Ruyong et al. s . .
Math Comput 5¢i(2025)19:2 © Mathematics in

https://doi.org/10.1007/s11786-025-00600-w CO m p uter SC | ence

RESEARCH
®

Rational First Integrals of Separable i
Differential Equations

Feng Ruyong'?", Guo Zewang'# and Xiong Siting'~

"Correspondence: Abstract
ryfeng@amss.ac.cn
?School of Mathematics, In this paper, we present a necessary and sufficient condition for the existence of

University of Chinese Academy

of Sciences, No.1 Yanihu East rational first integrals of the following separable differential equation:

Rd, Beijing 101408, China dy
Full list of author information is - = f(x)g(y)
available at the end of the article dx

where f(x), g(y) are two univariate rational functions. We also present an algorithm to
verify the condition and to compute a rational first integral when the condition is
satisfied.

Keywords: Separable differential equation, Rational first integral, Hermite reduction
Mathematics Subject Classification: 16532, 68W30

1 Introduction
Let K denote a field of characteristic zero, and K(x) be the differential field with usual
derivation §, = %. Consider the following first order differential system

dy _ P )

dx  Qxy)
where P, Q € K[x, y] and PQ # 0. A rational first integral of the system (1) is a nonconstant

(1)

rational function R(x, y) such that R(x, n(x)) is a constant, i.e., x(R(x, n(x))) = 0, for any
solution 7n(x) of (1) that does not make the denominator of R(x, y) vanish. A polynomial
S € K[x,y] \ K is called a Darboux polynomial or special polynomial if all £ € K(x)
with S(x, £) = 0 are solutions of (1). Here and henceforth, the overline of a field denotes
its algebraic closure. Rational first integrals are closely related to Darboux polynomials:
the numerator and denominator of a rational first integral are Darboux polynomials, and
conversely, the quotient of two different Darboux polynomials with the same cofactor is
a rational first integral.

The problem of computing rational first integrals was already studied by Darboux in
1878. Darboux [1] showed that if there are enough Darboux polynomials, then the system
will admit a rational first integral. Due to the lack of degree bounds, the computation
of Darboux polynomials is quite difficult, and there is no complete algorithm for this
task so far. In the celebrated work by Prelle and Singer [2], a procedure was presented
to compute Darboux polynomials when the degree bound of the Darboux polynomials is
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given. Since then, there has been various literature regarding the computation of rational
or elementary first integrals [3—12] and Darboux polynomials [5,13-15].

In this paper, we do not intend to develop algorithms for computing rational first
integrals or Darboux polynomials for general first-order differential equations. Instead,
we will focus on the necessary and sufficient conditions for the existence of rational
first integrals for a first-order differential system. The first such condition was given by
Darboux in [1]. Modern proofs were later presented in [7,16], and a generalization was
also provided in [8,16].

Theorem 1 Letd = max{deg(P), deg(Q)}. Then the system (1) has a rational first integral
if and only if (1) has at least @ + 2 irreducible Darboux polynomials.

Due to the difficulty in computing Darboux polynomials, the condition given in Theorem 1
is hard to verify. In this paper, we will consider the following separable differential system:

Y~ @) ®
X

where f(x) € K(x),g(y) € K(y) and f(x)g(y) # 0. Note that the system (2) always has
an elementary first integral, see Remark 1. Here, we provide an effective necessary and
sufficient condition for the existence of a rational first integral. To describe our result,
we need to introduce Hermite reduction of rational functions. Suppose k(x) € K(x). A
Hermite reduction of 4(x) is

h(x) = 8x(h1(x)) + ha(x)
where /1 (x), ha(x) € K(x) satisfy

(a) hy(x) is proper, i.e., the degree of the numerator of /15(x) is less than the degree of its
denominator;

(b) the denominator of /y(x) is squarefree.

The readers are referred to Chapter 2 of [17] for the details of Hermite reduction and
referred to [18—21] for its various generalizations. Since the denominator of §,(/; (x)) can
not be square-free, the Hermite reduction of /(x) is unique, i.e., if #(x) = &, (1 (%)) + ha (%)
is another Hermite reduction of 4(x) then 8,(/1(x)) = 8,(h1(x)) and hy(x) = hy(x). The
specific proof can be found in Lemma 2.1 of [22], where the uniqueness of a more general
reduction is proven. Let
1

Sx) = éx(fi(x)) + fa(x) and 20)

be the Hermite reductions of f(x) and ﬁ respectively. The main result of this paper is

=8(@ ) +£0) 3)

the following theorem.

Theorem 2 The system (2) admits a rational first integral if and only if one of the following
conditions holds:

@ fo) =0 =g0) or -
(b) 8x(f1(x)) = 8,(g1(y)) = O, and there exists a nonzero A € K such that

8x(f (%)) 3E®)
= = d = —_—
Jalx) =2 oy 20) =1 Z0)

Sfor some f(x) € K(x) \ {0}, g(y) € K(») \ {O}.
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The condition (b) of Theorem 2 implies that all residuces of fo(x) and g2(y) are integer
multiples of A. In Sect. 2, we shall prove that these residues (and consequently 1) belong
to an extension of K with a degree of at most two. Furthermore, we will demonstrate
that the conditions of Theorem 2 can be verified efficiently, and rational first integrals, if
they exist, can be computed in O(¢2 log(¢)) operations in K, plus the cost of factoring a
univariate polynomial over K of degree not greater than £, where £ is the maximum of the
degrees of the numerators and denominators of f(x) and g(y). See Algorithm 1 and the
proof of its correctness.

The paper is organized as follows: In Sect. 2, we shall prove Theorem 2 and give a
method to verify its conditions and to compute a rational first integral when one of these
conditions is satisfied. In Sect. 3, we summarize the results from Sect. 2 into an algorithm

and present some examples.

