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ABSTRACT

This paper continues the studies of symbolic integration by focusing
on the stability problems on D-finite functions. We introduce the
notion of stability index in order to investigate the order growth of
the differential operators satisfied by iterated integrals of D-finite
functions and determine bounds and exact formula for stability
indices of several special classes of differential operators. With the
basic properties of stability index, we completely solve the stability
problem on general hyperexponential functions.
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1 INTRODUCTION

New functions were introduced when certain integrals could not
be evaluated in term of a specific class of functions. We need to
introduce the logarithmic function log(x) since 1/x has no primi-
tive in the field of rational functions. The special functions, such
as / exp(x?) dx, / 1/log(x) dx etc., are introduced likewise since
they are not elementary. We can continue to study the integrals
of the newly introduced functions, e.g., the indefinite integral of
log(x) is x log(x) — x. A natural question is whether we need keep
introducing new functions in order to integrate a given function
iteratively.
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Motivated by the above question and irrationality proofs in num-
ber theory, Chen initialized the dynamical aspect of symbolic inte-
gration by studying some stability problems in differential fields
in [4]. For a given special function f in certain differential ring
(R, D), the stability problem is deciding whether there exists a se-
quence {g;}i>0 in R such that f = D¥(g;) for all i € N. Such stable
special functions appear in any integro-differential algebra, which is
an algebra equipped with derivation and integration operators. The
theory of integro-differential algebras has been developed in [5].
Two basic examples of integro-differential algebras are the ring of
polynomials C[x] and the ring C*°(R) of smooth functions on R.
From the algorithmic point of view, the algebra C*°(R) is too big
and we are more interested in some subalgebra whose elements are
computable, such as the subalgebras C[x, log(x)] and C[x, exp(x)].
To find more rich examples, it is necessary to classify certain class
of functions that are iteratively integrable in this class.

Focusing on elementary functions, Chen in [4] had solved the
stability problems on three families of special functions including
rational functions, logarithmic functions, and exponential functions.
In this paper, we shall continue the work [4] by focusing on D-finite
functions using the language of differential operators.

The notion of D-finite power series was first introduced by Stan-
ley [12] in 1980 in the univariate case and later studied by Lipshitz
in the multivariate case [9]. D-finite functions are also called holo-
nomic functions that had played a significant role in Zeilberger’s
method of creative telescoping [14, 15]. These series, like algebraic
numbers, can be algorithmically manipulated via its defining linear
differential equations [2, 11]. For a comprehensive introduction to
theory and algorithms for D-finite functions, one can see the com-
ing monograph by Kauers [7]. The indefinite integration problem
on D-finite functions was studied by Abramov and van Hoeij in [3].
The main goal of this paper is to investigate Abramov-van Hoeij’s
algorithm iteratively.

The remainder of this paper is organized as follows. We recall
some basic terminologies in differential algebra and then define
the notion of principal integrals related to iterated integration in
Section 2. We will focus on studying the order of the differential
operators satisfied by principal integrals in Section 3, which inspires
us to introduce the notion of stability index. In Section 4, we will
determine the stability indices of two special classes of differential
operators including Katz’s operators and first-order operators. With
the help of stability index, we will completely solve the stability
problem for general hyperexponential functions in Section 5 which
generalizes the results in [4]. As an application, we present an exact
formula for the stability index of a special class of rational functions
in Section 6.
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2 PRINCIPAL INTEGRALS

Throughout this paper, let C be any algebraically closed field of
characteristic zero and k = C(x) be the differential field with the
usual derivation ” such that x” = 1 and ¢’ = 0 for all ¢ € C. Let
K be a differential closure of C(x) (see Kolchin’s book [8] for the
existence of such closures). Any system of algebraic differential
equations with coefficients from k has solutions in K if it has any
solution in some differential extension of k. Let k(D) be the ring of
linear differential operators with coefficients in k in which we have
D-f=f-D+f' forany f € k. The ring k(D) is a left Euclidean
domain in which any left ideal is principal [10]. Foranm € Z, Z<,
(resp., we let Z 3 p,) stand for the set of all integers not greater than
m (resp., not less than m).
Let L be a nonzero operator in k(D). Write

n
L= Z a;D', where a; € k and a,, # 0.
i=0

The integer n is called the order of L, denoted by ord(L), and ay, is
called the leading coefficient of L, denoted by lc(L). If a,, = 1, then
L is called a monic operator. The adjoint operator of L, denoted by

L*, is defined to be
n
L= Z(—D)iai.
i=0

The field K can be equipped with a left k(D)-module structure
with the action L(f) = X1, aif(i) forany L = 37, a;D' € k(D)
and f € K. The annihilating ideal

Anng(py (f) = {P € k(D) | P(f) = 0}
is a left ideal of k(D). Since k(D) is a left Euclidean domain, we
have Anngpy(f) = (L) for some monic operator L € k(D).

DEFINITION 2.1. An element f € K is said to be D-finite over k if
Anngpy(f) = (L) for some nonzero and monic operator L € k(D).
We call L the defining operator for f, denoted by L¢, whose order
is called the order of f, denoted by ord(f). For convenience, we set
ord(f) = oo if f is not D-finite.

Lipshitz [9] showed that the set of all D-finite elements over k
forms a subalgebra of K, which is also closed under taking deriva-
tives and integrals. We will investigate how the order changes when
integrating a D-finite function.

DEFINITION 2.2. For f € K andi € Z>0, g € K is called an i-th
primitive or an i-th integral of f if f = D'(g). When i = 1, we simply
call g an integral of f.

Suppose f is a D-finite function and g; is an i-th integral of f.
Then g; is also D-finite and ord(g;) < ord(f) +i. Set

Ni(f) = min{ord(g) | g is an i-th integral of f}.

The following example shows that different i-th integrals of a given
function may have different orders.

