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Abstract 1In this paper, we generalize the method of mechanical theorem proving in curves to
prove theorems about surfaces in differential geometry with a mechanical procedure. We improve the
classical result on Wronskian determinant, which can be used to decide whether the elements in a partial
differential field are linearly dependent over its constant field. Based on Wronskian determinant, we
can describe the geometry statements in the surfaces by an algebraic language and then prove them by
the characteristic set method.
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1 Introduction

Mechanical theorem proving in geometry on computers began in the 1950s with the work of
Gelernter!! and his collaborators. At that time, their method was limited to the traditional
proofs and therefore was not able to prove nontrivial geometry theorems effectively. Since late
1970s, the appearance of several successful methods, such as Wu’s method>=4 and Grébner
Bases method[!, has turned mechanical theorem proving in geometry into a new era. Based
on the Wu-Ritt’s characteristic set method, Choul®) has mechanically proved and discovered
hundreds of nontrivial theorems in Fuclidean geometry and non-Euclidean geometry. In 1993,
Chou and Gao presented an improved version of Wu-Ritt’s decomposition algorithm on differen-
tial polynomials and proved many nontrivial theorems in differential geometry and elementary
mechanics such as Bertrand’s Theorem and Newton’s gravitational laws (cf. [7-10]). Cao and
Lil"Y proposed a mechanical theorem proving algorithm on local properties of curves on space
surfaces through the exterior differential calculation and vector formulation. With the help of

(12]

the characteristic set method in algebraic differential polynomials, Lil*“! discovered a new rela-

tion between the first and second fundamental forms of a surface without umbilici and proved
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some nontrivial theorems. Lil'3 proved a famous theorem of Chern in differential geometry
using the characteristic set method and the calculus of differential forms. Ferrol'¥ proposed a
method to prove theorems in differential geometry based on the Grobner basis method.

In this paper, we generalize the results given by Chou and Gaol®! to surface theory. The
method is based on Wu-Ritt’s characteristic set method and a simplified version of Wronskian
determinants. An important step of mechanical theorem proving in differential geometry is
to convert the geometry statements into the algebraic statements. The classical Wronskian
determinant provides an algebraic language to describe the geometry statements such as “The
tangent lines pass through a fixed point” in the case of curves. In the case of surfaces, Wronskian
determinant needs to be generalized to describe similar statements as above. This has been
done by Kolchin (cf. [15, p. 86, Theorem 1]). In Kolchin’s result, in order to decide whether n
elements in a differential field with two derivation operators are linearly dependent, the number
of the determinants to be calculated in the worst case is almost n!(n + 1)!/2™. In this paper,
we improve this result. We only need to compute n? — 2n + 2 determinants in the worst case.
This greatly simplifies the computation.

We implemented our method in Maple and used the program to prove many theorems of
surfaces. In the process of computing characteristic sets, the main difference between ordinary
differential polynomials and partial differential polynomials is that the integrability conditions
are introduced in the case of partial differential polynomials. The integrability conditions make
the computation costly. In order to prove more difficult theorems about surfaces, we need more
efficient methods to compute the characteristic sets for partial differential polynomials.

The rest of this paper is organized as follows. First, we introduce Wu-Ritt’s characteristic
set method which we will use and the formulation of mechanical theorem proving in differential
geometry. In the third part of this paper we improve the results in [15, p. 86, Theorem 1]
and give some basic languages to describe the geometry statements. Finally some examples are

given.

2 Wu-Ritt’s characteristic set method

In this section, we will introduce some basic concepts and results on differential algebra and
characteristic set method. More details can be found in [15, Chapter 1]; [4, Chapter 1]; [16].
A differential field is an algebraic field % with a finite set A = {6;,i = 1,...,m} of derivation
operators such that for every a,b € .,

(1) d;(a+b) = dja + 9;b;

(2) d;(ab) = bd;a + ad;b;

(3) 0,(0;a) = d;(6;a), for every i and j.