2 Proof of Theorem 2

Before presenting the proof of Theorem 2, let us define rational first integrals and Darboux
polynomials in the language of differential algebra. As before, denote by 6, and §, the usual
derivations with respect to x and y. Equipped with é, and §,, K(x, y) becomes a differential
field and K is the field of constants of K(x, y). Set

D = P(x 5)3x + Q(x )3y,
where P, Q are given in (1). Then D is a new derivation on K(x, ). It is clear that the field
{a € K(x,9) | D(a) = 0} contains K. In the following, we shall use Cr to denote the field
of constants of a differential field F.

Definition 1 A nonzero polynomial 4(x, y) € K[x, y] such that % divides D(h) is called a
Darboux polynomial of D or the system (1). An element /1 € K(x, ) \K such that D(h) = 0
is called a rational first integral of D or the system (1).

It is easy to see that if the system (1) has a rational first integral in K(x, y) then it has
a rational first integral in K(x, y), because P, Q € K[x, y]. Suppose that n € K(x) is an
algebraic solution of the system (1) then the defining polynomial 4(x, y) € K[x, y] of
is an irreducible Darboux polynomial of D. Therefore Theorem 1 implies that if (1) has
enough algebraic solutions then it admits a rational first integral. Conversely, we have the
following well-known result.

Lemma 3 Suppose that the system (1) admits a rational first integral and F is a differential
field extension of K(x). Then any solution n € F of (1) is algebraic over Cg(x).

Proof Assume that h(x, y) € K(x, y) is a rational first integral of (1) and that 7 is a solution
of (1) in F. If ny is a zero of the denominator of A(x, y) then 1 is algebraic over K(x). Suppose
that n is not a zero of the denominator of 4(x, y). Then h(x, n) € Cr and thus 7 is algebraic
over Cp(x). O

Let f(x), g2(y) be as in (3). We further write

B =) 2 and ) = 3

b:
i=1 ! j=1 /

where a;, bj, o, Bj € Kand ay, . .., ay are distinct, by, . . ., by, are distinct. Set

V = Spang{at, ..., & B1 - - -, Bu} (4)
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the vector space over Q spanned by a1, ..., &y, B1, ..., By Let y1, ..., ye be a basis of V.
Write a; = Zle disys Bj = Zle e;s¥s, where d;, ejs € Q. Let p be the least common
multiple of the denominators of the d; and the e;;, and set

Ry(xy) = (1‘[ x— a;) ) (H(y b)) —Peﬂ) e K(x ).
i=1
Remark 1 Set
¢
I(y) = p(h(®) —g10)) + Y s In(Rs(%,5)).
s=1
Applying 8, to I(x, y) yields that

s (%))
R ( ) y)

sl + 3 (Z %) =)
s=1 i=1 !

Applying f (x)g(y)8, to I(x, y) yields that

8x(1(x,y)) = 8:(pfi (%)) +Z

101816 = 2g0) (5 ) = 21
Since f (x)g(y) # 0, 8x(I(x, y)) # 0 and thus I(x, y) ¢ K. On the other hand,

(8x +f(X)g()8,)U(x, y)) = 0

and so I(x, y) is an elementary first integral of the system (2).

The following lemma is essential. It demonstrates that if the system (2) has a
rational first integral, then we can find a rational first integral in the set {fi(x) —

gl(y); Rl(x; J’); s R((x’ )’)}

Lemma 4 Suppose that the system (2) admits a rational first integral. Then for any h €
(A®) — g1, Ry, y), ..., Re(x, )}, if h ¢ K then h is a rational first integral of (2).

Proof We have that

d
0=f(x)— = (5:(i(®)) +£2(x)) — (8,(@1 () +g2(3/))d—y

g(y)
n " d
=1

Suppose that 7 is a solution of (2) in F, a differential field extension of K(x). Replacing y
with 7 in the above equalities yields that

s Ox(Rs(,
8x(fi(x) — &1 (n)) +ZZ é(xxn’;)) —o.

Due to Lemma 3, 17 is algebraic over Cr(x) and thus so are f(x) — g1(n) and the R¢(x, n).
Set K = Cr(x)(fi(x n), Ri(x,n), ..., Re(x n)). Then the transcendence degree of K
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over Cr(x) is zero. By Theorem 1 of [23] (with i = 1, u; = Ri(x,n),j = 1,...,£ and
v1 = filx) — g1(n)),

vsd 5 1))
d(filx) —g1(n)) + — = =
Vi) —a Z v Rs(x, D
where d : K — Qg c; is the universal derivation from K to the module of Kéhler
differentials. Proposition 4 of [23] implies that f; (x) — g1(n) and the Ry(x, ) are algebraic
over Cr. Hence, 8,(f1(x) —g1(n)) = 0and 8, (Rs(x, n)) = Oforall 1 < s < £. This concludes
the lemma. O

Proposition 5 Suppose that 5.(f1(x)) = 8,(g1(y)) = 0. If the system (2) admits a rational
first integral then £ = dimg(V') = 1, where V is given in (4).