ExampLE 2.3. Let f = exp(x). Then f itself is a second integral of
f and ord(f) = 1. Since every second integral of f must be of order
not less than 1, No(f) = 1. On the other hand, there exist second
integrals of f that are of order greater than 1. In fact, each second
integral of f is of the form exp(x) + ax +  witha, f € C. Assume
that not all o, B are zero. We claim that ord(exp(x) + ax + f) = 2.
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First, as exp(x) + ax + f is not hyperexponential, exp(x) + ax+ f can
not be annihilated by any first-oder operator. Second, if a # 0 then
exp(x)+ax+f is annihilated by (x + /o + 1) D?> = (x + f/a) D1,
and ifa = 0 and B # 0 then exp(x) + f is annihilated by D> — D. So
ord(exp(x) + ax + f) = 2 and the claim is shown.

The example above motivates the following notion of principal
integrals.

DEFINITION 2.4. The i-th integrals of order N;(f) are called the
principal i-th integrals of f.

It can happen that all integrals are principal as shown in the
following example.

EXAMPLE 2.5. Let f = % Then each principal second integral of f
is of the form x In(x) + ax + f with a, § € C. It is easy to check that
xIn(x) + ax + f is annihilated by (x — B)D? — D + 1/x. A similar
argument as in Example 2.3 implies that ord(x In(x) + ax + ) = 2

foralle, e C.

It was proved in [1, 3] that N1 (f) = ord(f) if and only ifL;(y) =
1 has a solution in k. If L}’}(y) = 1 has no solution in k then N1 (f) =
ord(f)+1and moreover Ly = L¢D for any integrals g of f. Suppose
that L}(y) =1 has a solution [ in k. Then (1 — lLf)*(l) =0 and so
there is a unique H; € k(D) of order n — 1 such that 1 — [Ly = DH;
where n = ord(f). Note that —/ is the leading coefficient of H;. Set
g = Hi(f). Then g is an integral of f and L; = %(1 — H;D). Fora
nonzero operator P € k(D) and q € C[x], define

1 P*(y) = q has a solution in C(x)

0 otherwise

8(P,q) = {

When q = 1, we abbreviate §(P, q) to 5(P). The above discussions
motivate the definition below.

DEFINITION 2.6. Suppose that L is a nonzero monic operator in
k(D). A principal integral of L is defined to be

LD §(L)=0
1(1-HD) (L) =1

where | € k is a solution of L* (y) = 1 and H; is the unique operator
in k(D) of order ord(L) — 1 such that IL + DH; = 1. We also call
%(l — H;D) the principal integral of L with respect to l. An i-th
principal integral of L is defined iteratively.

REMARK 2.7. Notice that in the case 6(L) = 1 principal integrals
of L depend on the rational solutions of L* (y) = 1 and thus they are
generally not unique. For example, let L = D. The adjoint L* of L
is —D. For every ¢ € C, —x + ¢ is a rational solution of L*(y) = 1.
One sees that x — c satisfies that (—x + ¢)D + D(x — ¢) = 1. Since
— l+c (1-(x—¢)D)=D - ﬁ by definition, D — ﬁ is a principal
integral of L for any c € C. Therefore the principal integrals of L are
not unique. However they have the same order.

LEMMA 2.8. Suppose that f € K and L; is an i-th principal integral
of Ly. Then there is an i-th integral of f, say gi, such that L; = Lg,.

Proor. We shall show the lemma by induction on i. The case
i = 1 follows from Definition 2.6 and the discussions before Defi-
nition 2.6. Suppose that i > 1 and the assertion holds for the case
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i— 1. Let Li—1 be an (i — 1)-th principal integral of Ly and L; is
a principal integral of L;_1. By induction hypothesis, there is an
(i — 1)-th integral g;—1 of f such that L;—1 = Lg,_,. Since L; is a
principal integral of ;1 = Lg,_,, by induction hypothesis again,
there is an integral g; of g;—1 such that L; = Ly,. The lemma then
follows from the fact that g; is an i-th integral of f. m

In next section, we shall show that the g; in Lemma 2.8 is ac-
tually an i-th principal integral of f. Furthermore, we shall show
that ord(L;) = N;(f), and Definition 2.4 and Definition 2.6 are
consistent in some sense.

3 ORDERS OF PRINCIPAL INTEGRALS

Throughout this section, L is always a monic operator in k(D).
Suppose that L; is an i-th principal integral of L for any positive
integer i. Set Ly = L. We are going to prove that ord(L;+1) = ord(L;)
if and only if there is a polynomial p € C[x] of degree i such that
L*(y) = p has a solution in k. This generalizes the results in [1, 3]
for the case when i = 0. For a rational function [ € k, [ is said to be
rationally integrable if I = D(h) for some h € k.

LEmMMA 3.1. Suppose that P = 1+ MD and [ is a rational solution
of P*(y) = p, where M € k(D) and p € C[x]. Thenl is rationally
integrable.

ProoF. Note that P* = 1-DM*. Since [ is a solution of P*(y) = p
in k, we have that | — D(M*(l)) = p. Let ¢ € C[x] be such that
p=¢.Thenl = D(q+ M*(l)). The lemma then follows from the
factthatq+ M*(I) e k. m

PrOPOSITION 3.2. Suppose that Ly = L and Liy1 is a principal
integral of L; for anyi > 0. SetI_1 =1 and for each i > 0 set
I 1 6(Li) =0
t D+%fﬁ) S(Li) =1
where l; € k is a solution of L} (y) = 1 such that Lj+1 is the principal
integral of L; with respect to l;. Then for eachn > 0,

n-1

l_[ Ii)Ln.

i=—1

LD" = (1)

Proor. We shall prove the proposition by induction on n. The
case n = 0 is clear. Assume that n > 0 and the assertion holds
for n — 1. By induction hypothesis, LD"~! = (]_[?:__21 Ii) Lyp—q1. If
6(Lp—1) =0thenL, =L,-1D and I,,—1 = 1. Thus
n-2
[
i=—1
If §(Lp-1) = 1 then ly_1Ln—1 + DH, , = land Ly = (1 -
H;, D). These imply that

n-1

]_[ Ii)LnA

i=—1

LD" =LD" D= Ln1D =

1 1
Ly_1D = (1-DHy, )D=-—D(1-H,,_ D)
ln—l " ln—l "
1 D(l,-
= —Dlp_1Ly = (D+ (In 1))L,.=17,171Ln.
ln—l n-1

Therefore LD = LD""1D = (H?:__zl Ii) L,1D = (H?:__ll Ii) Ly.

