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Abstract

Since 1990’s, Zeilberger’s method of creative telescoping has played an im-

portant role in the automatic proof of special-function identities. The long-term

goal initiated in this work is to obtain fast algorithms and implementations for

definite integration and summation in the framework of creative telescoping. Our

contributions include new practical algorithms and theoretical criteria for the ter-

mination of existing algorithms.

On the practical side, we focus on the construction of minimal telescopers

for bivariate rational functions, which has many applications related to alge-

braic functions and diagonals of rational generating functions. By considering

this constrained class of inputs, we are able to blend the general method of

creative telescoping with the well-known Hermite reduction from symbolic inte-

gration. Moreover, we made some improvements over the classical algorithm by

Almkvist and Zeilberger for this subclass. Our experimental results showed that

the Hermite-reduction based algorithm outperforms all other known algorithms

concerning both the worst-case complexity and the actual timings of implemen-

tations.

On the theoretical side, our first result is motivated by the Wilf–Zeilberger

conjecture on holonomic hyperexponential-hypergeometric functions. We present

a structure theorem for multivariate hyperexponential-hypergeometric functions

that any such an function can be written as the product of some familiar func-

tions. This theorem extends both the Ore-Sato theorem for multivariate hy-

pergeometric terms and the recent result by Feng, Singer, and Wu for bivariate

hyperexponential-hypergeometric functions. The second result is related to the

existence problem of telescopers. In the bivariate discrete case, Abramov has

derived a criterion that decides whether a hypergeometric term has a telescoper.

Similar results have been obtained in the q-shift case by Chen, Hou, and Mu.

These results are fundamental for the termination of Zeilberger-style algorithms.

In the remaining bivariate continuous-discrete cases, we have derived two ex-

iii
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istence criteria for the existence of telescopers for bivariate hyperexponential-

hypergeometric functions. Our criteria are of the same type as Abramov’s; they

say that a hyperexponential-hypergeometric function can be written as a sum of a

hypergeometric-summable, resp. integrable, function and a proper one if it has a

telescoper with respect to the discrete, resp. continuous, variable. Our criteria are

based on a standard representation of bivariate hyperexponential-hypergeometric

functions, and two additive decompositions.

Keywords: Zeilberger algorithms, telescopers, hyperexponential-hypergeometric

functions, Wilf–Zeilberger conjecture, structure theorem, termination problems,

existence criteria
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1.1 ¯̄̄KKK������µµµ

�{z�?nAÏ¼ê�È©Ú¦Ú´ÎÒO����K��. 3 90c

�Ð, Zeilberger [86]3 Bernstein��ê D-�nØ [16]�µeeJÑ
�«g

Äy²�a�9AÏ¼ê�È©�Úª�ð�ª��{, = Zeilberger�{. T

�{�Ä�g�´k�EÈ©�Úª¤÷v��©½ö�©�§, ,�ÏLö

�ù
�§5y²�9ù
È©�Úª�ð�ª. ~X, �Äe¡ð�ª

+∞∑
n=0

f(x, n) =
1√

1− 4x
, Ù¥ f(x, n) =

(
2n

n

)
xn � x ∈ [0, 1/4). (1.1)

Zeilberger�{�1�Ú´Ïé�ª (1.1)�>Úª¤÷v��©�§. �d, k

�E�"�©�f L ∈ Q(x)〈Dx〉¦��3,¼ê g(x, n) ÷v

L(f) = ∆n(g). (1.2)

d	, ¼ê g��¦Ú¼ê f �'�'uC� xÚ n�kn¼ê. ùp, ·��

±�{z/é�

L = 2− (1− 4x)Dx Ú g = nxn−1

(
2n

n

)
.

é�ª (1.2)ü>'u n¦Ú¿5¿�¦Ú� L �f�^��, �

+∞∑
n=0

∆n(g) = 0 é¤k x ∈ [0, 1/4) ¤á.

Xd, ·�Ò���ª (1.1)�>Úª¤÷v��©�§�

2y(x)− (1− 4x)
dy(x)

dx
= 0.

N´�y�ª (1.1)m>�¼ê�÷vT�§, ¿��ª (1.1)3 x = 0�¤á.

d Cauchy½n, �ª (1.1)�y. �ª (1.2)¥��f L �¡�¼ê f ��Ú

1
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È©,¦Ú¯K �Ú�§

(P1)
∫ b

a
f(x, y) dy L(x, Dx)(f) = Dy(g)

(P2)
∫ b

a
f(n, y) dy L(n, Sn)(f) = Dy(g)

(P3)
∑b

m=a f(m,x) L(x, Dx)(f) = ∆m(g)

(P4)
∑b

m=a f(n, m) L(n, Sn)(f) = ∆m(g)

L 1.1: oa�Ú¯K

�f (telescoper),  g �¡�¼ê f 'u L��y¼ê (certificate). �â¯K

�J{ØÓ, �A/koa�E�Ú�f�¯K, �L� 1.1.

gl Zeilberger�{JÑ±5, 3T�{�nØÚ�{�O�¡®²k2

��\�ïÄ [87, 15, 84, 6, 57]. ùpØ%�¯Kkü��¡: ��¡´éu

�½¼ê, XÛ�½�Ú�f´Ä�3, =�35¯K; ,��¡´3�Ú�f

�3�cJe, XÛk��O�Ñ�Ú�f5, =�E5¯K.

'u�35¯K, Zeilberger 3©Ù [86] ¥y²
�a¤¢���¼ê

(holonomic functions)o�3�Ú�f. AO/§WilfÚ ZeilbergerÄu Fasen-

myer [37] Ú Verbaeten [81] �g�é�Ú�f'u�K��ê-�AÛ¼ê�

�35�Ñ
��Ð��¿��E5�y² [84]. d	, 3ù©Ù¥, Wilf Ú

Zeilberger 'u��ê-�AÛ¼êJÑ
���ÿ�ß�µ��ê-�AÛ¼ê

´�����=�T¼ê´�K� (proper)§ùp�K�¼ê�±L«¤·�

Ù��õ�ª¼ê§�ê¼ê§�¼êÚ³ç¼ê�¦È. l��ê-�AÛ¼

ê�½Â�§Ñu§�K5´�±^�{�½�. ¤±XJTß�¤á§@o�

½��ê-�AÛ¼ê���5�Ò�±�{z. �´§��5��´�Ú�f

�3�¿©^�. ¯¢þ§Chyzak, KauersÚ Salvy 3©Ù [29] ¥�Ñ
Aa�

����Ú�fE�3�¼ê§¿��Ñ
'��5�f��3^�. Ïd§é

��½�Ú�f�3�¿©7�^���´�«nØþ�]Ô. éu��ê-�

AÛ¼ê§®²kNõù�¡�ó�. 3ëY�/e, Bernstein [16] Ú Lipshitz

[60] �<�ó��«
é?���ê¼êÑ�3�Ú�f. �´§�·�=�

Ù¦�/�¯KC�Ø@o{ü. 3lÑ9Ù q-�[�/§'u�35¯K1

�����)�´ Abramov–Le OK [58, 9]§TOK�±�½?�'ulÑC

�m Ú n �kn¼ê´Ä�3�Ú�f. �â¦��OK§·��±y²kn



1�Ù Úó 3

¼ê

f =
1

m2 + n2
,

vk�Ú�f. 3ù�ó��¤�ØÈ, Abramov [5, 6] òTOKí2�
VC

��AÛ��/. �äN�`§Abramovy²
���AÛ�äk�Ú�f�

�=�T�AÛ��±�¤�AÛ�\� (hypergeometric-summable) �AÛ

���K�AÛ��Ú. 3 q-�©�/§aq��½OKd�[A§û�mÚ;

�²3©Ù [23] ¥�Ñ. �â Zeilberger�{��O�ª§Ùª�5��Ú�f

��35�d. ¤±±þù
(J3 Zeilberger�{�ª�5�½¥å�
�

���^. ù�, �e��35¯K´ü«�©-�©·Ü�/, =L� 1.1¥�

(P2)Ú (P3). ùü��35¯Kò3�Ø©�1ÊÙ¥)û.

'u�E5¯K, Zeilberger3©Ù [86] ¥JÑ��{´kò Sylvester�

��{í2��©�f�þ, ,�5�E�Ú�f. ù«���g�3�5

Takayama [78] Ú Chyzak� Salvy�<�ó� [30] ¥|^��� Gröbner Ä�

{��
U?. ØÈ, Zeilbergeruyé�a¤¢��AÛ��±Äuëêz�

Gosper�{5“¯�”��E�Ú�f [87], ùÒ´�5¤¢� Zeilberger¯�

�{ (fast algorithm). A�Ó�, AlmkvistÚ Zeilberger òT¯��{í2�


�©�/ [15]. ùa¯��{3NõO�Å�êXÚ¥��
¢y, 'X Maple

[7], Mathematica [64]�. 3©Ù [28]¥, Chyzakòd¯��{í2�
���

∂-k�¼ê. �'�e, E,Ý©Û�¡�ó�%é�. �Ñ\´kn¼ê�,

·�3©Ù [17] ¥��
�
E,Ý©Û�(J. ®k��{´ò�Ú�f�

Ù�y¼ê�½3�åÓ�O�Ñ5�. �lA^�Ýw, Nõ�ÿ�I�O

��Ú�f. ¤±XÛ;��y¼êO�3¢SA^¥é�. ù´�Ø©1

nÙ�Ì�ïÄÄÅ��.

1.2 ���ØØØ©©©������zzz

·��Ì�(JknÜ©:

1. 31nÙ¥, éuVC��kn¼ê§·�JÑ
�«Äu Hermite�

z�E4��Ú�f��{. ¿�§·�é²;� Almkvist–Zeilberger

�{�
�
U?. ·�3O�Å�êXÚ Maple þ¢y
ùü«�

{. ÏLé¢S~f�ÿÁ§y¢
·��§S' Maple �k�§S

DEtools[Zeilberger]�Çp.
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2. 31oÙ¥, �
ïÄWilf–Zeilbergerß�����/, ·�y²
?�

õC���ê-�AÛ¼êÑ�±©)¤kn¼ê, �¼ê, ��ê¼êÚ

�AÛ��¦È, ù´VC�·Ü�/�d¾X]§SingerÚÇ¯y²�

��(J�í2. ?�Ú�, (Ü'uõC���ê¼ê� Christopher

½nÚ'uõC��AÛ�� Ore–Sato ½n, ·��Ñ
õC���

ê-�AÛ¼ê�(�½n. T½n´õC�lÑ�/ Ore–Sato ½n

[61, 75, 65, 14] ÚVC�·Ü�/d¾X]§SingerÚÇ¯y²���(

J [39, 5� 5] �í2.

3. 31ÊÙ¥, ·�JÑ
ü�'uVC���ê-�AÛ��Ú�f��

3��½OK. aqu Abramov �(J§·�y²
VC���ê-�

AÛ�3'ulÑC�(ëYC�) ��Ú�f��=�T¼ê�±�

¤�AÛ�\�(��ê�È�) ¼ê��K¼ê�Ú. ·��OKÄ

uéVC���ê-�AÛ�IOL«Úüa\{©)µ�a´'ul

ÑC�� Abramov–Petkovšek ©) [11, 13]§,�a´'uëYC��

Geddes–Le–Li©) [44].
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3�Ù¥, ·�0��©, �©� (�)Ú Oreõ�ª� [73, 31, 61, 85] �Ä

�½Â�5�. d	, ·�ò{ãkn¼ê�Ø½È©O���
Ä��{.

2.1 ���©©©, ���©©©���ÚÚÚ���

�R´�����.N� δ : R → R¡�Rþ��ê,XJé¤k a, b ∈ R

÷v

δ(a + b) = δ(a) + δ(b), δ(ab) = δ(a)b + aδ(b).

��| (R, δ)�¡����©�. ?�Ú/, XJ R´�, K¡ R��©�. R

¥�� c�¡�´'u δ �~êXJ δ(c) = 0. R¥'u δ �¤k~ê�¤ R

���f�, P� Cδ,R. � R´��, Cδ,R�´�. e¡·��Ñ�ê��
Ä

�5�, Ùy²� [20].

Ún 2.1. � (R, δ)��©�. é¤k� a, b ∈ R Ú n ∈ N, ÷v

(i) δ(1) = 0;

(ii) δ(an) = nan−1δ(a);

(iii) XJ b ´�_�, Kk

δ
(a

b

)
=

δ(a)b− aδ(b)

b2
.

(iv) éê�êð�ª:XJ a, b ´�_�, Kk

δ(ab)

ab
=

δ(a)

a
+

δ(b)

b
.

� σ : R → R ´üÓ�. K��| (R, σ) �¡����©�. ?�Ú�, X

J R´�, K¡ R��©�. R¥�� c�¡�´'u σ�~êXJ σ(c) = c.

R¥'u σ�¤k~ê�¤ R���f�, P� Cσ,R. � R´��, Cσ,R�´

�. g,/, ·�¡n�| (R, δ, σ) ����©-�©�. XJ R þ��ê δ Ú

gÓ� σ´����, K¡ (R, δ, σ) ���� (orthogonal). XJvkAO`²,

·�ob��©Ñy��Ñ´A�"�, �©-�©�Ñ´���.

5
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2.2 Ore���

�þ��� Oreõ�ª�´Ú�?n�5~�©!�©!q-�©ÚÙ§�

f��ê�.. §´�aAÏ����Ìn���. � (F, δ, σ) ��©-�©�.

� F þ� Oreõ�ª� F [x; δ, σ] ´'u x ���õ�ª�, Ù\{ÚÊÏõ

�ª\{��, ¦{÷v(ÜÆ, ©�ÆÚXe��{K:

xf = σ(f)x + δ(f), é¤k f ∈ F ¤á. (2.1)

d��5K (2.1)§F [x; δ, σ]¥�?¿ü� Oreõ�ª�¦{�±d(ÜÆ!©

�Æ�Ñ. e¡�Ñ Oreõ�ª��A�~fµ

~ 2.1. 1. ?¿� kþÊÏõ�ª� k[x], ùp�ê δ�"N�, gÓ� σ�

ð�N�.

2. �©�f� k(t)[x; d/dt, 1], ùp 1 �Lð�N�.

3. £ �f� k(t)[x; 0, σ], ùpé?¿ f ∈ k(t)½Â σ(f(t)) = f(t + 1).

4. �©�f� k(t)[x; 0, ∆], ùpé?¿ f ∈ k(t)½Â ∆(f(t)) = f(t + 1) −
f(t).

� σ ´gÓ��,3Oreõ�ª� F [x; δ, σ]þk�ÚmîAp�Ø{�{,

=é?¿ f, g ∈ F [x; δ, σ], �3 q, r ∈ F [x; δ, σ] ¦� f = qg + r ½ö f = gq + r,

Ù¥ deg(r) < deg(g), ù%¹X F [x; δ, σ]´Ìn���. Oreõ�ª��±í

2�õC��/, äNë� [30, 27, 85].

2.3 kkknnn¼¼¼êêê���ØØØ½½½ÈÈÈ©©©

Ð�¼ê�Ø½È©Q²´O�Å�ê@ÏuÐ�Äå��. Nõ²;�

E|§'X*ÐîAp��{§Ã²�©)§f(ª�{�Ñ3JpO�È©�

Çþå�
��^. l�{�Ý5`§́ Risch [70, 71] 3 1969 cJÑ
1�

�����{^5�½Ð�¼ê�Ø½È©´ÄE,´Ð�¼ê�§¿��Ñ


O�Ð�¼ê�Ø½È©�Ä�g´. Risch�{3�Ü©O�Å�êXÚ

¥��
Ü©¢y. Ud��§Rothstein, Trager, Davenport Ú Bronstein �<

uÐ¿U?
 Risch�{ [74, 79, 35, 19]. X8, ÎÒÈ© (Symbolic Integration)
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��©�§§�©�§ÎÒ¦)®²¤�ÎÒO�Æ�p¹��ïÄ��. 3

�!¥§·�ò£�O�kn¼ê�Ø½È©��
Ä�E|Ú�{. 'u�

�[��ã§�±ë� [19, 1 2 Ù], [42, 1 11 Ù], Ú [82, 1 22 Ù].

� F ´A��"��§F (y)´ F þ'uC� y �kn¼ê�. 3� F (y)

þ§�ê δ½Â�

δ(f) =
∂f

∂y
, é¤k f ∈ F (y)¤á.

Xd§(F (y), δ)Ò´��©�§¿�Ù~ê�� F . 3�Æ�È©¥§·���

?�Eê�þkn¼ê f ∈ C(y)ÑäkXe/ª�Ð�¼êØ½È©§∫
f dy = g +

n∑
i=1

βi log(y − αi) (2.2)

Ù¥ g ∈ C(y)� αi, βi ∈ Cé¤k i = 1, . . . , n. ùp§·�¡ g �Ø½È©�

knÜ© (rational part), éêÚª�Ø½È©�éêÜ© (logarithmic part).

3Ä��Eê�=�ê4���¹e§kn¼ê�Ø½È©¯KlnØþ®²

��)û. �´§�Ä�Ø´�ê4��§'Xknê� Q§̄ KÒC��é

E,. ù�ÿ§·��UI�éÄ���ê*Ü§¿�¤k�O��U�3�

ê*�¥?1. Ïd§{ü�$^�È©¥��{ÒØ�1
. éu?�kn

¼ê f ∈ F (y)§Hermite [47] @3 1872 cÒ5¿� f �Ø½È©�knÜ©

E,3� F (y)¥§¿�JÑ
O�knÜ©��{§= Hermite�z (Hermite

reduction)§T�{;�
Ú??Û�ê*Ü. ����L«ÑØ½È©�éê

Ü©§��5`´I�éÄ�?1·��*Ü�. ù��¯K´XÛ;��


Ø7���ê*Ü. ù�¯K©Od Trager [79]Ú Rothstein [74]Õá)û.

2.3.1 Hermite���zzz

Hermite�z�Ä�g�´$^*ÐîAp��{Ú©ÜÈ©ò�Èkn

¼êz8���©1�Ã²�õ�ª�kn¼ê. �é{`, Hermite�zò�

½kn¼ê f ∈ F (y) ©)¤

f = δ(g)+
a

b
, Ù¥ g ∈ F (y)§a, b ∈ F [y] ÷v deg(a) < deg(b) � b ´Ã²��.

(2.3)

ù����| (g, a/b) �¤� f 'u y �\{©) (additive decomposition). k

n¼ê g Ú a/b ©O¡� f �\{©)�knÜ©ÚéêÜ©.
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e¡·�Vã�e Hermite�z�Ä�Ú½§��[�`²ë� [19, 1

2.2 !]. Äk§ò�È¼ê f ∈ F (y) �¤ f = A/D§ùp A, D ∈ F [y] �

gcd(A, D) = 1. � D = D1D
2
2 . . . Dn

n � D �Ã²�©). 'uù�©)§·�

�� f �XeÜ©©ª©)

f = P +
n∑

i=1

Ai

Di
i

, (2.4)

Ù¥ P Ú Ai Ñ3 F [y] ¥¿� deg(Ai) < deg(Di
i) é¤k i. d�ê δ ��55

�, ·��I�Ä¤kXe©ª�Ø½È©

P

Qm
∈ F [y], ùp�êm > 1, deg(P ) < m deg(Q) � Q ´Ã²��.

d Q �Ã²�5§= gcd(Q, δ(Q)) = 1, K�3Xe Bézout�ª

Sδ(Q) + TQ = 1, (2.5)

ùp� S, T ∈ F [y] �±ÏL*ÐîAp��{¦�. ?�Ú/§þªü>¦±

P 2��{Ø{§·���

P = SPδ(Q) + TPQ = (GQ + B)δ(Q) + TPQ = Bδ(Q) + CQ, (2.6)

Ù¥ C = Gδ(Q) + TP ÷v deg(C) < (m− 1) deg(Q). y3§d©ÜÈ©�Ñ

P

Qm
=

Bδ(Q) + CQ

Qm
= δ

(
−(m− 1)−1B

Qm−1

)
+

C + (m− 1)−1δ(B)

Qm−1
, (2.7)

ùp deg(C + (m − 1)−1δ(B)) < (m − 1) deg(Q) Ï� deg(B) < deg(Q) �

deg(C) < (m− 1) deg(Q). Xd§©ª P/Qm �4:�êü$
���g. E

þãÚ½��r©1z�Ã²��.

e¡�Ún´'u\{©)���5§T(Ø�@´3 Ostrogradsky [62]

ó�¥JÑ. TÚn�±^ [42, ½n 11.4] �y²�{Ó�y�.

Ún 2.2. � f = a/b ´ F (y) ¥�"kn¼ê§÷v a, b ∈ F [y], gcd(a, b) = 1,

deg(a) < deg(b), � b ´Ã²��. KØ�3 g ∈ F (y) ¦� f = δ(g).

íØ 2.3. � f ´ F (y) ¥kn¼ê. K f �\{©)3#NknÜ©����

~ê¿Âe´���.



1�Ù ý��£ 9

y². b� (g1, a1/b1) Ú (g2, a2/b2) ´ f �ü�\{©), � a1/b1 6= a2/b2. K

éêÜ©���±�¤

0 6= a1

b1

− a2

b2

=
A

B
, Ù¥ A, B ∈ F [y], gcd(A, B) = 1, � deg(A) < deg(B).

Ï� b1 Ú b2 ´Ã²��� B �Ø b1b2, ¤± B �´´Ã²��. �´,

A

B
= δ(g2 − g1),

ù�Ún 2.2 gñ. Ïd a1/b1 = a2/b2 �k g1 Ú g2 �����~ê.

��¡A^, ·�£�éê�ê��
Ä�5�.

Ún 2.4. é?¿�"kn¼ê f, g ∈ F (y) Ú�êm ∈ Z, ¤á

δ(fm)

fm
= m

δf

f
Ú

δ(fg)

fg
=

δ(f)

f
+

δ(g)

g
. (2.8)

d	, XJ f = a/b ÷v a, b ∈ F [y] � gcd(a, b) = 1, K

δf

f
=

p

a∗b∗
,

Ù¥ a∗ Ú b∗ ©O� a Ú b �Ã²�Ü©, � p ∈ F [y]÷v deg(p) < deg(a∗b∗)

� gcd(p, a∗b∗) = 1.

y². �ª (2.8) de¡���O���µ

δ(fm)

fm
=

mδ(f)fm−1

fm
= m

δf

f
�

δ(fg)

fg
=

δ(f)g + fδ(g)

fg
=

δ(f)

f
+

δ(g)

g
.

� a = a1a
2
2 · · · am

m Ú b = b1b
2
2 · · · bn

n ©O� a Ú b �Ã²�©). K a∗ =

a1a2 · · · am Ú b∗ = b1b2 · · · bn. d�ª (2.8) �Ñ

δf

f
=

p

a∗b∗
, Ù¥ p = b∗

m∑
i=1

iδ(ai)a
∗

ai

− a∗
n∑

j=1

jδ(bj)b
∗

bi

∈ F [y].