Proof We have that f(x) = fo(x) and ﬁ = g(y). Since f(x)g(y) # 0 and both f;(x)
and g (y) are proper, fo(x), g2(y) ¢ K. Without loss of generality, we may assume that
[T o ]_[j=1 Bj # 0, where a;, §; are as in (4). Then for each 1 < i < m and each
1 <j < n, there are at least one of the d;; that is not zero and at least one of the ;s that
is not zero. Hence R; ¢ Kforalll <s < ¢. Lemma 4 implies that Ry is a rational first

integral forall1 <s < £.
Applying ﬁ&x + f(x)8y (= g22(9)8x + f2(x)dy) to R; yields that

£20)8:(Rs) + fo (x)sy(Rs) 8x(Rs) Sy(Rs)

0= R =00)—— Rs + folx)—— R

pdis o pels
Z Zx—a Zx—a

:B] is ale]S)
Zz(x—dz)()’ by)’

i=1 j=1

Since ay, ..., ay, are distinct and by, . . ., by, are distinct, Bjd;s — ozle,s = O0forallijs. As
/51

notall dy,1, ..., d1,¢ are zero, assume that dy5; # 0. Then g; = Loy for all j, i.e., a1, B;
are linearly dependent over Q for allj. Similarly, we have that 1, a, are linearly dependent

over Q for all i. Then o, o are also linearly dependent over Q and thus dimg(V) = 1. O

Proof of Theorem 2 Write f(x) = z i(x) gy) =2 Z(y), where p; and g; are coprime polyno-
mials. Set

D= ql(x)qz(y)(sx +P1(x)192()’)5y'

Suppose that (a) holds. Then p 1(x) = 8x(fi(x)) and 2 qz(y)

Sy(gl IR This implies that
D(fi(x) — g1(9) = q1(x)q2(0)8x(fi (x) — g1() + p1(*)p2 (1), (fi (x) — g1(9))
= p1(®)q2(y) — p1(x)q2(y) = 0.

If fi(x) — g1(y) € K then both fi(x) and g;(y) must be in K. This implies that f(x) =
Jc(fl (x)) = 0 and 1/g(y) = 8,(g1(»)) = O, which leads to a contradiction. Therefore,
fi(x) — g1(9) ¢ K, and thus fi (x) — g1 (y) is a rational first integral.
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Now assume that the item (b) holds. Then

p1(x) 8x(f (%)) p2(y) &)
- =22 dgpy =22 _ &V
TO=00 = Fw Y= %0 T 1600

We have that

DF)g») ™) = q1(®)q20)8:(F )1 ™ — p1@)p2(0)8,@(1))EH) *f (%)
_ (%Pl(x)qz(y) - %m(x)m)) §0) ) =

If f(x) € K, then since f(x) = AS’}(}({(’;» it follows that f(x) = 0, which contradicts the

assumption that f(x) # 0. Therefore, f(x) ¢ K. Similarly, (y) ¢ K. Thus f(x)g(y)~
and so f(x)g(y)~! is a rational first integral.

It remains to show that the item (a) or (b) is necessary. Suppose that the system (2) admits
a rational first integral. By Lemma 4, for any 2 € {fi(x) — g21(y), Ri(x% ¥), . .., Re(x, )}, if
h ¢ K then & is a rational first integral. We first show that if f;(x) — g1(y) ¢ K then
fa(x) = 0 = go(y). Assume that fi(x) — g1(y) ¢ K. Then fi(x) — g1(y) is a rational first
integral, and we have that

= D) —80D) _ 5 ) — F w2008, @ 0))

71(x)q2(y)
= 5.6 ~1@g0) 5 = 20)) = B0 —0) + /(g2
) + £ (%)g()g2().
Hence fZ(x) =g(y)g@2(y) and so c = J;?((x)) =g () € K. This implies that

0= of (%) — fo(x) = 8x(c/1 (%)) + (c — D)fa(x).

By the uniqueness of Hermite reduction, (¢ — 1)fa(x) = 0 = 8,(cfi(x)). If fo(x) # O then
¢ =1and é4(fi(x)) = 0.So b = fi(x) € Kand fi(x) — g1(y) = b — g1(y) is a rational first
integral. This is impossible because it implies that 8,(g1(y)) = 0, but g1(y) ¢ K. Therefore,
Jfo(x) = 0. Similarly, g2(y) = 0.

Now assume that fi(x) — g1(y) € K. Then fi(x) € Kand g1(y) € K, i.e., 8,(fi(x)) =0 =
8y(g1(y)). Proposition 5 implies that £ = dimg(V) = 1. Using the notation introduced
after Lemma 3, we set w(x) = [[/2;(x — a;)P%1. Then

~ Y1 8 (w(x))

Hl#) = Z - Zx—al p wk)
Similarly, set v(y) = [[_;(y — bj)P!. Then we have that g>(y) = % % This concludes
the theorem. |

Suppose that 8, (f1(x)) = 8,(g1(y)) = 0. In the following, we shall explain how to verify the
item (b) of Theorem 2. To this end, we first demonstrate that if the system (2) admits a
rational first integral then the residues of f5(x) and g2(y) lie in a finite extension of K of
degree at most two. This result has already been established in [24] for the case K = Q. For
completeness, we provide an alternative proof here. For A, B € K[x], res,(A, B) denotes
the Sylvester resultant of A and B with respect to x.
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Definition 2 Let ¢ be an indeterminate over K(x) and 4, B be in K[x] with deg(B) > 0, B
squarefree and gcd(4, B) = 1. We call resy (B, A — t3,(B)) € K[t] the residue polynomial
of %, denoted by respoly(%).

Concerning the residue polynomial, we have the following theorem, originally proved by
Trager and Rothstein (see Theorem 22.8 on page 601 of [25]).

Theorem 6 Let A, B € K[x] be coprime with deg(A) < deg(B), and B monic and square-
free. If E is an algebraic extension of K, ci1,...,¢; € E\ {0} are pairwise distinct, and
Vi ..., vy € E[x] \ E are monic, squarefree, and pairwise coprime, then the following are
equivalent:

(1) 4=Th,ebe.
(2) The polynomial respoly(%) splits over E in linear factors, ci, ..., c; are precisely the
distinct roots ofrespoly(%), and v; = gcd(B, A — ¢ix(B)) forall1 < i <.