The assertion holds for all nonnegative integers n. m
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LEmMA 3.3. Suppose that Ly, is a principal integral of Lp—1. Then
for every p € C[x], 6(Lp, p) = 8(Ln-1,q) for some q € C[x] with
p =q’. In other words, L}, (y) = p has a solution in k if and only if
L»_,(y) = q has a solution in k.

ProoF. Assume that §(L,—1) = 0. Then L,, = L,—1D and thus
L, = -DL; _,.One can verify that for each h € k, L}, (h) = p if and
only if L, (~h) = q for some g € C[x] with p = q’. Now suppose
that §(L,—1) = 1 and L, is the principal integral of L,_1 with
respect to l—1. Then Ly, = 1/1,-1(1-H;, D), where H;, | € k(D)
satisfies that [, 1L,-1+DHj, |, = 1. Suppose that h € k is a solution
of Ly, (y) = p. Then h/l,—1 is a solution of (1 - H;, ,D)*(y) = p
in k. Due to Lemma 3.1, there is a g € k such that D(g) = h/Il—1.
Since lp—1Ln—1D = D — DH), D = D(1 - H;,_ D), one has that

DL;;_1(ln—lg) = DL:;_lln—l(g) =(1- Hln_lD)*D(g)
= (1-H,;, D)*(h/lp-1) = p.

Let ¢ € C[x] be such that D(§) = p. Then D(L;,_,(In-19) —G) =0
andthus L* | (In-19)—G=c € C.Setq = G+c.ThenL;_,(ln-19) =
g. Conversely, assume that h is a solution of L}, _; (y) = q for some
q € C[x] with p = ¢’. Then DL, (h) = p. Set h = ly_1D(h/lp—1).
One then has that

Li(h) = (1 —H;,  D)*(h/lu—1) = (1~ H;, ,D)*D(h/ln—1)
= (14DH' )D— () =D1+H D)——(h)
In-1 In_1 ln-1 In—1

1

=D|;—(~DH,_)| (b =DL,_(h)=p.

n-1

In other words, L, (y) = p has a solutionin k. m

PROPOSITION 3.4. Let L; be as in Proposition 3.2. Then
8(Ln, p) = 5(LD™, p)

forany p € C[x] \ {0} and nonnegative integer n.

Proor. We shall prove the assertion by induction on n. The case
n = 0 is clear, because Ly = L = LD in this case. Suppose that
n > 0 and the assertion holds for the case n — 1. Consider the case
n. It suffices to show that §(Lp, p) = 1 if and only if 5(LD", p) = 1.
Assume that 5(Lp, p) = 1. Lemma 3.3 implies that §(L,,—1,gq) = 1 for
some g € C[x] with p = ¢’. By induction hypothesis, (LD~ 1, q) =
1, i.e. there is an r € k such that (LD"1)*(r) = q. Since (LD™)* =
—~D(LD"1)*, one sees that (LD™)*(~r) = D((LD" " 1)*(r)) = ¢’ =
p,ie. 8(LD", p) = 1. Conversely, assume that §(LD", p) = 1. Then
S(LD"1,§) = 1 for some § € C[x] with D(§) = p. By induction
hypothesis again, §(Lp—1, §) = 1. By Lemma 3.3 again, §(Lp, p) = 1.
Hence the assertion holds for the case n. =

COROLLARY 3.5. Let L; be as in Proposition 3.2. Then ord(Ljy1) =
ord(L;) if and only if §(L,q) = 1 for some q € C[x] of degree i.

Proor. From Definition 2.6, ord(L;;+1) = ord(L;) if and only if
8(L;j) = 8(Lj, 1) = 1. Note that §(L;) = §(L;, ¢) for any nonzero
¢ € C. Using Lemma 3.3 repeatedly, there is a ¢ € C[x] of degree i
such that

8(L,q) = 6(L1,q') =+ = 6(Ly, itle(q)) = 6(Ly).
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In other words, for such ¢, §(L;) = 1if and only if §(L, q) = 1. Hence
ord(Lj41) = ord(L;) if and only if 6(L, g) = 1 for some q € C[x] of
degreei. m

LEMMA 3.6. Let f € K and L; as in Proposition 3.2 withL = Ly.
Then ord(L;) = N;(f).

ProOF. Set S;(f) = {0 < j <i—1]| &(LgD/) = 1}. Then by
Proposition 3.4, ord(L;) = i+ ord(f) —|S;(f)|. Therefore, it suffices
to show that [S;(f)| = i — N;(f) + ord(f). We shall prove this by
induction on i. The case i = 1 follows from the fact that N (f) =
ord(f) ifand only if 5(Lf) = 1. Suppose that i > 1 and the assertion
holds true for the case i — 1. Let g be an i-th principal integral of
f. Then any (i — 1)-th integral h of D'~1(g) is an i-th integral of f.
Hence ord(h) > ord(g) and so g is an (i — 1)-th principal integral
of D'~1(g). In other words, Nj—1(D*"1(g)) = Nj(f). By induction
hypothesis,

|Si-1 (D' (g))| = i = 1= Ni(f) + ord(D'~*(g)).

Assume that D'~1(g) is a principal integral of f. Set L; = Lpi-1(g)-
Let ij+1 be a principal integral of ij for1<j<i-1AsL;is
a principal integral of Ly, L j is a j-th principal integral of L. By
Proposition 3.4 8(LiDY) = 1 if and only if 5(ij+1) = 1, and so if
and only if 5(Lij+1) =1 Thus {s+1|s e S;—1(D'"1(9))}
Si(f). On the other hand, one has that 0 € S;(f) if and only if
ord(D~1(g)) = ord(f). Hence |S;(f)| is not less than

[{s+11s€8i1(D"(g)} +1+ord(f) — ord(D'"(9))

> i—1- N;(f) +ord(D'"!(g)) + 1+ ord(f) — ord(D'"*(g))

=i— N;(f) +ord(f).