N´wÑ deg(p) < deg(a∗b∗). Ï� ai Ú bj Ñ´Ã²���üüp�, ¤±

gcd

(
a∗,

m∑
i=1

iδ(ai)a
∗

ai

)
= gcd

(
b∗,

n∑
j=1

jδ(bj)b
∗

bi

)
= 1,

ù?�Ú�Ñ gcd(p, a∗b∗) = 1. y..
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e¡�Úné�¡y²��5(Øé�. AO/, ·�ò3½n 4.12 Ú

Ún 4.6 �y²¥^�ù�(Ø.

Ún 2.5. � f ´ F (y) ¥�kn¼ê, p1, . . . , pn ´ F [y] ¥üüp��õ�ª,

� c1, . . . , cn ´ F ¥���. XJ

δ(f) =
n∑

i=1

ci
δ(pi)

pi

,

@o f ∈ F �é¤k÷v 1 ≤ i ≤ n � i, �o ci = 0 �o pi ∈ F .

y². - p∗i ´ pi �Ã²�Ü©. dÚn 2.4, �Ñ

n∑
i=1

ci
δ(pi)

pi

=
n∑

i=1

ci
qi

p∗i
,

a

b
,

Ù¥ a, b ∈ F [y], gcd(a, b) = 1 � qi ´ F [y] ¥õ�ª÷v gcd(qi, p
∗
i ) = 1 Ú

deg(qi) < deg(p∗i ). Ï� pi ´üüp��, ¤± p∗i �´üüp��. dd, b �

©1´Ã²��� deg(a) < deg(b). dÚn 2.2, a/b 7,�u"� f ∈ F . d

Ü©©ª©)���5, ¤k©ª ciqi/p
∗
i �Ñ�u". ù%¹Xé¤k÷v

1 ≤ i ≤ n � i, �o ci = 0 �o pi ∈ F .

Ostrogradsky–Horowitz �{ [62, 48] ´Äu�5�§|¦)5��kn¼

ê�\{©)�,�«�{. äNë� [19, 1 2.3 !].

2.3.2 333êêêÚÚÚ Rothstein–Trager(((ªªª

3��\{©)��, kn¼ê�Ø½È©¯KÒ=z�O�Xe¼ê�

È©∫
a

b
dy, Ù¥ a, b ∈ F [y] ÷v gcd(a, b) = 1, deg(a) < deg(b) � b Ã²�.

(2.9)

3 F ��ê4� F þ, kn¼ê a/b �±©)�

a

b
=

n∑
i=1

βi

y − αi

, Ù¥ αi, βi ∈ F � b(αi) = 0 é 1 ≤ i ≤ n.
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l, a/b �È©�±L��∫
a

b
dy =

n∑
i=1

βi log(y − αi).

aqu©Û¥�½Â, ·�¡ βi � a/b 3: y = αi ?�3ê (residue). �â

Lagrangeúª [41, 1 38 �] (½� [42, öS 11.8]), a/b 3 αi ?�3ê�

βi =
a(αi)

δb(αi)
∈ F (αi). (2.10)

¤±·�o�±3 b �©��¥rØ½È© (2.9) L�Ñ5. �´, �
��d

È©Ø�½o�O�©��. 'X, e¡�È©�±3ØI�?Û�ê*ÜeL

�Ñ5. ∫
2y

y2 − 2
dy = log(y +

√
2) + log(y −

√
2) = log(y2 − 2).

¯¢þ, Rothstein [74] Ú Trager [79] ®²y²
L�ÑÈ© (2.9) ¤I�4�

�ê*Ü´Xe(ª�©��.

R(z) = resultanty(b, a− zδb) ∈ F [z]. (2.11)

þ¡�õ�ª R(z) �¡� a/b 'u y � Rothstein–Trager (ª (Rothstein–

Trager resultant). dúª(2.10), ¤k a/b 3Ù4:?�3êÑ´ R(z) ��.

d	·�ke¡�Ún, T(Ø©Ñ3©z [42, 19, 82] ¥.

Ún 2.6. � a, b ∈ F [y] ÷v deg(a) < deg(b), gcd(a, b) = 1 � b ´ F [y] ¥Ã²

�õ�ª. � R(z) � a/b 'u y � Rothstein–Trager(ª. Kk

(i) ¤k R(z) ��Ñ´�"�;

(ii) XJ α1 Ú α2 ´ R(z) �ü�pØ�Ó��, Kp1 Ú p2 ´3 F þp��

õ�ª, Ù¥

pi = gcd(b, a− αiδ(b)) ∈ F (αi)[y], ùp i = 1, 2.

y². (Ø (i)d gcd(a, b) = 1 �Ñ. �u(Ø (ii), ·�kb� p1 Ú p2 Ø´p

��, K�3 β ∈ F ¦� p1(β) = p2(β) = 0. d p1 Ú p2 �½Â��, b(β) = 0
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�éu i = 1, 2 k (a − αiδ(b))(β) = 0. Ï� b 3 F [t] ¥´Ã²��, ¤±

δ(b)(β) 6= 0, ù%ºX

α1 = α2 =
a(β)

δ(b)(β)
,

ù� α1 6= α2 gñ. y..

e¡�½n´O�éêÜ©� Rothstein–Trager�{�Ä:. 'uT½n

�y², ë� [20, ½n 2.4.1] ½ö [82, ½n 22.8].

½n 2.7 (Rothstein–Trager). � a, b ∈ F [y] ÷v deg(a) < deg(b), gcd(a, b) = 1

� b 3 F [y]¥´Ã²��. � R(z) � a/b 'u y � Rothstein–Trager(ª. K

a/b �È©�±L�� ∫
a

b
dy =

n∑
i=1

ci log(gi),

ùp c1, . . . cn ∈ F ´ R(z) �pØ�Ó��� gi = gcd(b, a− ciδb) ∈ F (ci)[y] é

¤k 1 ≤ i ≤ n. d	, XJ E ´ F ����ê*Ü¦�3 E þk∫
a

b
dy =

m∑
i=1

c̃i log(g̃i),

ùp c̃1, . . . , c̃m ∈ E \ {0} � g̃1, . . . , g̃m ∈ E[y] \ E ´Ä�, Ã²�, �üüp�

�. K E �¹ R(z) �¤k��.

nÜþ¡ü!¤ã, ·���'ukn¼êØ½È©�Ä�½n.

½n 2.8. � f ´ F (y) ¥�"�kn¼ê. K�3 g ∈ F (y), �" cj ∈ F Ú

pj ∈ F (cj)[y] \ F (cj) é¤k j = 1, . . . , n¦�

f = δ(g) +
n∑

j=1

cj
δ(pj)

pj

.

d	, � j 6= j∗ �, pj Ú pj∗ ´ F þ�p��õ�ª.

y². dHermite�z,�3 f ∈ F (y), a, b ∈ F [y]÷v deg a < deg b, gcd(a, b) =

1 � b ´Ã²��, ¦�

f = δ(g) +
a

b
.
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XJ a �u", ·K�y. b� a ´�", ¿�- Λ � a/b 'u y � Rothstein–

Trager(ª R(z) �¤k���¤�8Ü. dÚn 2.6 (i), ¤k Λ ���Ñ�".

d½n 2.7 ��,

f = δ(g) +
∑
λ∈Λ

λ
δ(pλ)

pλ

,

Ù¥ pλ = gcd(b, a− λδb) ∈ F (λ)[y] \ F (λ). dÚn 2.6 (ii), � λ Ú µ � Λ ¥p

Ø�Ó���, pλ Ú pµ ´p��. y..





111nnnÙÙÙ ÄÄÄuuu Hermite���zzzOOO���kkknnn¼¼¼êêê������ÚÚÚ���fff

3.1 cccóóó

@3 1827 c, é%êÆ[C�� [1, 1 287 �]Ò5¿�:?¿üC��ê

¼êÑ´,õ�ªXê�5�©�§�). O��ê¼ê¤÷v��5�©�

§3nØþÚ¢SA^¥Ñ�~� [33, 32, 25, 26]. 3©Ù [18]¥, Bostan,

Chyzak�<uyùa�5�©�§�±ÏLO�VC�kn¼ê��Ú�f

(telescoper) 5��. ,��¡, Nõ|ÜOê¯KÑ�O�)¤¼ê�é�

(diagonal)k��éX [69, 66]. �)¤¼ê´VC�kn¼ê�, Ùé�¤÷v

��5�©�§��±ÏLO�kn¼ê��Ú�f (telescoper)��. 3ù

�Ù¥, ·�ò?ØXÛk�/O�kn¼ê��Ú�f, =ïÄXe¯K:

¯K 3.1.

�½�"VC�kn¼ê f ∈ k(x, y), �E�"�f L ∈ k(x)〈Dx〉�VC�k
n¼ê g ∈ k(x, y)¦�

L(x, Dx)(f) = Dy(g). (3.1)

ùp§·�¡ L �kn¼ê f ��Ú�f (telescoper), g � f 'u L ��y

¼ê (certificate). Ï� Dy Ú� k(x)〈Dx〉 ¥?Û��Ñ´����§¤±·�
o�±4�Ú�f�Xê��'u x �õ�ª.

Ì�(J. éuVC��kn¼ê§·�JÑ
�«Äu Hermite�z��E

4��Ú�f��{. ¿�§·�é²;� Almkvist–Zeilberger�{�
�


U?. ·�3O�Å�êXÚ Mapleþ¢y
ùü«�{. ÏLé¢S~f�

ÿÁ§y¢
·��§S'Maple�k�§S DEtools[Zeilberger]�Çp.

�ÙÙ{Ü©SüXe: Äk§·�Äu Lipshitz��{�Ñ
�Ú�f

����g�O. ?�Ú/§·�æ^©Ù [18]¥��{��
���Ð��

O. 3�! 3.3¥§·�JÑ
Äu Hermite�z��E4��Ú�f�#�

{§¿é®k� Almkvist–Zeilberger�{�
�
U?. ��§·�ò�Ñ�

{�§S¢y9�
ÿÁ~f.

15
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�Ù�(J´� Alin Bostan§Frédéric Chyzak§Úof²Ü����. Ì

�(JuLu [17].

3.2 ���ÚÚÚ���fff������333555���������OOO

3 1990 c§Zeilberger [86] Äu Bernstein ��� D-�nØ (holonomic

D-modules) [16]y²
�Ú�f (telescopers)é¤k��¼ê (holonomic func-

tions)Ñ�3§l�y
 Zeilberger�{éu?n��aÙ��AÏ¼êð�

ª��15. ¢Sþ§ïÄ�Ú�f��35�\Ð���{´$^ Lipshitz

3©Ù [60]¥y²�����Ún. 3ù!¥§·�Ò$^ Lipshitz��{5

?Økn¼ê��Ú�f��35Ú��O.

� f = P/Q ∈ k(x, y)��"kn¼ê� P Ú Q� k[x, y]¥p��õ�ª.

- dx = max{degx(P ), degy(Q)}Ú dy = max{degy(P ), degy(Q)}. ·�e¡�8
I´é��"��©�f A(x, Dx, Dy) ∈ k[x]〈Dx, Dy〉 ¦� A(f) = 0. �d�

WN ´d8Ü {xiDj
xD

`
y | i + j + ` ≤ N }3 k þÜ¤��þ�m. d|Ü¯¢

��§WN 3 k þ��ê�
(

N+3
3

)
. d�ê{KÚêÆ8B{��§

xiDj
xD

`
y(f) =

Pi,j,`

Qi+j+`+1
, (3.2)

Ù¥ degx(Pi,j,`) ≤ (i + j + `)dx + i � degy(Pi,j,`) ≤ (i + j + `)dy. ¤±8Ü

WN(f)�¹3Xe8Ü¥

VN = spank

{
xiyj

QN+1
| i ≤ (N + 1)dx + N, j ≤ (N + 1)dy

}
,

ùpVN 3 kþ��ê� (N +1)(dx+1)((N +1)dy+1). ½ÂN� φ : WN → VN

� φ(L) = L(f), ùp L ∈ WN . ØJ�y� N ≥ 6(dx + 1)(dy + 1)�§Ø�ª(
N + 3

3

)
> (N + 1)(dx + 1)((N + 1)dy + 1)

¤á. ùL²� N ≥ 6(dx + 1)(dy + 1)�§�5N� φ �Ø¥¹k�"��§=

�3�"�� A(x, Dx, Dy) ∈ k[x]〈Dx, Dy〉 ¦� A(f) = 0. e¡�ÚnL²l

ù��"z�f A(x, Dx, Dy) Ñu�±é� f ��Ú�f. �Ún�y²æ^


Wegschaider [83, ½n 3.2] 3y²aq(Ø�¦^�E|.
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Ún 3.1. � f ∈ k(x, y)��"kn¼ê§A � k[x]〈Dx, Dy〉 ¥�"�f¦�
A(f) = 0. K�3�"�f L(x, Dx) ∈ k[x]〈Dx〉 Úkn¼ê g ∈ k(x, y) ¦�

L(f) = Dy(g).

y². Äk§�"�f A o�±�¤ A = Dm
y (L(x, Dx) + DyM), Ù¥ m ∈ N,

M ∈ k[x]〈Dx, Dy〉§� L´ k[x]〈Dx〉¥��"�f. dWegschaiderE| [83,½

n 3.2] ��©í2��§�3 w ∈ k[y] Ú�"� r ∈ k ¦�

wDm
y = DyQ + r, (3.3)

ùp Q ∈ k[y]〈Dy〉. AO/§�� w = ym �§Kk r = (−1)mm! 6= 0. d

rDy = Dyr Ú (3.3) �Ñ

ym

(−1)mm!
A = L + DyG, Ù¥ G ∈ k[x, y]〈Dx, Dy〉.

Ï� A(f) = 0, ¤± L(f) = Dy(−G(f)). 5¿� g = −G(f) E,´ k(x, y) ¥

�kn¼ê. y..

d Lipshitz��{·��Ñ�Ú�f���.´ 6(dx + 1)(dy + 1)§=´�

g�. e¡·�æ^©Ù [18]¥��{�Ñ���´'u dy �5���.��

O. ù�·��

WNx,N∂
= spank

{
xiDj

xD
`
y | i ≤ Nx, j + ` ≤ N∂

}
.

ùpWN 3 kþ��ê� (Nx + 1)
(

N∂+2
2

)
. d�ª 3.2 ��§8ÜWNx,N∂

(f)�

¹3Xe8Ü¥

VNx,N∂
= spank

{
xiyj

QN+1
| i ≤ (N∂ + 1)dx + Nx, j ≤ (N∂ + 1)dy

}
.

ùp VNx,N∂
3 kþ��ê� ((N∂ + 1)dx + Nx + 1)((N∂ + 1)dy + 1). ù�·�

�±À� Nx = 3dxdy Ú N∂ = 6dy ��Ø�ª

(Nx + 1)

(
N∂ + 2

2

)
> ((N∂ + 1)dx + Nx + 1)((N∂ + 1)dy + 1).

dd�3���"�f A ∈ k[x]〈Dx, Dy〉 ¦� A(f) = 0. ØLù� f ��Ú�

f L ���õ� 6dy, ='u dy ´�5�.
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3.3 444������ÚÚÚ���fff������EEE

l 1990c±5§Nõ®kó� [86, 15, 43, 57]�5¿åÑ8¥3O���

4���Ú�fþ. 5¿���kn¼ê�¤k�Ú�f3Ìn�� k(x)〈Dx〉
¥/¤���n�. Tn��)¤�·�¡��Tkn¼ê�4��Ú�f.

e¡·�Ò5ïÄXÛO���kn¼ê�4��Ú�f (minimal telescoper).

éu�½kn¼ê5`§Ù?¿ü�4��Ú�f�m��� k(x) ¥�Ïf.

¤±§¼ê�Ä��4��Ú�f´���.

3.3.1 ÄÄÄuuu Hermite���zzz������{{{

3¢SA^¥§·�  �I�¦�Ú�f§ØI�¦�y¼ê. 3�

¡�©Û¥§·�ò���y¼ê����Ñ���'�Ú�f����þ�.

Ïd§XÛ3�E�Ú�fL§¥§;��y¼ê�O�òéNõA^¯Kå

�é���Ï. Ñuù�8�§·�3�µ 3.1 ¥�OÑ
�«�E4��Ú�

f�#�{. T�{�Ø%´kn¼ê� Hermite�z¿��±A¢SI�

ÀJO�½ØO��y¼ê.

� f = P/Q� k(x, y) ¥�kn¼ê, ùp P Ú Q ´ k[x, y] ¥�p��õ

�ª. é¤k�K�ê i§'u y $^ Hermite�z�±��\{©)

Di
x(f) = Dy(gi) + ri, (3.4)

Ù¥ gi, ri ∈ k(x, y) � ri ´©1�'uõ�ª�ý©ª. 5¿� Di
x(f) �©1

�Ã²�ÏfÜ©�Ø Q �'u y Ã²�ÏfÜ© Q∗, ¤± ri �©1�7,

�Ø Q∗. Xd·��±ò¤k riÚ��¤

ri =
ai

Q∗ , Ù¥ ai ∈ k(x)[y] � degy(ai) < degy(Q
∗). (3.5)

� µ = degy(Q
∗), r¤k ai w¤3 k(x) þ�ê� µ ��þ§@od�5�ê�

£��§a0, . . . , aµ 3 k(x) þ�5�'. nþ¤ã§·���e¡�Únµ

Ún 3.2. kn¼ê r0, . . . , rµ 3 k(x) þ�5�'.

e¡�Ún 3.3 ò`²���Ñkn¼ê ri 3 k(x) þ��5'X§ÏL

(3.4) Ò�±�� f ��Ú�f9Ù�A��y¼ê. d	TÚn�`²�µ

3.1 ¥��{ HermiteTelescoping �±�(/�� f �4��Ú�f9Ù�A�

�y¼ê.
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�{ HermiteTelescoping

Ñ\: f = P/Q ∈ k(x, y) ÷v gcd(P, Q) = 1.

ÑÑ: 4��Ú�f L ∈ k[x]〈Dx〉Ú�y¼ê g ∈ k(x, y).

1. é f 'u y $^ Hermite�z�Ñ\{©) f = Dy(g0) + a0/Q
∗. XJ

a0 = 0, @o�£ (1, g0).

2. é il 1� degy(Q
∗) �1µ

(a) é −ai−1Dx(Q
∗)/Q∗2 'u y $^ Hermite�z��\{©)§

−ai−1Dx(Q
∗)

Q∗2 = Dy(g̃i) +
ãi

Q∗ .

(b) �½ gi = Dx(gi−1) + g̃iÚ ai = Dx(ai−1) + ãi.

(c) l
∑i

j=0 ηjaj = 0 ¥�Ñ'u ηj ��5�§|. XJ�§|3 k(x)

þ�3�²�), @o�½

(L, g) :=

(
i∑

j=0

ηjD
j
x,

i∑
j=0

ηjgj

)

�aÑÌ�.

3. O� L �'u Dx �NÝ (content) c§¿��£ (c−1L, c−1g).

ã 3.1: Äu Hermite�z��{

Ún 3.3. � f � k(x, y) ¥�kn¼ê. K�3Ø��"� η0, . . . , ηρ ∈ k(x) ¦

�
ρ∑

i=0

ηiri = 0,

��=� f ��Ú�f9�A��y¼ê©O�

L =

ρ∑
i=0

ηiD
i
x Ú g =

ρ∑
i=0

ηigi.

d	§ρ ´¦� r0, . . . , rρ 3 k(x) þ�5�'����K�ê��=� ρ � f

�4��Ú�f��.
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y². d�ª (3.4) ü>¦þ ηi 2'u i ¦Ú§·���

L(f) = Dy

( ρ∑
i=0

ηigi

)
+

ρ∑
i=0

ηiri, Ù¥ L :=

ρ∑
i=0

ηiD
i
x.

5¿�Úª
∑ρ

i=0 ηiri ´©1�'u y �Ã²��ý©ª. ÏddÚn 2.2, L´

f ��Ú�f��=�
∑ρ

i=0 ηiri = 0. dc��dg,�����d. y..

�ÜÚn 3.2 Ú 3.3§·��±�� f �4��Ú�f����;�þ..

íØ 3.4. � f = P/Q� k(x, y) ¥�kn¼ê, ùp P Ú Q ´ k[x, y] ¥�p

��õ�ª. K f �4��Ú�f���õ� degy(Q
∗).

5 1. 3�{ HermiteTelescoping�Ì�Ú½¥,5¿��§|�)�m��ê

¢Sþ�U� 0 ½ö 1. ù«�¹e,·�3��¦)�c�±kÏLÀ��Å

: x0 ∈ krõ�ªÝ
C¤~êÝ
, ,�O�Ý
��.XJÝ
´÷��§

Òa�e�Ì�. ?�Ú/,e k ´knê�§·���±òþ¡���~êÝ


�K���Å�ê, 23k��þO�Ý
��. ù«E|3·��§S¢

y¥§�y¢éJp�Çék�Ï.

3.3.2 UUU???��� Almkvist–Zeilberger���{{{

éu�½kn¼ê f = P/Q ∈ k(x, y), Almkvist–Zeilberger�{�E4

��Ú�f�Ä�g�´: éz��½�� ρ ∈ N, �½´Ä�3Ø��"�

ηi ∈ k(x) ¦�
ρ∑

i=0

ηiD
i
x(f) = Dy(gρ), Ù¥ g ∈ k(x, y). (3.6)

ùpëêz�§ (3.6) �¦)K´Äuëêz��© Gosper�{ [15]. XJ�

§ (3.6) �3�²�)§K�� f �4��Ú�fÚ�y¼ê�

L =

ρ∑
i=0

ηiD
i
x, Ú g = gρ.

ÄK§4�O\� ρ + 1, ¿EþL§. díØ 3.4 ��§Almkvist–Zeilberger

�{3�õ degy(Q
∗) + 1 Úª�. e¡·�éëêz��© Gosper�{)�§

(3.6) JÑ�
U?�{§¿3�µ 3.2 ¥�ÑU?� Almkvist–Zeilberger�{.
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�{ RationalAZ

Ñ\: f = P/Q ∈ k(x, y) ÷v gcd(P, Q) = 1 Ú degy(P ) < degy(Q).

ÑÑ: 4��Ú�f L ∈ k[x]〈Dx〉 Ú�y¼ê g ∈ k(x, y).