Proposition 7 Assume that the system (2) admits a rational first integral and S, (f1(x)) =
0 = 8y(g@1(9)). Let S = respoly(f2(x))respoly(g2(y)). Then S takes one of the following forms:

3
S=a[[—rb (5)
i=1
or
3
S=al ] -rip)% 6)
i=1

where a,b € K\ {0}, r; € Q\ {0}, d; > O, and r; # rj if i # j in case (5), while rl.2 #* rl.2 if
i # j and t* — b is irreducible over K in case (6).

Proof Note that the denominators of f5(x) and g2(y) are squarefree. By Theorem 6, all
residues of f3(x) and g»(y) are exactly the roots of S. Assume that y € K is a zero of
S, ie, y is a residue of fo(x) or g2(y). Due to Proposition 5, every root of S in K is of
the form ry for some nonzero r € Q. If y € K then it is easy to see that S takes the
form (5). Now assume that y ¢ K. Then d = [K(y) : K] > 1. We shall show that S
takes the form (6). Since S € K|[t], each conjugate of y over K is still a root of S and
thus it is of the form ry for some nonzero r € Q. Let r; be all conjugates of y over K,
where i = 1,...,d and r; = 1. Denote by o;(ry, . .., r;) the i-th elementary symmetric
polynomial on ry, ..., 7,. Suppose that oy(ry,...,74) # 0 for some 1 < i < d — 1.
Then oy(r1y,...,rgy) = op(ry, .. ., rd)yi/ € K and thus yi/ € K, which contradicts with
[K(y) : K] = d > i. Hence 0i(ry,...,7g) = Oforall i = 1,...,d — 1. Therefore, the
minimal polynomial of y over K must be of the form ¢# — ¢ for some ¢ € K. This implies
that every conjugate of y over K is of the form £y, where £ is a d-th root of unity, and
conversely. Hence, all d-th roots of unity must be rational numbers, so d must equal two.
Consequently, the minimal polynomial of y over K is of the form ¢? — ¢, and S takes the
form (6). O

Remark 2 Assume that K is a field of characteristic zero, equipped with a polynomial
factorization algorithm. Then we can decide whether S € K[¢] takes the form (5) or (6) in
Proposition 7 as follows. Let S = anl . Sf,i” be the irreducible factorization of S over K.
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(1) IfS; =t—b;foralli =1,..., vandforeach pair (i j), b; and b; are linearly dependent
over QQ then S takes the form (5).

(2) IfS; = t2—b;foralli = 1,...,v and for each pair (i, j), bi/bj is a square of some
rational number then S takes the form (6).

(3) In other cases, S does not take the form (5) or (6).

3 Algorithm and Examples

In this section, we summarize the previous results into an algorithm (see Algorithm 1). The
correctness of the algorithm is guaranteed by Theorem 2 and Proposition 7. Additionally,
we will illustrate our results with several examples. In the following, we assume that Kis a
field of characteristic zero, equipped with a polynomial factorization algorithm. We shall
use num(-) and den(-) to denote the numerator and denominator of a rational function

respectively. Furthermore, den(-) is assumed to be monic.

Algorithm 1 FindRationalFirstIntegral

Input: f (x) € K(x) \ {0}, g(y) € K(y) \ {0}.
Output: a rational first integral of (2) if it exists, or “No” otherwise.

1. Compute the Hermite reduction:

fx) = 8,(fi () + folx) and ﬁ
2. Iffalx) = g2(y) = O then return fi(x) — g1(y).
5 If8.(A) = 8,(@() = 0 then

3.1. Compute S = respoly(fa(x)) and T = respoly(g2()).

3.2. Compute S = anl .. .S;iy{” and T = bT}" ... Ty,", irreducible factorization.

3.3 Ifforallij, S; =t —rio and T; = t — sjo with r;,s; € Q\{0},r1 = 1 and
a € K\{0} then compute

=4@0) +20)

G; = gcd(den(fy), num(fa) — r;adx(den(f))),
Hj = ged(den(ga), num(ga) — sjady(den(ga)))

and return
-1

m n Sp
Gf”iP) H»/ ,
(f1e) (11

where p is the least common multiple of the denominators of the r; and the s;.
3.4. Ifforallij, Si=t*—riaand Ty = t* — SjZOl with ri = 1 then compute

G = ged(den(fs), num(fy) & ri/ad,(den(f))),
Hyj = ged(den(gy), num(gy) + sj/ady(den(gy)))

and return
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4. Otherwise, return “No”.

As defined in Definition 8.26 on page 232 of [25], M (£) denotes the multiplication time
for polynomials of degree less than ¢, meaning that polynomials in K[x] of degree less
than ¢ can be multiplied using at most M (£) operations in K. For instance, if the classical
algorithm is used, M(¢£) = 2¢2.

Proposition 8 Algorithm 1 works correctly and its runtime is O((M(L)log(¢)) oper-
ations in K, plus the cost for factoring S and T over K in Step 3.2, where { =
max{deg(num(f)), deg(num(g)), deg(den(f)), deg(den(g))}.