Let © be the free commutative monoid generated by the elements of A. Every element 6 in ©
has the form [] 6%, We call the integer 3" k; the order of 8, denoted by ord(f). Let &,.% be two
differential fields. If % C & and when the derivation operators in & are restricted in .%, they are
compatible with those in .%, then .7 is called a subfield of & and & is called an extension field
of #. In this paper, we always let .% be the rational function field R(u, v) in variables u and v
with derivation operators 9/0u and 9/9v where R is the real number field. For convenience, we

i+3j . . . . . .
use 0; ; to denote 82’i s for any non-negative integers i and j. Let z1, ..., z, be indeterminates.
it

An ordinary polynomial P in variables gui ouis Where k = 1,2,...,n and 4, j are nonnegative
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integers with coefficients in % is called a differential polynomial in x1,zo, ..., z,. We denote
the set of all differential polynomials in x1, 2, ..., 2z, by F{z1,22,...,2,} = F{X}. A non-
empty subset I of F{X} is called an ideal of F{X} if for any f,g € I,h € F{X}, we have
fH+g€l, fgel, hf €l,0g/0uand dg/Ov € I. Anideal I is called a radical ideal of F{X} if
for any f € .Z{X} and a positive integer n, f™ € I implies f € I. Let S be a non-empty set in
F{X}, the minimal ideal I containing the set S is called the ideal generated by S and denoted
by Ideal(S). In fact, Ideal(S) is the set of all linear combinations of the partial differential
polynomials in S and their partial derivatives. We will use {S} to denote the radical ideal

generated by S.

Definition 2.1. A ranking of (x1,22,...,xy) is a total order on ©X = {0z;,i =1,2,...,n,
0 € ©} such that for any derivative u € ©X and 0 € A, we have du > u, and for any pair of
derivatives u,v € ©X, and 0 € A with uw > v we have that Ou > Ov.

By Dickson’s lemma, we have that any decreasing sequence of derivatives is finite. For a
given ranking of (z1,xa,...,z,), we use u < v to denote the fact that the rank of u is lower
than that of v or the rank of v is higher than that of u where u,v € ©X.

Remark 2.2. In this paper, we will always use the following ranking on ©X = {0; jx, k =
1,2,...,n;4,j are nonnegative integers}, where 0; ; = agigij. Then 0y, j, &k, > 0iy j, Tk, if it
satisfies one of the following conditions:

(a) g, > xp,;

(b) xk, = zk, and i1 + j1 > i2 + Jo;

(¢) Ty = Thy, 11 + j1 =2 + jo and i1 > io.
Definition 2.3.  Let P be a differential polynomial in F{X}. The leader of P is the highest
ranking derivative appearing in P, denoted by Lp. View P as a univariate polynomial in its
leader, then the leading coefficient of P is called the initial of P and denoted by Ip. The separant
of P is OP/OLp denoted by Sp.

By the above definition, for a differential polynomial P € .#{X} with initial I,, P can be
written as P = IpLdP + IlLdP_1 + .-+ + I, and the separant of P is 9P/OLp = deL‘}_,_1 +(d—-
DLLE2 4 4 Iy

Definition 2.4.  For differential polynomials P and Q in F{X}, P is said to have higher
rank than @Q, denoted by P = @, if Lp > Lo or Lp = Lg but deg(P,Lp) > deg(Q,Lp). If
neither P >~ @Q nor P < Q holds, we will say that P and Q are incomparable in rank and write
P~Q.

Remark 2.5. A differential polynomial which effectively involves indeterminates will have
higher rank than one which does not.

For differential polynomials P and Q in .#{X}, P is partially reduced with respect to @ if
there is no # € © with ord(f) > 0 such that §(Lg) appears in P. P is reduced with respect
to @ if P is partially reduced with respect to @ and deg(P, Lg) < deg(Q, Lg). A differential
polynomial P is said to be (partially) reduced with respect to a set of differential polynomials
P if it is (partially) reduced with respect to each differential polynomial in P. A subset P of
F{X} is called an ascending set if either P = {f} where f € % or no elements of P belong to
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Z and the elements in P can be arranged as a finite sequence in increasing rank such that each
differential polynomial is reduced with respect to the preceding ones.