If1Si(f)] > i=Ni(f)+ord(f) then ord(L;) < N;(f). By Lemma 2.8
there is an i-th integral § of f such that L = L;. So ord(§) < N;(f),
a contradiction. Hence |S; ()| = i — Ni(f) + ord(f). It remains to
show that D~1(g) is a principal integral of f. Assume on the con-
trary that D'=1(g) is not a principal integral of f. Then Lp-1 (9) =
L¢D and Ni(f) = ord(f). These imply that 5(Lst+1) =1 for all
s € Si—1(D'"1(g)) and 8(Ly) = 1. These imply that

ord(L;) < i +ord(f) - Si—1(D' " (9))| - 1
< Ni(f) = ord(D'"1(g)) +ord(f) = Ni(f) - 1.

Using a similar argument as before, one will obtain a contradiction.
Thus D*~!(g) must be a principal integral of f. m

The following proposition shows that Definition 2.4 and Defini-
tion 2.6 are consistent.

PROPOSITION 3.7. Let f € K.

(1) Assume that g is an i-th integral of f and L;(g) = 0, where L;
is an i-th principal integral of Lg. Then g is an i-th principal
integral of f.

(2) Suppose that g is an i-th principal integral of f. Then Ly is an
i-th principal integral of L.

ProOF. (1). By Lemma 2.8, ord(g) < ord(L;) = N;(f).So g must
be an i-th principal integral of f.

(2). We shall show the assertion by induction on i. The case i = 1
follows from the discussion after Proposition 4 of [1]. Suppose that
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i > 1 and the assertion holds true for the case i — 1. The proof of
Lemma 2.8 implies that g is an (i—1)-th principal integral of D71(g)
and D*~1(g) is a principal integral of f. By induction hypothesis,
Ly is an (i — 1)-th principal integral of Lpi-1(4) and Lpi-1(4) is a
principal integral of Ly. So Ly is an i-th principal integral of Ly. =

Given a nonzero P € k(D), there exist a nonzero polynomial
ind? (s) € C[s] and an integer ¥ such that for any s € Z,

P(x%) = indP(s)xs+‘7P(1 fox THox i+ )
where ¢; € C (see [13, p. 102]). The polynomial ind? is usually
called the indicial polynomial of P at co. Remark that Pd and P have
the same indicial polynomial and ¢¥? = ¥ + deg(d), where d is
a nonzero monic polynomial. In the following, V7, (indP ) stands

for the set of nonnegative integer solutions of ind” (s) = 0 and we
agree that max () = —1.

THEOREM 3.8. Let d be a nonzero monic polynomial of minimal
degree such that dL is an operator of polynomial coefficients. Set

B(L) = max{0, max Vz_, (indL*) +1+oF + deg(d)}. (2)

Then for alli > B(L), there exists a polynomial p of degree i such
that 5(L,p) = 1.

Proor. Itis clear that 5(dL, p) = 5(L, p) for any nonzero polyno-
mial p. So it suffices to consider dL. Note that ind?")" = ind!" and
o) = gL 4 deg(d). Suppose thati > B(L). Set £ =i — o),
Then ¢ > 0 and (dL)*(x?) is a polynomial. Furthermore,

. (dL)*
(dL)*(x%) = ind? (£)x™° + lower terms
= ind” (£)x! + lower terms.

Since £ > B(L)—a(dl‘)* > max VZZO(indP)+1, ind(dL)*(f) # 0and
thus deg((dL)*(x?)) = i. Set p = (dL)*(x"). Then p is a polynomial
asrequired. m

In the case of D-finite power series, it has been proved in [4, The-
orem 4.5] that the order of i-th principal integrals of a given D-finite
function is uniformly bounded. We now provide a more explicit
order bound in terms of the information of indicial polynomials.

DEFINITION 3.9. The stability index of L, denoted by Sind(L),
is defined to be the minimal nonnegative integer m satisfying that
for each i > m there exists a polynomial p; of degree i such that
O(L,pi) = 1. For an f € K, the stability index of f is defined to be
the stability index of Ly, also denoted by Sind(f).

REMARK 3.10. It is clear that Sind(L) < B(L).

ExAMPLE 3.11. Let L = D? + (1/x)D. Then indL” (s) = (s —1)2
and o~ = —2. Hence B(L) = 1, while Sind(L) = 0, i.e. L is stable. In
fact, for every i > 0, L* (x**2) = (i + 1)2x*, which is a polynomial of
degree i. Hence the bound in Remark 3.10 is not tight.

DEFINITION 3.12. A nonzero operator L € k(D) is said to be stable
under integration, or simply stable, if Sind(L) = 0. An f € K is said
to be stable if Sind(f) = 0.

REMARK 3.13. L is a nonzero operator and L; is an i-th principal
integral of L for alli > 0. Then Corollary 3.5 implies that ord(L;) =
ord(Lsind(z,)) for all i > Sind(L).
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Below are several examples of stable operators.

ExAMPLE 3.14. Suppose that € C is not a positive integer and
L=D+p/(x—c) for somec € C. Then for eachs > 1,

L'((x=¢)*) = =s(x=c)* T+ flx =) T = (f—s)(x =)L,
Since B is not a positive integer, f —s # 0 for any s > 1. Hence
deg(L*((x = ¢)®)) =s—1 foralls > 1 and then 5(L, (f — s)(x —
¢)* 1) =1foralls > 1. SoSind(L) = 0, i.e. L is stable.

ExXAMPLE 3.15. Suppose that L = p(D), where p € Clz] is a
polynomial of positive degree. Let s be the maximal integer such
that z° divides p. Then for each i > s, L*(x°) = (-1)%cs (é)xi’s +
lower terms, where cs is the trailing coefficient of p. Thus Sind(L) = 0,
i.e. L is stable.

EXAMPLE 3.16. Suppose a, i,y € C. Consider the hypergeometric

differential operator

af

x(x—-1)"

(a+p+Dx—y

L=D*+
x(x—1)

For each s > 0, an easy calculation yields that
L' x-1))=(s+1-a)(s+1—-p)x* —s(s+1—y)x*L.

Suppose that a — 1 ¢ Z>o and f— 1 ¢ Zsg. Then deg((L* (x+ (x —
1))) = s. Hence L is stable if neither « — 1 nor f — 1 is a nonnegative
integer.

4 STABILITY INDICES OF SPECIAL
OPERATORS

For a general operator , even for a first order operator, it is difficult
to compute its stability index. In this section, we shall study the
stability indices of some special operators.

