € O, one
has that det((ﬁi(aj))1§i7j§m) =0.
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Proof. Suppose that cia; + -+ + ¢man, = 0 for some cq,...,c,n € R¥2, not all zero.
Then for any 01,...,0,, € O, c16;(a1)+- - +cmbi(ay) =0foralli =1,...,m. In matrix
form, (6;(a;))c = 0 where ¢ = (c1,...,¢n)". Multiplying the adjoint matrix of (6;(a;)),
we obtain det((6;(a;)))c = 0. Since not all ¢; are zero and R¥ is a field by Lemma 2.3,
det((60:(a;))) = 0.

Conversely, suppose that for any 61,...,6,, € ©, det((6;(a;))) = 0. We shall show
that ay,...,a,, are linearly dependent over R** by induction on m. If m = 1 then by
taking 6; = 1 one has that a1 = det((f1(a1))) = 0 and thus the case m = 1 holds.
Suppose that m > 1. Set W = {>_1" 6(a;)X; | V 0 € ©}. Then W is closed under the
action of ©. By Lemma 3.2, W has a nontrivial zero in R™. Let U be the set of all
zeroes of W in R™. Then U # {(0,...,0)}. We shall show that U contains an element
with 1 as some coordinate. Suppose (by,...,by) € U\ {(0,...,0)}. Then there exists
bi, that is not zero, where 1 < 49 < m. For convenience, we assume that i9 = m. The
cases ig # m can be proved similarly. Since R is X A-simple, there are 61, ...,60, € © and
ui,...,us € Rsuch that Y7 u;0;(b,,) = 1. For each i = 1,..., s, write

0; =[] o JJ 0%

gEY SEA

where d; , e; s are nonnegative integers. Let 7 = Haez g max{di o, dso} Then 76; €

O lforalli=1,...,s. Set b; = >.5_, 7(u;)70;(b;) and b = (by,...,by,). Then one sees
that

S

b = 7(wi)70:i(b) =T (Z Uiaz‘(bm)> =7(1) =1

=1

Since §(U) C U for any § € ©~ due to Lemma 3.3, 76;((b1,...,bn)) € U for all
i = 1,...,s. Moreover, because W consists of linear homogeneous polynomials, U is
an R-module and so b = Y27 7(u;)70;((b1,...,by)) € U. Thus b is an element
of U that has the required property. In particular, b # (0,...,0). If b € (R¥*)™
then ai,...,a,, are linearly dependent over R** because Dy a;b; = 0. Otherwise
there exists a ¢ € ¥ such that o= '(b) — b # 0 or there exists a § € A such that
5(b) # 0. Set (¢1,...,¢m) to be 071(b) — b in the first case or to be §(b) in the sec-
ond case. One then has that ¢, = 0 because b,, = 1. Since (c1,.. . em) # (0,...,0),
(1, sem—1) # (0,...,0). Again, since U is an R-module and is closed under the ac-
tion of O~ (¢1,...,¢m) € U, namely that (c1,...,¢y) is a zero of W. As ¢, = 0,
(c1y.--yCm—1) is a zero of W,,_1 = {Z?:ll 0(a;)X; | V8 € ©}. Moreover it is a non-
trivial zero. Due to Lemma 3.2, det(My, . 4. ,) = 0 for any g1,...,9m—1 € Wip_1,
where Mg, .. 4., is the coefficient matrix of gi,...,gm—1. In particular, for any
01,...,0m_1 € O, setting fy, = Z;:ll 0;(a;)X; € Wp,_1, one sees that

det((0i(a;))1<ij<m—1) = det(My, _ r ) =0.
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By induction hypothesis, one has that ay, ..., a,,_1 are linearly dependent over R and
SO are ai,...,Am. O

The example below shows that the above proposition is not true if R is not X A-simple.

Example 3.5. Let R = Q[y, z] where y, z are two indeterminates. Define 0 : R — R as
follows: o(c) = ¢ Ve € Q,0(y) = 2y,0(z) = 2z. Then R is a o-ring but not o-simple.
One can verify that R = Q and for any i,j > 0, o%(y)o’ (2) — o%(2)o? (y) = 0. However,
y, z are linearly independent over Q.

Corollary 3.6. Suppose that ¥ C {c}, R is a simple XA-ring and ay,...,am € R. If
ai,...,am are linearly independent over R¥? then there are 0, ... ,0,, with 61 =1 such

that det((ei(a]‘)hgi,jgm) 7& 0.
Proof. For any 64,...,0,, € ©, set
d(91, . ,Gm) = det((ei(aj))1§¢7j§m).

We shall prove the corollary by contraposition. Suppose that d(1,6s,...,60,,) = 0 for any
0o, ...,0,, € ©. We need to show that ai,...,a,, are linearly dependent over R¥*. Due
to Proposition 3.4, we only need to show that d(61,...,0,,) =0 for any 604,...,0,, € ©.
To this end, note that for any § € A,

m

5(d(61,02,...,0m)) = > _d(61,02,...,80;,...,6m).

i=1

The above equality with §; = 1 implies that d(d,60s,...,0,,) = 0 for any 6s,...,0,, € ©
and any d € A. Using the above equality repeatedly, we have that d(6,02,...,0,,) =0
for any 0s,...,0,, € © and any §; € O, the semigroup generated by A. If & = () then we
are done. Suppose ¥ = {¢} and 61,...,60,, € ©. Then there is j > 0 such that 0; = a0,
where 6; € © and at least one of them is in O, say 0. The previous discussion implies

that d(01,...,0m) =0as 0, € Oa. So d(6y,...,0,,) =0 (d(bs,...,0,))=0. O

The following proposition shows that in some special case det(6;(a;)) can be not only
nonzero but also invertible in R.

Proposition 3.7. Suppose that . C {c},A C {6}, DUA #£ 0 and k is a XA-field with
algebraically closed k™. Assume that R is a LA-Picard-Vessiot ring over k for some
Y A-linear system. Let V. C R be a SA-Gal(R/k)-invariant k™2 -vector space of finite
dimension and {a1,...,am} a basis of V. Then there exist 01,...,0,, € © with 0; =1
such that det((0;(a;))1<i j<m) is invertible in R.

Proof. By Corollary 3.6, there are 6#;,...,6,, € © with #; = 1 such that d =
det((0:(a;))1<ij<m) # 0. For each g € ¥A-Gal(R/k), one has that g((a1,...,an)) =
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(a,...,am)M, for some M, € GL,(k¥2), because V is SA-Gal(R/k)-invariant. Fur-
thermore, by the commutativity of g and 6;, one sees that g(d) = c4d where ¢, = det(My).
We shall show that d is invertible in R. We first claim that d is not a zero divisor of R.
If ¥ = () then A = {§} because ¥ U A # (). In this case R is an integral domain and the
claim holds. Suppose that ¥ = {¢}. By Lemma 6.8 of [24] with ¥ = {¢}, A C {6} and
IT = (), there exist idempotents e, ..., es_1 such that

1. R=Rey® - ® Res_1,
2. each Re; is an integral domain and o®§-simple.

Moreover, due to Corollary 1.17 of [34] and Lemma 6 of [21], there is an h € SA-Gal(R/k)
such that h(e;) = €41 mod s forall0 < i < s—1. Sinced # 0, de; # 0 forall 0 <4 < s—1.
Otherwise, suppose that de;, = 0 for some iy. Applying h to de;, repeatedly yields that

1.
dejtiy mods = 7hj(d€¢0) =0

Ch

for all j and thus d = d(eg + --- + es_1) = 0, a contradiction. Now suppose that ud = 0
where u € R. Then ude; = (ue;)(de;) = 0 for all 4. Since Re; is an integral domain and
de; # 0, ue; = 0 for all . Hence w = 0 and then d is not a zero divisor of R. This
proves our claim. Next, we shall show that d is invertible in R. Let F be the total ring
of fractions of R. Since d is not a zero divisor of R, d is invertible in F. Since ¢g(6(d)) =
0(g(d)) = c40(d) for all § € U A and all g € EA-Gal(R/k), g(0(d)/d) = 6(d)/d. The
Galois correspondence (see Lemma 6.19 of [24]) implies that 6(d) = red for all § € TUA,
where rg € k. This means that the set {ud | u € R} is a nonzero X A-ideal. Because R is
S A-simple, 1 € {ud | u € R}, i.e. there exists an u € R such that ud = 1. Therefore d is
invertible in R. O

As a corollary, we have the following result that has already appeared in Corollary
1.15 of [34] for the difference case.

Corollary 3.8. Suppose that 3 C {c},A C {6}, ZUA # 0 and k is a ZA-field with
algebraically closed k¥2. Assume that R is a LA-Picard-Vessiot ring over k for some
Y A-linear system. Then R has no nontrivial XA-Gal(R/k)-invariant ideal.