Definition 2.6. Let A = {A1,As,..., A} and B = {B1, Ba, ..., Bs} be two ascending sets
in F{X}.
A <Ay <-- <Ay By <By<---<Bj.

A is said to be of lower rank than B if one of the following conditions is satisfied:
(1) There exists k < min{r, s} such that A; ~ B; for 1 <i < k—1 and A, < By;
(2) r> s and A; ~ B; for all i < s.
An element in .Z is considered to be of the lowest rank. It is easy to see that the above

definition really introduces a partial ordering among the ascending sets.

Proposition 2.7 (See [15, p.77], [16, p.3]). Any sequence of ascending sets decreasing in
order is finite.

Proposition 2.7 guarantees that for a differential polynomial set P C #{X}, we can always
find an ascending set A in P which is not higher than any other ascending set in P in finite
steps. Such an ascending set is called a characteristic set of P. The algorithms on how to find
a characteristic set of partial differential polynomials can be found in [2, 12]. We will not give
the details here. In the following, we will give the remainder formula which is very important
in characteristic set method (cf. [2, 7, 12], [16, p. 165]).

Theorem 2.8. Let A : Ay < Ay < --- < A, be an ascending set. For any differential
polynomial P in F{X} which is not in .F, there are the integers sg,ty, (k = 1,...,r) and
partial derivatives 0., ; € © and differential polynomials C, , such that

Or, ; Ai (1)

J

R=8  SIft - I P ="y
1,

is reduced with respect to A, where S; and I; are respectively separant and initial of A;.
The above formula is called the Remainder Formula of P with respect to A. We denote R in
(1) by Prem(P, A).

Example 2.9. Let P = 20, 1y—y be a differential polynomial in .#{x, y}, where % = R(u, v).
Let y > z and the ranking of the derivatives be in Remark 2.2. The set & = {ydo,1y —
x, 010y + y} is an ascending set in .F{x,y}. We write Ay = z01,0y +y, A2 = ydo1y — .

Since

00,1 A1 = 00,1201,0y + 01,1y + 00,19,
P =201y —y=00141— 0012010y — 00,1y — -

Then we have

xP = 2001 A1 — 20012010y — 2001y — TY
= .13(9071141 — (Al — y)(9071.13 — arag,ly — Y
= 209,141 — A100,17 + yOo,12 — 20,1y — xY.
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Because Ay = ydp,1y — x, we have

xyP = xy0p1 A1 — yAi10o1x + y280,133 —2y0o,1y — 3392
= xydp 141 — yAi10p1x + y280,1a: —z(Ay + ) — xy?
= 2y0p1 A1 — yA10017 + Y207 — vAs — 2 — 3y?
= xydo1 A1 — yA1012 — 2 As + y?00 17 — 2 — Ty

Hence

y280,1a: — 2?2 — xy? = xyP — 2y00,1 A1 + yA100.17 + T A2

is the remainder of P with respect to A, i.e., Prem(P, A) = 4?9y 12 — 2% — xy?.

For any differential polynomial sets P, Q C F{X} = F{z1,...,z,}, let Zero(P) = {z €
E"|VP € P,P(z) = 0} be the set of all zeros of the differential polynomials of P in &™,
where & is an extension field of .#. Note that Zero(P) = Zero(Ideal(P)) = Zero({P}). Let
Zero(P/Q) = Zero(P)\ Ugeq Zero(Q).

We will need the following Wu-Ritt’s decomposition theorem in this paper (cf. [4]).

Theorem 2.10. For any finite differential polynomial sets A € F{X}, there is an algo-
rithm which will give a finite set of ascending sets C; in a finite steps such that Zero(A) =
Uf:o Zero(C; /1S;), where IS; are the products of the initials and separants of C;.