1. O� Q− = gcd(Q,Dy(Q)), Q∗ = Q/Q−, Ú Q,Q∗ 'u x ���Ü

© T , T ∗;

2. D� (Ñ ,N, β, H) := (P, P, d−y ,−Q∗Dy(Q)/Q);

3. 4 ` l 0� degy(Q
∗)§�1µ

(a) � z =
∑β

j=0 zjy
j. �\�§ (3.7) (ù� ρ = `)���5XÚ

M
(
ηi zj

)T

= 0§,�O�M �"�m��|Ä S.

(b) XJ S ��²�) (η0, . . . , η`, s) ¦� η0, . . . , η` Ø�´", @

o� (L, g) :=
(∑`

i=0 ηiD
i
x, s/(Q

−T ∗`)
)
, ,��Ú½ 4;

(c) �# Ñ := Dx(Ñ)T ∗−Ñ
(
T ∗Dx(T )/T +iDx(T

∗)
)
§N := NT ∗+

η`+1Ñ§β := β + degy(T
∗)§Ú H := H − t∗Dy(T

∗).

4. O� L'u Dx�NÝ c§�£ (c−1L, c−1g).

ã 3.2: U?� Almkvist–Zeilberger�{

½Â 3.2 ([45]). � F ´A��"��§a, b ∈ K[y]´�"õ�ª. XJ

a

b
=

Dy(p)

p
+

q

r
� gcd(r, q − τDy(r)) = 1 é¤k τ ∈ N,

@on�| (p, q, r) ∈ K[y]3 �¡�kn¼ê a/b ��© Gosper/ª (differen-

tial Gosper form).

�©Gosper�{¦)�§ (3.6)�Ú½�´O�kn¼êF =
∑ρ

i=0 ηiD
i
x(f)

�éê�ê��© Gosper-/ª, Ù¥ ηi w¤� y Ã'��½�. e¡·�í2

©Ù [57] ¥�E|5���Ñù�ÿ��© Gosper-/ª�w«L�ª. ù�

·�Ò;�
3��O��© Gosper-/ª�¤I��E,(ªO�9Ù�ê

��¦).

Äk§·�½Â�
PÒ. P Q∗ � Q 'u y �Ã²�Ü©� Q− = Q/Q∗.

- dy = degx(Q), d∗y = degy(Q
∗), d−y = degy(Q

−) Ú dx = degx(Q). ÏL©
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�{ degDx
(L) degx(L) degx(g) degy(g) E,Ý

HermiteTelescoping ≤ dy O(dxd
2
y) O(dxd

2
y) O(d2

y) Õ(dxd
ω+3
y )

RationalAZ ≤ dy O(dxd
2
y) O(dxd

2
y) O(d2

y) Õ(dxd
2ω+2
y )

L 3.1: �E4��Ú�f��{�E,Ý

m'u x �NÝÚ��Ü©§��©) Q = t(y)T (x, y). ÏL{ü�8

B, �3 Ni ∈ k[x, y]§¦� Di
x(f) = Ni/(QT ∗i). � N =

∑ρ
i=0 ηiNiT

∗ρ−i Ú

H = −Dy(Q)/Q− − ρt∗Dy(T
∗). ÏL{ü�gê�O§·��Ñ

degx(Ni) ≤ degx(P ) + i degx(T
∗)− i, degy(Ni) ≤ dy + i degy(T

∗)− 1.

Ó�/§degx(N) ≤ degx(P ) + ρ degx(T
∗)− ρ, degy(N) ≤ dy + ρ degy(T

∗)− 1.

Ún 3.5. XJ F =
∑ρ

i=0 ηiD
i
x(f) ´�"�,@on�| (N, H, Q∗) Ò´

Dy(F )/F ��© Gosper/ª.

y². Äk5¿� F = N/(QT ∗ρ) Ú Q∗ = t∗T ∗. Ùg��O���

Dy(F )/F = Dy(N)/N −Dy(Q)/Q− ρDy(T
∗)/T ∗ = Dy(N)/N + H/Q∗.

e¡���yé?¿ τ ∈ N§k gcd(Q∗, H − τDy(Q
∗)) = 1. � Q �Ã²�Ïf

Ü© Q∗ = Q1Q2 · · ·Qm Ú Q̂i = Q∗/Qi. ���\ H �L�ª��

Z := H − τDy(Q
∗) = −ρt∗Dy(T

∗)−
m∑

i=1

(i + τ)Q̂iDy(Qi).

?�Ïf Qj §XJ§�Ø t∗§@o

Z ≡ −(j + τ)Q̂jDy(Qj) mod Qj.

ÄKk

Z ≡ −(j+τ)Q̂jDy(Qj)−ρt∗(Dy(Qj)T
∗/Qj) ≡ −(j+τ+ρ)Q̂jDy(Qj) mod Qj.

3ü«�¹e, �j > 0, τ ≥ 0, Ú ρ ≥ 0 �§Z � Q∗ o´p��. y..
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ÏLCþ�� g = z/(Q−T ∗ρ), ·�ò�§ (3.6) =z�

ρ∑
i=0

ηiNiT
∗ρ−i = Q∗Dy(z) + (Dy(Q

∗) + H) z. (3.7)

ù�ÿd©Ù [15, 1 577 �½n] ��§XJþ�§kn¼ê) z ∈ k(x, y), K

T)7,´ k(x)[y] ¥�õ�ª. ¤±§e¡�?Ö´�OÑõ�ª)�gêþ

.. �d§·�k£� [45, íØ 9.6] ¥�(J.

Ún 3.6. � F ´A��"��§a, b ∈ F [y] ÷v β = − lcy(b)/ lcy(a) ´�K�

ê� degy(b) = degy(a)− 1. �õ�ª c ∈ F [y] ÷v β ≥ degy(c)− degy(a) + 1.

XJ u´ aDy(z) + bz = c �õ�ª), @o degy(u) ≤ β.

e¡Únò�Ñõ�ª)�gêþ.§T(Ø´ [57, Ún 2]�í2.

Ún 3.7. é?¿Ø��"� ηi ∈ k(x)ρ+1, XJ u ∈ k(x)[y] ´ (3.7) �)§@o

degy(u) ≤ β = d−y + ρ degy(T
∗)

y². � a = Q∗ Ú b = Dy(Q
∗) + H. �â H �½Â, b = −Q∗Dy(Q

−)/Q− −
ρt∗Dy(T

∗)§¿� lcy(b) = −(d−y + ρ degy(T
∗)) lcy(a). Ïd β = − lcy(b)/ lcy(a) =

d−y + ρ degy(T
∗)´�K�ê. 5¿� degy(N) < dy + ρ degy(T

∗)Ú dy = d∗y + d−y ,

¤± β ≥ degy(N)− d∗y + 1. dÚn 3.6��·K¤á.

�
L��B§� nx := dx + ρ degx(T
∗) − ρ ∈ O(ρdx) Ú ny := dy +

ρ degy(T
∗) − 1 ∈ O(ρdy). dÚn 3.7, ò z =

∑β
i=0 ziy

i �\�§ (3.6)§��X

e�5�§| (
M1 M2

)(η̂

ẑ

)
= P̂ , (3.8)

Ù¥M1 ´Xê�gê�õ� nx � (ny + 1) × (ρ + 1) �Ý
§M2 ´Xê�

gê�õ� dx � (ny + 1) × (β + 1) �Ý
. ±�{��O�ª§T�5�

§|�)�m�ê� 0½ö 1. �â Cramer{K§�±�Ñ)�gêþ.�

nx(ρ + 1) + dx(β + 1) ∈ O(dxdyd
∗
y). Xd§·�Ò��
�Ú�fÚ�y¼ê�

�Ñ�����þ.�O. ·�o(þã©Û§��±e(Ø.
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½n 3.8. � f = P/Q ∈ k(x, y) ÷v P, Q ∈ k[x, y], gcd(P, Q) = 1, degy(P ) <

degy(Q) � degx(P ) < dx. Kéd f �34��Ú�f L ∈ k[x]〈Dx〉 Ú�y¼
ê g ∈ k(x, y)÷vL��êØ�u d∗y, degx(L) ∈ O(dxd

2
y)Ú degx(g) ∈ O(dxd

2
y),

degy(g) ∈ O(d2
y).

5 2. b��½�kn¼ê�©fÚ©1'u xÚ y gê�õ� d. dþ½n

L²§�Ú�f��Ñ���þ�´ O(d4)§�y¼ê��Ñ���þ�´

O(d5). ¤±§��5`§XJ¯K�I�O��Ú�f§@o;��y¼ê�

O�  �±ü$O�E,Ý.

3.3.3 ���{{{���EEE,,,ÝÝÝ

3©Ù [17]¥§·��Ñ
�{ HermiteTelescopingÚ�{ RationalAZ��

[�E,Ý©Û. ¤k�E,Ý�O´± k ¥Ä�$��ü �. � k[x]m×n
≤d �

Xê3 k[x]¥gê�õ� d�m× n�Ý
�8Ü. � ω�Ý
¦{��1�

ê, =3 kn×n ¥�ü�Ý
�¦�±d O(nω)g k ¥$��¤. ·�3L�

3.1¥{ã·�E,Ý©Û�(J§�[ë� [17].

3.4 ���{{{¢¢¢yyy���~~~fff

3�!¥§·�ò0�·��Maple^�� RationalCT . 3T^��¥§·

�é®k�Ü©©ª©)§S?1
`z§¿3dÄ:þ¢y
kn¼ê�

Hermite�z. RationalCT¥O�4��Ú�f�¼ê·-� HermiteTelescop-

ingÚ RationalAZ§©OéAþ¡�ü��{. ·�ò�Ñ�
ÿÁ~f��Ñ

�mL±'�ØÓ§S��Ç.

RationalCT:O�kn¼ê�4��Ú�f�Maple§S�

> with(RationalCT);

[HermiteReduction, HermiteTelescoping , RationalAZ , SquareFreeParFrac]

> SquareFreeParFrac(1/(x^3+5*x^2+8*x+4), x, ’pfd’); ( Ü©©ª

©))

1, [x, 0, [[x + 2, [1, −1], [1, −1]], [x + 1, [1, 1]]]]

> pfd;
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− 1

x + 2
− 1

(x + 2)2
+

1

x + 1

> f :=-1/(-y+y^2+x);

f := − 1

−y + y2 + x

> HermiteReduction(f^2, x); ( Hermite �z)

[
−1 + 2 y

(4 x− 1) (−y + y2 + x)
,

2

(4 x− 1) (−y + y2 + x)
]

> HermiteTelescoping(f, x, y, Dx); ( ÄuHermite �z��{)

[2 + (4 x− 1)Dx ,
−1 + 2 y

−y + y2 + x
]

> HermiteTelescoping(f, x, y, Dx, ’No_Certificate’); ( Ã�y¼ê)

2 + (4 x− 1)Dx

> RationalAZ(f, x, y, Dx); ( U?� Almkvist-Zeilberger �{)

[2 + (4 x− 1)Dx ,
−1 + 2 y

−y + y2 + x
]

> DEtools[Zeilberger](f, x, y, Dx); ( Maple ¥�§S)

[2 + (4 x− 1)Dx ,
−1 + 2 y

−y + y2 + x
]

3.4.1 ~~~fff999ÙÙÙ���mmmééé'''

y3·�ÏL�X��~f5�ÑØÓ�{��mé'.

~ 3.1 (�Å)¤�kn¼ê). ·�$^ Maple ¥��Åõ�ª)¤¼ê

randpoly 5)¤ÿÁkn¼ê�©fÚ©1, ¿�½'u x Ú y �gê��, =

f =
P

Q
, d = dx = dy ∈ {1, 2, . . . , 7}.

�
{'å�, ·��½

• AZ: Maple 13¥§S·- DEtools[Zeilberger];
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• Hermite:Äu Hermite�z��{;

• RatAZ:U?� Almkvist–Zeilberger�{.

d 1 2 3 4 5 6 7

AZ 0.054 0.158 2.731 64.75 619.0 > hr > hr

RatAZ 0.019 0.059 0.402 4.461 34.13 220.5 792.1

Hermite 0.016 0.057 0.398 2.664 18.80 106.2 422.5

L 3.2: �Å~f�ÿÁ(J (�m´±¦�ü )

~ 3.2 (�ê¼ê�"z�©�§). � α(x) ´üC���ê¼ê, Ù½Âõ�

ª� P (x, α(x)) = 0,Ù¥ P 3 k[x, y] ¥Ø��. e¡�ÚnòO��ê¼ê�

"z�©�§=z�O�kn¼ê��Ú�f, y²� [18].

Ún 3.9. XJ L ´kn¼ê yDy(P )

P
'u y ��Ú�f, K L(α(x)) = 0.

e¡·�Ó�$^Maple¥��Åõ�ª)¤¼ê randpoly 5)¤õ�ª

P ∈ Z[x, y]÷v, ¿PÙ�gê (total degree)� d.

d 4 5 6 7 8 9 10

RatAZ 0.30 1.05 4.90 21.6 69.5 237. 846.

Hermite 0.21 0.94 4.53 20.5 84.7 231. 864.

gfun (Maple 13) 0.14 0.75 6.92 79.6 1661 > hr > hr

gfun (Algo) 0.10 0.46 2.44 12.2 52.7 157. 464.

L 3.3: �ê¼ê�ÿÁ(J (�m´±¦�ü )

~ 3.3 (é��"z�©�§). éuVC�kn�?ê

f =
∑
i,j≥0

fi,jx
iyj ∈ k(x, y) ∩ k[[x, y]],

½ÂÙé� (diagonal)�

diag(f) :=
∞∑
i=0

fi,ix
i.
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e¡�ÚnòO�é��"z�©�§=z�O�kn¼ê��Ú�f, y²

� [60, 60].

Ún 3.10. XJ L ´kn¼ê f(y, x/y)
y

'u y ��Ú�f, K L(diag(f)) = 0.

Äk, ·�ÿÁ PemantleÚWilson©Ù [66] ¥~f:

f =
1

1− x− y − xy(1− xd)
, Ù¥ d ∈ N.

d 8 9 10 11 12 13 14 15

AZ 3.53 6.33 13.6 38.5 68.1 145. 263. 368.

RatAZ 5.27 4.63 8.72 16.9 36.1 55.4 99.4 352.

Hermite 2.33 4.52 8.71 18.6 36.1 65.3 121. 169.

L 3.4: Pemantle–Wilson©¥�é��ÿÁ(J (�m´±¦�ü )

e¡·�ÿÁ StanleyÖ [77] 'u²¡1r (plane walk)�~f. � Sd =

{(i, j) ∈ N2|i + j = d}, �Ä

f(x, y, d) =
1

1−
∑

(i,j)∈Sd
xiyj

, Ù¥ 11 ≤ d ≤ 20.

d 11 12 13 14 15 16 17 18 19 20

AZ 48.7 5.72 144. 12.4 400. 23.9 1016. 46.7 > hr. 81.2

RatAZ 43.8 5.61 129. 11.8 269. 27.9 663.4 45.8 2976. 88.4

Hermite 11.7 2.55 31.9 5.71 91.3 12.8 227.8 21.1 617.9 40.3

Order 11 6 13 7 15 8 17 9 19 10

L 3.5: ²¡1r�é��ÿÁ(J (�m´±¦�ü )

3L� 3.5¥,·�*	�� d�óê�,4��Ú�f��TÐ� d/2. ·

�ßÿùé��óê d Ñ¤á, ¿F"U�Ñ|Ü�)º.
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4.1 cccóóó

õC���ê-�AÛ¼ê´Xê�õ�õ�ª���àg�5�©-�©

�§|�). ùa¼ê´ÊÏ�ê¼êÚ�AÛ���«í2. 3 90 c�Ð

[84], {IêÆ[WilfÚ Zeilberger5¿�3êÆÚÔn¥��a~��AÏ¼

êð�ªÑ�9õC���ê-�AÛ¼ê�È©½öÚª. ¿�§�éùað

�ª¦�JÑ
�@Å�z�y²�{§=¤¢�WZ�{. ù@�{�Ø%

Ò´�EõC���ê-�AÛ¼ê��Ú�f (telscoper). Ø
3|Ü¥A^

	§õC���ê-�AÛ¼ê�3 Lauewnt-Ore�ê�©) [85] �¡å��

�^.

3ÙmM5©Ù [86]¥§Zeilberger'uAÏ¼êð�ªgÄy²�nØÄ

:´ Bernstein3 70 c��
y²X���ß�¤uÐå5��ê D-�nØ

[16]. ��� (holonomic modules)´�êD-�nØ�Ø%é�.{ü�`§Weyl

�êþ���¡�´���XJT�äk4�� Hilbert�ê [34, 1 10 Ù]. ¼

ê�¡���� (holonomic functions) XJT¼ê�"zn�§w¤Weyl�ê

þ��´���. éuùa��¼ê§Zeilberger�{�ª�5´�±���y

� [86]. nØþ`§XJ¼ê�"zn����½§@o�½T¼ê´Ä´��

�´�U�. Ø3�´§O��½¼ê�"zn�  é(J$�Ø�U. 'X

y²{ülÑ¼ê 1/(n2 + m2) Ø´���Ò®²�6
�
�~AÏ��{.

3©Ù [84, 1 585 �] ¥§Wilf Ú Zeilberger 'u��ê-�AÛ¼êJÑ
�

��ÿ�ß�µ��ê-�AÛ¼ê´�����=�T¼ê´�K� (proper)§

ùp�K�¼ê�±L«¤·�Ù��õ�ª¼ê§�ê¼ê§�¼êÚ³ç

¼ê�¦È. l��ê-�AÛ¼ê�½Â�§Ñu§�K5´�±^�{�½

�. ¤±XJTß�¤á§@o�½��ê-�AÛ¼ê���5�Ò�±�{

z.

3õC�lÑ�/e§Wilf–Zeilbergerß�®²d Payne [65] 3ÙÆ¬Ø

©¥§AbramovÚ Petkovšek 3©Ù [14] ¥©OÕá)û. AO�§3ü�C

�lÑ�/eû�m [49, 50] 3ÙÆ¬Ø©¥��Ñ
ß��y². ¦��y

29
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²ÑÄu Ore–Sato½n§T½n�x
õC��AÛ��¦5(�. �
?�

ÚïÄWilf–Zeilbergerß�����/§·�I�Äkí2Ore–Sato½n�õ

C�ëY-lÑ·Ü�/.

Ì�(J. �Ù·��Ì�(J´y²
?�õC���ê-�AÛ¼êÑ�

±©)¤kn¼ê, �¼ê, ��ê¼êÚ�AÛ��¦È, ù´VC�·Ü�

/�d¾X]§SingerÚÇ¯y²���(J [39, 5� 5] �í2. ?�Ú�,

(Ü'uõC���ê¼ê� Christopher½n [88, 24] Ú'uõC��AÛ�

� Ore–Sato½n [61, 75, 65, 14], ·��Ñ
õC���ê-�AÛ¼ê�(�

½n.

�Ù�Ù{Ü©SüXeµÄk§·��ÑõC���ê-�AÛ¼ê����

êµe. Ùg§·�éõC�kn¼ê½Â�a#�kn�5/ª§¿ïÄÙ�

ê5�. |^#�kn�5/ª§·��xÑ
÷v�È5^���|kn¼

ê�AÏ/ª. ��, ·��ÑõC���ê-�AÛ¼ê�¦5(�½n.

�Ù�Ì�(J´�of²Ü���� [22].

4.2 ���êêêµµµeee

3�!¥§·�£�©Ù [56, 20, 59] ¥é���ÈXÚ (fully integrable

systems) ¤Ú\��êµe. 3ù�µee§õC���ê-�AÛ¼ê�±w

¤�����ÈXÚ3Ù Picard–Vessoit *Ü¥��_��.

4.2.1 ∆-������������êêê-���AAAÛÛÛ���

� A ´���§∆ ´l A �g��k��*d���N�|¤�8Ü. b

� ∆ ¥�N�´�ê½ögÓ�. 5¿� A þ��ê δ ÷vü�^�µ

δ(a + b) = δ(a) + δ(b) Ú δ(ab) = aδ(b) + δ(a)b é¤k� a, b ∈ A ¤á.

��| (A, ∆) �¡� ∆-�. XJ A ´�§K¡§� ∆-�. ¡� A �n� I ´

∆-n�XJ I 3¤k∆¥N��^e´µ4�§=é¤k φ ∈ ∆÷v φ(I) ⊂ I.

"n�Ú� A ���¡�²� ∆-n�. � A �¡�´ü� (simple)XJ§Ø

¹k�²�� ∆-n�.

� c ´ A ¥��. XJ δ ´ ∆ ¥��ê� δ(c) = 0§K¡ c �'u δ �~

ê. Ó��§XJ σ ´∆ ¥�gÓ�� σ(c) = c§K¡ c �'u σ �~ê. XJ
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c ´'u ∆ ¥¤kN��~ê§K·�¡ c ´ A �~ê. A ¥¤k�~ê�8

ÜP� CA§§´ A �f�. � A ´��§CA �´�.

� R �¡� ∆-� (A, ∆) � ∆-*ÜXJ R �¹ A ¿� ∆ ¥¤kN�Ñ

�±*Ü¤ R þ�üü�p���ê½ögÓ�. ù
*Ü� R þ��ê½
ögÓ��¤�8ÜE,P�∆.

� k ´A��"��. �{'å�§·�^oNi1 t �OëYC�

(t1, . . . , tm)§x�OlÑC� (x1, . . . , xn). � k(t,x) ´ k þ'uC� t1, . . . , tm

Ú x1, . . . , xn �kn¼ê�. 3� k(t,x) þ§�ê δi (1 ≤ i ≤ m)Ú²£�f σj

(1 ≤ j ≤ n) ©O½Â�µé¤k f ∈ k(t,x)§÷v

δi(f) =
∂f

∂ti
Ú σj(f) = f(t, x1, . . . , xj−1, xj + 1, xj+1, . . . , xn).

P ∆ = {δ1, . . . , δm, σ1, . . . , σn}.  5¿� ∆ ¥�N�3 k(t,x) þ´üü�p

���§¤±��| (k(t,x), ∆) ´∆-�.