PROPOSITION 4.1. The set Pr, = {p € C[x]|5(L,p) = 1} isa C-
vector space for arbitrary nonzero operator L. Further if L is stable,
then Py = C[x].

Proor. Suppose that p1,ps € P and aj,a2 € C. Then there
are I1,ly € C(x) such that L*(I;) = p; and L*(lz) = ps. Then
L*(a1ly + agly) = a1p1 + azpz. Hence ajp; + agpz € Pp and so Pr
is a C-vector space. Suppose that L is stable. Then for each i > 0,
there is a nonzero h; € C[x] of degree i such that §(L, h;) = 1. Let
ri € C(x) be a solution of L*(y) = h;. Note that {h; | i > 0} is
a basis of C[x] as a vector space over C. Assume that p € C[x].
Write p = Zf:o cih; where £ = deg(p). Then Zf:o ciri is a solution
of L*(y) =pin C(x).So p € C[x] and then P =C[x]. =

4.1 Stability indices of Katz’s operators

In [6], Katz introduced a class of operators of the following form:

p(D) +¢ ®)
where p,q € C[z] \ C,p(0) = 0 and gcd(deg(p),deg(q)) = 1. He
proved that differential Galois groups of the operators of the above
form are large. In this subsection, let us compute the stability indices
of Katz’s operators.

LEMMA 4.2. Suppose that L is of the form

an—-1 _ ao
D"+ 2—=pn i 4 2 g eClx], an £0.
an an
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Suppose further that gcd(ao, a1, ...,an) = 1 and foreachi =1,...,n,
deg(aop) > deg(a;) — i. Then Sind(L) < deg(ay).

PRrOOF. Write ag/an = ax% =9 +lower terms, where a € C\ {0}
and dy = deg(aop), dn, = deg(an). A simple calculation implies that
indL*(s) = g and o&" = dy — d,,. Hence max VZZO(indL* (s)) = -1
and B(L) = max Vz_, (ind"" (s)) + 1+ +deg(an) = do = deg(ao).
By Remark 3.10, Sind(L) < deg(ap). =

PROPOSITION 4.3. Suppose that L = p(D) + q(x), where p,q €
C|z] and p(0) = 0. Then Sind(L) = max{deg(q),0}.

Proor. If g(x) = 0 then from Example 3.15 one sees that
Sind(L) = 0 = max{deg(q), 0}.

Assume that g(x) # 0. By Lemma 4.2, Sind(L) < deg(q). It remains
to show that §(L, d) = 0 for any polynomial d of degree deg(q) — 1.
Suppose on the contrary that there isan ! € C(x) such that L*(I) isa
polynomial of degree deg(q) — 1. Suppose that [ is not a polynomial
and ¢ € Cis a pole of I. Then ¢ must be a pole of L*(I) and so L*(I)
can not be a polynomial. Hence I € C[x]. While, this implies that
deg(L*(1)) = deg(q) + deg(l) > deg(q) — 1, a contradiction. Hence
O(L,d) = 0 for any polynomial d of degree deg(q) —1. m

4.2 Stability indices of first-order operators

In this subsection, we shall focus on studying the stability indices
of first-order operators. Suppose that f € k and ¢ € C. Let

f=Za,~(x—c)i witha; € Cand ay # 0
it

be the power series expansion of f at c. Then ¢ is called the order
of f at ¢, denoted by ord.(f), and a_; is called the residue of f atc,
denoted by resc(f). Similarly, we can define the order and residue
of fatoco. Let f=3;5pai (%)l,ai € C,ar # 0 be the power series
expansion of f at co. Then ¢ is called the order of f at co, denoted
by orde (f), and a; (not a— in this case) is called the residue of f
at oo, denoted by res (f). Later one will see that the residues of
f play an important role in estimating the stability index of D + f.
We shall use S(f) to denote the set of ¢ € C such that c is a simple
pole of f and res.(f) is a negative integer. As usual, we use den(f)
to denote the denominator of f.

NoTATION 4.4. For a rational function f € k, set

Af) = [ [emgmreed)

ceS

LEMMA 4.5. Suppose thatL = D+ f andr € k. IfL*(r) is a nonzero
polynomial then the denominator of r divides A(f). Furthermore, the
zeros of the denominator of r has the same multiplicity as A(f).

Proor. Set rp = den(r). If rp € C then there is nothing to prove.
Suppose that r; ¢ C. Let ¢ € C be a zero of r with multiplicity
m. It suffices to show that (x — ¢)™ divides A(f). One has that
orde(r) = —mand ord;(r') = -m — 1. Write r = ro(x —¢) "™ + - - -
and f = fo(x —c)* +---, where ro, fo € C and p = ord(f). From
—r’ + fr = d, one sees that —-m — 1 = —m + p and mrg + fyro = 0.
These imply that g = —1 and fy = —m. Consequently, c is a simple
pole of f and resc(f) = fo = —m. So (x — ¢)™ divides A(f) and the
multiplicity of ¢ in A(f) isequaltom. m
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The following result reduces the stability problem on first order
operators into that on operators of special form.

PROPOSITION 4.6. Suppose that L = D + f and h € C[x] is a non
zero polynomial. If L is stable then L — %/ is stable.

k. Such r; exists because of Proposition 4.1. A simple calculation
yields that

) 1)y e

h h h h ho h B

ie. 8(L—h/hx')=1foralli>0.SoL—H /hisstable. m

Proo¥. For each i > 0, let r; be a solution of L*(y) = x’h in

The converse of Proposition 4.6 sometimes is not true. For ex-
ample, D is stable but D + 1/x is not (see Corollary 6.4 for a proof).
However, if h is a special divisor of the denominator of f then the
converse is still true.

LEMMA 4.7. Suppose that L = D + f and ¢ € C is a pole of f.

(1) For eachi > Sind(L) + 1, there is a polynomial p; € C[x] of
degree i such that L*(y) = p;i/(x —c¢) hasa solution in k.

(2) If L is stable then for eachi > 0, L*(y) = x'/(x — ¢) has a
solution in k.