Proof From the proof of Theorem 2, if f5(x) = 0 = g»(y) then fi (x) — g1 (y) is a rational first
integral of the system (2). It remains to show that Step 3 works correctly. By Proposition 7,
if the system (2) admits a rational first integral and 8x(f (x)) = 0 = 8,(g1(y)) then ST takes
the form (5) or (6). If ST takes the form (5) then Step 3.3 is performed. In this case, set
f&) =117, G” and g(y) = iy H?p, where G; and H; are given as in Step 3.3. Due to
Theorem 6, one has that

i o 0:(GY) a8 (T2, G7) _ o 8:(f)
= =r G¥ " p [ILGY r fw

)= Z”: 8y (Hj) Zgay(Hj’”):gay(H}LlH/p) _ @ 8@0)
VT EYH T &p w” T [LHET p 80

From the proof of Theorem 2, the output in Step 3.3, which is f (x)g(y) !, is a rational first
integral. If ST takes the form (6) then Step 3.4 is performed. In this case, set

. oG \"P " H: \SP
Fla) = (—) and () = (—’) ‘
E G_; ]1:! H_}'

Again, by Theorem 6, one has that

A=Y nva (22 - 8x(G—f))_¢_55x( Pi(G/G ") _ a b (@)

P G ) p TILG/Gy)» — p f(x)

s) o)\ _ vad (/") a0

) = Zsl\/_( H—> = 7 ] Nr o, & :
=1 —j V4 Hj:l(H]/Hf/)’ p g0)

From the proof of Theorem 2 again, one sees that the output in Step 3.4, which is
F(®)g(y)~1, is a rational first integral. This concludes the correctness of the algorithm.

By Theorem 22.7 on page 600 of [25], Step 1 requires O(M(£) log(¢)) operations in K
and one sees that deg(den(gy)), deg(den(f2)) < £. Due to Corollary 11.18 on page 310
of [25], Step 3.1 requires O(¢M(£) log(¢)) operations in K. It is straightforward to verify
that deg(S), deg(T) < £. Note that both S; and T; are of degree not greater than two.
By Corollary 11.6 on page 304 and Corollary 11.8 on page 305 of [25], computing G+,
or Hyj requires O(M(£)log(£)) operations in K. So the total cost for Steps 3.3 and 3.4
is O(¢M(£)log(¢)). Therefore, the overall runtime for Algorithm 1 is O((M(£)log(¢))
operations in K, plus the cost for factoring S and T in Step 3.2. O
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Set

c= {h e Rwy) | ﬁw) + £ @8, = o} . ?)

Then C is a subfield of K(x, y) containing K. Suppose that the system (2) admits a rational
first integral. Then C \ K # @. We claim that tr.deg(C/K), the transcendence degree of
C over K, is equal to one. Assume, for contradiction, that tr.deg(C/K) = 2. Then y is
algebraic over C and thus y € C. This implies

1
g0)

which contradicts the assumption that f(x) # 0. This proves the claim. Due to a theorem

0= 8x(y) +f (x)dy(y) = f (%),

of Gordan and Igusa (see Theorem 3 on page 15 of [26]), we have C = K(h) for some
h € C. We refer to such /1 as a generator of C over K.

Lemma 9 Assume that the system (2) admits a rational first integral and C is as in (7). Let
I be the output of Algorithm 1, and let h be a generator of C over K. Then h can be chosen
such that den(h) divides den(h). Furthermore, ifdeg(den(it), y) > 0then deg(den(h), y) > 0,
and if h= u(x)v(y) for some u(x) € K(x), v(y) € K(y) then h can be chosen to have the same
form.

Proof Since h € C = K(h), there exist two coprime polynomials P, Q € K[z] such that
h= P(h)/Q(h). Write h = hy /hy, where hy, hy € K, y] and they are coprime. Set

b_vip (XY o_yvip(X
P_YP(Y),Q_Y Q<Y>;

where d = max{deg(P), deg(Q)}. Then

h= M (8)
QU ha)
By Lemma on page 16 of [26], P(h1, hy) and Q(hy, hy) are coprime. Hence Q(hy, hy) =
aden(iz) for some nonzero « € K. Let ajh — by kg be a factor of P(hy, hy) and aghy — bahy
be a factor of Q(h1, 1), where a;, b; € K and a1by — azb1 # 0. Then ashy — bohs divides
den(l:z) and (a1hy — bihy)/(ashy — bahy) is also a generator of C.

Suppose that deg(den(iz), y) > 0. We take ash; — bohy to be a factor of Q(ky, 1) such
that deg(agh; — bahy, y) > 0. In this case, we take i = (a1hy — b1hy)/(aghy — bahy) and
then deg(den(/),y) > 0. Now assume that h = u(x)v(y). Then both a1k — bihy and
azhy — byhy are of the form p(x)g(y), where p(x) € K[x], g(y) € K[y]. Hence / can be
taken to have the same form as /. O

Proposition 10 Suppose that C is as in (7) and fi(x) — g1(y) is the output of Algorithm 1.
Then fi(x) — g1(y) is a generator of C.

Proof Note that in this case, f(x) = §x(f1(x)) and ﬁ = 8y(g1(y)). Since fg # 0, we have
8x(fi(x)) # 0and 8,(g1(y)) # 0. Let /(x, y) be a generator of C. We first show that /(x, y)
can be chosen to have the same form as fj (x) — g1(y). By Lemma 9, we may write h(x, y) =
%, where p(x) divides den(f; (x)), ¢(y) divides den(g1 (¥)), u(x, y) € K[x, y], and u(x, y)
and p(x)q(y) are coprime. Moreover, if deg(den(g;)) > 0 then deg(g(y)) > 0. We regard &
as arational function in C(y), where IC = K(x). For a rational function w(y) € K(y), denote

by Vi = wu(Y)wa(Z)—w,(Z)w,(Y), where w, and w,; are the numerator and denominator
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of w, respectively. We have Vi) _g(5) = —Vyg, (). Since fi(x) —gq1(y) € C = K(h), by
Proposition 3.1 of [27], Vj, divides Vf, (x)—g,()- Since V) —g(5) = — V() € K[Y, Z], we
have