½Â 4.1. �R ´ k(t,x) � ∆-*Ü. R ¥�"�� h �¡�3 k(t,x) þ´�

�ê-�AÛ�, XJ�3 a1, . . . , am, b1, . . . , bn ∈ k(t,x) ÷v b1 · · · bn 6= 0, ¦�

δ1(h) = a1h, . . . , δm(h) = amh, � σ1(h) = b1h, . . . , σn(h) = bnh. (4.1)

kn¼ê ai Ú bj ©O�¡� h � δi-û (certificate with respect to ti)Ú σj-û

(certificate with respect to xi). ¿�, Ú¡§�� h ��fû (certificates).

d½Â��§R¥��ê-�AÛ���¼ê§²£§Ú¦È�´��ê-�

AÛ�. XJ R ´ü�§�±y²?� R ¥��ê-�AÛ�Ñ´�_� [59,

Ún 2.1]. 5¿� ∆ ¥N�´üü�p���§u´½Â 4.1 ¥�fû ai Ú bj

÷vXen|�È5^�µ

δi(aj) = δj(ai) é 1 ≤ i < j ≤ m, (4.2)

σi(bj)bi = σj(bi)bj é 1 ≤ i < j ≤ n, (4.3)

δi(bj)

bj

= σj(ai)− ai é 1 ≤ i ≤ m Ú 1 ≤ j ≤ n. (4.4)

3lÑ�/e§©Ù [14] ¥¡÷v^� (4.3) �kn¼ê b1, . . . , bn ∈ k(x) ´�

N� (compatible). ·�ò^ù«`{§¡÷v^� (4.2), (4.3), Ú (4.4) �kn

¼ê a1, . . . , am, b1, . . . , bn ´�N� (compatible).
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¼ê L�ª �����ÈXÚ

�ê¼ê exp(f) H(δ1(f), . . . , δm(f), 1, . . . , 1)

~�¼ê βλ H(λ δ1(β)
β

, . . . , λ δm(β)
β

, 1, . . . , 1)

ÎÒ�¼ê βxj H(xj
δ1(β)

β
, . . . , xj

δm(β)
β

, 1, . . . , 1, β, 1, . . . , 1)

�¦ (λ)e·x H(0, . . . , 0,
∏e1−1

`=0 (e · x + λ + `), . . . ,
∏en−1

`=0 (e · x + λ + `))

(3þL¥, f, β ∈ k(t), λ ∈ k, � e ∈ Zn.)

L 4.1: ~�¼êéA������ÈXÚ

4.2.2 ���������������ÈÈÈXXXÚÚÚ

���¹e§k(t,x) �?� ∆-*ÜØ�½´��. �d§·�I��Eü

�∆-�§¦�Ù¥�¤k��ê-�AÛ�Ñ´�_�. ·�òæ^©Ù [20, 1

3 Ù] ¥��{5�E k(t,x) � ∆-*Ü¦�§�¹k����XÚ�).

½Â 4.2. � a1, . . . , am, b1, . . . , bn ´ k(t,x) ¥�kn¼ê. ��XÚ

δ1(z) = a1z, . . . , δm(z) = amz, σ1(z) = b1z, . . . , σn(z) = bnz, (4.5)

�¡�´3 k(t,x) þ���È� (fully integrable) XJ b1 · · · bn 6= 0 ¿�

a1, . . . , am, b1, . . . , bn ´�N�§=÷v^� (4.2), (4.3), Ú (4.4).

d [20, ½n 2 ] ��§é�½�k�������ÈXÚÑ�3 k(t,x) þ

ü� ∆-*Ü R ¦�z������ÈXÚ3 R ¥Ñk��). ¿�§R �
~ê��u k XJ k ´�ê4�. ·�r�����ÈXÚ (4.5) 3ÙéA�

ü� ∆-*Ü R ¥�¤k)8ÜP� H(a,b). XJ k ´�ê4�§@od [20,

½n 2 ] �� H(a,b) ´ k þ���þ�m. �d§·�òr)�m H(a,b) Ú

XÚ (4.5) �Ów�. 3L� 4.1 ¥§·��Ñ~�¼êéA������ÈX

Ú. 3�©¥§¤k��ê-�AÛ¼ê�òw¤´�����ÈXÚ3Ùü�

∆-*ÜR ¥���. ¤±§·��±éù
��ê-�AÛ¼ê?1�\§�¦

Ú�_. �â©Ù [14, ½Â 2] �`{§ü��ê-�AÛ¼ê�¡�´�Ý�
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(conjugate) XJ§��¤k�fû´�Ó�§=÷vÓ������ÈXÚ.

XJ k ´�ê4�§@o�Ý���ê-�AÛ¼ê�m������"~ê.

3e¡Ún¥§·��ÑdH(a,b) �½Â���Ñ�A^5�.

Ún 4.1. (i) é?� k(t,x) þ��ê-�AÛ¼ê g, ¤á

gH(a,b) = H
(

a1 +
δ1(g)

g
, . . . , am +

δm(g)

g
, b1

σ1(g)

g
, . . . , bn

σn(g)

g

)
.

(ii) H(a,b)H(ã, b̃) = H(a + ã,bb̃), Ù¥ a + ã Ú bb̃ ´'u�þÅ�©þ½

Â�.

(iii) δi(H(a,b)) = aiH(a,b)é¤k 1 ≤ i ≤ m ¤á, σj(H(a,b)) = bjH(a,b)

é¤k 1 ≤ j ≤ n ¤á.

4.3 kkknnn���555///ªªª

3�!¥§·�k£�üC�kn¼ê�ü�kn�5/ª (rational

normal forms) �½Â9Ù5� [13, 10, 44]. ùü�kn�5/ª3��

ê¼êÚ�AÛ��4�©) (minimal decomposition) ¥å�
��^

[44, 12, 13, 10].

,�§·�òé k(t,x) ¥õC�kn¼êÚ\�«#�kn�5/ª. ù

«#��5/ªò3e!ïÄ�Nkn¼ê�(�¥u��^.

4.3.1 ���©©©§§§���©©©kkknnn���555///ªªª

3ùp§� F (y) �¤k F þ'uC� y�üC�kn¼ê�. F (y) þ�

�êÚ²£�fUXe½Â: é¤k f ∈ F (y),

δ(f(y)) =
∂f(y)

∂y
Ú σ(f(y)) = f(y + 1).

ù� F (y) äk
�©Ú�©(�. õ�ª P ∈ F [y] �¡�´Ã²��

(squarefree)XJ gcd(P, δ(P )) = 1. XJé¤k i ∈ Z\{0}÷v gcd(P, σi(P )) =

1§@o¡õ�ª P ´Ã²£� (shift-free). �*/`§Ã²£�õ�ª�?¿
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ü�Ø������ÑØ´�ê. e¡�A�Ä�¯¢�«
Ã²�5ÚÃ²

£5�kn�ÈÚ�Ú�m�éX§§��y²�±3©z [2, 62, 47, 48] ¥é

�.

Ún 4.2. � f = P/Q ´ F (y) ¥kn¼ê¿�÷v gcd(P, Q) = 1 Ú deg(P ) <

deg(Q). @o§

(i) XJ Q ´Ã²��¿� f = δ(g) é,� g ∈ F (y), K f = 0.

(ii) XJ Q ´Ã²£�¿� f = σ(g)− g é,� g ∈ F (y), K f = 0.

½Â 4.3 (�©Q�5§²£Q�5). �"kn¼ê f = P/Q ∈ F (y) �¡�

´'u y �©Q�� (differential-reduced) XJ gcd(Q,P − iδ(Q)) = 1 é¤k

i ∈ Z ¤á. XJé¤k i ∈ Z ÷v gcd(P, σi(Q)) = 1, K¡ f ´'u y ´²£

Q�� (shift-reduced).

e¡·�5y²�©Q�Ú�©Q�kn¼ê��
Ä�5�.

Ún 4.3. � f = P/Q ∈ F (y) �'u y ��©Q�kn¼ê. XJ f = δ(g)/g

é,� g ∈ F (y), K g ∈ F � f = 0.

y². b� g ∈ F (y) \ F . K

f =
δ(g)

g
=

s∑
i=1

mi

y − αi

, Ù¥mi ∈ Z � αi ∈ F̄ é¤k 1 ≤ i ≤ s.

d½n 2.7, mi ´ Rothstein–Trager (ª RTy(f) ��. ¤±é¤kmi,

gcd(Q, P −miδ(Q)) 6= 1,

ù�b� f ´'u y �©Q��gñ. Ïd g ∈ F �k f = 0.

Ún 4.4. � f ∈ F (y) ´'u y �©Q��kn¼ê. XJ f = σ(g)/g é,�

g ∈ F (y), @o g ∈ F � f = 1.

y². b� g ∈ F (y) \ F . K g = a/b ÷v a, b ∈ F [y], gcd(a, b) = 1 ��

� a, b ��Ø3 F ¥. Ø���5§·��±b� a ∈ F [y] \ F . @o
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a = (y − α1)
m1 · · · (y − αs)

ms , Ù¥ mi ∈ N \ {0} � αi ∈ F̄ é¤k i = 1, . . . , s.

� B �8Ü

{αi|αi − α1 ∈ Z � 1 ≤ i ≤ s}.

Ø���5§·��±b�é¤k β ∈ B, β − α1 ≥ 0 ¿�- β1 ´ B ¥Ú α1

��ål�����. Ï� f = σ(g)/g, ¤± f = σ(a)b/(aσ(b)). 5¿� α1 − 1

´ σ(a) ���Ø´¦È aσ(b) ��, �k β1 ´ a ���Ø´¦È σ(a)b ��,

Ï� gcd(a, b) = 1 � f ´'u y �©Q��. ù�Ò�3�ê d = β1 − α + 1

¦� gcd(num(f), σd(den(f))) 6= 1, ù�b� f ´'u y �©Q��gñ. Ïd

g ∈ F �k f = 1.

e¡·��Ñ�©§�©kn�5/ª�½Â.

½Â 4.4 (�©kn�5/ª). �½kn¼ê f ∈ F (y), ¡��| (K, S) ∈
F (y) × F (y) � f ��©knIO/ (differential rational normal form)§{P

� DRNF§XJ f = K + δ(S)/S � K ´'u y �©Q��. d	§XJ K

Ú S �©1´p��, K¡ (K, S) ´ f ���î��©kn�5/ª (strict

DRNF ).

½Â 4.5 (�©kn�5/ª). �½kn¼ê f ∈ F (y), ¡��| (K, S) ∈
F (y) × F (y) � f ��©knIO/ (shift rational normal form)§{P�

SRNF§XJ f = K · σ(S)/S � K ´'u y �©Q��. � k1 = num(K),

k2 = den(K), s1 = num(S) � s2 = den(S). d	§XJK Ú S �©1÷v

gcd(k1, σ(s2)s1) = gcd(k2, σ(s1)s2) = 1,

K¡ (K, S)´ f ���î��©kn�5/ª (strict SRNF ).

� h(y) ´ F (y) þ��ê¼ê½K�AÛ�§Ù�fû� f ∈ F (y). @o

l?� f ��©½K�©kn�5/ª (K, S) Ñ�±�� h �Xe©)

h(y) = Sh′, Ù¥ h′ ��fû´K.

lù�©)Ñu, ·��±é h ?1ü«ØÓ�\{©) (additive decomposi-

tions), ùò3eÙ¥�[?Ø.
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4.3.2 X-kkknnn���555///ªªª

3�!¥§·�òé k(t,x) ¥õC�kn¼êÚ\�«#�kn�5/

ª§ùòkÏu·�3e!�� k(t,x) ¥�Nkn¼ê��«AÏ/ª.

�
{'å�§·�rØ��Ü©©ª©) (irreducible partial fraction

decomposition) �� “IPFD”. éu�"kn¼ê f ∈ k(t,x)§f �Ø��Ü

©©ª©)¥�z�©ª�©1·�Ñ�½� Ki(x)[ti] ¥Ä��õ�ª§ùp

Ki �L� k(t1, . . . , ti−1, ti+1, . . . , tm).

� X ´ 1 ÚlÑC� x1 . . . , xn 3 Z þ�¤k�5|Ü/¤�8Ü. �½

�"kn¼ê r ∈ Ki(x)(ti)§r 'uC� ti � IPFD �/ªXe

r = p0+
s∑

i=1

i∑
j=1

pi,j

qj
i

, Ù¥ p0, pi,j, qi ∈ Ki(x)[ti] � degti
(pi,j) < degti

(qi). (4.6)

� rS ´¤k (4.6) ¥÷vXe^��©ª pi,1/qi (1 ≤ i ≤ s) �Ú.

(i) pi,1 = xδi(qi) é,� x ∈ X, �

(ii) q2
i Ø�Ø r �©1.

déê�êúª, ·�o�±r rS �¤

rS =
δi(f)

f
+

n∑
j=1

xj
δi(βj)

βj

,

Ù¥ f Ú β1, . . . , βn 3 k(t,x) p. @o r Ò�±©)�

r = rS + rK . (4.7)

Xþ���| (rS, rK) �¡� r 'u ti ��� X-kn�5/ª (X-rational

canonical form), ¿�r rS Ú rK ©O¡� r 'u ti � X-� (X-shell) Ú X-Ø

(X-kernel).

kn¼ê� X-kn�5/ª���5�±dØ��Ü©©ª©)���

5���Ñ.

�
;��E�ªf§·�Ú\e¡�PÒ. éz� i ¦� 1 ≤ i ≤ m, �

Mi =

{
n∑

j=1

xj
δi(βj)

βj

| β1, . . . , βn ∈ k(t)

}



1oÙ õC���ê-�AÛ¼ê�(� 37

Ú

Ni =

{
δi(f)

f
+ u + v | f ∈ k(x, t), u ∈ Mi, v ∈ k(t)

}
.

d	, éz� j ¦� 1 ≤ j ≤ n, �

Mi,j =

{
j−1∑
p=1

xp
δi(βp)

βp

+
n∑

q=j+1

xq
δi(βq)

βq

| βp, βq ∈ k(t, xj)

}

Ú

Ni,j =

{
δi(f)

f
+ U + V | f ∈ k(x, t), U ∈ Mi,j, V ∈ k(t, xj)

}
.

5¿�8ÜMi, Ni, Mi,j, Ú Ni,j Ñ�¤\{+. ·��1��Ún´�x Ni,j

¥��� X-�Ú X-Ø�/ª.

Ún 4.5. � i ∈ {1, . . . ,m} Ú j ∈ {1, . . . , n}. XJ a ´ Ni,j ¥�"��, K�

3 g ∈ k(t,x), vj, u ∈ k(t, xj), Ú s1, s2 ∈ Mi,j ¦� a 'u ti � X-�Ú X-Ø©

O�

aS =
δi(g)

g
+ xj

δi(vj)

vj

+ s1 Ú aK = u + s2.

y². Ø���5§·�b� i = 1 � j = n. Ï� a 3 N1,n ¥, ¤± a kXe

/ª

a =
δ1(f)

f
+

n−1∑
j=1

xj
δ1(uj)

uj︸ ︷︷ ︸
a′

+r, Ù¥ f ∈ k(t,x) � u1, . . . , un−1, r ∈ k(t, xn).

b� rS Ú rK ©O� r 'u t1 � X-�Ú X-Ø. K�3 b, vn ∈ k(t, xn) ¦�

rS =
δ1(b)

b
+ xn

δ1(vn)

vn

.

� Ω �¤k3 rK 'u t1� IPFD¥Ñy�©ª�©1�Ø��Ïf�¤�8

Ü. ÏLØ� a′ 'u t1� IPFD¥@
Ù©13 Ω ¥©ª§·���

a =
δ1(f1)

f1

+
n−1∑
j=1

xj
δ1(vj)

vj

+ xn
δ1(vn)

vn

+
δ1(b)

b︸ ︷︷ ︸
aS

+
δ1(f2)

f2

+
n−1∑
j=1

xj
δ1(wj)

wj

+ rK︸ ︷︷ ︸
aK

,
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Ù¥¤kÑy3 aS 'u t1� IPFD¥�©ª�©1Øáu Ω  aK �áu Ω.

Ïd aS + aK ´ a 'u t1� X-kn�5/ª. �½

g = f1b, u = rK +
δ1(f2)

f2

, s1 =
n−1∑
j=1

xj
δ1(vj)

vj

, � s2 =
n−1∑
j=1

xj
δ1(wj)

wj

.

y..

e¡�ÚnL²XJ j 6= p, Ni,j Ú Ni,p ��8TT´8Ü Ni.

Ún 4.6. � i ∈ {1, . . . ,m} � j, p ∈ {1, . . . , n} ÷v j 6= p. K

Ni,j ∩Ni,p = Ni.

y². Ø���5§·�b� i = 1, j = 1, p = n � n > 1. d½Â§N1 g,�

¹3 N1,1 Ú N1,n��8¥. ¤±�I�y²���¹'X. � a� N1,1 Ú N1,n

��8¥�"��. - aS Ú aK ©O� a 'u t1� X-�Ú X-Ø. dÚn 4.5, a

'u t1� X-�Ú X-ØäkXe/ª

aS =
δ1(f1)

f1

+
n∑

j=1

xj
δ1(vj)

vj

=
δ1(f

′
1)

f ′1
+

n∑
j=1

xj

δ1(v
′
j)

v′j
,

Ù¥ f1, f
′
1 ∈ k(t,x), vj ∈ k(t, x1) �é¤k j = 1, . . . , n ÷v v′j ∈ k(t, xn). 5

¿� xj ´ k(t)þ��½�. KdÚn 2.5 �Ñ

δ1(f1)

f1

=
δ1(f2)

f2

Ú
δ1(vj)

vj

=
δ1(v

′
j)

v′j

é¤k j = 1, . . . , n¤á. Ï��©�§

δ1(z) =
δ1(v

′
j)

v′j
z

3 vj ∈ k(t, x1)¥k)¿��§Xêáu k(t, xn), ¤±7,3 k(t)¥k�) b′j.

�½ g′ = f1§Kk

aS =
δ1(g

′)

g′
+

n∑
j=1

xj

δ1(b
′
j)

b′j
.
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dÚn 4.5, a � X-ØäkXe/ª

aK = xn
δ1(wn)

wn

+
n−1∑
q=2

xq
δ1(wq)

wq

+ s

= x1
δ1(w

′
1)

w′
1

+
n−1∑
q=2

xq

δ1(w
′
q)

w′
q

+ s′,

Ù¥ w1, . . . , wn−1, s ∈ k(t, x1) � w′
2, . . . , w

′
n, s

′ ∈ k(t, xn). dþ¡1���ª

�§aK ´Xê3 k(t, x2, . . . , xn)¥'u x1 �õ�ª§¿� aK 'u x1 �gê

�õ� 1. ¤± wq �±�¤ k(t) ¥��. ÄK aK �©1ò¹kC� x1§ùò

� aK ´'u x1 �õ�ªgñ. Xd�Ñ§

s = cx1 + d,

Ù¥ c, d ∈ k(t). Ó��, ·�k

aK = x1
δ1(w

′
1)

w′
1

+
n−1∑
q=2

xq

δ1(w
′
q)

w′
q

+ c′xn + d′,

Ù¥ w′
1, . . . , w

′
n−1, c

′, d′ ∈ k(t). Ad, c = δ1(w
′
1)/w

′
1

aK =
n∑

q=1

xq

δ(w∗
q)

w∗
q

+ d,

Ù¥ w∗
q Ú d Ñ3 k(t) ¥. ùÒy²
 a 38Ü N1 ¥.

e¡�Ún�±w¤Ún 4.6 �lÑ/ª.

Ún 4.7. � i, p ∈ {1, . . . ,m} ÷v i 6= p � j ∈ {1, . . . , n}. XJkn¼ê
b ∈ k(t,x) �±�¤

b =
σj(fi)

fi

βiαi =
σj(fp)

fp

βpαp (4.8)

é,
 fi, fp ∈ k(t,x), βi, βp ∈ k(t), αi ∈ k(tp,x) Ú αp ∈ k(ti,x), @o�3

f ∈ k(t,x), α ∈ k(x), Ú β ∈ k(t) ¦�

b =
σj(f)

f
βα.



40 'u ZEILBERGER�{�ª�^�Ú�{U?

y². Ø���5§·�b� αi Ú αj Ñ´'u xj ²£Q��. XJ

αi

αp

=
σj(g)

g

1

u
, (4.9)

Ù¥ (g, 1/u) ´ αi/αp 'u xj ��©kn�5/ª. @o g 7,áu k(x), Ï

� ti Ú tp ´pØ�Ó��½�. d�§(4.8) Ú (4.9) �Ñ

σj(w)

w
=

βp

βi

u,

Ù¥ w = fig/fp. Ï� u ´'u xj ²£Q��, ¿� βi, βp ∈ k(t), ¤±Ún 4.4

�Ñ σj(w) = w, �
βp

βi

u = 1,

ù�·�k u ∈ k(t). d�§ (4.9) �§αi ∈ k(tp,x)´ k(x) ¥��Ú k(t) ¥�

��¦È, � αp áu k(ti,x). dkn¼ê©)���5, αi �±�¤¦È cd§

Ù¥ c ∈ k(tp) � d ∈ k(x). �½ f = fi, β = βic Ú α = d§Ún¤á.

4.4 ���NNNkkknnn¼¼¼êêê���(((���

�!�8I´y²Xe½n, T½n�x
��ê-�AÛ¼ê��fû�

(�.

½n 4.8. � a1, . . . , am, b1, . . . , bn � k(t,x) ¥kn¼ê§¿�÷v b1 · · · bn 6= 0

Ú¤k�È^� (4.2), (4.3) Ú (4.4). K�3 f ∈ k(t,x), üC�kn¼ê

rv ∈ k(z)§Ù¥ v�,�k�8Ü V ∈ Zn ���, c1, . . . , cL ∈ k̄, g0, β1, . . . , βn ∈
k(t), Ú g1, . . . , gL ∈ k̄(t) ÷v

ai = δi(g0) +
δi(f)

f
+

L∑
`=1

c`
δi(g`)

g`

+
n∑

j=1

xj
δi(βj)

βj

é¤k i = 1, . . . ,m ¤á§

(4.10)

�

bj =
σj(f)

f
βj

∏
v∈V

vj∏
p=0

rv(x · v + p) é¤k j = 1, . . . , n ¤á (4.11)

Ù¥ x · v �L�þSÈ x1v1 + . . . + xnvn.
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4.4.1 Ore-Sato½½½nnn

3 1930c§Ore [61] �Ñ
÷v48'X

R1(m,n + 1)R2(m, n) = R1(m, n)R2(m + 1, n)

�kn¼ê R1, R2 ∈ k(m, n) �¤k�U/ª§=)�(�. Ore½n�õC�

�/í2/ªd Sato [75]3 60c�uÐ¦�ýàg�þ�m (prehomogeneous

vector spaces) nØ¥$^ÓN�ê�{��
y². 3y²lÑ�/e�

Wilf–Zeilbergerß�L§¥§Payne3ÙÆ¬Ø© [65]§Abramov Ú Petkovšek

3©Ù [12, 14] ¥©OÕá/#uy¿$^Ð��{y²
 Ore-Sato½n.

AO�§û�m3ÙÆ¬Ø© [49, 50] ¥��Ñ
ü�C��/�T½n

�y². ù
(J�«
õC��AÛ���fû�¦5(�. e¡·�æ^

Payne Æ¬Ø© [65, ½n 2.8.4] �Lã5�Ñ Ore-Sato ½n.