Proof. Suppose that I is a XA-Gal(R/k)-invariant ideal and I # (0). We shall show that
I=R.Let acI\{0}andlet {ai,...,a,} be a basis of the k**-vector space spanned
by {g(a) | g € ZA-Gal(R/k)}. Since I is XA-Gal(R/k)-invariant, {a1,...,an} C I. By
Proposition 3.7, there are 01, ...,60,, € © with ¢; = 1 such that d = det((0;(a;))1<s j<m)
is invertible in R. Expanding d by the first row, one sees that d € I. This implies that
I=R. O
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4. Specializations of X A-Picard-Vessiot rings

Throughout this section, k is a Y A-field with algebraically closed field of constants
C = k™3, R is a ¥A-Picard-Vessiot ring for (2) over k and G = Hom¢ ((R®y R)*2,C).
As shown in Proposition 2.5, we may identify the X A-Galois group XA-Gal(R/k) with G.
We shall fix a fundamental solution matrix X of (2) in GL,(R), and set Z = X! @, X.
Then C[G] = (R @i, R)*A = C[Z,1/ det(2)].

We shall investigate the specializations of R. These specializations play an important
role to connect G to the Galois groups of the specializations of the linear difference
equation and the differential equation in (7) respectively. To construct the specializations
of R, we need to introduce a simple-32A subring of R. We assume that

e D is simple XA-ring such that k is the field of fractions of D,
o R=D[X,1/det(X)].

Note that D in the above assumptions always exists, for instance, we may simply set
D = k. Due to [36], one has that D¥2 = k*» = (. We shall use R to construct the
Picard-Vessiot rings corresponding to the specializations of the equations in (7). Let us
start with a lemma that has already appeared in the literature (see for example [24],
Lemma 1.11 of [34], Lemma 1.23 of [35] and Proposition 1.4.15 of [36]) for special cases.
Remark that if .J is an ideal of the ring T2 of the constants of a ¥A-ring T then the
algebraic ideal generated by J in T is a Y A-ideal. Here speaking of algebraic ideals of
T, we mean that T" is not viewed as a ¥A-ring but just a ring. We shall denote by (J)
the algebraic ideal of T' generated by J.

Lemma 4.1. Suppose that S C T are two X A-rings and S is X A-simple. Assume further
that T is generated by T> as an S-module. Then the map J — (J) is a bijective
correspondence from the set of ideals of T*® to the set of L A-ideals of T, where J is an
ideal of T>%.

Proof. Suppose that I is a X A-ideal of T. We first show that I is generated by INT>* as
an algebraic ideal. This will imply that the map is surjective. Since 7' is generated by T>4
as an S-module, any f € I can be written as f = >"7_, a;b; where a; € S,b; € T2 and
ai,...,as are linearly independent over S¥2. By Proposition 3.4, there are 6;,...,0s € ©
such that d = det((0;(a;))) # 0. We have that (01(f),...,0s(f))" = (6i(a;))(b1,...,bs)".
Multiplying both sides of the previous linear equations by the adjoint matrix of (6;(a;))
yields that db; € T for any i« = 1,...,s. Hence I'; = {a € S | ab; € I} is a nonzero
ideal. As b; is a constant, I'; is a nonzero Y A-ideal. Since S is X A-simple, 1 € T';, i.e.
b; € I NT>2. Consequently, f belongs to the ideal generated by I N T>2. It remains
to show that the map is injective. Suppose that J is an ideal of T>#. We shall show
that J = (J) N T2, From this, one sees that the map is injective. It is obvious that
JC (J)NT=A Let f € (J)NT=A. Write f = >, a;b; where a; € T,b; € J and
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bi,...,bs are linearly independent over S*2. Since f € T=2, §(f) = Y.;_, 6(a;)bi =0
foralld € Aand o(f)—f = > ;_,(0(a;)—a;)b; = 0 for all ¢ € ¥. Because T2 and S are
linearly disjoint over S due to Lemma 2.4, one has that o(a;) —a; = 0 and 6(a;) =0
foralloc € ¥, € Aand all i € {1,...,s}. Therefore a; € T>* for all i € {1,...,s}. This
implies that f € J and thus J = (J)NT*2. O

Suppose that F is a field extension of C' and ¢ € Hom¢ (D, F). Then F can be viewed
as a D-algebra and one can consider F' ®p R, where the tensor product is formed using
¢. We have already known that R ®j, R is isomorphic to R ®¢ C[G] via the map ¢ given
in (3). In what follows, we shall show that (F @p R) ®F (F ®p R) is isomorphic to
(F ®p R) ®c C[G], namely that F ®p R is a G-torsor over F. To prove this, we will
first show that R is a simple X A-ring and then show that R ® p R can be embedded into
R®y R (see Lemma 4.3). This embedding map together with ¢ induces an isomorphism
from (F ®p R) XF (F ®p R) to (F®p R) Q¢ C[G].

Lemma 4.2. The ring R is XA-simple.

Proof. Suppose that I is a nonzero XA-ideal of R. It suffices to show that 1 € I.
Let a € I\ {0}. Since R is X A-simple, there are by,...,bs € R and 6y,...,60, € ©
such that Y7, b;6;(a) = 1. Let p € D be nonzero such that pb; € R for all 4. Then
p=>i_,pbibi(a) € IND. Hence I N D is a nonzero XA-ideal of D and so 1 € IND
because D is Y A-simple. Consequently, 1 € I. O

Since D is a Y A-ring, like R ®; R, R ®p R can be endowed with a Y A-structure
and the natural homomorphism i : R @ p R — R ®; R given by a ®p b — a ®; b is a
Y A-homomorphism. Furthermore, we have the following lemma.

Lemma 4.3. The natural homomorphism i is injective.

Proof. Since R is Y A-simple due to Lemma 4.2, the map R - R ®p R,a — a® 1
is injective and thus R can be viewed as a Y A-subring of R ®p R. We have that
(R®@p R)*® = C[Z,1/det(Z)] and R ®p R is generated by C[Z,1/det(Z)] as a R-
module. By Lemma 4.1, in order to show that ker(i) = {0}, it suffices to show that ker(i)N
C[Z,1/ det(Z)] = {0}. Suppose that a € ker(i)NC[Z,1/det(Z)]. Write a = >/, a; ®p
b;. Without loss of generality, we may assume that {by,...,bs} is a k-basis of the vector
space spanned by b, ..., bn,. Let d € D be nonzero such that dbs; = Zle ci;b; for some
cij € D where j =1,...,m—s. Then we have that da = 23:1(61111' +Z;?;S Cija;) @p b.
We still have that i(da) = 0, i.e. >0, (da; + ZT:_IS ¢ija;) @k b; = 0. This implies that
da; + Z;n:? cija; =0foralli=1,...,s, because by, ...,b, are linearly independent over
k. Hence da = 0. Since a € C[Z,1/det(Z)] C (R®pR)¥?, theset J = {b € R | ba = 0}
is a X A-ideal, and it is a nonzero ideal because it contains d. As R is X A-simple, 1 € J.
In other words, a = 0 and thus ker(i) NC[Z,1/det(2)] = {0}. O
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Proposition 4.4. Suppose that T = F @p R is not the zero ring. Then

QDT:T®FT—>T®FF[G] :T®CC[G]
(a1 Xp b1> RF (CLQ Xp b2) — (a1a2 ®p b1 Rc 1)b2(1 Xp X Q¢ Z)

is T-isomorphic.

Proof. Let ¢ : R®, R — R®c C[G] be the isomorphism given in (3) with >4 = C and
C[G] = (R ® R)*. Consider the composition of ¢ and i:
poi:R®p R — R®y; k[G] = R®c C[G]
a®pbr— (a Kc 1)b(X KRc Z),
where i is given in Lemma 4.3. It is easy to verify that the image of ¢ o1 is included
in R ®c C[G]. Suppose that ¢ ®c b € R ®¢ C[G] where a € R and b € C[G]. Set
w=(a®p 1)b(X"t®@p X). Then w € R ®p R and
poi(w) = (a®c DH((X ' ®@c 1)(X ! @c 2)) = (a®c 1)b(1 @¢ Z)

=(a®c1)(1®cb(2)) =a®cb.

Therefore the image of poiis R®c C[G] and ¢oi induces an isomorphism from R ®p R

to R®¢ C[G]. For the sake of notation, we shall still use poi to denote this isomorphism.
Suppose that F'®p R is not the zero ring. Then we have the following isomorphism

1®poi: FRpR®p R —F®p R &c C[G]
a®p a®DbD—>(a®Da®c 1)(1 ®p b(X ®c Z))
= (Oz Rp a Q¢ l)b(l ®Xp X Q¢ Z)

On the other hand, from page 624 of [28], one has the following natural isomorphism:

7 (F®pR)®r (F®pR)— FRpR&p R
(a1 ®p b1) @F (a2 @p be) — ara2 @p by @p ba.