There are some implementations of characteristic set method in case of partial differential
polynomials such as Wsolve, diffalg package in Maple, Aldor, etc. In this paper, we will use
diffalg to compute the characteristic set of partial differential polynomials. The command
“Rosenfeld Groebner” in diffalg decomposes a radical differential ideal into an intersection of
characterizable differential ideals which are represented by characteristic sets (cf. [17]). The
command “reduced form(P,{P})” computes the reduced form of P module radical ideal {P}.
We will use reduced form to compute the remainder.

The following algorithm will show us the principle of mechanical theorem proving in differ-
ential geometry.

Definition 2.11. A formula like
Vay,...,xn, [(HL=0A--ANH, =0AD;#0A---AD;#0)=S=0]

is said to be a statement of equality type, where H; (i =1,...,7),D; (i =1,...,t) are differential
polynomials in F{X} and S is a finite subset of F{X}. We denote H = {Hy,...,H,}, which is
the hypothesis differential polynomial set, and denote D = { Dy, ..., D;} which is used to describe
degenerate conditions. Here S = 0 means that all polynomials in S vanish on x1,...,z, which
satisfy Hi(x1,...,xn) =0 and Dj(x1,...,x,) #0 fori=1,...,r;5=1,... ¢t

Definition 2.12. A statement of equality type is said to be true in any extension field & of
F,if

V(z1,22,...,00) €E™, [(HL=0AH,=0ADy #0A---ADy#0)=S=0].

A statement is called universally true if it is true in any extension field of F. Here S = 0
means that all polynomials in S vanish on Zero(H/D), that is, Zero(H/D) C Zero(S).
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Note that for a characteristic set C and a differential polynomial P, if Prem(P,C) = 0, then
Zero(C/1S;) C Zero(P). Hence we have the following algorithm.

Algorithm 2.13.  Decide whether a statement of equality type is universally true.

1. By Theorem 2.10, we can compute

Zero(H/D) = U Zero(C; /{1S;,D}),
i=0
where 1S; are the products of the initials and sperants of C; and D is a set of differential
polynomials in F{X}.
2. If s = 0 or Prem(S,C;) = 0 for i = 1,...,s, then the statement of equality type is

universally true.

3 A modified Wronskian determinant to test linear dependence

In this section, we will improve the result given by Kolchin in [15, p. 86, Theorem 1]. Let
O(s) = {0 € ©,0rd(#) < s}. Denote the field of constants of F by €. Kolchin proved the
following theorem, which generalized the well-known classical result on Wronskian determinants
(cf. [15, p. 86, Theorem 1]).

Theorem 3.1.  Letn; = j1,-..,Mjr), 1 < J < n be the elements of F7. If they are linearly
dependent over €, then
det(0:n; k(i) 1<isna<i<n = 0, (2)

for all choices of 61,...,0, € © and all choices of the indices k(1),...,k(n) € {1,2,...,n}.
Conversely, if (2) holds for all choices of 01,...,0, with 6; € (i —1)(1 < i < n) and all
choices of k(1),...,k(n), then m,...,n, are linearly dependent over €.

8(8;1). Then the number

In the case r = 1 and two derivation operations, |O(s — 1) =
of determinants in (2) is nl(n + 1)1/2". In fact, in (2), there are many determinants which
automatically vanish and we do not need to calculate these determinants. The corollary below

improves Theorem 3.1.

Corollary 3.2. Let F be a differential field with two derivative operators 61, o2, and € be

its constant field. © is the commutative semigroup generated by 61 and o2, x1,...,x, € F. If
there exist ; € ©(i — 1) fori=1,...,n—1 such that v; = (Tixz1,...,Tizy), 1 <i<n—1 are
linearly independent over F, then x1,...,x, are linearly dependent over € if and only if the

following 2(n — 1) determinants

T121 T1T2 T1Tn T1Z1 T12 T1Zn
<1 —
Tn—2@1 Tn—2Ty = Tpn—oTp |+ | Tne2@1 Tn_2Zy -+ TpooXy |+ 1SESn—1
Tn—1T1 Tp—1T2 *** Tn—1Tn Tn—1T1 Tp—122 -+ Tpn—-1Tn
01Tix1 01Tix2 -+ 01Ti%n 02T 02Tixg - 02TiTn

are all zero. Note that 71 = 1.