½n 4.9 (Ore-Sato ½n). � b1, . . . , bn � k(x)¥kn¼ê�÷v b1 · · · bn 6= 0

Ú�È^�
σi(bj)

bj

=
σj(bi)

bi

, é¤k 1 ≤ i < j ≤ n.

K�3kn¼ê f ∈ k(x), k�8Ü V ∈ Zn ÚüC�kn¼ê rv ∈ k(z) (ùp

v ∈ V )¦�é¤k 1 ≤ j ≤ n,

bj =
σj(f)

f

∏
v∈V

vj∏
p=0

rv(x · v + p),

Ù¥ x · v �L�þSÈ x1v1 + . . . + xnvn.

e¡A!¥§·�ò?Økn¼ê÷vÙ¦�È^� (4.2) Ú (4.4)��U

äk�(�.

4.4.2 õõõCCC��� Christopher ½½½nnn���yyy²²²

õC���ê¼ê h(t) ´e¡�����ÈXÚ��").

δ1(z) = a1z, . . . , δm(z) = amz,

ùp a1, . . . , am ´ k(t) ¥�N�kn¼ê, =÷v�È^� (4.3). 3ü�C�

�/e, Geddes, Le Úof² [44] �x
 a1 Ú a2 �©1�m�éX. ÄuTé
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X§¦�3Ùó�¥é��ê¼êJÑ
ý�Ú�f (prescoper)�Vg. ¿y

²
ý�Ú�f´�Ú�f�mÏf.

Ún 4.10 (Geddes–Le–Li, 2004). � a1, a2 ∈ k(t1, t2) ÷v δ2(a1) = δ1(a2). e

d1, d2 ∈ k[t1, t2] ©O� a1, a2 �©1, Kk d1/d2 = f(t1)/g(t2)é,
 f ∈ k[t1]

Ú g ∈ k[t2] ¤á.

3é'u Liouvillian ÄgÈ©� Singer½n [76] �U?¥§Christopher

[24] y²
Xe½n.

½n 4.11 (Christopher, 1999). ?¿� C(t1, t2) þVC���ê¼ê h(t1, t2)

Ñ�±�¤

exp(f)
L∏

`=1

gc`
` , Ù¥ f, g` ∈ C(t1, t2) � c` ∈ C.

�d�, h(t1, t2) �ü��fû a1 Ú a2 �±�¤

ai = δi(f) +
L∑

`=1

c`
δi(g`)

g`

, é i = 1, 2.

3©Ù [88], Zoladek $^ Cerveau ÚMattei �Ö [21] ¥���(Ø�Ñ


õC� Christopher ½n�y². ·��ÑT½n���X�êy².

½n 4.12 (õC� Christopher ½n). � a1, . . . , am ∈ k(t) ÷v

δi(aj) = δj(ai), é 1 ≤ i < j ≤ m.

K�3 f ∈ k(t), �"~ê c` ∈ k, Ú g` ∈ k(c`)(t) é¤k 1 ≤ ` ≤ n ¦�

ai = δi(f) +
n∑

`=1

c`
δi(g`)

g`

, é¤k i = 1, . . . ,m.

·�ò^êÆ8B{y²þ½n. �d§ky²XeÚn. y²ÚnL§

¥§·�^���úªµ

δi

(
δj(f)

f

)
= δj

(
δi(f)

f

)
, é¤k�" f ∈ k(t) Ú 1 ≤ i < j ≤ m. (4.12)
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Ún 4.13. � K �L k(t2, t3, . . . , tm) ¿� a1, . . . , am ´ k(t)¥kn¼ê÷v

δi(aj) = δj(ai) é¤k i, j ÷v 1 ≤ i < j ≤ m.

K�3 f ∈ k(t), A` ∈ K é¤k ` = 2, . . . ,m, �"�� cj ∈ k Ú pj ∈
K(cj)[t1] \K(cj) é¤k 1 ≤ j ≤ n (ùp n ∈ N) ¦�é¤k 2 ≤ i < j ≤ m ÷

v δi(Aj) = δj(Ai)§¿�

a1 = δ1(f) +
n∑

j=1

cj
δ1(pj)

pj

,

a` = δ`(f) +
n∑

j=1

cj
δ`(pj)

pj

+ A` é ` = 2, . . . ,m.

d	,� j 6= j∗§pj Ú pj∗ ´ K(c1, . . . , cn)þ'u t1 �p�õ�ª.

y². dÚn 2.8§½n3 m = 1 �¤á. A^Ún 2.8 u a1 ∈ K(t1)§·��

�µ�3 f ∈ k(t), �"�� cj ∈ K Ú pj ∈ K(cj)[t1] \K(cj) é¤k 1 ≤ j ≤ n

(ùp n ∈ N)¦�

a1 = δ1(f) +
n∑

j=1

cj
δ1(pj)

pj

. (4.13)

d	§cj ´ a1 'u t1 \{©)�éêÜ© A/D � Rothstein-Trager (ª�p

Ø�Ó��§¿� pj = gcd(D, A− cjδ1(D)). ¤±dÚn 2.6��§� j 6= j∗ �

pj Ú pj∗ ´K(c1, . . . , cn) þ'u t1 p��õ�ª.

e¡·�y²¤k� cj 3 k ¥. é¤k ` ÷v 2 ≤ ` ≤ m, d��úª

(4.12) �Ñ

δ`(a1) = δ1(δ`(f)) + δ1

(
n∑

j=1

cj
δ`(pj)

pj

)
+

n∑
j=1

δ`(cj)
δ1(pj)

pj

.

2d�È^� δ`(a1) = δ1(a`) �Ñ

δ1

(
a` − δ`(f)−

n∑
j=1

cj
δ`(pj)

pj

)
=

n∑
j=1

δ`(cj)
δ1(pj)

pj

.

Ï� pj ∈ K(cj)[t1]\K(cj),¤± δ1(pj) 6= 0. dÚn 2.5,é¤k `÷v 2 ≤ ` ≤ m,

¤á δ`(cj) = 0 �

a` = δ`(f) +
n∑

j=1

cj
δ`(pj)

pj

+ A`, é,� A` ∈ K(c1, . . . , cn).
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Ïd¤k cj 3 k ¥. d	, é¤k ` ÷v 2 ≤ ` ≤ m, Úª

n∑
j=1

cj
δ`(pj)

pj

áu k(t), ù´Ï�TÚª¥ cj ´Xê3 k(x) ¥� Rothstein-Trager (ª�

�, ¿�Úª3?Û cj ���eØC�. dd�Ñ¤k A` 3K ¥. ��§�È

^� δi(aj) = δj(ai) �Ñ δi(Aj) = δj(Ai) é¤k i, j ÷v 2 ≤ i < j ≤ m. y..

y3, ·��Ñ½n 4.12�y².

y². ·�é m æ^êÆ8B{?1y². dÚn 2.8§½n3 m = 1 �¤

á. ·�e¡b� m > 2 �½né m − 1 ¤á. � K �L k(t2, t3, . . . , tm).

dÚn 4.13, �3 f ∈ k(t), A` ∈ K é¤k ` = 2, . . . ,m, �"�� cj ∈ k Ú

pj ∈ K(cj)[t1] \K(cj) ÷v 1 ≤ j ≤ n (ùp n ∈ N) ¦�δi(Aj) = δj(Ai), é¤k

i, j ÷v 2 ≤ i < j ≤ m, �

a1 = δ1(f) +
n∑

j=1

cj
δ1(pj)

pj

,

a` = δ`(f) +
n∑

j=1

cj
δ`(pj)

pj

+ A`, é ` = 2, . . . ,m.

d8Bb�, é m − 1 ��N�kn¼ê A`, �3f̄ ∈ K, �"�� c̄j ∈ k Ú

p̄j ∈ K(cj)é¤k j = 1, . . . , n̄ ¦�

A` = δ`(f̄) +
n̄∑

j=1

c̄j
δ`(p̄j)

p̄j

, é¤k ` ÷v 2 ≤ ` ≤ m.

Ï� f̄ Ú p̄j Ø¹kC� t1, ¤±

ai = δi(f + f̄) +
n∑

j=1

cj
δi(pj)

pj

+
n̄∑

j=1

c̄j
δi(p̄j)

p̄j

, é¤k i ÷v 1 ≤ i ≤ m.

y..
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4.4.3 Feng-Singer-Wu ÚÚÚnnn���õõõCCC���ííí222

3ü�C��/e, ¾X], SingerÚÇ¯ [39, ·K 5] y²
XJkn¼

ê a, b ∈ k(t, x) ÷v b 6= 0 Ú σ(a)− a = δ(b)/b§@o�3 f ∈ k(t, x), α ∈ k(x),

Ú β, γ ∈ k(t) ¦�

a =
δ1(f)

f
+ x

δ1(β)

β
+ γ � b =

σ1(f)

f
βα.

ù�(Ø3¦�O��ê��5�©-�©�§� liouvillian )¥å�
��

^. ·�ò Feng-Singer-Wu �(Jí2�õC��/.

½n 4.14. � a1, . . . , am, b1, . . . , bn ´ k(t,x) ¥kn¼ê¿÷v b1 · · · bn 6= 0.

XJ¤k��È^� (4.2), (4.3) Ú (4.4) Ñ¤á§K�3 f ∈ k(t,x),

β1, . . . , βn ∈ k(t), γ1, . . . , γm ∈ k(t) Ú α1, . . . , αn ∈ k(x) ¦�

ai =
δi(f)

f
+

n∑
j=1

xj
δi(βj)

βj

+ γi é¤k i ÷v 1 ≤ i ≤ m, (4.14)

�

bj =
σj(f)

f
βjαj é¤k j ÷v 1 ≤ j ≤ n. (4.15)

d	, γi, αj Ú ai, bj ���÷v¤k��È^� (4.2), (4.3) Ú (4.4).

3y²½n 4.14 �c§·�k���
>.�/. eJ n = 0, ·��±�

f = 1 Ú γi = ai é¤k i ÷v 1 ≤ i ≤ m. Ó�/§XJ m = 0, ·��±�

f = 1, βj = 1 Ú bj = αj é¤k j ÷v 1 ≤ j ≤ n. Ïd, ½n3 n = 0 ½m = 0

�Ñ¤á. XJm = n = 1, Kd Feng-Singer-Wu �(J [39, 5� 5] ��½n.

3 Feng-Singer-Wu �(J¥§¦�b� k ´�ê4�. �´c[ívÙy²�

�§T(Ø3 k �A�"��E,¤á. nþ¤ã§·�e¡�Iy²½n3

m > 1 � n ≥ 1 ½öm ≥ 1 � n > 1 �¤á.

·��y²ém Ú n A^êÆ8B{. �d§·�ky²½n3m = 1, n

?¿�¤á.

Ún 4.15. � a, b1, . . . , bn � k(t,x) ¥kn¼ê¦� b1, . . . , bn ÷v�È^�

(4.3)§b1 · · · bn 6= 0§�

δ(bj)

bj

= σj(a)− a, é¤k j ÷v 1 ≤ j ≤ n. (4.16)
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K�3 f ∈ k(t,x), α1, . . . , αn ∈ k(x), β1, . . . , βn ∈ k(t), Ú γ ∈ k(t) ¦�

a =
δ(f)

f
+

n∑
j=1

xj
δ(βj)

βj

+ γ � bj =
σj(f)

f
βjαj é 1 ≤ j ≤ n. (4.17)

d	kn¼ê αi 3 k(x) ¥´�N�.

y². ·�é n $^êÆ8B{. eJ n = 1, KÚnÒ´ [39, 5� 5]. e

¡b� n > 1 ¿�Úné¤k bj �ê�u n �¤á. ò a, b1, . . . , bn w¤

k(xn) þ'u t, x1, . . . , xn−1 �kn¼ê. Kd8Bb�§�3 f̃ ∈ k(t,x),

β̃1, . . . , β̃n−1 ∈ k(t, xn) Ú γ̃ ∈ k(t, xn) ¦�

a =
δ(f̃)

f̃
+ x1

δ(β̃1)

β̃1

+ · · ·+ xn−1
δ(β̃n−1)

β̃n−1

+ γ̃.

aq�, ò a, b1, . . . , bn w¤ k(x1) þ'u t, x2, . . . , xn �kn¼ê, Kk

a =
δ(f ′)

f ′
+ x2

δ(β′2)

β′2
+ · · ·+ xn

δ(β′n)

β′n
+ γ′,

Ù¥ f ′ ∈ k(t,x), β′2, . . . , β
′
n ∈ k(t, x1), � γ′ ∈ k(t, x1).

lÚn 4.6 ?�Ú�Ñ�3 f ∈ k(t,x) Ú β1, . . . , βn, γ ∈ k(t) ¦�

a =
δ(f)

f
+

n∑
j=1

xj
δ(βj)

βj

+ γ.

b�é¤k j ÷v 1 ≤ j ≤ n,

bj =
σj(f)

f
βjαj

é,
 αj ∈ k(t,x). d�È^� (4.16) Ú{ü�O��,

δ(bj)

bj

= σj(a)− a,

ùq�Ñ
δ(αj)

αj

= 0.

Ïd αj áu k(x). d�È^� (4.3), þ¡� αj ÷vé¤k 1 ≤ j < q ≤ n ¤á

σq(αj)

αj

=
σj(αq)

αq

y..
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y3·��Ñ½n 4.14 �y².

y². ·�é m $^êÆ8B{?1y². � m = 1 �§½nÒ´Ún 4.15.

e¡§� n ����ê�b�½n� ai �ê�u m �Ñ¤á. Äk§3 k(tm)

þ�ÄëYC� t1, . . . , tm−1 ÚlÑC� x1, . . . , xn§Kd8Bb���é÷v

1 ≤ j ≤ n �¤k j , �3 f̃ , β̃j ∈ k(t) Ú α̃j ∈ k(tm,x) ¦�

bj =
σj(f̃)

f̃
β̃jα̃j.

�X·�3 k(t1) þ�ÄëYC� t2, . . . , tm ÚlÑC� x1, . . . , xn§Kd8B

b���§é÷v 1 ≤ j ≤ n �¤k j , �3 f̂ , β̂j ∈ k(t) Ú α̂j ∈ k(t1,x) ¦�

bj =
σj(f̂)

f̂
β̂jα̂j.

dþ¡ü��ªÚÚn 4.7, ���3 f ′j ∈ k(t,x), β′j ∈ k(t), α′j ∈ k(x) ¦�

bj =
σj(f

′
j)

f ′j
β′jα

′
j é¤k j ÷v 1 ≤ j ≤ n. (4.18)

y3·�äó�3 f ∈ k(t,x), β1, . . . , βn ∈ k(t) Ú α1, . . . , αn ∈ k(x) ¦�

bj =
σj(f)

f
βjαj é¤k j ÷v 1 ≤ j ≤ n.

·�Ó�é n $^êÆ8B{y²Täó. XJ n = 1, Käód (4.18) �Ñ.

e¡b�äóé¤k ` < n �¤á, ¿�

b`+1 =
σ`+1(f)

f
u (4.19)

Ù¥ u ∈ k(t,x). d (4.3),

σ1(u) =
σ`+1(α1)

α1

u, . . . , σ`(u) =
σ`+1(α`)

α`

u.

Ï� α1, . . . , α` ∈ k(x), ¤±

u = vw,

ùp v ∈ k(t, x`+1, . . . , xn) � w ∈ k(x). d (4.18) Ú (4.19) ��§

σ`+1(f)

f
vw =

σ`+1(f
′
`+1)

f ′`+1

β′`+1α
′
`+1.
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2dkn¼ê©)���5§�3 g ∈ k(t, x`+1, . . . , xn), β` ∈ k(t) Ú α` ∈ k(x)

¦�

vw =
σ`+1(g)

g
β`+1α`+1.

du σj(g) = g é÷v 1 ≤ j ≤ ` �¤k j ¤á§@o�Iò f O�� fg K�

Ñäóé ` + 1 ¤á.

�e5·��I��Ñkn¼ê ai �/ª. b�é¤k÷v 1 ≤ i ≤ m �

i Ñ¤á

ai =
δi(f)

f
+

m∑
j=1

xi
δi(βj)

βj

+ γi,

Ù¥ γi ∈ k(t,x) ´�½¼ê. d�È^� (4.4) ��§

σj(γi) = γi é¤k j ÷v 1 ≤ j ≤ n,

?�Ú�Ñ γi áu k(t). d	é¤k÷v 1 ≤ i < p ≤ m � i Ñ¤á

δi(γp) = δp(γi).

2d�È^� (4.3) ��§
σj(αq)

αq

=
σq(αj)

αj

õ¤k÷v 1 ≤ j < q ≤ n � j, q ¤á. y..

5 3. 3þ¡½n¥©OA^½n 4.9 Ú½n 4.12 u γi Ú αj, ·�Ò�±��

½n 4.8.

4.5 ������êêê-���AAAÛÛÛ¼¼¼êêê���©©©)))

3ù!¥b� k ´�ê4�. ·�òlÙ�fû�(�Ñuí�Ñ��

ê-�AÛ¼ê��«©).

� h(t,x) ´ k(t,x) þ�����ê-�AÛ¼ê. @oÙ�fûa1, . . . , am,

b1, . . . , bn ÷v b1 · · · bn 6= 0��È^� (4.2), (4.3)Ú (4.4)Ñ¤á. d½n 4.14,

�3 f ∈ k(t,x), β1, . . . , βn ∈ k(t) \ {0}, γ1, . . . , γm ∈ k(t) Ú α1, . . . , αn ∈ k(x)

¦�

ai =
δi(f)

f
+

n∑
j=1

xj
δi(βj)

βj

+ γi
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é¤k÷v 1 ≤ i ≤ m � i ¤á, �

bj =
σj(f)

f
βjαj

é¤k÷v 1 ≤ j ≤ n � j ¤á. d	§

γ1, . . . , γm, α1, . . . , αn

�÷v�È^� (4.2), (4.3) Ú (4.4). d [20, ½n 2], �3 k(t,x)�ü��©-�

©*Ü R ¦� R �¹��ê-�AÛ� h, βxi Ú h′ ∈ H(γ1, . . . , γm, α1, . . . , αn).

5¿� R ¥?���ê-�AÛ�Ñ´�_�§Ï� R ´ü�. Ï� k ´�ê

4�§@o R ¥?Ûü�Pk�Ó�fû�������� R ¥~ê. d{ü

�y��§h Ú fβx1
1 · · · βxn

n h′ Pk�Ó��fû. Ïd§

h = cfβx1
1 · · · βxn

n h′,

ùp c ∈ k � h′ ��fû� γ1, . . . , γm, α1, . . . , αn. 5¿� γi ´'u t �¼ê

Ú αj ´'u x �¼ê. Xd·���Xe©)

H(γ1, . . . , γm, α1, . . . , αn) = H(γ1, . . . , γm, 1, . . . , 1)H(0, . . . , 0, α1, . . . , αn).

2dõC� Christopher ½n 4.12 ��§?�¼ê he ∈ H(γ1, . . . , γm, 1, . . . , 1)

Ñ�Ýu

exp(g0)
L∏

`=1

gc`
` ,

Ù¥ c1, . . . , cL ∈ k � g0, g1, . . . , gL ∈ k(t). d [65, íØ 3.7.3] ½K [14, íØ 4]

��§?�¼ê hg ∈ H(0, . . . , 0, α1, . . . , αn) Ñ�Ýu

f̃(x)T (x)

Ù¥ f̃ ∈ k(x) � T (x) ´'u x ��¦� (äNë� [65, ½Â 3.5.1] ½ö [14,

½Â 5]).

nþ¤ã§·���Xe½n.

½n 4.16. b� k ´�ê4�§K?� k(t,x) þ��ê-�AÛ¼ê h Ñ�Ý

uXe¼ê

r(t,x) exp(g0(t))
L∏

`=1

g`(t)
c`

n∏
j=1

βj(t)
xjT (x) (4.20)
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Ù¥ r ∈ k(t,x), g0, g1, . . . , gL, β1, . . . , βn ∈ k(t), cl, . . . , cL ∈ k, � T (x) ´'u

x ��¦�.

½Â 4.6 (�K5). 3 k(t,x) þ���ê-�AÛ¼ê h �¡�´�K�

(proper) XJ§�ÝuXe¼ê

p(t,x) exp(g0(t))
L∏

`=1

g`(t)
c`

n∏
j=1

βj(t)
xjT (x) (4.21)

Ù¥ p ´ k[t,x] ¥õ�ª, g0, g1, . . . , gL, β1, . . . , βn ∈ k(t), c1, . . . , cL ∈ k, �

T (x) ´'u x ��¦�.

d�K5½Â 4.6 ÚõC� Christopher ½n§·���e¡�(Ø.

íØ 4.17. ?� k(t) þ�õC���ê¼êÑ´�K�.
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5.1 cccóóó

3�C� 20 cp§Zeilberger �{�ª�5��
2��ïÄ. �â

Zeilberger�{��O�ª§Ùª�5��Ú�f��35�d. Zeilberger 3

©Ù [86] ¥y²
¦��{é��¼ê´ª��. AO/§WilfÚ Zeilberger

Äu Fasenmyer [37] Ú Verbaeten [81] �g�é�Ú�f'u�K��ê-�A

Û¼ê��35�Ñ
��Ð��¿��E5�y² [86, 84]. �´§��5�

�´�Ú�f�3�¿©^�. ¯¢þ§Chyzak, KauersÚ Salvy 3©Ù [29]¥

�Ñ
Aa�����Ú�fE�3�¼ê§¿��Ñ
'��5�f��3

^�. l 2001cm©, kNõó�'5u��ê-�AÛ¼ê��Ú�f�35

�¿©7�^�. 3ëY�/e, Bernstein [16] Ú Lipshitz [60] �<�ó��«


é?���ê¼êÑ�3�Ú�f. �Ò´`§Zeilberger�{é��ê¼ê

o´U¤õ�O�Ñ�Ú�f5. �´§�éuÙ¦�/¯KÒC�Ø@o{

ü. 3lÑ9Ù q-�[�/e§'u�35¯K1�����)�´ Abramov

Ú Le 3©Ù [58, 9]¥�Ñ��½OK§TOK�±�½?�'ulÑC� m

Ú n �kn¼ê´Ä�3�Ú�f. �â¦��OK§·��±y²kn¼ê

f =
1

m2 + n2
,

Ø�3�Ú�f. 3ù�ó��¤�ØÈ, Abramov [5, 6] òTOKí2�
V

C��AÛ��/. {ü/`§Abramovy²
���AÛ�äk�Ú�f�

�=�T�AÛ��±�¤�AÛ�\� (hypergeometric-summable) �AÛ

���K�AÛ��Ú. 3 q-�©�/§aq��½OKd�[A§û�mÚ;

�²3©Ù [23] ¥�Ñ. ù
(J3 Zeilberger�{�ª�5�½¥å�
�

���^.