One can verify that o7 = (1 ® p oi) ow. Hence pr is an isomorphism. Finally, since

or((a1 ®p b1)®F (a2 @p b2)) = (a1a2 ®@p b1 ®c 1)ba(1 @p X ®¢ 2)
= (a1 ®p b1 ®¢c 1)(a2 ®p 1 ®¢c 1)b2(1 @p X ®¢ Z)
= (a1 ®p b1 ®c Dpr(1®p 1) @F (a2 @p b2)),

7 is T-isomorphic. O
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The following lemma implies that if D is finitely generated over C' then the set of
¢ € Homg (D, F) such that F' ®p R is not the zero ring is a nonempty Zariski open
subset of Home (D, F'). The proof follows from that of Lemma 2.15 of [22].

Lemma 4.5. Suppose that F is a field extension of C'. There is a nonzero a € D such
that for any ¢ € Home (D, F) with c¢(a) # 0, F ®@p R is not the zero ring.

Proof. Consider ¢ as a homomorphism from D to F, the algebraic closure of F. By
Corollary 3 in Section 3.1, Chapter V of [5], there exists a nonzero a € D such that
if ¢(a) # 0 then there exists a homomorphism % from R to F such that ¢ = h|p. Now
suppose that c¢(a) # 0 and h is the extension of ¢ to R. Then we have the homomorphism
F®pR — F given by by ® by + byh(by). Since F is not the zero ring, so is F®pR. O

Remark 4.6. Lemma 4.5 does not provide an explicit a € D. We may find the required
homomorphisms ¢ as follows. Write R = k[X,1/det(X)]/q where q is a maximal ZA-
ideal. Let § = qN D[X,1/det(X)]. Then R = D[X,1/det(X)]/§ and

FepR=FIX,1/det(X)]/(d°)

where q° = {P° |V P € g} and (4°) denotes the ideal in F[X,1/det(X)] generated by
4°. Therefore F'®@p R is not the zero ring if and only if (%) # (1).

Remark that T' = F' ®p R inherits the structure of F, i.e. if we endow F with a
differential or difference structure then T will become a differential or difference ring
respectively. Precisely, assume that F' is a YA-field where ¥ C ¥ and A C A. Then T
can be endowed with a SA-structure by setting o(a ®p b) = o(a) @p o(b) for all o € %
and 6(a @p b) = 6(a) ®p b+ a @p d(b) for all § € A. Furthermore, the map ¢ given
in Proposition 4.4 is T-3A-isomorphic in this case. In the following, we assume that
» cy, A CAand Fisa Y A-field with algebraically closed field of constants C' = FA,
Let ¢ : D — F be a C-$A-homomorphism such that 7" is not the zero ring. Then T is a
iA—ring. Let m be a maximal $A-ideal of 7. Then T/m is a simple iA—ring. Due to
Proposition 4.4, for every g € G = Hom¢(C[G], C), the map

T (6)

T T

T ®c C[G]

pg: T
a(X) —= 1@y a(X) — a(X @¢ Z) — a(Xg(2))
is an F-automorphism, where X =1 ®p X. Let I be a YA-ideal of T. Denote
stab(m, ) = {g € G | p,(I) € m}.

If I = m then we abbreviate stab(m, I') as stab(m). It is clear that stab(m) is a subgroup
of G.
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Proposition 4.7. Let the notation be as above.

1. Suppose I is a SA-ideal of T. Then there is an ideal D1 of C[G] such that the
following map is T/m—f]A—isomorphic:

or: T/m@T/I] ——— T/m® C[G]/Pm,1

a(Xm) @ D7) — (a( V) ® 1)b( X ® 2)

where Xy =10 X mod m,é\;l =1®X mod I and Z =Z mod D 1.
2. stab(m,I) ={g € G| g(P) =0V P € &y, 1}. Consequently, stab(m) is an algebraic
subgroup of G.

Proof. 1. Let ¢r be the isomorphism given in Proposition 4.4. Since pr(m ® T) =
m ® C[G], ¢r induces the T/m-%A-isomorphism @7 : T/m @ T — T/m © C[G] which
sends a(Xm)®@b(X) to (a(Xm)®1)b(Xm®Z). Therefore, it suffices to show that there is an
ideal @y, 1 of C[G] such that g7 (T/m®I) = T/m®@®Py, ;. By Proposition 6.14 of [24] with
IT = 0, one has that (7/m)*2 = F& = €. Hence (T/m ® C[G])*2 = 1& C[G] = C[G].
Note that 7'/m can be viewed as a subring of 7/m ® C[G] and moreover T/m ® C[G]
is generated by (T'/m ® C[G])EA as a T'/m-module. Set

O =pr(T/me I)NC[G].

By Lemma 4.1, the SA-ideal @ (T/m®]I) is generated by ®p, ;. It is clear that the ideal
in T/m ® C[G] generated by @, is T/m ® Py, ;. Hence we have that ¢r(T/me 1) =
T/m® @y, 1 as desired.

2.8t H={g€eG|g(P)=0YP € P} Let {a; | i € I1} be a C-basis of m
and let {a; | i € Zy UZy} be a C-basis of T. Suppose that g € H and b € I. From the
statement 1, one sees that or(M T+ TR 1) =m® C[G] + T ® @y, ;. Hence we may
write

erl@b) =b(X®2)= > a®p
1€T1 Uy

where f; € C[G] and moreover 8; € @y, 1 if i € To. Using (6), one sees that

pe(0) =b(Xg(2)) = > ali(9(Z) = Y awg(Bi) =) ag(B)ecm.

1€Z1 ULy 1€ ULy i€Zy

Thus py(I) € m. In other words, g € stab(m, ). On the other hand, suppose g €
stab(m, I). Let 8 € ®m ;. Then thereis b € m ® T+ T ® I such that ¢r(b) = 1® S.
Write b =0+ 3.,.; a; ® b; where b € m ® T and b; € I. Since 7(b) € m ® C[G], one
sees that

1€To
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©r <Zai®bi> —or(b-b) =108+ a®p

i€Ts i€Ty

for some f; € C[G]. Using (6) again, one has that

Y aipg(bi) = 9(B) + Y aig(B).

€1z 1€y

As pg(bi) € m, g(8) + ez, aig(Bi) € m. Hence g(8) = 0. In other words, g € H. Thus
stab(m,]) = H. O

As a corollary, we have the following result.

Corollary 4.8. Suppose that m’ is another mazrimal SA-ideal of T. Then there ezists
g € G such that pg(m’) = m. In this case stab(m) is conjugate to stab(m’) by g.

5. A condition for a od-Picard-Vessiot ring to be o-Picard-Vessiot

In the remainder of this paper, we will focus on Y A-rings with at most one single
automorphism o and at most one single derivative . When ¥ and A are specified, we
shall use the prefixes o-, 6-, 06- and the superscripts (-)7, (-)%, (-)?° instead of LA- or
(=4,

Throughout this section, let kg be a J-field with algebraically closed field of constants
C = k§ and let ko(z) is the oé-field with o(x) = x+1. We consider the following od-linear
system over ko(x):

o(Y) = AY, §(Y) = BY (7)

where A € GL,(ko(x)), B € gl,(ko(x)) and A, B satisfy the integrability condition:
o(B)A=4(A)+ AB.

Notation 5.1. Throughout this section, we further assume

e R is a gd-Picard-Vessiot ring over ko(z) for (7).

o X is a fixed fundamental solution matrix in GL,,(R).

e K is a 0-Picard-Vessiot extension field of kqy for §(Y") = B(c)Y for some ¢ € C, where
B(c) denotes replacing = with ¢ in B.

+ R is a 06-Picard-Vessiot ring over K (z) for (7) containing R.

o IC, K are the total rings of fractions of R, R respectively.

« R is the composite of R and K7 (z) inside K.

Note that R always exists. For instance, let m be a maximal é-ideal of K (x) O (z) R
Then (K () ®p,(z) 1)/m is a od-Picard-Vessiot ring over K (x) for (7). Since R is od-
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simple, the od-homomorphism R — (K () ®p,(z) R)/m,a — 1 ® a is injective and thus
we may consider R as a subring of R.

If R is a simple o-ring then it will be a o-Picard-Vessiot ring for o(Y) = AY. However
R is generally not o-simple. In this section, we shall show that R is a simple o-ring and
thus it is a o-Picard-Vessiot ring for o(Y) = AY over K7 (z). We start with the following
lemma.

Lemma 5.2. 7 is a 0-field.