Proof. (=) It is obvious by Theorem 3.1.
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(<) In Theorem 3.1, let » = 1 and 7; = 7y2; = x;. Then by Theorem 3.1, we only need to
., 0, with 0; € ©(i — 1). Suppose

,Yn—1 are linearly independent over .%. Since the 2(n—1) determinants are all equal

prove that det(6;2;)1<i<n,1<j<n = 0 for all choices of 61, ..
that 71, ...
to zero, then 017y; = (017521, ..., 017i%y ), 02y = (d2Ti1, ..., d27T;zy) are linear combinations of
Y,y Yn—1 for each ¢ € {1,2,...,n}. Because there are only two derivative operators §; and
8 which are commutative, any § € © can be written as §fd5. By the induction on k and I,
we can easily prove that 6765y, are the linear combination of 71, ..., v,_1 for any non-negative
integers k,[l. Since v = (z1,29,...,
with 6; € ©(i — 1).

From the above corollary, we can decide whether z1, ..

First, let

Tn), det(0;2;)1<i<n,1<j<n = 0 for all choices of 61,...,0,
., Ty, are linearly dependent as follows:

T T2 A T2
A= , B=
52331 52332

01x1 0172

If det(A) = det(B) = 0, then x1,z9 are linearly dependent by Corollary 3.2 and we have that

Z1,...,%, are linearly dependent. Otherwise, without loss of generality, assume that det(A) # 0
then (z1,22) and (9121, d122) are linearly independent. Let matrixes My, Ma, M3, M, respec-
tively be

A €r2 €3 X1 X2 T3

011 01w 0173 01721 0122 0123

011 01w 0173 010121 0101T2 010173

xr1 X2 X3 1 ) x3

o1z1 0172 0173 o1 O1we  01x3

0ox1 Ooxo Oox3 000121 020179 020113

If det(M;) = det(Mz) = det(Ms) = det(My) = 0 then 1,9, 23 are linearly dependent by
Corollary 3.2, and then z1,...,x, are linearly dependent. Otherwise, x1,x2,x3 are linearly
independent. Repeat the process for x1,x2, 23, x4 as above. Then we need to compute n(n — 1)
determinants matrixes at most. In fact, because 75 in Corollary 3.2 must be §; or ds, we have

det(C) = 0 or det(D) = 0 where

T1T1 T1T2 T1Zn T1Z1 T1T2 T1Zn
T2T1 T2T2 T2Tn T2 T2T2 T2Tn
C = _D =
Tn—121 Tn—122 Tn—1Tn Tn—121 Tn—122 Tn—1Tn
0121 012 012y 021 do2 02y,

Hence we only need to compute n? — 2n + 2(= n(n — 1) — n + 2) determinants to test whether

L1, T2, .

Remark 3.3.

.., &y are linearly dependent.

denote the set of determinants in Theorem 3.1 and WR(z,. ..,

determinants in WR/(z1, . ..

, &) vanish. Then if WR(zy, ...

In the sections below, for the convenience, we will use WR(z1, ...

7xn) = 07 L1, T2, .

,Zn) to

Zn) = 0 means that all of the

., T, are linearly
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dependent over the constant field of .#; otherwise x1, 22, ..., z, are linearly independent over
the constant field of .7.

4 Mechanical theorem proving for local theory of surfaces

4.1 Local theory of surfaces

Next we will recall the basic fact of the local theory of surfaces. Let (u,v), (z,y, z) respectively
be the coordinates of the points of Euclidean space of dimensions 2 and 3. The parametric
representation of a surface can be r = r(u,v) = (x(u,v),y(u,v), z(u,v)), in which z(u,v),

itigp

y(u,v), and z(u,v) are functions in w and v. For the simplicity, we use x;; to denote aquajv

and y; j, 2 j, Nk, ; are the same sense.