PrOOF. (1). Write den(f) = (x — ¢)M. One has that
L*(M)=-M + fM=-M +fi/(x—c)=M+a/(x-c)

where fi is the numerator of f, M € C[x] and a € C. For each
Jj = Sind(L), let d; € C[x] be a polynomial of degree j such that
L*(y) = dj has a solution r; € k. Fix ani > Sind(L) + 1. It is
easy to see that there are £ > 0,f1,...,6, € C such that h =
M+ Zj‘:Sind(L) Bjdj is of degree i — 1. Then

4
L*(M+ Z ,Bjrj)=h+ ad =(X—C)h+0(.

j=Sind(L) x-c x-c

Since deg((x —c)h+a) =i, (x —c)h+a is a polynomial as required.

(2). As in (1), one has that L*(M) = M+ a/(x —c). As ged(fi, x —
¢) =1, a # 0.If M = 0 then M/« is a solution of L*(y) = 1/(x — c).
Otherwise, let r be a solution of L*(y) = M. Such r exists due to
Proposition 4.1. Then (M — r)/a is a solution of L*(y) = 1/(x —¢).
This proves the case i = 0. For the case i > 0, write x//(x — ¢) =
p+ p/(x —c) where p € C[x] and f € C. Let r; be a solution of
L*(y) = p in k and ry a solution of L*(y) = f/(x — ¢). Then r; +r2
is a solution of L*(y) = x'/(x —c) ink. m

PROPOSITION 4.8. Suppose that L = D + f and c € C is a pole of
f. Then

(1) Sind(L +1/(x —¢)) < Sind(L) + 1;

(2) L+1/(x —c) is also stable if L is stable.

ProOF. (1). For each i > Sind(L) + 1, by Lemma 4.7, there exists
a polynomial p; of degree i such that L* (y) = )% has a solution 7;
in k. Then

(L+1/(x =) ((x = o)) = (x =) (=r] + fri) = pi.

Hence Sind(L + 1/(x — ¢)) < Sind(L) + 1.
(2). Use a similar argument asin (1). m

169

Shaoshi Chen, Ruyong Feng, Zewang Guo and Wei Lu

We now apply Theorem 3.8 to the first order operators to obtain
an upper bound on the stability indices of such operators. We use
num(f) to denote the numerator of a rational function f.

PROPOSITION 4.9. Suppose that L = D + f and v = rese (f). Then

max{deg(fi),deg(f2)} ordeo(f) #1
Sind(L) < {deg(fz) — 1 orde (f) =1 and v & Z<y
—v +deg(f2) otherwise

where fi = num(f) and f; = den(f).
Proor. It suffices to show that 8(L) equals the corresponding

t
bounds. Let f = a (%) + ... be the power series expansion of f at

oo, where ¢ = orde (f). Then for each s > 0,

L*(x%) = —sxS L4 ax®t

Suppose that t > 1. Then ind"" (s) = —sand " = —1. Thus B(L) =

deg(f2) = max{deg(f1), de%(ﬁ)} because df:g(fl) < deg(f2). Sup-
pose that t < 1. Then indl" (s) = @ and 0" = —t. Hence B(L) =

—t+deg(fz) = deg(f1) = max{deg(f1),deg(f2)}. Now suppose that
t = 1. Then a = —reseo (f) = —v. Furthermore, ind%” (s)=—=(s—a)
andol” = —1.If v ¢ Z<( then max Vz., (ind"") = —~1andso B(L) =
deg(f2) — 1. Otherwise if v € Z<o then max Vz_, (indL*) = -vand
thus B(L) = —v+deg(fz). =

+....

In what follows, we shall present a lower bound.

LEMMA 4.10. Suppose that L = D + f with S(f) = 0. Set N =

deg(den(f)) and v = reseo(f). Then
Sind(L) = {N —min{1,orde (f)} ordeo(f) #1lorve¢Z<_n .
-v otherwise

Proor. Suppose that r € k satisfies that L*(r) = d for some
nonzero polynomial d. By Lemma 4.5, r must be a polynomial.
Furthermore, from —r’ + rf = d, one sees that den(f) divides r. In
particular, deg(r) > deg(den(f)) = N. Let

r=cx*+..., f=ax""+...,

be the power series expansions of r and f respectively, where
s = deg(r) and t = ordeo (f). From —r” + rf = d again, one has that

—sex* V4o =4 (4)

Suppose that t = ordeo(f) < 1. Then deg(d) must be equal to
s—t that is not less than N —¢. In other words, if §(L, d) = 1 for some
nonzero polynomial d then deg(d) > N —t. So Sind(L) > N —t.
On the other hand, for each i > 0,

L*(den(f)x") = —axV*~! 4 lower terms.

This implies that for each s > N — ¢, den(f)x*~N*! is a solution of
L*(y) = —ax® + lower terms, i.e. Sind(L) < N — t. Consequently,
Sind(L) = N — t. Similarly, one can prove the case t > 1.

Now assume that ¢ = 1. In this case, @ = —rese(f) = —v and
s = deg(r) = N > 0. Moreover, the equality (4) becomes

—c(s + v)x*"1 + lower terms = d. (5)

Suppose that v ¢ Z<_N. Then s + v # 0 for all s > N. Hence
deg(d) must be equal to s — 1. Using a similar argument as in the
case t < 1, one has that Sind(L) = N — 1. It remains to show the
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case v € Z<_nN. We first show that §(L, d) = 0 for any polynomial
d € C[x] of degree —v — 1. Suppose on the contrary that there
is a polynomial d € C[x] of degree —v — 1 such that L*(y) = d
has a solution r € C[x]. If s = deg(r) > —vthens+v = 0 by
(5). This implies that s = —v, a contradiction. So s < —v. From (5),

it is obvious that s can not be less than —v. Thus s = —v. While,
this means that the degree of the left-hand side of (5) is less than
—v — 1. This contradicts the assumption that deg(d) = —-v — 1.

Consequently, §(L,d) = 0 for any polynomial d of degree —v — 1
and so Sind(L) > —v. Finally, for each i > 0,

L* (den(f)x“'l_v_N) = —(i+1)x'" + lower terms.
This implies that Sind(L) < —v. Therefore Sind(L) = —v. =

PROPOSITION 4.11. Suppose that L = D + f. Set
N = deg(den(f)) - |S(f)| - deg(A(f))
and v = resoo (f). Then

N —min{1,orde (f)} ordeo(f) #10rve¢Z<_n
-V otherwise ’

Sind(L) > {

ProoFr. Set M; = HCGS(f) (x — ¢) and write den(f) = M;M,.