Proof. We first show that any nonzero element of K7 is not a zero divisor of K. Suppose
that a € K7\ {0} and a is a zero divisor of K, i.e. there is a nonzero b € K such that
ab = 0. Write a = p1/q1,b = p2/qa2 where p;, ¢; € R and neither of ¢1, g2 is a zero divisor.
Then p; is a zero divisor. Lemma 19 of [21] implies that there is a positive integer s such
that [];_, o*(p1) = 0. This implies that [[;_, o*(a) = 0. Since o(a) = a, a*™* = 0. In
other words, pj = 0. Since R is reduced, p; = 0 and thus a = 0, a contradiction. Now
for each a € K7\ {0}, since a is not a zero divisor of K, there is b € K such that ab = 1.
It is clear that o(b) = b, i.e. b€ K. So K7 is a field. O

It was shown in [34] as well as [37] that every o-Picard-Vessiot ring over F(z) can be
embedded into the ring of sequences Seqp, where F' is a field. We shall first show that
the od-Picard-Vessiot ring R can be embedded into the ring of sequences Seqy .

In the following, we fix a ¢ € C such that for each i € Z, A(c + i), B(c + i) are
well-defined and det(A(c+ 7)) # 0. Let K be a 6-Picard-Vessiot extension field of kg for
(V) = B(e)Y.

Remark 5.3. For each i € Z, K is also a ¢-Picard-Vessiot extension field of kq for §(Y) =
B(c+14)Y. Since 0(B)A = §(A) + AB, one has that

B(c+1)A(e) = 6(A(c)) + A(c)B(c).

By induction, one can verify that for each s > 0,

Blc+s)[[A(c+s—i)=6 (HA(chsi)) + (HA(c+si)> B(c).

=1 i=1

Similarly, since BA™! = §(A™1) + A~'o(B), one has that for each s < 0,

1 1 1
Ble+s)[[A (c+i)=0 (HAl(c+i)> + (HAl(chz‘)) B(c).

As det([Ti_, A(c+ s —i)) # 0 and det([]._, A~ (c + 1)) # 0, the above two equalities
imply that the systems 6(Y) = B(c)Y and 6(Y) = B(c+ s)Y are equivalent over k.
Hence they have the same §-Picard-Vessiot extension fields.
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The ring of sequences Seqy is defined to be the set

Seqr = {(co,c1,...) | c; € K}/ ~

where (bg,b1,...) ~ (co,c1,...) if there is a nonnegative integer d such that b; = ¢; for
all 4 > d. We may endow Seqj with a od-ring structure by setting

d((cosc1,-..)) = (6(cp),d(c1),...), o((co,c1y...)) = (e1,c,...).

By sending a € K into (a,a,...), we can embed K into Seqj and moreover this embed-
ding map is a J-homomorphism. Furthermore, we can embed K (z) into Seqy by sending

f(z) € K(z) to
0,...,0, flc+vyg), fle+rvs+1),...)

where vy is a nonnegative integer such that f(z) is well-defined at = ¢+ for all ¢ > vy.
One can verify that this embedding map is a od-homomorphism. Under this embedding
map, we may consider K (z) as a subring of Seq.

Proposition 5.4. R can be embedded over ko(x) into Seqp .

Proof. It suffices to show that R can be K(x)-embedded into Seqy. To this end, we
only need to show that there is a od-Picard-Vessiot ring over K (x) for (7) inside Seq,
because all od-Picard-Vessiot rings over K (z) for (7) are isomorphic. By Proposition 2.4
of [37], there is a o-Picard-Vessiot ring over K (x) for o(Y) = AY inside Seq. Precisely,
set W = (Wy, W1, ...) with

Wo=1I,Ws=A(c+s—1)W,_1,¥s > 1.

Then K (x)[W, W] is a o-Picard-Vessiot ring over K(x) for o(Y) = AY. Let U €
GL,(K) be a fundamental matrix of 6(Y) = B(c)Y. We then have that o(WU) =

o(W)U = AWU. Moreover, for each s > 0,

S(WU) = §(W)U + W,s(U)
= (W)W + W B(c)W;HYW,U = B(c + s)W,U.

The last equality holds because of Remark 5.3. Hence §(WU) = BWU. In other
words, WU is a fundamental solution matrix of (7). Note that K(z)[W, W] =
K(z)[WU, det(WU)] Thus K (x)[WU, det(WU)] is a od-ring and moreover since it is o-

simple, it is od-simple. Consequently, K (z)[WU, m] is a od-Picard-Vessiot ring over
K(x) for (7). O
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Remark 5.5. The proof of Proposition 5.4 relies on Proposition 2.4 of [37], where the base
o-field is supposed to be of the form F'(x) with F being a field of characteristic zero. This
is why we only take the od-field ko(z) for consideration in the last two sections. Note
that it was also proved in Proposition 4.1 of [34] that inside Seqz there always exists
a o-Picard-Vessiot ring for a o-system over a o-field k satisfying that F C k C Seqp
and k also lies in Seq 7, where the bar denotes the algebraic closure of a field. Since kg
might not be algebraically closed, Proposition 4.1 of [34] can not be applied directly in
our situation.

Example 5.6. We shall construct a od-Picard-Vessiot ring over C(m,t) for (1). Consider
the following linear differential equation

We have that

U= (t+\/t2—1 t—\/tQ—l)
- 1 1

is a fundamental solution matrix and thus K = C(¢,vt? — 1) is a d-Picard-Vessiot ex-
tension of C'(t) for the above equation. Set A = <_01 21t> and
W = (U, AU, A°U, AU, ...

Then C(m,t)[W,1/det(W)] is a od-Picard-Vessiot ring over C(m,t) for (1). We claim
that C'(m,t)[W,1/det(W)] is an integral domain. An easy calculation yields that d =

U—tAU = diag(t — V12 — 1,t + /12 — 1). Therefore

W pan = (E=VEZD™ (Ve DT
t—-vez-—1m (t+Viz2—1)™m
Let n = (t +vt2 — 1)L Then C(m,t)[W, 1/ det(W)] = K(m)[n, %] Due to Corollary
2.4 of [29], n is transcendental over K (m). This implies that K(m)[n, 2] is an integral

n
domain.

Example 5.7. Let us compute the corresponding od-Galois group of the system (1). In
this example as well as the examples in the remainder of this paper, we always embed
the Galois group into GL2(C). Consider the C'(m,t)-od-homomorphism

w: C(m,t)[X,1/det(X)] — C(m,t)[W,1/ det(W)]
f(X) — f(W)
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where W is given as in Example 5.6. Let us calculate ker(¢). Set I = (f1, fo, f3), where
fi=XuXiz—1, fo= XX — 1, f3 = (X11X22)* — 2tX11 Xop + 1. (8)

We claim that ker(p) = I. It is easy to verify that I C ker(y). Suppose that f €
ker(p) N C(m,t)[X]. There are positive integers dj, ds such that

F=XUXEF=) (ai(XnXe) +aig)X]; mod I,
=0

where ;1,00 S C(m,t). Since f € ker(gp), Zf:o(ai,l(X11X22) + Cli70)X1i1 S ker(<p). In
other words,

Z(am(t +Vt2-1)+ ai70)’l7i =0

=0

where n = (t + 2 — 1)1 As 5 is transcendental over K, a;1(t + V12 — 1)+ a;o =0
for all i. So a; 1 = a;,0 = 0 for all . Consequently, f € I and then I = ker(y). From this,
we have

G = {g € GLy(C) | py(P) = P(Xg) € I,Y P € I}
= {(gij) € GL2(C) | 911912 = 0, 921922 = 0, 911922 + 912921 = 1}.

From the proof of Proposition 5.4, one can easily see that
Corollary 5.8. R is a o-Picard- Vessiot ring over K(z) for o(Y) = AY and R” = K.

Proof. For the first assertion, it suffices to show that R is o-simple. The proof
of Proposition 5.4 implies that R is oé-isomorphic to K(z)[WU,1/det(WU)] =
K (x)[W,1/ det(W)]. Since K (z)[W, 1/ det(W)] as a o-Picard-Vessiot ring for 6(Y) = AY
is o-simple, R is o-simple. The second assertion follows from the fact that (Seqy)? =
K. O

The following example implies that not all od-Picard-Vessiot rings are o-simple.
Example 5.9. Consider the ogd-system

o(y) =y,6(y) = 2ty.

Then C(x,t)[y,1/y] is a od-Picard-Vessiot ring over C(z,t) for this system. While
C(z,t)[y, 1/y] is not a o-Picard-Vessiot ring over C(z, t) for o(y) = y, because the o-ideal
generated by y + 1 is nontrivial. However, set K = C(t, et2) which is a §-Picard-Vessiot
extension field of C(t) for §(y) = 2ty. Then K(x) is a od-Picard-Vessiot ring over K (x)
for the above od-system and it is also a o-Picard-Vessiot ring over K (z) for o(y) = y.
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In what follows, we shall show that not only R but also R are o-simple.
Lemma 5.10. KN K (z) = K7 ().