AlmkvistÚ Zeilberger 3©Ù [15]¥ò Zeilberger�{í2�
�©-�©

·Ü�/. ù«í2�A^u��õ�ª [54, 1 10-13 Ù] �ïÄ. 3ù«ë

Y-lÑ·Ü�/e§�Ø´¤k���ê-�AÛ¼êÑ�3�Ú�f. 'X§

51
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·�ò3�Ù¥y²'uëYC� x ÚlÑC� n �kn¼ê

f =
1

x + n

QØ�3'u x ��Ú�f�Ø�3'u n ��Ú�f. ¤±, 3ù«�/e

·��I��ÑaqAbramov OK��½½n.

Ì��z. 3�Ù¥§·�JÑ
ü�'uVC���ê-�AÛ¼ê��Ú�

f��3��½OK. aqu Abramov �(J§·�y²
VC���ê-�A

Û�3'ulÑC�(ëYC�) ��Ú�f��=�T¼ê�±�¤�AÛ�

\�(��ê�È�) ¼ê��K¼ê�Ú. ·��OKÄuéVC���ê-�

AÛ�IOL«Úüa\{©)µ�a´'ulÑC�� Abramov–Petkovšek

©) [11, 13]§,�a´'uëYC�� Geddes–Le–Li©) [44].

�Ù�Ù{Ü©SüXeµ3�! 5.2 ¥§·��E
��S��§¿ò

�����ÈXÚéA� Picard–Vessoit �i\�S��¥§¦��ÙpÑy

�¤kVC���ê-�AÛ¼ê3S��¥Ñ´�_�. 3ù��êµee§

·��Ñ
�Ú�f�35¯K�Lã. ��ê-�AÛ¼ê�IOL«ò3

�! 5.4 ¥�Ñ. 3�! 5.5 ¥§·�?Øüa\{©)§='ulÑC��

Abramov-Petkovšek ©)Ú'uëYC�� Geddes-Le-Li ©)§¿�Ñ3IO

L«e§��ê-�AÛ¼ê\{©)�AÏ/ª. ��§·��Ñ�½�Ú�

f�35�ü�OK¿�Ñ�
~f. Äuùü�OK§·���)û
�

©-�©·Ü�/eZeilberger�{�ª�5¯K.

�Ù�(J´� Frédéric Chyzak§¾X]Úof²Ü����.

5.2 ���êêêýýý���

3©Ù [70, 71] ¥§RischÄu Ritt��©�9Ù*ÜnØ [72, 73]JÑ


�½�a��Ð�¼ê�Ð��È5��{. gd±�§ÎÒÈ© [19]�¡�

�Uó�Ñ±�©�ê [73, 51, 55] ���êµe. É Risch�{�éu§Karr

[52, 53] Äu�©�ê [31] ïá
�@ÎÒ¦Ú�{. 3�!¥§·�r�©-�

©�Ú�nØ���ÑVC���ê-�AÛ¼ê��êµe. 3ù�µep§

·��±X�ê�ïÄ�Ú�f��35¯K.

� k �A�"��ê4�§k(x, n) � k þ'uC� x Ú n �kn¼ê�.

I�5¿�´§3ùÙ¥·�òr x w¤ëYC�§n w¤lÑC�. 3�
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k(x, n) þ, �ê δ Ú²£�f σ ©O½Â�

δ(f(x, n)) =
∂f

∂x
Ú σ(f(x, n)) = f(x, n + 1) é¤k f ∈ k(x, n) ¤á.

5.2.1 SSS������

·�r����ê-�AÛ¼êi\�3���©� (universal Picard-

Vessiot field)þ�S��p. ùp��E5gu©Ù [38, 40].

� K ��©� (k(x), δ) ��� Picard-Vessiot � (universal Picard-Vessiot

field) [80, 1 10 Ù]. K (K, δ) ´ (k(x), δ) ����©�*Ü. d	§K 'u δ �

~ê�T�u k, Ï�·�b� k ´�ê4�. � KN ´ K þ¤kÃ¡S��

¤��§Ù¥\{Ú¦{´Å�½Â�. éuKN ¥S�

s = (s0, s1, s2, . . .)

½Â

δ′(s) = (δ(s0), δ(s1), δ(s2), . . .).

K δ′ ´ KN þ��ê. � I ⊂ KN ´¤k�kk��Ø�"�S��¤�8

Ü§�±�y§´ KN ¥�n�. Ï� I 3�ê δ′ �^e´µ4�§¤±û�

S := KN/I E´�©�§Ùþ��© δ̄ d δ′ g,p�Ñ§=§

δ̄(s + I) = δ′(s) + I.

?�Ú/§·�½ÂN� σ̄ : S → S ÷v

s + I 7→ (s1, s2, s3, . . . , ) + I.

N´�y σ̄ ´û½Â� S þ�gÓ��N� δ̄ Ú σ̄ ´�p���.

y3§·��±rkn¼ê� k(x, n) i\� S ¥. ?� k(x, n) ¥kn¼

ê f(x, n)§�3k� m ∈ N ¦�� i ≥ m � f(x, i) ´û½Â�. ½ÂN�

φ : k(x, n) → S ÷v

f(x, n) 7→ (0, . . . , 0︸ ︷︷ ︸
m

, f(x, m), f(x, m + 1), f(x, m + 2), . . .) + I.

d I �½Â��, φ ´¦� φ ◦ δ = δ̄ ◦ φ � φ ◦ σ = σ̄ ◦ φ ¤á�û½Â�ü

�. Ïd�±r k(x, n) Ú�8 φ(k(x, n)) �Ów�. qÏ� δ̄ Ú σ̄ ©O´ δ Ú

σ �*Ü. ¤±·���±r δ̄, σ̄ ©OÚ δ, σ �Óå5. l§S ´ k(x, n) �

�©-�©*Ü§� k ´ S �~ê�.
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Ún 5.1. � a Ú b ´ k(x, n) ¥��÷v b 6= 0 Ú�È^�

δ(b)

b
= σ(a)− a. (5.1)

K�3 S ¥�_���ê-�AÛ¼ê¦�Ù δ-û� a � σ-û� b.

y². ·�r aÚ bw¤'u n �kn¼ê. � N �¿©���ê¦�é¤k

j ≥ N , a(x, j)Ú b(x, j)Ñ´û½Â�� b(x, j) 6= 0. dd§�3�" v ∈ K ¦

�

δ(v) = a(x, N)v.

� hi = 0 (0 ≤ i ≤ N − 1)§hN = v, � hi+1 = b(x, i)hi (i > N).

·�äó

h = (h0, h1, . . . , hN , hN+1, . . .) + I

´���_���ê-�AÛ¼ê¿± a � δ-ûÚ b � σ-û.

�_5d¯¢ hi 6= 0 é¤k i ≥ N ¤á�Ñ. y3§·�ÏLXeO�

5�y σ(h) = bh:

σ(h) = (0, . . . , 0︸ ︷︷ ︸
N−1

, hN , hN+1, hN+2, · · · ) + I

= (0, . . . , 0︸ ︷︷ ︸
N−1

, hN , b(x, N)hN , b(x, N + 1)hN+1, · · · ) + I

= (0, . . . , 1︸ ︷︷ ︸
N

, b(x, N), b(x, N + 1), · · · )(0, . . . , 0︸ ︷︷ ︸
N−1

, hN , hN , hN+1, · · · ) + I

= bh.

�X, ·�y²é¤k i ≥ N k δ(hi) = a(x, i)hi§ù�Ñ δ(h) = ah. � i = N§

þ�ªg,¤á. b�þ�ªé N ≤ ` ¤á. d (5.1), ·�k

δ(b(x, `)) = a(x, ` + 1)b(x, `)− a(x, `)b(x, `).

l��

δ(h`+1) = δ(b(x, `)h`) = δ(b(x, `))h` + b(x, `)δ(h`)

= (a(x, ` + 1)b(x, `)− a(x, `)b(x, `))h` + b(x, `)a(x, `)h`

= a(x, ` + 1)b(x, `)h` = a(x, ` + 1)h`+1.

@oäóé ` + 1 ¤á. ¤±§d8B��Ún¤á.
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~ 5.1. b� β(x) ´ k(x) ¥��"��. K��| (nδ(β)/β, β) ÷v (5.1). Ï

d�� (
1, β, β2, . . .

)
+ I

´ S ¥��fû©O� nδ(β)/β Ú β ���ê-�AÛ¼ê. ��©�Bå�§

T¼ê�P� βn.

� a Ú b ÷vÚn 5.1 ¥�b�§��ª (5.1) ¤á. 3cÙ¥§·�½Â

H(a, b) , {h ∈ S | δ(h) = ah � σ(h) = bh}.

·K 5.2. 8ÜH(a, b) ´ k þ���þ�m§¿�Ù¥?Û�"�3 S ¥�_.

y². dÚn 5.1, H(a, b) ¥k���_��, P§� h. � g � H(a, b) ¥�,

����. Kd��O��� δ(gh−1) = 0 � σ(gh−1) = gh−1. Ïd, gh−1 ´~

ê. Ï� k ´ S �¤k~ê�¤�8Ü§¤±Ún�y.

þÚnL²z� k(x, n) þ�����ÈXÚÑ� k þ����þ�m�

éA. �
�¡A^§·�òÚn 4.1 ��3H(a, b) þ�eíØ.

íØ 5.3. (i) é?���ê-�AÛ¼ê g ∈ S, ¤á

gH(a, b) = H
(

a +
δ(g)

g
, b

σ(g)

g

)
;

(ii) � a, b, a′, b′ ∈ k(x, n) ÷v bb′ 6= 0 ��È^� (5.1) é (a, b) Ú (a′, b′) Ñ

¤á, Kk

H(a, b)H(a′, b′) = H(a + a′, bb′);

(iii) δ(H(a, b)) = aH(a, b) � σ(H(a, b)) = bH(a, b).

XJvkAO�²§3�©¥Ñy���ê-�AÛ¼êÑ3 S ¥.

5.2.2 ���©©©-���©©©���fff���

� k(x, n)〈Dx, Sn〉 � k(x, n) þ�©-�©�f�§Ù¥��{K�§

SnDx = DxSn, Dxf = fDx + δ(f), Snf = σ(f)Sn,
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é¤k f ∈ k(x, n) ¤á. 3ù��¥§·�P ∆n ��c�©�f Sn − 1.

é¤k s ∈ S, ½Â�^: Dx(s) = δ(s) Ú Sn(s) = σ(s). K S Òäk
�
k(x, n)〈Dx, Sn〉 þ���(�. � h ´��ê-�AÛ¼ê¿Ù δ-ûÚ σ-û©O

� a Ú b. Kd��È^� (5.1) �±U�� SnDx(h) = DxSn(h).

ü���ê-�AÛ¼ê�¡�´3 k(x, n) þ�q� (similar) XJü¼ê

�' h1/h2 3 k(x, n) ¥. N´�y�q3��ê-�AÛ¼ê¥´�«�d'

X.

Ún 5.4. � h1 Ú h2 � k(x, n) þ��ê-�AÛ¼ê. XJ h1 Ú h2 ´�q

�§K

(i) h1 + h2 ½ö�u"½ö� h1 �q;

(ii) é¤k L ∈ k(x, n)〈Dx, Sn〉§L(h1) ½ö�u"½ö� h1 �q.

y². � r ∈ k(x, n) �¼ê�' h1/h2. K(Ø (i) d�ª h1 + h2 = (1 + 1/r)h1

�Ñ. Ï� h1 ´ k(x, n) þ��ê-�AÛ�§¤± h1 ����êÚ²£Ñ´Ú

h1 �q�. ù�(Ø (ii) d�(Ø (i) �Ñ.

5.2.3 ©©©lllõõõ���ªªª

éu�"kn¼ê f ∈ k(x, n)§·�©O^ num(f) Ú den(f) P f �©f

Ú©1. ¿� den(f) Ú num(f) �� k[x, n] ¥õ�ª´p��. �
�Ñkn

¼ê©)�IO/ª, ·�Ú\e¡½Â.

½Â 5.1. õ�ª p ∈ k[x, n] �¡�´©l� (split) XJ p �±�¤/ª

p1(x)p2(n)§Ù¥ p1 ∈ k[x] � p2 ∈ k[n].

?��½kn¼ê f o�±©)¤ f1(x)f2(n)f3(x, n)§Ù¥ f1 ∈ k(x),

f2 ∈ k(n) � num(f3) Ú den(f3) Ñvk©l�Ïf. ·�¡¦È f1f2 � f �©

lÜ© (split part). XJ©lÜ©áu k, K¡ f �©lÜ©´²��.

O��5�©Ú�©�§�kn)��{d Abramov3©Ù [3, 8, 4] ¥J

Ñ. Äu Abramov��{§·�e¡5?ØÄ�Xê�©lõ�ª��5�©

Ú�©�§�kn)/ª.
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Ún 5.5. � L � k[x, n]〈Dx〉 ½ö k[x, n]〈Sn〉 ¥��f§p � k[x, n] ¥�õ�

ª. XJ L �Ä�Xê´©l�§@o L(y(x, n)) = p 3 k(x, n) ¥�kn¼ê

)�©1´©l�.

y². � f ∈ k(x, n) � L(y(x, n)) = p �?�kn¼ê)§� q ∈ k[x, n] � L

�Ä�Xê. XJ L ´ k[x, n]〈Dx〉 ¥�f§den(f) �©l5dXeÄ�¯¢

�Ñµden(f) 3 k(n) p��7½´ q ��§ë� [3]. XJ L ´ k[x, n]〈Sn〉 ¥
��f§K�âO��5�©�§kn)�©1.� Abramov �{ [4] ��§

f �©1´¦È Q(x, n) := q(x, n)q(x, n− 1) · · · q(x, n− d) (ùp d �,k��

ê) �Ïf. dd�Ñ den(f) ´©l�.

5.3 ���333555¯̄̄KKK

3êÆ¥§�©Ú�©¯Kk�ÿ�±^aq��{?n. ²~´§���

¡�(J�±�A�3,��¡���[. 3�¡?Ø¥§·��Qã��N

Ñ�©Ú�©�m�ù«�q5.

��Zeilberger�{3�©-�©·Ü�/e�í2§AlmkvistÚZeilberger

[15] JÑ�«�EXeÈ©�48'X��{

H(n) :=

∫ +∞

0

h(x, n) dx,

ùp h(x, n) ´ k(x, n) þ��ê-�AÛ¼ê§¿�b�È©3 k þ´k½

Â�§'X k ��� C. Almkvist–Zeilberger �{�Ø%´�E�"�f

L(n, Sn) ∈ k(n)〈Sn〉 ¦�

L(n, Sn)(h) = Dx(g), (5.2)

ùp g � k(x, n)þ���ê-�AÛ¼ê. �f L(n, Sn) �¡� h 'u x ��

Ú�f (telescoper with respect to x). ���Ú�f��§òT�f�^��ª

(5.2) ü>§�Ñ

L(n, Sn)(H(n)) = g(+∞, n)− g(0, n).

XJ g(+∞, n) = g(0, n)§K L(n, Sn) Ò´È© H(n) ¤÷v�48'X.
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þ¡��{��±^5�EÚª

H(x) :=
+∞∑
−∞

h(x, n),

¤÷v��©�§. �A�·��E�"�f L(x, Dx) ∈ k(x)〈Dx〉 ¦�

L(x, Dx)(h) = ∆n(g), (5.3)

ùp g� k(x, n)þ���ê-�AÛ¼ê. ù���f L(x, Dx) �¡� h 'u n

��Ú�f (telescoper with respect to n). dÚn 5.4 ��§�ª (5.2) Ú (5.3)

¥� g Ñ´½ö�"½ö� h �q. �uùü«�Ú�f�äkNA^ë�©

Ù [15] �N¹½ö Koepf �Ö [54, 1 10-13Ù].

ÚlÑ�/��§¿Ø´¤k���ê-�AÛ¼êÑk'u x½ n��Ú

�f. �Ò´`§E,I��«OK5�½ Almkvist–Zeilberger �{�ª�5.

3?\�[?Ø�c§·�k�Ñ��{ü�~f±�<Ú�.

~ 5.2. �Äkn¼ê

f =
1

x + n
.

e¡·�y² f Qvk'u x ��Ú�f�vk'u n ��Ú�f.

�©�/µ·�^��{. b� f �3'u x ��Ú�f, =�3�"�f

L ∈ k(n)〈Sn〉 ¦� L(f) = Dx(g) é, g ∈ k(x, n) ¤á. P L =
∑ρ

i=0 `i(n)Si
n§

Ù¥ ρ ∈ N � `i ∈ k(n). Kk

L(f) =

ρ∑
i=0

`i(n)Si
n

(
1

x + n

)
=

ρ∑
i=0

(
`i(n)

x + n + i

)
=

A

D
,

ùp D �Ø'u x Ã²��õ�ª (x + n)(x + n + 1) · · · (x + n + ρ)§�

A ∈ k(n)[x] ÷v degx(A) < degx(D) Ú gcd(A, D) = 1 (�� k(n)[x] ¥�õ�

ª). Ï� A/D = Dx(g)§KdÚn 4.2 (i) �Ñ A = 0. u´ f ´�5�©�§

L(z) = 0 �kn¼ê). dÚn 5.5, f �©17L´ k[x, n] ¥©lõ�ªÏ�

L �ÄXê´� x Ã'�§�´ x + n Ø´©l�§gñ�

�©�/µ·�^��{. b� f �3'u n ��Ú�f, =�3�"�f

L ∈ k(x)〈Dx〉 ¦� L(f) = ∆n(g) é, g ∈ k(x, n) ¤á. P L =
∑ρ

i=0 `i(x)Di
x§



�Ú�f��35�½ 59

Ù¥ ρ ∈ N � `i ∈ k(x). Kk

L(f) =

ρ∑
i=0

`i(x)Di
x

(
1

x + n

)
=

ρ∑
i=0

(
(−1)i`i(x)

(x + n)i+1

)
=

A

D
,

ùpD �Ø'u n Ã²£�õ�ª (x + n)ρ+1§� A ∈ k(x)[n] ÷v degn(A) <

degn(D) Ú gcd(A, D) = 1 (�� k(x)[n] ¥�õ�ª). Ï� A/D = ∆n(g)§K

dÚn 4.2 (ii) �Ñ A = 0. u´ f ´�5�©�§ L(z) = 0 �kn¼ê). d

Ún 5.5, f �©17L´ k[x, n] ¥�©lõ�ªÏ� L �ÄXê´� n Ã'

�§�´ x + n Ø´©l�§gñ�

3�¡A!¥§·�ò)ûXe¯K§= Almkvist–Zeilberger �{�ª�

5¯K.

¯K 5.2.

�½�� k(x, n) þ���ê-�AÛ¼ê h(x, n)§�½ h ´ÄPk'u x ½ö

n ��Ú�fº

5.4 IIIOOOLLL«««

3ù!¥§·��Ñ��ê-�AÛ¼ê��«IOL«. TL«´Äu

[39, ·K 5 ]§=½n 4.14 �VC��/.

Ún 5.6. � a Ú b ´ k(x, n) ¥ü��"kn¼ê�÷v�È^� (5.1). K�

3©lÜ©´²��kn¼ê f ∈ k(x, n)§α ∈ k(n)§Ú β, γ ∈ k(x) ¦�

a =
δ(f)

f
+

δ(β(x))

β(x)
n + γ(x) � b =

σ(f)

f
α(n)β(x). (5.4)

y². d [39, 5� 5], �3 f ∈ k(x, n), α ∈ k(n), Ú β, γ ∈ k(x)¦� (5.4)¤á.

y3§ò f �¤ f1f2f3§Ù¥ f1 ∈ k(x), f2 ∈ k(n), � f3 ∈ k(x, n)÷vÙ©lÜ

©3 k ¥. ÏLò (5.4)¥� f§γ§Ú α O�� f3§γ + δ(f1)/f1§Ú ασ(f2)/f2§

Úny..

dþÚn�±��VC���ê-�AÛ¼ê�¦5©)§�T©)´��

�.
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·K 5.7. � h ´S��m S ¥�VC���ê-�AÛ¼ê. K�3©lÜ©

�²��kn¼ê f ∈ k(x, n)§©fÚ©1�Ä�� α ∈ k(n)§Ú β, γ ∈ k(x)

¦�

h ∈ f(x, n)β(x)nH(γ(x), α(n)). (5.5)

d	, XJ

h ∈ f ′(x, n)β′(x)nH(γ′(x), α′(n))

Ù¥ f ′ ∈ k(x, n) �©lÜ©´²��§ α′ ∈ k(n) �©f©1´Ä��§�

β′, γ′ ∈ k(x)§K f/f ′ ∈ k, α = α′, β = β′, � γ = γ′.

y². b� a Ú b ©O� h 'u x Ú n ��fû. dÚn 5.6, �3©lÜ©´

²��kn¼ê f ∈ k(x, n)§α ∈ k(n), Ú β, γ ∈ k(x) ¦� (5.4). d{ü�O�

��, h Ú�"¼ê fβnH(γ, α) äk�Ó��fû. d5� 5.2§(5.5) ¤á.

b� h áu f ′(x, y)β′(x)nH(γ′(x), α′(n))§¿�÷v·KQã¥�^�. K

aÚ b´8Ü f ′(x, y)β′(x)nH(γ′(x), α′(n))¥?��"�� δ-ûÚ σ-û. dd�

Ñ
δ(f)

f
+

δ(β(x))

β(x)
n + γ(x) =

δ(f ′)

f ′
+

δ(β′(x))

β′(x)
n + γ′(x), (5.6)

Ú
σ(f)

f
α(n)β(x) =

σ(f ′)

f ′
α′(n)β′(x). (5.7)

Ï�Ü©©ª©)´��5�¿� f Ú f ′©lÜ©Ñ´²��§¤±�ª (5.6)

�Ñ
δ(f)

f
=

δ(f ′)

f ′
,

δ(β(x))

β(x)
=

δ(β′(x))

β′(x)
, Ú γ(x) = γ′(x).

dd, f = cf ′ � β = c′β′§ùp c, c′ ∈ k(n).

Ó��d'u f Ú f ′ �b���§c áu k. Ï� β Ú β′ ´�C� n Ã

'�§¤± c′ �� n Ã'. d (5.7) �Ñ α(n) = c′α(n). qÏ� α(n) Ú α′(n) �

©f©1´Ä��§¤± c′ = 1. y..