Vi = px)(ulx, Y)q(Z) — ulx, Z)q(Y)) = a(x)M(Y, Z)

where M(Y,Z) € K[Y,Z] and a(x) € K. Let ¢; € K be such that p(c1), a(c;) are well-
defined, a(c1) # 0, and u(cy, y) and g(y) are coprime. We then have that
1 1
MY, Z) = ——p(c1)(ulcr, Y)q(Z) — ulcr, 2)q(Y)) = —— Vi(cr,y)
alcy) a(cy)
and thus
a(x)
n = ax)M(Y, Z) a(cy) e

By Proposition 3.1 of [27] again, we further have &(x, y) = wi(h(c1,y)) and h(cy,y) =
wa(h(x, y)) for some wy, wo € K(z). This implies that wi(z) = (b11z + b12)/(b21z + b22),
where b;; € K[x] and b11b2o — b12bo1 # 0. In other words,

_ uloy) _ buule,y) + braplc)q(y)
px)q(y) — baulcr,y) + baplci)q(y)

Since u(x, y) and p(x)q(y) are coprime, g(y) divides ba1u(c1, y) + baop(c1)q(y), viewed as

h(x, y)

polynomials in y. Furthermore, because u(c1, y) and g(y) are coprime, by; = 0. Therefore
h(x, y) = a(x)h(c, y) + b(x) for some &, b € K(x). Note that if h(cy, y) e Kora(x) =0
then 8, (h(x, y)) = 0. In this case, the equality 8, (f1)d,(k(x, ¥)) + 8,(g1)dx(h(x, ¥)) = 0 with
8y(g1) # 0 implies that 6, (/(x, y)) = 0. This leads to the conclusion that /(x, y) € K, which
is a contradiction since tr.deg(C/K) = 1 and C = K(h(x, y)). Hence h(c1,y) ¢ K and

ax) # 0.
Now, substituting i(x, y) = a(x)h(c1, y) + b(x) into 8y(g1)8x + 8x(f1)8y gives
8y(g1)8x(@)h(c1, y) + 8y(€1)8x() + 8x(f1)8y(h(c1, y))a = 0. )

Assume that s1(c1, y) isa polynomial in y, i.e., deg(q(y)) = 0. Then i(x, y) is also a polynomial
in y. By the choice of &i(x, y), g1 is a polynomial in y as well. Since 8,(g1) # 0, deg(5,(g1)) > 0.
This together with deg(/(c1, y)) > 0 implies

deg(3y(g1)h(c1, y)) > max{deg(dy(g1)), deg(8y(h(c1, y))}-

Equality (9) then implies that 8, (i(x)) = 0. Suppose instead that /1(c1, y) is not a polynomial,
i.e., deg(q(y)) > 0. Let ¢; be a zero of g(y) in K. Then ord,, (h(c1,y)) < 0, where ord,, (-)
denotes the order of a rational function at y = ¢;. Because g(y) divides den(g), ¢ is a pole
of g1 and so ord,, (8,(g1)) < —2. Consequently,

ord, ((Sy(gl )h(c1,y)) < min{ord,, (5y(g1)), ord, (8y(h(cl) Y}

Similarly, equality (9) implies that §,(@(x)) = 0. In summary, a(x) € K\ {0} and h(x, y) =
a(x)h(c1,y) + b(x), which is of the form as f1(x) — g1(y). Finally, since 6,(f1)8,(g1) # 0 and
8x(a) = 0, by (9), we have

5.6)  8yahcr,))
8x(fl) B (Sy(gl)

Because the left-hand side of the above equality is independent of y and the right-hand

side is independent of «, it follows that & = —§,(ah(c1,))/8,(g1) € K. Furthermore, since
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a € K\{0} and K(c1, y) € K(y)\K, we conclude that o # 0, ah(c1, y) = —agi(y) + B1 and
b(x) = afi(x) + Bo for some B, B € K. Consequently,

h(x,y) = a(fi(x) —a1(9) + B1 + B2
and thus fi(x) — @1(y) = é(h(x, y) — B1 — B2) is a generator of C. O

Proposition 11 Suppose that C is as in (7) and f (x)g(y)~" is the output of Algorithm 1.
Then f (x)g(y)~" is a generator of C.

Proof Notethatin this casef (x) = fo(x)and ﬁ = g2(y). Suppose that i(x, y) isa generator

of C. By Lemma 9, /(x, y) can be chosen to have the form u(x)v(y), where u(x) € K(x) and
v(y) € K(y). Substituting /(x, y) into S2(x)8y + g2(9)6, yields

& (v(») S (u(%))

o) ) + &) O 0.
This implies that li”(x)) Bfa(x 58)) = —Bgy(y) for some nonzero B € K. From
the proof of Proposition 8, we have
S (uu(x) _x(f (%) 8y (v(y)) V)
= = d = — = - ’
) = Bf(x) = Ba f(x) and =) Bg(y) = —pa Z0) (10)

s NE - 5:(F) 5,E0)) , ,
where @ = pora = =~x, and the residues of ) and 70) are the r;p and s;p,

respectively. On the other hand, the residues of % and % are integers. Therefore,

Barip =d; € Z and Basjp =ej € Z

foralli=1,...,mandj = 1,...,n. Since r; = 1, Bap = d;, which implies r; = L% and
sj = ;—’1 for all i, j. Note that p is the least common multiple of the denominators of the
ri and s;. Thus, p | d1, and we conclude that v = & € Z. From (10), u(x) = c1f(x)" and
V() = ¢2(§(y)) " for some nonzero cy, ¢y € K. This implies

hx.9) = uwvo) = crex (Fwg0) ™) € RE20) ™),
and so C = K(h(x, y)) = K(f(x)g(y i.e.,f(x)g()/)_1 is a generator of C. O