Proof. Tt suffices to show that K N K(x) C K7(z). Suppose f = p/q € KN K(x)
where p,q € K[z],gcd(p,q) = 1 and ¢ is monic. Write ¢ = 2% + Z?;OI a;z’ and p =
Zj‘:o ajerxi, where a; € K. Then we only need to show that a; € K. First of all, we
have that 1,z,...,2°%, fz4=1, ..., f are linearly independent over K. Otherwise, there
are g, ..., &, fo,...,Bd—1 € K, not all zero, such that > ;_, a;z’ — fz;l;é Bix? = 0.

Replacing f with p/q yields that ¢(>°7_, a;z%) = p(Z?;é B;x?) = 0. Since ged(p, q) = 1,
g divides Y°7-) B;a7. So 9-) B;27 = 0 and then Y7} sz’ = 0. In other words, all
a; and f; are zero, a contradiction. Secondly, let M be the matrix formed by (z +
D2, ..ol (fx)d Y . ol (f) with 1 =0,1,...,s+d. Then det(M) # 0. Applying o' to
Yo agrirt — Z?;S aj(f?) =2¢f,1=0,...,s+ d yields that

M(as-l-da R aO)t = (xdf, e 70-S+d(xdf))t'

Multiplying the adjoint matrix of M on both sides, we have that det(M)a; € K for all
i. Note that both K and K (z) are in K. As det(M) is invertible in K (z), it is invertible
in K and so it is not a zero divisor in K. This implies that a; € K and then a; € K7 as
desired. O

Proposition 5.11. Let the notation be as in Notation 5.1. Then R is a o-Picard-Vessiot
ring over K°(z) for o(Y) = AY and R* = K°.

Proof. Note that R = K7(z)[X,1/det(X)]. It suffices to show that R is o-simple. We
first prove that R is oé-simple. Suppose that I is a oé-ideal of R and I # (0). Then
INR # (0) and it is a od-ideal of R. Since R is od-simple, 1 € INR C I and thus I = R.

Now suppose a € R\ {0}. We shall show that the o-ideal of R generated by a is
trivial. Let {a1 = a,...,amn} be a basis of K-vector space spanned by {g(a) | Vg €
06-Gal(R/K (x))}. Note that R is invariant under the action of 0d-Gal(R/K (z)). All a;
can be chosen to be in R. By Corollary 5.8, R is o-simple and R’ = K. By Propo-
sition 3.4 with ¥ = {0} and A = (), there are sy,...,8,, with s; = 0 such that
d = det((c° (aj))1<ij<m) # 0. For each g € ¢6-Gal(R/K (x)), one has that g(d) = c,d
with ¢, € K. In other words, the ideal (d) of R generated by d is a 06-Gal(R/K (x))-ideal.
Since R is a od-Picard-Vessiot ring over K (z) for (7), Corollary 3.8 implies that d is in-
vertible in R. Now one has that both o(d)d~" and §(d)d ! are invariant under the action
of 06-Gal(R/K (z)). The Galois correspondence implies that o(d)d~!,d(d)d™" € K ().
Set by = o(d)d~", by = 6(d)d~". Since d is not a zero divisor in R and d € R, d is not a
zero divisor in R. Therefore b1,bs € K because K is also the total ring of fractions of R.
This implies that by, by € KN K(x). By Lemma 5.10, KN K (z) = K (z). Thus the ideal
(d) of R generated by d is a od-ideal. As R is od-simple, d is invertible in R. Expanding
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d by the first column, one sees that d belongs to the o-ideal of R generated by a and so
this ideal is trivial. The second assertion is obvious. 0O

Since R = K7 = (K?(z))?, by Proposition 2.5 or [8], o-Gal(R/K? (x)) can be identi-
fied with Homyco ((R@Ka(x) R)”, K?). As usual, for H = Hom¢ (D, C) and a C-algebra S,
denote by H(S) the set of S-points of H, i.e. H(S) = Hom¢ (D, S) = Homg(S®c D, S).

Lemma 5.12. Let H = Homc((ﬁ®na(w)é)05, C). Then o-Gal(R/K? () can be identified
with H(K7).

Proof. By Proposition 5.11, one has that R7 = K. Since R is o-simple, one sees that
(R Rk (z) R)? = K7[Z,1/det(Z)], where 2 = x~! ke (z) X. As the total ring of
fractions of a od-simple ring, it is easy to see that IC is od-simple. So K7 is d-simple.
By Lemma 2.4 with S = K7, T = K?[2,1/det(Z)] and ¥ = 0,A = {6}, £ and
C[Z,1/ det(Z)] are linearly disjoint over (K?)? = C. Hence the natural homomorphism
K? ®@c C[Z,1/det(Z)] — K7[Z,1/det(Z)],a ® b — ab is isomorphic. Since (R Rk ()
R)?% = C[Z,1/ det(Z)], one sees that

H(K?) = Homc (R ®x-(z) R)7°,K7) = Home(C[2,1/ det(2)], K°)
= Homg- (K° @c C[Z,1/det(Z)],K)
= Homy- (K7[2,1/ det(Z)],K7) = Homge (R @02y R)7,K).

The lemma then follows from Proposition 2.5. O
6. Main results

In this section, we shall present the main results of this paper. We assume that

« Dis asimple §-domain that is finitely generated over C' = D?. For example, D = C[t],
o kg is the field of fractions of D (thus kj = D° = C),

¢ Ris a od-Picard-Vessiot ring over ko(z) for (7),

e X is a fundamental solution matrix of (7) in GL,(R),

o h e Dlz]\ {0} satisfies that all entries of A and B are in D[z, 1/b],

o D =Dlall{s}y |V i€z},

e R =D[X,1/det(X)].

It is clear that D is a od-ring. Furthermore, we shall show that D is actually a simple
od-ring and so the results presented in Section 4 can be applied.

Lemma 6.1. D is a simple od-ring.

Proof. Let I be a nonzero gd-ideal of D. Then D NI is a d-ideal. We shall show that
it is a nonzero ideal. As I is nonzero, let f be a nonzero element of I. One may write
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f = p/q for some p,q € Dlx]. Such p, ¢ exist because D[x] and D have the same field
of fractions. Since ¢ € D[z] C D, one has that p = qf € I N D[z]. Let s be a positive
integer such that p and o®(p) viewed as polynomials in 2 have no common roots. Then
there are a,b € D[z] such that ap + bo®(p) € (DN I)\ {0}. Therefore DN I is a nonzero
d-ideal. Since D is d-simple, 1 € DN T and thus [ = D. O

6.1. Galois groups of the specializations

In this subsection, we shall show that the Galois groups of the specializations of
the linear difference equation and the linear differential equation in (7) are algebraic
subgroups of G.

Let ¢; € Homeg (D, C). Then ¢ lifts to a unique element in Home i, (D, C(x)) whose
restrict on D is equal to ¢;. As before, we still use ¢; to denote its lifting. Suppose that
c1(h) # 0. As ¢ is a o-homomorphism, C(z) ® p R is a o-ring if it is not the zero ring.
Suppose that C'(x) ® p R is not the zero ring. Let m be a maximal o-ideal of C(x) @ p R.
Further assume that det(A°') # 0, where (-)°* denotes the application of ¢; to the entries
of the corresponding matrix. Then (C(z) @ p R)/m is a o-Picard-Vessiot ring over C(x)
for the following system

o(Y) = A“Y.
Notation 6.2. Set Sy, = (C(z) ®p R)/m.
Due to Proposition 4.7 with F = C(z),% = {0} and A = 0, one has that
stab(m) ={g € G| g(P) =0V P € ®py m} = Homc(C[G]/Pm,m, C),

where @, m is given as in Proposition 4.7. As stab(m) is an algebraic subgroup of G by
Proposition 4.7, C[G]/®m,m is a Hopf algebra. Using Proposition 2.5, we immediately
have the following theorem.

Theorem 6.3. Let ¢; € Home (D, C) be such that ¢1(h) # 0, det(A°) £ 0 and C(z) @p R
is not the zero ring. Suppose that m is a maximal o-ideal of C(x) @ p R. Then stab(m)
is the o-Galois group of Sy, over C(x).