½Â 5.3. � h(x, n) ∈ H(a, b) ´ k(x, n) þ��ê-�AÛ¼ê. ·�¡o�|

(f(x, n), α(n), β(x), γ(x)) ∈ k(x, n)4 ´ h �IOL« (standard representation)

XJ f ´ k(x, n) ¥©lÜ©�²��kn¼ê§α ∈ k(n) �©f©1´Ä�

�§β, γ ∈ k(x)§��ª (5.5) ¤á.
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�â©Ù [84] ¥�½Â§¡VC���ê-�AÛ¼ê h(x, n) ´�K�

(proper) XJÙIOL«�

(p(x, n), α(n), β(x), γ(x)), (5.8)

Ù¥ p ∈ k[x, n], α ∈ k(n), � β, γ ∈ k(x).

·K 5.8. � h ∈ f(x, n)β(x)nH(γ(x), α(n)) ÷v f ∈ k(x, n), α ∈ k(n), �

β, γ ∈ k(x). XJ f �©1´©l�§K h ´�K�.

y². � f = p/q ∈ k(x, n) ÷v p, q ∈ k[x, n] � gcd(p, q) = 1. Ï� q ´©l�,

¤±�3 A ∈ k[x] Ú B ∈ k[n] ¦� q = A(x)B(n). díØ 5.3 (i)§·���

h ∈ p(x, n)β(x)nH
(

γ(x)− δ(A(x))

A(x)
, α(n)

B(n)

σ(B(n))

)
.

Ïd§h ´�K�.

5.5 üüüaaa\\\{{{©©©)))

éuü�C����ê-�AÛ¼ê h(x, n), Ù¥ x ´ëYC�; n ´lÑ

C�, kü«\{©): �«´'uëYC��� h = Dx(h1) + h2; ,	�«´

'ulÑC��� h = ∆n(h1) + h2. Ù¥ h1 Ú h2 ´��ê-�AÛ¼ê� h2

3,«¿Âe4�. ¤k'u\{©)��{��þÑ´ Gosper �{ [46]9

Ù�©�[ [15] �*Ð. Ï�XJ�3��ê-�AÛ¼ê g, ¦� h = Dx(g) ½

h = ∆n(g), @o�{�£ h2 = 0. 3�!¥, ·�?Øü«\{©)3IOL

«e�AÏ/ª.

- F ´A��"��. �?Ø'u x �\{©)�, F �� k(n), ÄK F

�� k(x).

5.5.1 '''uuu x ���\\\{{{©©©)))

Hermite �z� Ostrogradsky–Horowitz �{rkn¼ê f ∈ F (x) ©)¤

f = Dx(g) + r, Ù¥ r = a/b ÷v degx(a) < degx(b) � b ´Ã²��õ�ª, �

Ò´, b�ê4�. Ñuü«ØÓ�8�, Davenport [36] Ú Geddes, Le ±9Li

[44] í2
 Hermite �z: Ù�´�
¦) Risch �©�§

Dx(y) + fy = g, Ù¥ f, g ∈ F (x),
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Ù�´�
)û��ê¼ê�\{©)¯K. e¡, ·�0� Geddes-Le-Li©

)�{. �d, k£�©Ù [44] ¥��
½Â.

½Â 5.4 (GLL n�|). � u, v ∈ F [x], w ∈ F (x). XJ§�÷ve¡�^�:

1. gcd(u, v) = 1;

2. u 'u x Ã²��;

3. w 'u x ´�©Q��;

4. gcd(u, den(w)) = 1,

@o·�¡ (u, v, w) �Geddes–Le–Li n�|, {¡ GLL n�|.

½Â 5.5 (��ê�È). XJ�3'u x���ê¼ê g ¦� h = Dx(g), @o

¡ h ���ê�È�.

5¿�þ¡½Â¥� g XJ�3Ò7,� h �q.

½Â 5.6 ('u x �\{©)). � h áuH(a, b) Ù¥ a, b ∈ F (x). h �'u x

�\{©)�Xe/ª

h = Dx(h1) + h2,

Ù¥ h1 Ú h2 ´��ê-�AÛ�, ¿� h2 ½K�u 0 ½K

h2 ∈
v

u
· H(a2, b2), Ù¥ b2 ∈ F (x) � (u, v, a2) ´ GLL n�|.

ù��©)�¡�´��� (complete)XJ h���ê�È5%¹ h2 = 0.

5 4. ¯¢þ, �¡?Ø¥·�¿ØI�'u x ���\{©). �â [67, ·K

5.6.2] ¥��Ó�Øy�ª, h1 Ú h2 Ñ� h �q.

5.5.1.1 Geddes–Le–Li ���{{{

·�£�©Ù [44] ¥�'u x �\{©)�{. r��ê-�AÛ¼ê

h ∈ H(a, b) w� δ-û� a ∈ F (x) ���ê¼ê. - (K, S) ∈ F (x)× F (x) � a

�î� DRNF, K ´'u x �©Q���

a = K +
δ(S)

S
, Ù¥ gcd(den(K), den(S)) = 1.
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l a �kn�5/ª�±�� h �¦5©), =,

h = S · h̃, Ù¥ h̃ ∈ H
(

K, b
S

σ(S)

)
.

�e5´¤¢� Hermite-like �z, d©Ù [44, ½n 2], K�3 S1 ∈ F (x) ÷v

S = δ(S1) + KS1 +
v

u · den(K)i
, (5.9)

Ù¥ i ∈ {0, 1} � (u, v, K) ´ GLL n�|. Ï� Dx(h̃) = Kh̃, d (5.9) ¥� S

�©)�Ñ

h = Dx(S1h̃) +
v

u · den(K)i
h̃.

�
�� h �\{©), ·�I��ä

h2 =
v

u · den(K)i
h̃ (5.10)

´Ø´��ê�È. ��ê�È�7�^�Xe.

Ún 5.9 (Geddes–Le–Li, 2004). XJ3 (5.10) ¥� h2 ´�AÛ�È, @o u

áu F , ='u�ê Dx ´~ê.

y². y²� [44, ½n 4].

b� u áu F . @od [44, ½n 4] ��·����ä���©�§

v

u
= Dx(z) +

(
K − Dx(den(K)i)

den(K)i

)
z (5.11)

´Äk F [x] ¥�õ�ª), ?�Ú=z�¦) F þ����5�§|. XJ�

3 (5.11) �õ�ª) p ∈ F [x], @o- h1 = (S1 + p/ den(K)i)h̃ � h2 = 0. ÄK

h �\{©)�

h = Dx(h1) + h2, Ù¥ h1 = S1h̃ � h2 =
v

u · den(K)i
h̃.
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5.5.1.2 lllIIIOOOLLL«««¥¥¥OOO���'''uuu x ���\\\{{{©©©)))

- (f(x, n), α(n), β(x), γ(x)) � h ∈ H(a, b) �IOL«, =,

h ∈ f(x, n)β(x)nH(γ(x), α(n)),

Ù¥ f ∈ k(x, n) ©lÜ©´²��, α ∈ k(n) äkÄ��©f©1, �

β, γ ∈ k(x). ·�`²N�l h �IOL«¦§�'u x �\{©).

ÄkO� h �IOL«¥ a �î� DRNF. e¡�Ún�±�½AÏ/ª

�kn¼ê´Ä´�©Q��.

Ún 5.10. - g ∈ k(x, n) äk/ª

p

q
+ n

s

t
+

u

v
,

Ù¥ p, q, s, t, u, v ∈ k[x] ÷v gcd(p, q) = gcd(s, t) = gcd(u, v) = 1. b½ v | t.

@o

(i) g �©1´ q Ú t ���ú�ê;

(ii) XJ p/q ´�©Q��, @o g ´�©Q��.

y². �
y²1��Øä, - M � q Ú t ���ú�ê, w1 = M/q, w2 =

M/t, � w3 = M/v. v | t ¿�X w2 | w3. Ø=Xd,

g =
W

M
, Ù¥W = p · w1 + n · s · w2 + u · w3.

·�äó gcd(W, M) = 1. XJ w ´ gcd(W, M) �Ø��Ïf, @o w |
gcd(M, s · w2) � w | gcd(M, p · w1 + u · w3), Ï� n 3 k(x) þ��. 5¿�

M = q · w1 = t · w2 � gcd(s, t) = gcd(p, q) = 1, @o gcd(M, p · w1) = w1 �

gcd(M, s ·w2) = w2. u´ w | w2 � w | w3,ù¿�X w | gcd(M, p ·w1) = w1. Ï

� gcd(w1, w2) = 1, ·�k w = 1 � gcd(W, M) = 1. ¤±M (¢´ g �©1.

éu1��äó, b½é,� ` ∈ Z§w ´ gcd(M, W − ` · δ(M)) �Ø��

Ïf. @o

w | gcd(q · w1, p · w1 + n · s · w2 + u · w3 − ` · δ(q · w1)).
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aquþØä�y², ·��±y² w | w2, ù¿�X w | w3, Ï w | q, ÄK

gcd(W, M) ´�²��, �äó��gñ. u´k

w | gcd(q · w1, p · w1 − ` · δ(q) · w1) = gcd(q, p− ` · δ(q)) · w1

ù¢Sþ�u w1, Ï� p/q ´�©Q��. Xd�5·�k gcd(w1, w2) = 1, =

w = 1. y..

·�£�3©Ù [13, 1 533 �] ¥^�� pump �½Â.

½Â 5.7 (Pump). � p, q ∈ F [x] ¿÷v p | q. q �Ïf p̃ �¡� p �3 q ¥�

pump XJ gcd(q/p̃, p̃) = 1, p | p̃, ¿� p̃ �?¿Ø��Ïf�Ø p.

ékn¼ê f ∈ k(x, n), ^ f ∗ L« num(f) · den(f) �Ã²�Ü©. l½Â

�±wÑõ�ª�§� pumpkÓ��Ã²�Ü©. ·�e¡0�XÛl γ(x)

�î� DRNF ¥�� a(x, n)�î� DRNF.

Ún 5.11. � (f(x, n), β(x), γ(x), α(n)) ���ê-�AÛ¼ê h ∈ H(a, b) �I

OL«. XJ (K̃, S̃) ´ γ �î�DRNF, @o�3õ�ª T ∈ k[x] ÷v T �Ø

S̃ �©1¦� (
K̃ + n · δ(β)

β
− δ(T )

T
, f · S̃ · T

)
(5.12)

´ a 'u x�î� DRNF.

y². - (K̃, S̃) � γ(x) �î� DRNF. @od½Â�

a =
δ(f)

f
+ n

δ(β)

β
+ γ =

δ(f)

f
+ n

δ(β)

β
+

δ(S̃)

S̃
+ K̃.

- u = gcd(den(S̃), β∗) � T ´ u �3 den(S̃) ¥� pump. @o·�äóäk

/ª (5.12) ���| (K, S) ´ a �'u x �î� DRNF. 5¿� δ(β)/β Ú

δ(T )/T �©1©O� β∗ Ú T ∗. �â pump �½ÂÚ u | β∗, u ´ T �Ã²�

Ü©, ¿�X T ∗ | β∗. �âÚn 5.10 (ii) ��, K ´�©Q��.

e¡��y² gcd(den(K), den(S)) = 1. dÚn 5.10 (i) ��, den(K) =

lcm(β∗, den(K̃)). d pump �½Â�� den(S̃) = T · w Ù¥ w ∈ k[x] �
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gcd(w, T ) = 1. ,��¡Ï� num(f) · den(f) 3 k[x] ¥Ã²�Ïf, ¤±

den(S) = den(f) · den(S̃T ) = den(f) · w. Ó��n

gcd(den(K), den(S)) = gcd(den(K), den(f) · w) = gcd(den(K), w).

d u Ú w �½Â, gcd(β∗, w) = 1. Ï� (K̃, S̃) ´ γ �î� DRNF � w ´

den(S̃) �Ïf, ¤± gcd(den(K̃), w) = 1. u´ gcd(den(K), den(S)) = 1. ¤±

äó¤á.

·�ò Geddes–Le–Li�{A^uäkIOL«���ê-�AÛ¼êþ§

¿��'u x �\{©)�AÏ/ª.

½n 5.12. � (f(x, n), α(n), β(x), γ(x)) ���ê-�AÛ¼ê h ∈ H(a, b) �I

OL«. K�3��ê-�AÛ¼ê h1 Ú γ̃(x) ∈ k(x) ¦�

h−Dx(h1) ∈
v

u
· H
(

γ̃ + n
δ(β)

β
, βα

)
(5.13)

Ù¥ u, v áu k(n)[x] � (u, v, γ̃ + nδ(β)/β) ´GLL n�|.

y². �âÚn 5.11, h� δ-û� a, �äkî� DRNF (K, S) /ª�(
K̃ + n · δ(β)

β
− δ(T )

T
, f · S̃ · T

)
,

Ù¥ (K̃, S̃) ´ γ(x) �î� DRNF� T ∈ k[x]. dd�Ñ h �¦5©),

h = Sh̃, Ù¥ h̃ ∈ H(K, βα).

d Hermite-like �z, S �±©)�

S = δ(S1) + S1K +
v

u den(K)i
,

Ù¥ i ∈ {0, 1}, S1 ∈ k(x, n) � (u, v, K) ´ GLL n�|. u´k

h = Dx(S1h̃) +
v

u den(K)i
h̃.

Ï� den(K) = lcm(β∗, den(K̃)) � den(K) áu k[x] ¤±

v

u den(K)i
H(K, βα) =

v

u
H
(

K − δ(den(K)i)

den(K)i
, βα

den(K)i

σ(den(K)i)

)
=

v

u
H
(

K − δ(den(K)i)

den(K)i
, βα

)
.
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P h1 = S1h̃ Ú γ̃ = K̃ − δ(T )
T
− δ(den(K)i

den(K)i ·��� (5.13). e¡��y²(
u, v, γ̃ + n δ(β)

β

)
´ GLL n�|. 5¿�

a2 := γ̃ + n
δ(β)

β
= K − δ(den(K)i

den(K)i
.

Ï� K ´�©Q��, ¤±�â½Â a2 �´�©Q��. Ø=Xd, Ï� u Ú

den(K) p�, ¤± u Úden(a2) 'u x ´p��. u´ (u, v, a2) ´ GLL n�

|. y..

5 5. 'u x �\{©)�±d3©Ù [44] ¥��{ ReducedCert O�.

5.5.2 '''uuu n ���\\\{{{©©©)))

3lÑ�/, 3 [2, 4, 68, 63] ¥��{rkn¼ê f ∈ F (n) ©)�

f = ∆n(g) + r, Ù¥ r = a/b ÷v degn(a) < degn(b) Ú b ´'u nÃ²£�

õ�ª, �Ò´ b ��þ (dispersion)´4�� [2]. ù
©)�{� Abramov

Ú Petkovšek [11, 13] í2��AÛ�/. ¦���{��þ*Ð
 Gosper �

{ [46], =�±�½�AÛ��Ø½Úª´Ä´�AÛ�. �°(/ù, é�½

�3 F (n) þ��AÛ� H(n), AbramovÚ Petkovšek�{O�ü��AÛ�

H1(n) Ú H2(n) ¦� H(n) = ∆n(H1(n)) + H2(n), Ù¥ H2 3,«¿Âe4�.

AO/, XJ H(n) ´�AÛ�\�, @o H2 �u". ·�e¡0� Abramov

Ú Petkovšek��{. �d, k£�©Ù [13] ¥��
½Â.

½Â 5.8 (AP n�|). � u, v ∈ F [n], w ∈ F (n). XJ¦�÷ve�^�:

1. gcd(u, v) = 1;

2. u 'u n ´Ã²£�;

3. w 'u n ´²£Q��;

4. é¤k ` ∈ N, k gcd(u, σ−`(num(w))) = gcd(u, σ`(den(w))) = 1.

·�r (u, v, w) ¡� Abramov–Petkovšek n�|, {¡ AP n�|.

½Â 5.9 (�AÛ�\). éu F (n)þ��AÛ� h,XJ�3 g ¦� h = ∆n(g),

@o·�¡ h��AÛ�\�.
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5¿�XJþã½Â¥ g �3, @o§7,� h�q.

½Â 5.10 ( 'u n �\{©)). � h áuH(a, b), ùp a, b ∈ F (n). h �'u

n �\{©)�Xe/ª

h = ∆n(h1) + h2,

Ù¥ h1 Ú h2 ´��ê-�AÛ�, ¿� h2 ½K�u 0 ½K

h2 ∈
v

u
· H(a2, b2), Ù¥ a2 ∈ F (n) �(u, v, b2) ´AP n�|.

ù��©)�¡�´��� (complete) XJ h��AÛ�\5%¹ h2 = 0.

5 6. ¯¢þ, �¡?Ø¥·�¿ØI�'u n ���\{©). �â [67, ·K

5.6.2] ¥��Ó�Øy�ª, h1 Ú h2 Ñ� h �q.

5.5.2.1 Abramov–Petkovšek ���{{{

·�£�©Ù [11, 13] ¥�'u n �\{©)�{. r��ê-�AÛ¼ê

h ∈ H(a, b) w� σ-û� b ∈ F (n)��AÛ�. - (K, S) ∈ F (n)× F (n) � b �

î� SRNF, =K ´'u n ²£Q���

b = K · σ(S)

S
,

Ù¥ gcd(num(K), σ(den(S)) · num(S)) = gcd(den(K), σ(num(S)) · den(S)) = 1.

d b �kn�5/ª, ·��±�Ñ h �¦5©), =

h = S · h̃, Ù¥ h̃ ∈ H
(

a− δ(S)

S
, K

)
.

e¡Ò´ Abramov–Petkovšek �z, d [13, Ún 9] ��, �3 S1 ∈ F (n) ¦�

S = σ(S1)K − S1 +
v

u · (σ−1(k1))i · kj
2

, (5.14)

Ù¥ i, j ∈ {0, 1}, k1 � k2 ©O� K �©fÚ©1, � (u, v, K) ´ AP n�|.

Ï� Sn(h̃) = Kh̃, S 3 (5.14) ¥�©)?�Ú�Ñ

h = ∆n(S1h̃) +
v

u · (σ−1(k1))i · kj
2

h̃.

�
�� h �\{©), ·�EI�ä

h2 =
v

u · (σ−1(k1))i · kj
2

h̃ (5.15)

´Ä´�AÛ�\�. ��7�^�Xeµ
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Ún 5.13 (Abramov–Petkovšek, 2002). XJ3 (5.15) ¥� h2 ´�AÛ�\�,

@o u áu F .

y². y²� [13, ½n 11].

b½ u áu F . @o©Ù [13, ½n 11]L²�e5·����ä���©

�§
v

u
= K

w

σ(w)
· Sn(z)− z, Ù¥ w = (σ−1(k1))

i · kj
2, (5.16)

´Äk F [n] ¥�õ�ª), ù?�Ú=z�¦) F þ��5XÚ. XJ�3

(5.16) �õ�ª) p ∈ F [n], @o� h1 = (S1 + p/w)h̃ Ú h2 = 0. ÄK h �\{

©)�

h = Dx(h1) + h2, Ù¥ h1 = S1h̃ � h2 =
v

u · w
h̃.

5.5.2.2 lllIIIOOOLLL«««¥¥¥OOO���'''uuu n ���\\\{{{©©©)))

� (f(x, n), α(n), β(x), γ(x)) � h ∈ H(a, b) �IOL«. ·�`²XÛd h

�IOL«��§�'u n �\{©).

e�Únr h� σ-û b �î� SRNF Ú§�IOL«éXå5.

Ún 5.14. � (f(x, n), β(x), γ(x), α(n)) ���ê-�AÛ¼ê h ∈ H(a, b) �I

OL«. XJ (K̃, S̃) ´ α(n) �'u n �î� SRNF, @o (βK̃, fS̃) ´ h �

σ-û b �î� SRNF.

y². Ï� (K̃, S̃) ´ α(n) �î� SRNF, α = K̃σ(S̃)/S̃. u´

b =
σ(h)

h
= βα

σ(f)

f
= β

(
K̃

σ(S̃)

S̃

)
σ(f)

f
= βK̃ · σ(fS̃)

fS̃
.

ùp¦È βK̃ ´'u n ²£Q��, Ï� K̃ ´²£Q��� β áu k(x). P

K = k1/k2 Ú S = s1/s2 ÷v3 k[x, n] ¥ gcd(k1, k2) = gcd(s1, s2) = 1. �e5

�?Ö´�y GCD^�

gcd(k1, σ(s2)s1) = gcd(k2, σ(s1)s2) = 1 (5.17)

Ù¥ (K, S) ÷vK = βK̃ � S = fS̃. Ï� β ∈ k(x) Ú K̃ ∈ k(n), ·�k

k1 = num(β) · num(K̃) � k2 = den(β) · den(K̃).
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Ó�/Ï� S̃ ∈ k(n) Ú f k²��©lÜ©, ·�k

s1 = num(f) · num(S̃), � s2 = den(f) · den(S̃).

Ï� (K̃, S̃) ´î� SRNF, �3 k[n] ¥�?¿�"õ�ª� num(f) Ú den(f)

Ñ´p��§¤±^� (5.17) ¤á. y..

·�ò Abramov–Petkovšek�{A^uäkIOL«���ê-�AÛ¼

êþ§¿��'u n �\{©)�AÏ/ª.

½n 5.15. � (f(x, n), β(x), γ(x), α(n)) ���ê-�AÛ¼ê h ∈ H(a, b) �I

OL«. @o�3 γ̃(x) ∈ k(x), α̃ ∈ k(n), Ú��ê-�AÛ¼ê h1 ¦�

h−∆n(h1) ∈
v

u
· H
(

γ̃ + n
δ(β)

β
, βα̃

)
Ù¥ u, v ∈ k(x)[n] � (u, v, βα̃) ´ APn�|.

y². dÚn 5.14, h � σ-û b kî� SRNF (K, S) /ª�(
βK̃, fS̃

)
,

Ù¥ (K̃, S̃) � α(n) �î� SRNF. ù�Ñ h �¦5©),

h = Sh̃, Ù¥ h̃ ∈ H(γ + n
δ(β)

β
, K).

P K = k1/k2 and S = s1/s2 ÷v3 k[x, n] ¥ gcd(k1, k2) = gcd(s1, s2) = 1. y

3, $^ Abramov–Petkovšek �z [13] r S ©)�

S = δ(S1)K − S1 +
v

u(σ−1(k1))ikj
2

,

Ù¥ i, j ∈ {0, 1}, S1 ∈ k(x, n) Ú (u, v, K) ´ AP n�|. u´

h = ∆n(S1h̃) +
v

u(σ−1(k1))ikj
2

h̃.

- T = (σ−1(k1))
ikj

2 ∈ k[x, n]. 5¿� K = β(x)K̃(n) �C�´©m�. ¤±õ

�ª T 3 k[x, n] ¥´©l�. dÚn 5.3, ·�k

v

u · T
h̃ ∈ v

u · T
H(γ + n

δ(β)

β
, K) =

v

u
H
(

γ + n
δ(β)

β
− δ(T )

T
, K

T

σ(T )

)
.
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- h1 = S1h̃, γ̃ = γ − δ(T )
T

, Ú α̃ = K̃ T
σ(T )

. Ï� T ´©l�, γ ∈ k(x), �

K̃ ∈ k(n), ·��� γ̃ ∈ k(x) � α̃ ∈ k(n) ¤á. e¡��y² (u, v, βα̃) ´ AP

n�|.