Then deg(M;) = deg(den(f)) — |S(f)|. Since ged(My, M2) = 1,
there exist q1, g2 € C[x] such that f = q1/M; + q2/M>. Since M; is
square-free and res.(q1/Mi) = resc(f) for each ¢ € S(f), one has

h
o rese(f) AU
MT A - TTAg)

So f = A () + qa/Mp. Set L = L+ A IA(f) = D +
q2/M>. Using Proposition 4.8 repeatedly yields that Sind(L) <
Sind(L) + deg(A(f)). Since S(q2/Mz) = 0, by Lemma 4.10, one
has that if ordes (q2/Mz) # 1 or reseo(q2/Mz) € Z<_ deg(Mm,) then
Sind(L) = deg(Mz) — min{1, orde, (g2/Ms)}, otherwise Sind(L) =
—reseo (q2/Mz).

Note that orde (=A(f)’/A(f)) = 1 and reseo (—A(f)"/A(f)) =
deg(A(f)). Furthermore, one has that

et 2 o ()

= min {1,ordm (2)}
M

and the equality holds if orde(q2/M2) # 1. If ordeo (f) < 1 then
ordes (q2/M2) = ordes (f) < 1 and so
Sind(L) > Sind(L) — deg(A(f))
= deg(Mz) — min{1, orde (q2/M2) } — deg(A(f))
= N —min{1, ordeo (f)}.

Suppose that orde (f) > 1. Then orde(g2/Mz) = 1 and moreover

reseo (q2/Ma) = —resco(—A(f)' /A(f)) = —deg(A(f)). Assume
that deg(A(f)) > deg(Mz). Then reseo(q2/Mz2) € Z<_ deg(m,) and

s0 Sind(L) = —resco(g2/Msz) = deg(A(f)). Thus Sind(L) > 0. On
the other hand, in this case,
N — min{1, orde (f)} = deg(My) — deg(A(f)) — 1 < 0 < Sind(L).

Assume that deg(A(f)) < deg(Mz). Then we have rese(q2/M2) ¢
Z<_ deg(My)- S0 Sind(L) = deg(Mz) — 1 and Sind(L) > Sind(L) —

@
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deg(A(f)) = N — 1. Since ordeo(f) > 1, we have N -1 = N —
min{1, orde (f)} and then the assertion holds.

Note that v = resco(f) = resco (=A(f)’/A(f)) + resco(qa/Mz)
and resco (—A(f)"/A(f)) = deg(A(f)). This implies that v ¢ Z«_n
if and only if reseo (q2/M2) ¢ Z< _ deg(M,)- Suppose that ordeo (f) =
1and v ¢ Z<_y. Then ordeo(q2/Mz) > 1 and Sind(L) = deg(Mz) —
1. Thus Sind(L) > Sind(L) — deg(A(f)) = N — 1. The assertion
then follows from the fact that min{1, orde(f)} = 1. Finally, as-
sume that orde(f) = 1 and v € Z<_p. Then rese(q2/M2) €
Z<_ deg(M,)- Hence Sind(L) = —resco(g2/Ms) and then Sind(L) >
— reseo(q2/My) - deg(A(f) = —v. m

5 STABLE FIRST ORDER OPERATORS

Any solution of a first order operator over k is called a hyperexpo-
nential function over k. A first order operator is stable if and only if
its corresponding hyperexponential solution is stable. The stability
problem for hyperexponential functions of the form f exp(g) with
f. g € k has been solved in [4]. In this section, we shall solve the
stability problem for general hyperexponential functions by pre-
senting a necessary and sufficient condition on the stability of first
order operators.

THEOREM 5.1. Suppose that L = D + f where f € C(x). Then L is
stable if and only if f admits one of the following forms:
K I B
—z +a or — Z + :,

and f is not a positive integer.

heClx]\ {0}, a,f,ceC

PRroOF. Suppose that f admits one of the above forms. By Propo-
sition 4.6, it suffices to show that D + « and D + f/(x — ¢) are
stable. The case D + « follows from Proposition 4.3 and the case
D + f/(x — ¢) follows from Example 3.14.

Now suppose that L is stable. Set h = A(f) and f =f+HK/hIf
f = 0 then there is nothing to prove. Suppose that f # 0. Then there
is no simple pole of f at which the residue of f is a negative integer,
ie. S(f) =0 and A(f) = 1. Using Proposition 4.8 repeatedly, one
has that L = L + h’/h is stable. Note that L = D + f.

Set fl = num(f) and fz = den(f). Note that S(f) =0.If
ordeo (f) < 0 then deg(fl) > 0, and by Lemma 4.10 one has that

Sind(L) > deg(fz) - ordoo(f) = deg(fl) >0

a contradiction. If orde, (f) > 1 then deg(fg) > 1 and Sind(L) >
deg( fz) — 1> 0 by Lemma 4.10. One obtains a contradiction again.
Therefore orde (f) =0 or orde (f) =1.

Suppose that orde(f) = 0. Then by Lemma 4.10 again, 0 =
Sind(L) = deg(fl). This implies that deg(fz) = 0 for orde (f) =
0. Hence one has that a = f € C\ {0} and then f = —-h'/h +
a. Now we consider the case orde (f) = 1. Then deg(fg) > 1
and resoo(f) # 0. I~f resoo(f)Ne Zg—deg(fz) then by Lemma 4~.10,
Sind(L) = —reswo (f) > deg(f2) > 1, a contradiction. So rese (f) ¢
Z__ deg ()" In this case, by Lemma 4.10 again, one sees that

0 = Sind(L) = deg(fz) — 1.

’I:herefore deg(fz) = 1and deg(fl) = 0.Set f = fl and write
fo =x—cforsomec € C.Then f = -k /h+ B/(x —c).