Proof. Due to Proposition 4.7 with F = C(z),% = {6}, A = 0 and I = m, one sees that
(So.e1 @C(z) So,e, )7 1s isomorphic to C[G]/Pm m. Furthermore, one can verify that they
are isomorphic as Hopf algebras. By Proposition 2.5, 0-Gal(S, ¢, /C(2)) can be identified
with Home (Ss.c; ®¢(2) So,e,)7» C) and thus with Homeo (C[G]/®m m, C) = stab(m). O

Remark 6.4. Note that different choices of maximal o-ideals m may lead to different
algebraic groups stab(m) of G. Corollary 4.8 implies that these stab(m) are conjugate
by elements of G.
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Similarly, let ¢a € Home(C[z], C) be such that h(ca(x) +1i) # 0 for all i € Z. We have
that ¢y lifts to a unique é; € Homp(D, ko) such that é;|c[,) = co. Again, for the sake of
notation, we still use ¢ to denote é&. Since c¢y(a) = a for any a € D, one sees that ¢y
is a d-homomorphism. Then ky ® p R is a d-ring if it is not the zero ring. Suppose that
ko ®p R is not the zero ring. Let n be a maximal d-ideal of kg ® p R. Then (kg ®p R)/n
is a 9-Picard-Vessiot ring over kg for the following system

5(Y) = BY.
Notation 6.5. Set S;., = (ko ®p R)/n.

Theorem 6.6. Let c; € Home(Clx], C) be such that h(ca(x) +14) # 0 for any i € Z and
ko ®p R is not the zero ring. Suppose that n is a mazximal d-ideal of ko @p R. Then
stab(n) is the d-Galois group of S5, over kg.

Following Example 5.7, let us compute stab(m) and stab(n) in the following two
examples respectively. Note that in Section 6.1 of [32], there is a simpler method to
compute the o-Galois group of o(Y) = A(m,c1)Y over C(m), i.e. stab(m). Here, to be
consistent with the general case, we shall first compute m and then stab(m).

Example 6.7. From Example 5.7, we have that
R=C(m,t)[X,1/det(X)]/I

where I = (f1, f2, f2) with f; is given in (8). Set D = C[t],h =t>—1,D = C[m, , %] and
R = D[X,1/det(X)] where X = X mod I. Then one has that

X Xio =1, XopXog =1, (X1 Xe2)? — 2t X1 Xeo + 1 = 0. 9)

Suppose that ¢ € C = Homg(C[t], ) such that h¢ = ¢ —1 # 0 and set a = c+ /% — 1.
Then o? # 1. As P = (0;1 é) is a zero of I° in GLo(C), (I°) # C(m)[X, 1/ det(X)].
So T = C(m) ®p R is not the zero ring. In the following, we separate two cases to
compute a maximal o-ideal m and stab(m). For the sake of notation, we still use Xj; to
denote 1 ®@p &j;.

Case 1: « is not a root of unity. Let m = (X1 X992 — ). Since

1
0()(11)(22 — a) = —XioXo1 +2¢c—a =

= —— (X1 Ao — ).
04X11X22( ndez —a)

Thus m is a o-ideal. Furthermore, m # T, as P is also a zero of X711 X5 — a. Suppose
that f € T\ m and m is the o-ideal generated by m and f. Using the relations (9),
there are positive integers v1, 5 such that
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X3 XU f = b(X11 X — @) + f(X11)

for some b € T, f € C(m )[./'\fu] Since f ¢ m, f € m\ {0}. Let § € m \ {0} be of
the form § = Xf + Y2770 a;Xf,, where a; € C(m) and s is minimal. Then o(j) =
X5+ Zz‘:o o(a;)Xd, € m. Using the relations (9) again, one sees that

s—1
(XHXQQ)SJ@) = p(X11X21 — Cl() =+ Xlsl =+ Z cr(a,;)oﬁ*i)(fl
=0

for some p € T and thus 23;01 (a; — a*"lo(a;))Xf, € m. Since s is minimal, we see that
a; —a*‘o(a;) = 0 for all i = 0,...,5 — 1. If a; = 0 for all 4 then X;; € m and thus
m = T, because A1 is invertible. Now suppose that there is some a; that is not zero.

57" = 1, a contradiction. Hence m = T and so m is a

Then from o(a;) = a®~‘a;,
maximal o-ideal.

Now suppose g = (g;;) € G. Then

DL (X1 Xap — g11922 = 1
pg(X11X22 — ) = Xng : 1 :
2 (X1 Xo2 —a™h)  gragor =1

Since a? # 1, X11Xs2 — a~ ! ¢ m. So the condition p,(m) C m implies that g11g22 = 1.

stab(m) = {(g e )|560X}.

Case 2: « is a ¢-th root of unity. Set m = (X3 X0 — a, X, — 1). Then m is a

In other words,

nontrivial o-ideal, as P is a common zero of X711 X2 — a and qul — 1. Replacing m with
(X11 X2 — o, X} — 1) in Case 1, we have that a; — a* ‘o(a;) =0 foralli=0,...,s—1
and s < ¢. If all a; = 0 then X;; € m and so T' = m. Otherwise there is some a; that is
not zero. Then from o(a;) — a®*~‘a; = 0, a®~* = 1, a contradiction with the fact that «
is a g-th root of unity. Hence m is a maximal o-ideal. Now suppose g = (g;;) € G such
that pgy(m) C m. Then gi1g220 = 1 by the argument as in Case 1. So g12 = 0 and then
pg(X —1) = g{,; X, — 1 € m. This implies that g; = 1. Consequently, one has that

stab(m){(g & >|gQ1}

Example 6.8. Let D, b, R be as in Example 6.7. Let ¢ € C = Home(C[m],C). As ff = f;
for all i =1,2,3, (f1, f2, f3) # (1). By Remark 4.6, T = C(t) ® p R is not the zero ring.
Let n be a maximal d-ideal of 7. Denote (X;;) = 1 ® X mod n. Suppose n # (0). Let
f €n\ {0}. Using the relations (9), there are positive integers 11, v, such that

XX = (a1 X1 Xy + ai0) X, =0,
1=0
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where a;0,a;1 € C(t). As X11 Xas is algebraic over C(t), X1, is algebraic over C(t). An
easy calculation yields that

c—1
2

5(.)211) = 1_¢

_ _ c—1 1 —
tX11 — Xop) = t— —— Xy1.
(s =) 1—t2< X11X22) !

On the other hand, one has that

o -1 1 o
0(X11X99) = t— —— X11Xo9.
(X171 Xa2) — ( X11X22> 1122
Therefore
§(X1) (- §( X1 Xo)
X1 X1 X2

Since X1 Xy is algebraic over C(t), using the Puiseux series expansion of X X0 at
some pole, one sees that Xy, is algebraic over C(t) if and only if ¢ € Q. This implies that
n = (0) if and only if ¢ ¢ Q. Now suppose ¢ = p/q with p,q € Z,ged(p,q) = 1 and ¢ > 0.
Then X}, = B(X11X22)7P for some nonzero 3 € C. Hence n = (X{, — B(X11X2)97P).
In fact, 29 — B(X11X22)? P is the minimal polynomial of Xi1 over C(t,X11X2). As
X12X11 = 1 and Xa; X = 1, one also has that n = (X[, — B(X12Xs1)P~9). Therefore,
for any (g:;) € G,

q va _
_ 911X — B(X11X22)?7P g2 =g21 =0
Pg (X — B(X11Xp0)17P) = (111 1,11 (11 %22) -
Go1 Xy — B(X12X21)97P  g11 = ga2 =0
and the condition pg (XY, — B(X11X22)P~9) € n implies that either g7, = 1 or ¢4, = 1.
These imply that

G c¢Q

b(n) =
WO ) (& §) o1} eree

6.2. G is the product of two suitable algebraic subgroups

In this subsection, we shall show that for suitable ¢; and ¢y we have that G is the
product of stab(m) and stab(n), where m is any maximal o-ideal of S, ., , and n is any
maximal d-ideal of S5, .

Throughout this subsection, let R and K be as in Notation 5.1. Proposition 5.11
implies that R is a o-Picard Vessiot ring over K7(x) for o(Y) = AY. Remark that for
each 7 € 00-Gal(K/ko(z)) and a € K7 one has that 7(a) € K. Therefore K (z) is
invariant under the action of 0d-Gal(K/ko(z)). From this, 06-Gal(K/K?(x)) is a normal
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subgroup of 0d-Gal(KC/ko(x)). Using the normality of 0d-Gal(K/K7(z)), we shall show
that K7 (z) is the field of fractions of R79-Gal(K/K7(#)) Ty this end, we need the following
lemma which was shown in the proof of Proposition 6.3.5 on page 157 of [11]. Suppose
H is an algebraic subgroup of GL,,(C). Then C[H] can be endowed with an H-module
structure by setting h(a) = a(Zh) for any a € C[H] and any h € H.

Lemma 6.9. Let H be an affine algebraic group over C. Let N be a normal algebraic
subgroup of H and x a character of N. Then there is a nonzero a € C[H] such that
h(a) = x(h)a for any h € N.

Proof. See the proof of Proposition 6.3.5 on page 157 of [11]. O

Lemma 6.10. Let P,Q € K7[x] be such that ged(P, Q) = 1 and Q is monic. Suppose that
P/Q € R. Then there is a nonzero r € K°[x] such that rQ € D[z] and all coefficients of
TP are in R°.