Let p = (z,y,2), n = (n1,n9,n3), where x = z(u,v), y = y(u,v), z = z(u,v). View z,y, z,n;
as the differential indeterminates. Then some basic concept in the local theory of surfaces
can be described as the following differential equations. These equations are necessary for
characterizing the surfaces in algebraic language.

(1) The curvature of the surface r at point p(z,y, 2) is k:

k? — ($1,0y0,1 - yLOxO,l)z - (y1,020,1 - Z1,0yo,1)2 - (21,0$0,1 - CC1,020,1)2 =0.
(2) The unit normal vector of the surface r at point p(z,y, z) is n = (n1, ne, n3):
kni — y1,020,1 + Yo,121,0 = OA
kng — 21,0T0,1 + 20,171,0 = OA
knz — 21,0%0,1 + %0,1Y1,0 = 0.
(3) The first fundamental form of the surface 7 is [ = Edu® + 2Fdudv + Gdv? :
E—a3,—yio— 279 =0A
F —21,0%0,1 — Y1,0%0,1 — 21,0%0,1 = OA (3)
G- 958,1 - y8,1 - 23,1 = 0.
(4) The second fundamental form of the surface r is I1 = Ldu® + 2Mdudv + Ndv? :
L+ N1, (21,0 + N2, (Y1,0 + N3, (21,0 = OA
M +n1, 21,0 + N2y, 91,0 + 130, 21,0 = OA (4)

N + N1y, 0,1 + N2y, Yo,1 + N30,120,1 = 0.

4.2 Some basic languages
Use the same notation as in Subsection 4.1, that is, the point p = (z, vy, z) and the normal vector
n = (n1,ne,n3). By the modified Wronskian determinant, we can translate the following
predicates for surfaces into algebraic language. Note that the equations below are only the
sufficient conditions of these predicates but not necessary conditions.

1. The planes passing through p and with n as their normal vectors pass through a fixed
point. Its equations are

WR(n1,ne,ns, n1x + nay + ngz) = 0 A WR(nq1,na,n3) # 0.

We know that equations of the planes are ni(X — ) + na(Y —y) + n3(Z — z) = 0. Under the
above conditions, there are the constants ¢y, ¢o, ¢3 and ¢4 # 0 such that

c1nq + cang + csng + ca(n1x + noy + ngz) = 0.
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Then we have

C1 C2
ny +
[

no + CS’/Zg +n1 X +nY +n3Z =0.
Cq A C

4
Hence the planes pass through the fixed point (— PR RS ).
2. The planes passing through p and with n as their normal vector pass through a fixed line.

Its equations are

(WR(n1,ne,ns) = WR(n1,n2, n1z + noy + ngz) = 0 A WR(nq1,ng) # 0)Vv
(WR(n1,ne,n3) = WR(n1,ns,n1z + noy + ngz) = 0 A WR(nq1,n3) # 0)Vv
(WR(TLl, no, 713) = WR(ng, ns,n1x + nay + ngz) =0A WR(TLQ, n3) 7& 0)

In the first case, since WR(n1,n2,n1x + noy + ngz) = 0 A WR(n1,n2) # 0, the planes pass
through a fixed point (a1, az,0) where ajny + asng = nix +noy + ngz. By WR(n1,na,ng) =0,
the planes are perpendicular to a fixed surface ¢y X +c2Y 4+c¢3Z = 0, where ¢iny +cang +c3ng =
0. Therefore, all planes include the fixed line which passes through the point (a1, a2,0) and
perpendicular to the plane ¢; X + c2Y + ¢3Z = 0 or a fixed line perpendicular to the plane
aX + Y +¢3Z = 0 at (0,0,0) when a3 = as = 0. In the other cases, we can get the
conclusion by the same way.

3. The lines passing through p and parallel to n pass through a fixed point. Its equations are

=

R(ning, nina, nong) # OA
R(n
R(
(

=

1,N2,n1Y — nax) = OA
ny,ng,n1z — nzx) = 0A

= =

R(ne,n3,naz —nsgy) = 0.