ISSAC 2023, July 24-27, 2023, Tromsg, Norway

It remains to show that f is not a positive integer. Assume on the
contrary that § is a positive integer. Since L is stable, by Proposi-
tion 4.1, there is an r € k such that L*(r) = (x —c)#~1. As A(f) =1,
Lemma 4.5 implies that r is a polynomial. From L*(r) = (x — c)f-1,
one has that —r'(x —¢) +rf = (x — )P Write r = ax® +. .., where
s = deg(r). Then

—a(s — f)x° + lower terms = (x — c)ﬂ,

Comparing the degrees of both sides of the above equality, one sees
that there does not exist any integer s such that the above equality
holds, a contradiction. Therefore f is not a positive integer. =

ExAMPLE 5.2. LetL = D — % - m Then L is the defining

operator of \/x(x + 1). By Theorem 5.1, L is not stable. Notice that the
method presented in [4] is not valid for this example.

6 ITERATED INTEGRATION OF SPECIAL
RATIONAL FUNCTIONS

In the last section, we shall consider the iterated integrals of the

rational function 1/q, where q is a nonzero polynomial in C[x].

Write g = lc(q) [T}, (x — ¢;)™. Then the first order operator with

1/q as a fundamental solution is of the form

n
L=D+Z
=1

LEMMA 6.1. Suppose that L = D — f’/f where f € k \ {0}. Then
for a nonzerod € C[x], §(L,d) = 1 if and only if df is rationally
integrable.

mj

(6)

x—cj

Proor. For r € k \ {0}, one has that

L'(r)=—r"—fr/f==(f'r+ fr)f ==0f)/f.
So L*(r) = d if and only if (—fr)” = df. In other words, §(L,d) = 1
if and only if df is rationally integrable. m

The following lemma may seem folklore, but we did not find
any precise reference. So we include its full proof for the sake of
completeness.

LEMMA 6.2. Suppose that ¢ = co [1}2;(x — ¢;)™ with¢; € C,
mi,n > 1 and p € C[x] is a nonzero polynomial. If either deg(p) <
n —1 ordeg(p) = deg(q) — 1, then p/q is not rationally integrable.

PROOF. Assume that deg(p) < n—1 and assume on the contrary
that p/q is rationally integrable, i.e. there is an r € C(x) such
that r’ = p/q. Set r; = num(r) and r; = den(r). We claim that
q = grz [1%2, (x — c;) for some nonzero § € C[x]. Note that c € C
is a pole of r1/ry if and only if ¢ is a pole of r. Hence we may write
rg = [T (x~ ¢i)' wherel; > 0. Foreach1 < i < n, ordg, (r') =
orde;(r) =1 = =l; — 1 and ordc,(p/q) > —m;. These imply that
m; > lij+1foralll <i <n.Soq=qgr H;’zl(x — ¢j) and our
claim holds. Now from r” = p/q, one has that q(r{r2 — r1r}) = prg.
Cancelling ry from both sides yields that

n
qrira=rirp) | |Ge =) = pra. ™
i=1
If deg(r1) # deg(rz) then deg(rjrz —riry) = deg(r1) +deg(r2) - 1.
Suppose that deg(r1) = deg(rz). Write r; = crp + h where ¢ € C
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and h € C[x] with deg(h) < deg(rz). Since ged(r1,r2) =1, h # 0.
One sees that r{ry — riry = h'ra — hr and then deg(rjr; — r1ry) =
deg(h’ry — hr}) = deg(h) +deg(r2) — 1. In either case, one sees that
deg(r{rz — r1r}) 2 deg(rz) — 1. Then the degree of the left-hand
side of (7) is not less than deg(rz) — 1 + n. However the degree of
the right-hand side of (7) equals deg(p) + deg(rz) that is less than
deg(rz2) +n—1. We obtain a contradiction. Thus p/q is not rationally

integrable.
Finally suppose that deg(p) = deg(q)—1. Then the residue of p/q
at infinity is not zero because ord(x?p/q) = —1. It is well-known

that a rational function is rationally integrable if and only if all of
its residues vanish. So p/q is not rationally integrable. m

PRrOPOSITION 6.3. Let L be of the form (6) and let Lj be a j-th
principal integral of L. Then

ord(L) + j, 0<j<n-1
ord(Lj) =qord(L)+n—-1, n—-1<j<¥% mj—1.
ord(L) +n, jz Xl m
Proor. Note that % = x'ff:l_. Due to Lemmas 6.1 and 6.2,

(L, d) = 0 for any nonzero polynomial d of degree less than n — 1.
By Corollary 3.5, ord(Lj+1) = ord(Lj)+1forall0 < j < n—1. Thus
ord(Lj) =ord(L) + jforall0 < j<n-1.

Set N = 31, m;. Assume that N > n. Then there is at least one
m; that is greater than 1. Without loss of generality, we assume
that all of my, ..., ms are greater than 1 and mgyq = -+ =my = 1.
Suppose that j is an integer satisfying thatn —1 < j < N - 1.
Then ¥3_ (m; = 1) = X% ,(m; —1) > N — 1 - j. Hence there
exist integers t, 11, ..., I; satisfying that 1 <t < 5,0 < [; < m; and

;?:1 li=N-1-j.Setr = 1/H§:1(x —¢;)k. Then

) = e
r) T (x - cp)litt

where h is a nonzero polynomial of degree t — 1. Let d= q(1/r).
Then d is a nonzero polynomial because [; + 1 < m;, and

t
deg(d) = deg(h) +deg(q) = Y (i +1) = j.

i=1

As (1/r) = dN/q, Lemma 6.1 implies that §(L, dN) = 1. Due to Corol-
lary 3.5 again, ord(Lj+1) = ord(L;) foralln — 1 < j < N — 1. Thus
ord(Lj) = ord(Lp-1) =ord(L) +n—1foralln—-1< j <N -1.

By Lemma 6.2, we have that p/q is not rationally integrable if
deg(p) = deg(q) — 1. Therefore §(L,d) = 0 for any d € C[x] of
degree N—1. Corollary 3.5 then implies that ord(Ly) = ord(Lx—1)+
1 =ord(L) + n. For each j > N, one has that

L* (g’ N+ = (j = N+ 1)gx/ V.

In other words, L* (gx/~N*1) is a polynomial of degree j. By Corol-
lary 3.5, ord(Lj+1) = ord(Lj) for all j > N. Hence ord(L;) =
ord(L) +nforall j > N. m

COROLLARY 6.4. Let L be of the form (6). Then Sind(L) = deg(q).
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