Proof. We first show that there is a nonzero r € K?[z] such that rQ € D[z]. Suppose
Q= Hle Q; where Q; is monic and irreducible over K7[z]. Let s; be the largest integer
such that Q;(x + s;) divides Q. Since P/Q € R, the set {c?(P/Q) | Vi > 0} generates a
ko(x)-vector space of finite dimension. Hence there are ag,...,an, € D[z] with a,, # 0
such that > 1", a;0*(P/Q) = 0. Multiplying both sides by [[;~,0*(Q) yields that

<H O’i(Q)> o™ (P)am =™ (Q)N, N € K|[x].
i=0

If Qi(x+ s; +m) divides 07 (Q) for some 0 < j < m—1 then Q;(x+s; +m—j) divides Q.
This contradicts with the choice of s;. Hence Q;(xz+s; +m) does not divide H;”:_Ol o (Q).
It is clear that Q;(x + s; +m) does not divide ¢™(P) too. While Q;(z + s; +m) divides
0™ (Q). This implies that Q;(z + s; +m) divides a,. Write a,, = Qi(z + s; + m)r;(x +
m+ s;) for some r; € K7[x]. Then r;Q; = am(xz —s; —m) € D]z]. Set r = Hle r;. Then
rQ = Hle am(z — s; —m) € Dlz].

It is clear that rP € R. Write rP = Zfzopixi. Applying o%,i = 0,...,¢ to both
sides yields that M (po,...,pe)t = (rP,...,o(rP)). Here M is the Vandermonde matrix
formed by z,z + 1,...,x + ¢, whose inverse has entries in R. Therefore (po,...,ps)" =
M~Y(rP,...,0%rP))t € R*!. Consequently, p; € R for all i. Since p; € K7, p; €
R7. O

Proposition 6.11. Let H = 06-Gal(K/K?(x)). Then

1. K°(x) is the field of fractions of R,
2. K7 is the field of fractions of R?.
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Proof. 1. Suppose f € K7(z). Set U = {a € R | af € R}. We shall show that U N
RH £ {0}. Let a € U\ {0}. Then {h(a) | h € H} generates a C-vector space of
finite dimension. Suppose that {ai,...,a,} is a basis of this vector space. Since R is
invariant under the action of H, this vector space is a subspace of R. Moreover, as
R is odé-simple, by Proposition 3.4, there are 61,...,0,, € © with #; = 1 such that
d = det((8;(aj))1<ij<m) # 0. Since a; € U and 61 = 1, d € U. For each h € H,
h(d) = x(h)d where x is a character of H. We need to find an element a € R such
that h(a) = x~!(h)a for any h € H. Once we have such @, ad € R¥ N U and thus
adf € RY. Corollary 3.8 implies that neither @ nor d is a zero divisor of R and thus none
of them is a zero divisor of R. This implies that ad € R is not a zero divisor and so
f = r/ad for some r € R¥. We first find a nonzero 8 € R such that h(8) = x~1(h)B.
By Lemma 6.9, there is a nonzero b € C[G] such that h(b) = x~1(h)b for any h € H.
Define an action of G on R ®p,,) R and R ®c C[G] by g(r1 ® r2) = r1 ® g(r2) and
g(r1 ® r2) = 11 ® g(re) respectively. Then both R ®p, ;) R and R ®¢ C[G] become
G-modules and it is easy to see that the isomorphism ¢ : R ®jy) R = R ®c C[G]
given by ¢(r; ® r2) = (11 ® 1)r2(X ® Z) is a G-module isomorphism. Write ¢~1(b) =
(X '®X)=>7_, a;®p; where {a;} C R is linearly independent over ky(x) and none
of f3; is zero. Suppose h € H. Then h(p~ (b)) = >.;_, @ @h(B;). On the other hand, one
has that k(¢ 1(b)) = ¢ 1 (h(b)) = ¢ 1 (x 1 (R)b) = >0 o @ x'(h)B;. Therefore for
eachi=1,...,s, h(B;) = x " 1(h)B3; for any h € H. Thus we can take 3 to be any j3;. Let
q € D[z]\ {0} be such that ps € R. It is easy to verify that h(p3) = ph(B) = x 1 (h)pB.
So pf satisfies the requirement.

2. Suppose that f € K. The previous result implies that f = a/b with a,b € R¥ C
K7(x). Write a = P1/Q1,b = P»/Q2 where P, Q; € K[z],ged(P;,Q;) = 1 and Q;
is monic. Due to Lemma 6.10, there are nonzero r; € K?[z] such that all coefficients
of r;P;,r;Q; are in R. From fP>Q1 = P1Q2, one sees that froPori@Q1 = riPiraQo
and thus le(ro Per1Q1) f = le(r; Pir2Q2), where lc(+) denotes the leading coefficient of a
polynomial. As le(r; P;),le(r;Q;) € RNK? =R, f is in the field of fractions of R°. O

Proposition 6.12. Let n be as in Theorem 6.6 and S5, = (ko ®p R)/n. The D-6-
homomorphism ¢ : R — Ss.¢, given by a(X) — aCZ(.)E) is injective, where X =1® X
mod n. Furthermore, $(R?) is invariant under the action of §-Gal(Ss.c,/ko).

Proof. Note that ¢(a) = a®(X) = T® a for any a € R?. To prove the injectivity of ¢, it
suffices to show that 1 ® a ¢ n if a # 0. Suppose that a € R \ {0}. Since o(a) = a and
R is od-simple, there are by,...,bs € R such that 1 = >°7 | b;6°(a). This implies that
1@1=>7 ,1®bd(a)=>:_,6(1®a)(l®b;). In other words, the d-ideal generated
by 1 ® a equals kg ® p R. Hence 1 ® a ¢ n.

Suppose that 7 € §-Gal(Ss,¢,/ko) and a € R?. Using the identification given in Propo-
sition 2.5 with R = S .,, there is ¥ € Hom¢(C[G]/®n.n, C) such that 7(2) = X~17(X),
where Z = Z mod ®,, . Let v be the unique element in Home(C[G], C) such that
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¥(Z) = 7(Z). Then 7(é(a)) = a®(X7(Z)) = a®(Xv(Z)). Since v € Home(C[G], C)
and R7 is invariant under the action of 0d-Gal(R/k), a(X~(Z)) € R?. This implies that

7(¢(a)) = a®(Xy(2)) = ¢(a(X7(Z))) € ¢(R?).
Thus ¢(R7) is invariant under the action of §-Gal(Ss ¢, /ko). O

Let F5., be the field of fractions of Ss.,. Then the d-homomorphism ¢ given in
Proposition 6.12 can be extended into an embedding of K% into Fs., and ¢(K?) is
invariant under the action of §-Gal(Fs ., /ko) that is an algebraic subgroup of G. By the
Galois correspondence (see for example Proposition 1.34 on page 25 of [35]), ¢(K7) is a
d-Picard-Vessiot field for some d-linear system over kg and the following canonical map

71 6-Gal(F.e, /ko) — 0-Gal(p(K7) ko)

9 — glgxe),
is surjective and has kernel 0-Gal(F;s ., /d(K?)).

Proposition 6.13. Let 0§-Gal(IKC/K (z)) be identified with an algebraic subgroup H of G
and H' = stab(n), where n is as in Theorem 6.6. Then G = HH'.

Proof. Recall that for g € G = Hom¢ (C[G], C) the corresponding automorphism of R
over k is 7, € 06-Gal(R/k) such that g(Z) = X~ 17,(X). Furthermore if g € stab(n) =
Home (C[G]/®Pnn, C) C Home(C[G], C) then the corresponding automorphism of Ss.,
over kg is 7, € 6-Gal(Ss,.,/ko) such that v,(X) = Xg(Z) where ¥ = 1®X mod n. Now
suppose g € G. Then 7, € 06-Gal(K/k) and 74|x- € 6-Gal(K7 /kg). Let ¢ be given as in
Proposition 6.12. Then ¢ can be viewed as a kg-d-isomorphism from K7 to ¢(K?) and
thus ¢po7y|cr 0™t € 5-Gal(p(K)/ko). Let h € stab(n) be such that v, = pory|coo0p™?,
i.e. poTyls 0¢p oy, ! =id. We claim that 7,,-1(f) = f for all f € K7(z). It suffices
to show that 7,,-1(f) = f for all f € K. Suppose f € K?. Due to Proposition 6.11, we
may write f = a/b with a,b € R? and b # 0. We then have that

s (Tghfl (%)) _ g (a(Xg(Z)h(Z) )) _ a(Xy(

¢o7'g|lcao¢1oq/gl(

Since ¢ is injective, 7,,-1(f) = f. This proves our claim. Hence one has that 7,,-1 €
06-Gal(K/K?(z)) and then gh~! € H under the identification. Therefore g € HH'. It is
clear that HH' C G.So G=HH'. O
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Example 6.14. In Examples 5.7 and 6.8, we have already known that