From WR(nins, ning, neng) # 0, we have that WR(n;,n;) # 0, where 4,5 = 1,2,3 and i # j.
Hence there are the constants a;, b; such that

n1y — N2 = aing + bins; (5)
N1z — N3T = asnq + bong; (6)
Noz — N3y = agng + bsns. (7)

From (5) * ng — (6) * no + (7) x ny, we get
(a1 =+ bg)nlng + (CL3 — ag)n1n2 + (bl — bg)n2n3 =0.

By WR(nins, ning, nons) # 0 again, we have that a; +b3 = 0; ag— a1 = 0; by — by = 0. Hence
by (5)-(7),

ni(y—a1) =no(x+b1); nz(x+b1)=n1(z—az); na(z—az)=ns3(y—ai).

Since WR(ning,nina,nans) # 0, there are at least two of nq,ne,ns which are not always
equal to zero, without lost of generality, assume that nins # 0. Let u = zj;lbl We have that
T —un; = —by,y —ung = a1. If ng = 0, then z = a9, otherwise z — ung = az. The equations
of the lines are X = x +tny, Y = y + tng, Z = z 4 tng. Therefore all the lines pass through a
fixed point (—b1, a1, asz).
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5 Examples

In this section, we will present some examples. In these examples, we will use Algorithm 2.13
to prove that the statements in the examples are universally true.

Example 5.1. Show that all normal lines of a sphere pass through a fixed point.

Without lost of generality, we can assume that the equation of this sphere is 2 +y2+22—12 =

0, where z, y, z are differential indeterminates over differential field R(u, v) and r is the constant.
Then the normal lines are the lines passing through (x,y, z) and parallel to (n1,n2,n3). Using
the definition equations of the normal vectors in Subsection 4.1, we have the hypothesis set H
which includes the following differential polynomials:

Hy = a2 442+ 22 — 12,

Hy = k? — (21,0901 — ¥1,070,1)% — (¥1,020,1 — 21,0%0,1)> — (21,0%0,1 — 1,020,1)%;

Hz = kny — y1,020,1 + Y0,121,0;

Hy = kng — 21,0201 + 20,1%1,0;

Hs = kns — 1,0Y0,1 + T0,1Y1,0-
Then we need to prove that the third predicate in Subsection 4.2 is true under the hypothesis set
H. Hence the conclusion set S contains fifteen differential polynomials. Let ng > no > nj; > z >
y > x > k and use the ranking in Remark 2.2. Here, we take r as the parameter. If k = 0, then
r = 0, i.e. the sphere degenerates to a point. Hence we will consider Zero({Hq,..., Hs}/k).
Using the package diffalg in Maple, we can get

Zero({H, ..., Hs}/k) = Zero(C1/{I1, k}) | ) Zero(Ca/{I, k}),
where

C1 =kns — x1,0y0,1 + Y1,0%0,1,
kno(z® +y* — %) + 221,0YY0,1 — 2T0,1YY1,05
kna(z® +y* — %) — 2y1,0220,1 + 2Y0,1771,0,
z2+x2+y2 —7“2,
yioﬂ?gﬂj + 3?%,07‘2243,1 — 221 0Y1.070.17° Y01 + k2y? + k*2? — k*r?;
Cy =kns — 21 0y0,1,
kno(2® + y? — %) + 221,0y90,1,
kni(a® +y° — r?) + zyo 1221 0,
z2+a:2+y2 —r2,
.23%707”23;(2)71 + k%% — k*r? 4+ K%y,
Z0,15

and IS1, 1S9 are the products of the initials and separants of Cy, Cy respectively. Let

ning ninsg nang
W= Nni1,0M2 +N1N210  Ni1,0M3 FNIN310  N21,0M3 +N2N310

N1p,1M2 +M1N201  M10,1M3 +N1N3p,1  MN20,1M3 + N2N30,1
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We have that Prem(W, C;) # 0. Hence WR(n1n2,n1ns, nang) # 0. Consider the following four