Example 1 Consider

dy y> =2
dx  x2-2
We have that

1
) =1-82and T = respoly(
—9 y

1 2

So ST takes the form (6). In Step 3.4, we set @« = 1/8,r; =s; = 1. Then

S = respoly <x2

Gy =ged(x® — 2,1 —vV2x/2) = x — /2,
G_p =gcd(x®> —2,1+ V2x/2) = x + V2,
Hy =gcd()? =21 —v2y/2) =y -2,
Hop=ged(? —21+v2y/2) =y + 2
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and a rational first integral of the system is

(x—V2)(y + V2)
x+ 2y —V2)

Example 2 Consider

dy  ylax —b)

dx  x(cy —d)

where a, b, ¢, d € K, which corresponds to the Lotka-Volterra equation

d
d—f:x(cy—d);
dy
= — y(ax — b).
o7 y(ax — b)

To apply our result, we assume that (ax — b)(cy — d) # 0. We have that
-b b 1 —d d
ax = 8x(ax) — — and — = 4 = 8y(cy) — —.
x &b y y

By Theorem 2, the above system admits a rational first integral if and only if one of the

flx) =

following conditions holds:

(@) b=d =0;
=c= i K Y (C2) I R 1 (40)))
(b) a=c=0and ther~e ex1sts_a A € K\ {0} such that K =X I and y= A 20)
for some nonzero f(x) € K(x) and nonzero g(y) € K(y).
In case (a), ax — cy is a rational first integral. In case (b), f (x) must be of the form ¢y x%
and g(y) must be of the form ¢,y2, where ey, ez are nonzero integers and ¢, ¢ € K are
nonzero constants. This implies that g = 2—; and x°1y~€ is a rational first integral.

Example 3 Consider

dy Y +1
dx — x3+1
We have that

1
S:respoly( > =1-278 = —E(t—l)(tz—i-t—i-l).

x3+1
Since S does not take the form (5) or (6), the system (11) has no rational first integral.

Note that if n € K(x) is a solution of the system (11) then the irreducible polynomial
h(x, y) € K[x, y] with i(x, n) = 0 is an irreducible Darboux polynomial of D, where

D = (¢ + 1)8x + (5° + 1)8,.

On the other hand, Theorem 1 implies that the system (11) has at most seven irreducible
Darboux polynomials. Thus, it has at most seven solutions in K(x). In fact, we shall
show that, except for y = «, —1, %53, the system has no other solutions in K(x). A
straightforward calculation implies that

1+4/-3 1++/-3
y—x,x+1,x—T,y+landy—T
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are irreducible Darboux polynomials of D. If the system (11) had a solution in K(x) other

thanx, —1 or

1£/-3
2

then it would have one more irreducible Darboux polynomial beyond

the seven polynomials listed above, implying that it admits a rational first integral, which

leads to a contradiction. We conclude that y = x, —1, HET Y=3 are the only solutions of the

system in K(x).

Acknowledgements
We thank the referees for their constructive comments on our early manuscript, which greatly contributed to improving
this paper.

Author contributions
All authors contributed to all sections of the paper.

Funding Information
This work was partially supported by China National Key Research and Development Projects under Grant No.
2020YFA0712300 and No. 2023YFA1009401, the NSFC grant No. 12471479.

Data Availability
No datasets were generated or analysed during the current study.

Declarations

Competing interests
The authors declare no competing interests.

Author details

'State Key Laboratory of Mathematical Sciences, Academy of Mathematics and Systems Science, Chinese Academy of
Sciences, No.55 Zhongguancun East Rd, Beijing 100190, China

2School of Mathematics, University of Chinese Academy of Sciences, No.1 Yangihu East Rd, Beijing 101408, China.

Received: 12 September 2024 Revised: 6 February 2025 Accepted: 10 March 2025
Published online: 19 April 2025

References

1.

2.

Darboux, G.: Mémoire sur les équations différentielles du premier ordre et du premier degré. Bull. Sci. Math. 32(60-96),
123-144(1878)

Prelle, M.J,, Singer, M.F.: Elementary first integrals of differential equations. Trans. Am. Math. Soc. 279(1), 215-229
(1983). https://doi.org/10.2307/1999380

Ferragut, A, Giacomini, H.: A new algorithm for finding rational first integrals of polynomial vector fields. Qual. Theory
Dyn. Syst. 9(1-2), 89-99 (2010). https://doi.org/10.1007/512346-010-0021-x

Man, Y-K, MacCallum, M.AH.: A rational approach to the Prelle-Singer algorithm. J. Symbolic Comput. 24(1), 31-43
(1997). https://doi.org/10.1006/jsc0.1997.0111

Chéze, G.: Computation of darboux polynomials and rational first integrals with bounded degree in polynomial time.
J. Complex. 27(2), 246-262 (2011). https://doi.org/10.1016/}.jc0.2010.10.004

Schlomiuk, D., Guckenheimer, J,, Rand, R.: Integrability of plane quadratic vector fields. Exposition. Math. 8(1), 3-25
(1990)

Singer, M.F.: Liouvillian first integrals of differential equations. Trans. Am. Math. Soc. 333(2), 673-688 (1992). https://
doi.org/10.2307/2154053

Llibre, J., Zhang, X.: Rational first integrals in the Darboux theory of integrability in C". Bull. Sci. Math. 134(2), 189-195
(2010). https://doi.org/10.1016/j.bulsci.2007.12.001

Bostan, A, Chéze, G, Cluzeau, T, Weil, J-A.: Efficient algorithms for computing rational first integrals and Darboux
polynomials of planar polynomial vector fields. Math. Comput. 85(299), 1393-1425 (2016). https://doi.org/10.1090/
mcom/3007

Chéze, G, Combot, T.: Symbolic computations of first integrals for polynomial vector fields. Found. Comput. Math.
20(4), 681-752 (2020). https://doi.org/10.1007/510208-019-09437-9