G= {(gij) € GL2(C) | 911912 = 0, 921922 = 0, 911922 + 912921 = 1}

gi1 0 0 gi2
= Jgi1922 = 1 g12921 = 1
{ < 0 922) | 11522 } J { <g21 0 > | 12921 }

and

o G ¢
e &) e -

Now let us compute H = ¢d-Gal(IC/K?(x)). We first compute K. It is clear that K7 C
K = C(t,v/t2 —1). On the other hand, (X};Xa)? — 2tX;1 Xpo +1 = 0 and Xj3 Xp € R,
As [C(t,X11X22) = C(t)] = 2, one has that R = K = K = C(t)(X11X22). Next,
we compute 0d-Gal(IC/K(m)). Note that for any g = (g;;) € 00-Gal(KL/C(m,t)), g €
06-Gal(IC/K(m)) if and only if g(X11X22) = X11Xe2. An easy calculation yields that
if g12go1 = 1 then py(X11Xa2) = X12Xo;1. Since (X11Xa2)? # 1, using the relations (9),
X11Xag # X12Xa1. Hence one has that g € 0d-Gal(K/K (x)) if and only if g11g202 = 1 and
g12921 = 0. Hence

QI3 @

€ Q.

0
H ={(g:;) € G| g11922 = 1} = {(g(1)1 922> | 911922 = 1}~
It is easy to see that G = HH'.

In the remainder of this subsection, we shall prove that H = stab(m) for any maximal
o-ideal m of S,, with suitable c;. Since K7 is a §-Picard-Vessiot field for some ¢-linear
system over ko, there is 7 € GL,,(K?) for some m such that K7 = ko(n) and moreover
ko[n, 1/ det(n)] is a d-Picard-Vessiot ring over kg for the corresponding d-linear system.
In particular, ko[n, 1/ det(n)] is d-simple.

Notation 6.15. We assume that

D = D[n, 1/ det(n)];
D =Dla|[{ 5y | Vi € Z}];
R = D[X, 1/ det(X)].

L]

We see that D is finitely generated over C, because D is. Using an argument similar to
the proof of Lemma 6.1, one sees that D is é-simple and D is od-simple. Let & : D — C
be a C-homomorphism that uniquely lifts to a C[z]-homomorphism from D to C(x). As
before, we consider T = C(x) @7 R. Then if T is not the zero ring then it is a o-ring.
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Moreover, by Proposition 4.4 with D = D,T = T and G = H = Home((R Qo (2)
R)?%.C), one has the following T-isomorphism:

T®cT — T ®c C[H] (10)
a®@br— (a®1)bh(X ® 2)

Wheref:1®f) X.

Lemma 6.16. Let H be as in Proposition 0.15. There is a Zariski dense subset Uy of
Home (D, C) such that for any ¢, € Uy if C(x) ®p R is not the zero ring then it is
o-simple and H is the o-Galois group of C(x) @5 R over C(x).

Proof. Due to Proposition 2.4 of [8], T = K°(z) R (z) R is a o-Picard-Vessiot ring
over K?(x) for o(Y) = AY. By Lemma 5.12, H(K?) is the o-Galois group of o(Y) =
AY over K?(z). By Corollary 2.5 of [8] or using an argument similar to the proof of
Proposition 5.11, one sees that H(K?) is the o-Galois group of ¢(Y) = AY over K7 (x).
Embedding H into GL,(C), we consider H as an algebraic subgroup of GL,,(C) for the
moment. Let S C C[Z,1/det(Z)] be a finite set that generates the vanishing ideal of H.
Then S also generates the vanishing ideal of H(K?). Due to Theorem 1.2 of [19] with
X = Homg (D, C), there is a Zariski dense subset U; of Home (D, C) such that for any
¢1 € Uy, the variety in GL,,(C) defined by S° is the o-Galois group of o(Y) = A“Y
over C(z). Since S = S, H is the o-Galois group of o(Y) = A“Y over C(x) for any
c € Us.

Suppose ¢; € Uy and T = C(z) ®p R is not the zero ring. We shall show that T is
o-simple and then it is a o-Picard-Vessiot ring over C(x) for o(Y) = AY. Let m be a
maximal o-ideal of 7. Due to Theorem 6.3 with m = m and G = H, stab(m) = {h € H |
pn(h) C m} is the o-Galois group of T/t over C(z). In other words, stab(rm) is also
the o-Galois group of o(Y) = A®Y over C(x). Hence there is a ¢ € Home(C[GL,], C)
such that stab(m) = gHg~'. Since stab(rh) C H, one has that gHg~! C H and thus
H > gHg ' D ¢?Hg™2 O .... The Noetherian property of H then implies that H =
gHg~" = stab(1). This could happen only if m = (0) by (10). So T is o-simple. 0O

Proposition 6.17. Let H be as in Proposition 6.153. Then there is a Zariski dense subset Uy
of Home (D, C) such that H = stab(m), where m is any mazimal o-ideal of C(z) ®p R.

Proof. Note that D C D,D C D and R C R. By Lemma 6.16, there is a Zariski dense
subset U; of Home (D, C) such that for any ¢, € Uy if T = C(x) ®@p R is not the zero
ring then T is a o-Picard-Vessiot ring over C(z) for o(Y) = A%Y and H is the o-Galois
group of T over C(z). By Lemma 4.5, there is a nonzero element in D, say a, such that
for any ¢ € Homc[w](f),C(:c)) if é(a) # 0 then C(z) ®p R is not the zero ring. Write

a = a1/az with a; € D[z]. Let

U, = {El‘p | 1 € Ul and 51(1c(a1a2h)) 75 0}
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where lc(-) denotes the leading coefficient of a polynomial in z. We shall prove that Uy
has the desired property. It is clear that U; is a Zariski dense subset of Hom¢ (D, C).
Suppose ¢; € Uy and & € U; such that ¢; = ¢1|p- Then T = C(z) ®p R is not the
zero ring. We have the natural homomorphisms ¢ : T — T.10p X = 1® p X. Thus
T is not the zero ring too. Set m = ker(¢)). Then m is a maximal o-ideal. Suppose
h € H C Hom¢(C[G],C). Then h induces a o-C(z)-automorphism of T defined as
a®p b(X) — a@p b(Xh(Z)) and also induces a o-C(z)-automorphism of 7' defined
as a ®p b(X) — a®p b(Xh(Z)). Suppose Y a; @p b; € m, i.e. Y a; 5 b; = 0. Then
>ra; ®p bi(Xh(Z)) = 0 by Lemma 6.16. This implies that > a; ®p b;(Xh(Z)) € m.
Hence h € stab(m) and thus H C stab(m). As both H and stab(m) are the o-Galois
group of o(Y) = A2Y over C(x), H = stab(m) by an argument similar to that in
Lemma 6.16. Finally, suppose that m’ is another maximal o-ideal of T'. Then there is a
g € G such that stab(m’) = gstab(m)g~! by Corollary 4.8. Since H is a normal subgroup
of G, stab(m’) = gHg ' =H. O

Theorem 6.18. There is a Zariski dense subset Uy of Home(D,C) and a Zariski dense
subset Uy of Home(C[z],C) such that for any ¢i € Uy and any ca € Uz, G =
stab(m)stab(n), where m,n are given as in Theorem 6.5 and Theorem 6.6 respectively.

Proof. Let b be a nonzero element in D such that for any ¢ € Home (D, ko) with ¢(b) # 0,
ko ® p R is not the zero ring. Write b = by /by where by, by € D]z]| and be # 0 and set

Us = {ca € Home (Clz], C) | bi(ca(x))ba(ca(x))b(ca(x) +14) £0Vie Z}.

We claim that Us is Zariski dense. Otherwise assume that Us = {uy,...,us}. Let
Ug41, - - -, U, be all zeroes of bibs in C' and vy, ..., vs are all zeroes of h in C'. Then

C={u \1SiSu}UUfZl{vi—i—Z}QZ—FZZui—i—ZZmQC.
i=1 i=1

This implies that C' is a finitely generated Z-module. However this is impossible, since
Q C C is not finitely generated as a Z-module. Due to Proposition 6.17, let U; be a
Zariski dense subset of Hom¢ (D, C) such that for any ¢; € Uy, H = stab(m). The
theorem then follows from Proposition 6.13. O

Example 6.19. Let U; = {¢ € C' | ¢+ /¢ — 1 is not a root of unit} and Us = C. From
Examples 6.7, 6.8 and 6.14, one has that G = stab(m)stab(n) for any ¢; € U; and any
co € Us.
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