determinants:

ny N9 niy — na2x
Di= | my, ma,, M1,y =N, T+ 1Yo —navoy |» 1= 1,2,3,4,
le ng Qi(nly — ngx)

where 0; = 010,02 = 02,03 = 011,04 = 020. By the computation process, we have that
Prem(D;,C;) = Prem(D;,Cy) =0 for i = 1,2, 3,4. By Corollary 3.2, WR(n1,n2,n1y — nox) =
0. By the same way, we have that WR(n1,n3,n12z — ngz) = 0 and WR(na, n3, nez — nsy) = 0.

Therefore the statement is universally true.
Example 5.2. Show that if a regular surface is a sphere, then there exists a nonzero constant
¢ such that (E, F,G) = ¢(L, M,N), where E, F,G are as in (3) and L, M, N are as in (4).
Using the notation and results in Example 5.1, we have had the characteristic sets C; and

C,. Since Prem(E,Cy) # 0 and

Prem(ELl}o — ELQL, (Cl) = Prem(ELLo - EL()L, (CQ) = 0,

Prem(ELO,l — E071L, (Cl) = Prem(ELO,l — E071L, (CQ) = O,
E and L are linearly dependent over the constant field R, that is, there exists a nonzero constant
¢ such that £ = cL. Because

Prem(F,Cy) # 0,Prem(EM — LF,Cy) = Prem(EM — LF,Cy) =0,
Prem(G,Cy) # 0,Prem(EN — GL,Cy) = Prem(EN — GL,C;y) =0,

(E,F,Q) and (L, M, N) are parallel. Hence (E, F,G) = ¢(L, M, N).
Example 5.3. Prove that the first fundamental form of the surface will not change when

the surface does rigid motions in R3.

Let (a;j)1<i<3,1<j<3 be the matrix of the rotation and (b1, b, bs)" be the translation. Let
(€4, fiy gi) be the first fundamental forms corresponding to the surfaces (z;,y;, z;) respectively,
where ¢ = 1,2. Then by the definition equations in Subsection 4.1, we have the hypothesis set
H which includes:

Hy =21 — b1 —a1,172 — a1,2y2 — a1,322;
Hy =y1 — by —as 122 — as2y2 — a2 322;
Hz =21 — b3 — a3 122 — a3 2y2 — a3 322;
Hy = a%,l + ag,l + ag,l -1

Hs = a%g + a%z + agg -1

Hg = ai?) + a%,s + ag,g -1

H7; = ay 1012 + az 1022 + as1a3,2;

Hg = ay 1013+ az 1023 + a3 1033;

Hg = a1 2013+ az 2023 + a3203,3;
Hig=e1—x13 09110~ 21105

2 2 2 .
Hip=ex— T210 — Y21,0 — ?21,05
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His = f1 — T11,0710,1 — Y11,0910,1 — #11,0%10,1;
Hiz = fo — 221,0%20,1 — Y21,0Y20,1 — #21,0220,1}
2 2 2 .

Hiy=g1 — 2151 — Y101 — 210,15

2 2 2
His = g2 — 251 — Y201 — 220,1-

Since a; ; are constants where 7,5 = 1,2,3, the equations below need to be included in H:
Hi; = aij, o and Gij = a;j,,. The conclusion set is S = {—e2 + e1, fo — f1,91 — g2}. Let
e1>ex > g1 >0 > fi>fo>z >y >x1 > 2>y > a2 >a11 > a1 > - > aA33
and use the ranking in Remark 2.2. Take by, b, b3 as the parameters. We can get Zero(H) =
1‘[}21 Zero(C;/1S;) where C; are the ascending sets and IS; are the products of the initials
and separants of C;. Each ascending set includes about 20 differential polynomials. Since

Prem(S,C;) =0 for ¢ = 1,2,..., 10, the conclusion is true.

Acknowledgements The authors would like to thank the referees for their valuable sugges-
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