Duarte, LG.S, Mota, LA.CP.: An efficient method for computing liouvillian first integrals of planar polynomial vector
fields. J. Differ. Equ. 300, 356-385 (2021). https://doi.org/10.1016/j.jde.2021.07.045

Cousin, G, Lins Neto, A, Pereira, J.V.: Toward effective Liouvillian integration. Ann. Sci. Ec. Norm. Supér. (4) 55(1),
185-223 (2022). https://doi.org/10.24033/asens.2494

Coutinho, S.C, Menasché Schechter, L.: Algebraic solutions of holomorphic foliations: an algorithmic approach. J.
Symbolic Comput. 41(5), 603-618 (2006). https://doi.org/10.1016/j.js¢.2005.11.002

Coutinho, S.C, Menasché Schechter, L.: Algebraic solutions of plane vector fields. J. Pure Appl. Algebra 213(1), 144-153
(2009). https://doi.org/10.1016/j,jpaa.2008.06.003

Chavarriga, J., Giacomini, H.J., Grau, M.: Necessary conditions for the existence of invariant algebraic curves for planar
polynomial systems. Bull. Sci. Math. 129(2), 99-126 (2005). https://doi.org/10.1016/].bulsci.2004.09.002

Jouanolou, J.-P.: Equations de Pfaff Algébriques. Lecture Notes in Mathematics, vol. 708, p. 255. Springer, Berlin (1979)
Bronstein, M.: Symbolic Integration I: Transcendental Functions, Algorithms and Computation in Mathematics, vol. 1,
2nd edn., p. 325. Springer, Berlin (2005)


https://doi.org/10.2307/1999380
https://doi.org/10.1007/s12346-010-0021-x
https://doi.org/10.1006/jsco.1997.0111
https://doi.org/10.1016/j.jco.2010.10.004
https://doi.org/10.2307/2154053
https://doi.org/10.2307/2154053
https://doi.org/10.1016/j.bulsci.2007.12.001
https://doi.org/10.1090/mcom/3007
https://doi.org/10.1090/mcom/3007
https://doi.org/10.1007/s10208-019-09437-9
https://doi.org/10.1016/j.jde.2021.07.045
https://doi.org/10.24033/asens.2494
https://doi.org/10.1016/j.jsc.2005.11.002
https://doi.org/10.1016/j.jpaa.2008.06.003
https://doi.org/10.1016/j.bulsci.2004.09.002

Ruyong et al. Math Comput Sci (2025)19:2

18. Bostan, A, Chyzak, F, Lairez, P, Salvy, B.: Generalized Hermite reduction, creative telescoping and definite integration
of D-finite functions. In: ISSAC'18—Proceedings of the 2018 ACM International Symposium on Symbolic and Algebraic
Computation, pp. 95-102. ACM, New York (2018). https://doi.org/10.1145/3208976.3208992

19. Chen, S, Dy, L, Kauers, M.: Lazy Hermite reduction and creative telescoping for algebraic functions. In: ISSAC 21—
Proceedings of the 2021 International Symposium on Symbolic and Algebraic Computation, pp. 75-82. ACM, New
York (2021). https://doi.org/10.1145/3452143 3465528

20. Chen, S, Du, L, Kauers, M.: Hermite reduction for D-finite functions via integral bases. In: Proceedings of the Inter-
national Symposium on Symbolic and Algebraic Computation (ISSAC 2023), pp. 155-163. ACM, New York (2023).
https://doi.org/10.1145/3597066.3597092

21. Chen, S, Dy, H, Gao, Y., Li, Z: Reducing hyperexponential functions over monomial extensions. J. Syst. Sci. Complex.
(2024). https://doi.org/10.1007/511424-024-3325-7

22. Chen, S, Du, H, Li, Z.: Additive decompositions in primitive extensions. In: Proceedings of the 2018 ACM International
Symposium on Symbolic and Algebraic Computation. ISSAC 18, pp. 135-142. ACM, New York, NY, USA (2018). https://
doi.org/10.1145/3208976.3208987

23. Rosenlicht, M.: On liouville?s theory of elementary functions. Pac. J. Math. 65(2), 485-492 (1976)

24. Combot, T.: Reduction of symbolic first integrals of planar vector fields (2021). arxiv:2111.10809

25. Gathen, J, Gerhard, J.. Modern Computer Algebra, p. 753. Cambridge University Press, New York (1999)

26. Schinzel, A: Polynomials with Special Regard to Reducibility. Encyclopedia of Mathematics and its Applications, vol.
77, p. 558. Cambridge University Press, Cambridge (2000). https://doi.org/10.1017/CB0O9780511542916 . With an
appendix by Umberto Zannier

27. Alonso, C, Gutierrez, J, Recio, T.: A rational function decomposition algorithm by near-separated polynomials. J.
Symbolic Comput. 19(6), 527-544 (1995). https://doi.org/10.1006/j5c0.1995.1030

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article
under a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of
the accepted manuscript version of this article is solely governed by the terms of such publishing
agreement and applicable law.

Page 15 of 15

2


https://doi.org/10.1145/3208976.3208992
https://doi.org/10.1145/3452143.3465528
https://doi.org/10.1145/3597066.3597092
https://doi.org/10.1007/s11424-024-3325-7
https://doi.org/10.1145/3208976.3208987
https://doi.org/10.1145/3208976.3208987
http://arxiv.org/abs/2111.10809
https://doi.org/10.1017/CBO9780511542916
https://doi.org/10.1006/jsco.1995.1030

	Rational First Integrals of Separable Differential Equations
	Abstract
	1 Introduction
	2 Proof of Theorem 2
	3 Algorithm and Examples
	Declarations

	References