·��I��y½Â 5.8 ¥���ü�^�. Ï� i, j ∈ {0, 1}, βα̃ áu8

Ü {
k1

k2

,
σ−1(k1)

k2

,
k1

σ(k2)
,
σ−1(k1)

σ(k2)

}
.

�K = k1/k2 ´²£Q��§¤± βα̃ ´²£Q��. 5¿� βα̃ �©fÚ©1

´�´ K �©f©1�²£. ¤±��� GCD^�d u Ú k1, k2 ��A5�

��.

5 7. 'u n �\{©)�±Äu©Ù [13] ¥��{ dterm5O�.

5.5.3 ���fff���^̂̂eee���\\\{{{©©©)))

3ù!¥§·�©Oò k(x)〈Dx〉 Ú k(n)〈Sn〉 ¥�f�^���ê-�AÛ

¼ê'u n Ú x �\{©)þ�§¿y²ù«AÏ�^Ú©)��L§´��

��. �d§·�kO��
{ü�Ún.

Ún 5.16. � u Ú v 3 k(x)[n] ¥¿� w ´ um �Ïf§Ù¥m ∈ N. K

(i) XJ u ´'u n Ã²£�§@o w �Xd¶

(ii) é?Û i ∈ Z, XJ gcd(u, σi(v)) = 1§@o gcd(w, σi(v)) = 1.

y². d½Â§�� k(x)[n] ¥�õ�ª´'u n Ã²£���=�?¿T

õ�ª�üØÓ���ÑØ´�ê [2]. dd¯¢B�Ñ(Ø (i). é?Û

i ∈ Z§XJ gcd(u, σi(v)) = 1, Ké¤k m ∈ N§ gcd(um, σi(v)) = 1§ù�Ñ

gcd(w, σi(v)) = 1. ¤±(Ø (ii) �¤á.

·K 5.17. �½n 5.12¥�PÒ��,b½ h2 = h−Dx(h1),�Láu k(n)〈Sn〉
÷v L(h2) �". -

A2 = γ̃ + n
δ(β)

β
− ρ

δ(den(β))

den(β)
Ú B2 = βα,

Ù¥ ρ L« L �gê. @o

L(h2) ∈
V

U
H(A2, B2)

Ù¥ U, V ∈ k(n)[x], � (U, V, A2) ´�� GLL n�|.
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y². - a2 = γ̃ + nδ(β)/β. �� A2 = a2 − ρδ(den(β))/ den(β). �â½n 5.12,

h2 ∈ v
u
· H (a2, B2) . ÏL{üO�

L(h2) =
v′

u′ den(β)ρ
· H (a2, B2) ,

Ù¥ v′ ∈ k(n)[x] Ú u′ ´ u, Sn(u), . . . , Sρ
n(u) 3 k(n)[x] ¥���ú�ê. Ï�

u 'u x ´Ã²��, ¤±§�?Û²£�Ñ´Ã²��. Ïd, u′ ´'u x ´

Ã²��. -

U = den(v′/u′) � V = num(v′/u′).

@o L(h2) = (V/U) · H(A2, B2).

e¡��y² (U, V,A2) ´ GLL n�|. Äk, Uì½Â U Ú V ´p�

�. Ùg, Ï� u′ 'u x ´Ã²��, ¤± U 'u x ´Ã²��. 5¿�

den(β) num(β) �Ã²�Ü©´ δ(β)/β �©1, Ó� den(β) �Ã²�Ü©´

ρδ(den(β))/ den(β) �©1, §�Øc¡��©1. dd*	, e¡·��±A

^Ún 5.10. dÚn 5.10 (ii)�Ñ, A2 ´�©Q��Ï� γ̃´�©Q��.

��·��y U Ú den(A2) 3 k(n) þ´p��. dÚn 5.10 (i) ��,

den(a2) = den(A2). Ï� (u, v, a2) ´ GLL n�|, ¤± gcd(u, den(a2)) = 1. q

Ï� den(a2) ∈ k[x], ¤±é¤k i ∈ N,

gcd
(
Si

n(u), den(a2)
)

= 1

Ïd, gcd(u′, den(a2) = 1. u´��(Ø gcd(U, den(a2)) = 1,= gcd(U, den(A2)) =

1.

·K 5.18. �½n 5.15 ¥�PÒ��, b½ h2 = h − ∆n(h1), � L áu

k(x)〈Dx〉 ÷v L(h2) �". P

A2 = γ̃ + n
δ(β)

β
Ú B2 = βα̃.

@o

L(h2) ∈
V

U
· H (A2, B2)

Ù¥ U, V ∈ k(x)[n], � (U, V,B2) ´ APn�|.
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y². ÏL���O��±�Ñ L(h2) = (V/U) · H(A2, B2) Ù¥ U, V ∈ k(x)[n]

÷v gcd(U, V ) = 1. d½n 5.15��, õ�ª den(A2) 3 k[x] ¥. Ïd U ∈
k(x)[n] ´ u �,�g�Ïf. dÚn 5.16, (U, V,B2) ´ AP n�|Ï�

(u, v, B2) ´ APn�|.

5.6 üüü������333OOOKKK

d©Ù [84] ¥�Ä�½n (Fundamental theorem)���K��ê-�AÛ

¼êo�3�Ú�f. ,�K5�´¿©^�.~X,kn¼ê f = 1/(x+n)2

´��K�, �´Ï� f = Dx(−1/(x + n)), §E,k'u x��Ú�f. ,�

�¡~f 5.2 `²¿�¤k���ê-�AÛ¼êÑk�Ú�f. 3�!¥, ·

�3�Ñ�Ú�f�3�¿©7�^�.

½n 5.19. � h � k(x, n) þ���ê-�AÛ¼ê� h = Dx(h1) + h2 � h �

'u x �\{©). @o h k'u n ��Ú�f��=� h2 ½ö�"½ö´

�K�.

½n 5.20. � h � k(x, n) þ���ê-�AÛ¼ê� h = ∆n(h1) + h2 � h �

'u n �\{©). @o h k'u x ��Ú�f��=� h2 ½ö�"½ö´

�K�.

½n�y²©¤üÜ©: �Ü©´'u7�5, ,	�Ü©´'u¿©5.

5.6.1 lll���333555������KKK555

e¡�Ún`² h ��35¯K�du h2 ��35¯K. y²æ^
�

[9, 1 3 �] ¥�Ó�Øy.

Ún 5.21. - h, h1 Ú h2 �S�� S ¥���ê-�AÛ¼ê.

(i) b½ h = Dx(h1) + h2. @o h k'u x ��Ú�f��=� h2 k'u x

��Ú�f.

(ii) b½ h = ∆n(h1) + h2. @o h k'u n ��Ú�f��=� h2 k'u n

��Ú�f.

d	, h 'u x ('u n) ��Ú�fÒ´ h2 'u x ('u n) ��Ú�f.
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y². d L(n, Sn) ∈ k(n)〈Sn〉 Ú Dx ���5, ·�k�ª

L(n, Sn)(h) = Dx(g) ⇔ L(n, Sn)(h2) = Dx(g − L(h1)).

ùÒy²
1��Øä. Ó�/, 1��Øä�±d L(x, Dx) ∈ k(x)〈Dx〉 Ú ∆n

���5��.

5.6.1.1 ½½½nnn 5.19 777���^̂̂������yyy²²²

y². b½ h k'u x ��Ú�f, � h2 �". ·�8I´y² h2 ´�K�.

d½n 5.12,

h2 =
v

u
H é,� H ∈ H (a2, b2) ,

Ù¥ b2 = β(x)α(n), � (u, v, a2) ´ GLL n�|. Ø���5, ·�?�Úb½

u áu k[x, n]. �
y² h2 ´�K�, ��y² u ´©l�. - L ∈ k(n)〈Sn〉
´ h �'u x ��Ú�f. dÚn 5.21, L �´ h2 �'u x ��Ú�f. @o

�3��ê-�AÛ¼ê g ¦�

L(h2) = L
(v

u
H
)

.

Ï� b2 ´©l�, ��O���

L(h2) = M
(v

u

)
H (5.18)

Ù¥M ∈ k(n, x)〈Sn〉 ´©"�f�§�Xê´©l�. ,��¡, ·K 5.17 %

¹

L(h2) ∈
V

U
H(A2, B2). (5.19)

Ù¥ U Ú V Ñáu k(x)[n], � (U, V,A2) ´ GLL n�|. Ï� L(h) Ú

Dx(L(h1)) Ñ´��ê�È�, ¤± L(h2) �´��ê�È�. dÚn 5.9

� U � x Ã'.

�â·K 5.17, A2 = a2 − ρδ(den(β))/ den(β) � B2 = b2, Ù¥ ρ L« L �

�ê. d (5.19) Ú den(β) ∈ k[x] �Ñ

L(h2) ∈
V

U den(β)ρ
H(a2, b2),

2\þ (5.18) ÚH(a2, b2) = {cH | c ∈ k}, ��

M
(v

u

)
=

cV

U den(β)ρ
é,� c ∈ k.
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Ïd�3�"�fM ′ ∈ k[x, n]〈Sn〉 ¿ÄXêáu k[n] Úkn¼ê g ∈ k(x) ÷

vM ′(gv/u) áu k[x, n]. dÚn 5.5� u ´©l�, Ïd h2 ´�K�.

5.6.1.2 ½½½nnn 5.20 ���777���^̂̂������yyy²²²

y². b½ h k'u n ��Ú�f, � h2 ´�"�. ·��y² h2 ´�K�.

�â½n 5.15,

h2 =
v

u
H é,� h ∈ H (a2, b2) ,

Ù¥ a2 = γ̃ + n δ(β)
β
éu γ̃ ∈ k(x), � (u, v, b2) ´ APn�|. Ø���5, ·�

?�Úb½ u áu k[x, n]. �
y² h2 ´�K�, ��y² u ´©l�.

- L ∈ k(x)〈Dx〉 � h �'u n ��Ú�f. dÚn 5.21, L �´ h2 �'

u n ��Ú�f. @o�3��ê-�AÛ¼ê g ¦�

L(h2) = L
(v

u
H
)

.

é¤k i ∈ N. - fi ´ k(x, n) ¥�kn¼ê÷v

Di
x(H) = fiH.

Ï� den(a2) áu k[x], ¤± den(fi) áu k[x]. �â Leibnizúª, �3 Mi ∈
k(x)[n]〈Dx〉 ÷v

Di
x(h2) = Mi

(v

u

)
H.

Ø=Xd, Mi �ÄXêáu k. Ï, �3M ∈ k(x)[n]〈Dx〉 ¿ÙÄXêáu
k(x) ÷v

L(h2) = M
(v

u

)
H. (5.20)

,��¡, ·K 5.18 ÚH(a2, b2) = {cH | c ∈ k} �Ñ,

L(h2) =
V

U
H. (5.21)

Ù¥ U Ú V áu k(x)[n], � (U, V, b2) ´ APn�|. Ï� L(h) Ú L(h1) Ñ´

�AÛ�\�, ¤± L(h2) �´�AÛ�\�. dÚn 5.13 �, U � n Ã'.

'� (5.20) Ú (5.21), �� M(v/u) = V/U áu k(x)[n]. �3�"�f

M ′ ∈ k[x, n]〈Dx〉 ¿ÙÄXêáu k[x] ÷v M ′(v/u) áu k[x, n]. dÚn 5.5

�, u ´©l�, ¤± h2 ´�K�.
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5.6.2 lll���KKK555������333555

WilfÚ Zeilberger �Ñ
�K�õC��AÛ���Ú�f�35�y²

[84, ½n 3.1], ¿J«¦��Øy�{éuëY-lÑ��/E,k�. e¡·�

ò�Ñ�[�y².

½n 5.22. XJ h(x, n) ´ k(x, n) þ��K��ê-�AÛ¼ê, @o h k'u

n �Ú'u x ��Ú�f.

5.6.2.1 ýýý���ÚÚÚnnn

3y²½n�c·�k5w�
Ún.

Ún 5.23. - h(x, n) ∈ H(a, b) � k(x, n) þ���ê-�AÛ¼ê.

(i) XJ h k'u n ��Ú�f, @oé?�÷v ∆n(H) = 0���ê-�A

Û¼ê H, ¦È H(x)h(x, n)�k'u n��Ú�f.

(ii) XJ h k'u x ��Ú�f, @o?�÷v ∆x(H) = 0���ê-�AÛ

¼ê H, ¦È H(n)h(x, n)�k'u x��Ú�f.

y². - H �H(a, 1) ¥�"��. @od�È^� (5.1), a áu k(x). �±�

��y HDx(h) = (Dx − a)h, 2\þ{ü�8B��,

HDi
x(h) = (Dx − a)i(Hh) é¤k i ∈ N.

� L ∈ k(x)〈Dx〉 � h ��Ú�f. �âþ¡��ª,

HL(h) = M(Hh)

Ù¥M dò L ¥Di
xO�¤ (Dx − a)i ��. Ï��3��ê-�AÛ¼ê g ÷

v L(h) = ∆n(g) � ∆n(H) = 0, þ¡��ª%¹X

M(Hh) = H∆n(g) = ∆n(Hg).

u´y²
1��Øä.

�
y²1��äó, P H � H(0, b) ��"��. @od�È^� (5.1),

b áu k(n). Ï� HSn(h) = Sn(Hh)/b, ·�ké¤k i ∈ N,

HSi
n(h) = biS

i
n(Hh) é,� bi ∈ k(n).
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� L ∈ k(n)〈Sn〉 � h ��Ú�f. dþ¡�ª,

HL(h) = M(Hh)

Ù¥ M dò L ¥ Si
n O�¤ biS

i
n ��. Ï��3��ê-�AÛ¼ê g ÷v

L(h) = Dx(g) � Dx(H) = 0, þ¡�ª%¹X

M(Hh) = HDx(g) = Dx(Hg).

ù�Òy²
1��Øä.

Ún 5.24. - h1 Ú h2 � k(x, n) þ�ü��q���ê-�AÛ¼ê. -

Vn �d {∆i
n(hj) | i ∈ N, j ∈ {1, 2}} 3 k(x) þÜ¤��5�m, � Vx �d

{Di
x(hj) | i ∈ N, j ∈ {1, 2}} 3 k(n) þÜ¤��5�m.

1. XJ h1 Ú h2 Ñk'u n ��Ú�f, @o Vn ¥�?¿�"��k'u

n ��Ú�f.

2. XJ h1 Ú h2 Ñk'u x ��Ú�f, @o Vx ¥�?¿�"��k'u

x ��Ú�f.

y². b½ Lj(hj) = ∆n(gj) é�"�� Lj ∈ k(x)〈Dx〉 Ú��ê-�AÛ¼ê

gj, Ù¥ j = 1, 2. @o

Lj(∆
i
n(hj) = ∆n(∆i

n(gj).

Ïd {∆i
n(hj) | i ∈ N, j ∈ {1, 2}} �?¿��k�Ú�f. XJ T1 Ú T2 k'u

n ��Ú�f, §��Ú´�"�¿��k'u n ��Ú�f, ¿�±ÏL T1

Ú T2 ����ú�ê��. dÚn 5.23 (i)�±��1��äó. 1��äó

�±Ó�y².

3©Ù [84] �Ä�½ny²¥, Wilf Ú Zeilberger �À
�«�¹:�"

m-Ã' (m-free)��f P (n, Sn, Sm) ∈ k(n)〈Sn, Sm〉 � Sm − 1 Ø�{ª�U

�". Wegschaider ¦^/���E|0?n
ù«�¹. d?·�òA^

Wegschaider E|±9§��©í2l x-Ã'�½ö n-Ã'��fÑu, �E

'u n½'u x ��Ú�f.

Ún 5.25 (Wegschaider E|). � h � k(x, n) þ���ê-�AÛ¼ê¼ê.
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(i) XJ�3�"�f A ∈ k(x)〈Sn, Dx〉 ¦� A(h) = 0, @o h k'u n �

�Ú�f.

(ii) XJ�3�"�f A ∈ k(n)〈Sn, Dx〉 ¦� A(h) = 0, @o h k'u x �

�Ú�f.

y². b½�3�"�fAáu k(x)〈Sn, Dx〉÷vA(h) = 0. Ï�∆n = Sn−1,

¤± A = ∆m
n (L(x, Dx) + ∆nM), Ù¥ m áu N, L ´ k(x)〈Dx〉 ¥��"�f

¿�M áu k(x)〈Sn, Dx〉. d� [83, ½n 3.2] �q�Øy, �3 w ∈ k(n) Ú

r ∈ k ÷v r 6= 0 ¦�

w∆m
n = ∆nQ + r (5.22)

Ù¥ Q ∈ k(n)〈Sn〉. ~X·�� w = nm, @o r = (−1)mm!. ¦^¯¢

r∆n = ∆nr Ú (5.22), ��

w

r
A = L + ∆nN é,� N ∈ k(x, n)〈Dx, Sn〉.

Ïd L ´ h �'u n ��Ú�f.

1��äó�±d�qy²��. a' (5.22), ·��é� w ∈ k(x) Ú

r ∈ k \ {0} ÷v
wDm

x = DxQ + r

Ù¥ Q ∈ k(x)〈Dx〉. 'X·�� w = xm, @o r = (−1)mm!.

5.6.2.2 ½½½nnn 5.22 ���yyy²²²

·�e¡�Ñ½n 5.22�y².

y². � h � k(x, n) þ���ê-�AÛ¼ê¼ê, ¿�ÙIOL«�

(p(x, n), β(x), γ(x), α(n)),

Ù¥ p ∈ k[x, n], β, γ ∈ k(x), � α ∈ k(n). r p �¤
∑m

i=0 pi(x)ni Ù¥ pi ∈ k[x]

�±��

h =
m∑

i=0

β(x)nGiHi (5.23)

Ù¥ Gi ∈ H
(
γ(x) + δ(pi)

pi
, 1
)
� Hi ∈ H

(
0, α(n)σ(ni)

ni

)
.
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·�Äky² h k'u n ��Ú�f. 5¿� (5.23) ¥�z� Gi k σ-û

�u 1. dÚn 5.23 Ú 5.24, ��y²�AÛ¼ê ĥ ∈ β(x)n · H (0, g(n)) Ù¥

g ∈ k(n) k'u n ��Ú�f. - s = num(β), t = den(β), a = num(g) Ú

b = den(g). �- v = num(δ(β)/β) Ú w = den(δ(β)/β). ÏL��O��� ĥ

� δ-ûÚ σ-û'©O�
nv

w
Ú

sa

tb
.

5¿ s, t, v, w áu k[x], � a, b áu k[n].

·�äó�3�"�f A áu k(x)〈Sn, Dx〉 ¦� A(ĥ) = 0. ù�äó�±

d©Ù [60] ¥��ê©ÛE|�Ñ. edäó¤á, @o1��Øä�±dÚn

5.25 ��.

- FN �d {Si
nD

j
x|i + j ≤ N} 3 k(x) þÜ¤��5f�m. ^ µ L« a

Ú b 'u n ���gê, �-

WN = spank(x)

{
niĥ

b(n + N − 1) · · · b(n)
| i ≤ (µ + 1)N

}
.

é i Ú j {ü8B��

Si
nD

j
x(ĥ) =

q(n, x)ĥ

b(n + i− 1) · · · b(n)
, Ù¥ degn(q) ≤ iµ + j.

XJ i + j ≤ N , @o Si
nD

j
x(ĥ) áuWN . �Ó�, �3l FN �WN � k(x)- �

5N� φN , ¤k L ∈ FN , φN r L N�� L(ĥ). Ï� FN 3 k(x) þ��ê´(
N+2

2

)
, WN ��ê´ (µ + 1)N + 1, � N v
��, φN �Ø´�²��. Ø

¥?Û�"�r ĥ z�". u´äó��y².

Ùg·��y² h k'u x ��Ú�f. 5¿� (5.23) ¥�z�

H
(
0, α(n)σ(ni)

ni

)
� δ-û�u". dÚn 5.23 Ú 5.24, ��y²/ª�

ĥ = β(x)n · H (g(x), 1) Ù¥g ∈ k(x)

���ê-�AÛ¼ê ĥ(x, n) k'u x ��Ú�f. - s = num(β), t = den(β),

v = num

(
n

δ(β)

β
+ g

)
� w = den

(
n

δ(β)

β
+ g

)
.

ÏL���O��±�� ĥ � δ-ûÚ σ-û©O�

v(x, n)

w(x)
Ú

s(x)

t(x)
.
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5¿� s, t Ú w Ñáu k[x] � v áu k[x, n] ÷v degn(v) = 1.

·�äó�3�"�f A in k(n)〈Sn, Dx〉 ¦� A(ĥ) = 0. edäó¤á,

@odÚn 5.25 �±��1��Øä.

Uìþ¡aq�Øy, ·��Äd {Si
nD

j
x|i + j ≤ N} 3 k(n) þÜ¤��5

f�m FN . - µ L« s, t, v Ú w 'u x ���gê, �-

WN = spank(n)

{
xiĥ

(tw)N
| i ≤ 2µN

}
.

é i Ú j {ü8B��

Si
nD

j
x(ĥ) =

q(n, x)

tiwj
ĥ, Ù¥ degx(q) ≤ (i + j)µ.

Ïd Si
nD

j
x(ĥ) áuWN e i + j ≤ N . aq��3l FN �WN � k(n)- �5

N� φN , é¤k L ∈ FN , φN r L N�� L(ĥ) . Ï� FN 3 k(n) þ��ê´(
N+2

2

)
, WN ��ê´ 2µN + 1, � N ¿©���ÿ, φN �Ø´�²��. Ø

¥?Û�"��r ĥ z�". u´y²
äó.
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6.1 (((ØØØ

�©3¢�ÚnØü�¡é Zeilberger�{?1
ïÄ.

3¢��¡, ·�JÑ
Äu Hermite �z5�EVC�kn¼ê�4

��Ú�f�#�{. ¿�, ·�é²;� Almkvist–Zeilberger �{�
�


U?. 3O�Å�êXÚ Maple þ, ·�¢y
ù
�{, ¿�¤^��

RationalCT.

3nØ�¡, �
ïÄ'u����ê-�AÛ¼ê�Wilf–Zeilbergerß

�����/, ·�y²
?�õC���ê-�AÛ¼êÑ�±©)¤kn

¼ê, �¼ê, ��ê¼êÚ�AÛ��¦È, ù´VC�·Ü�/�d¾X

]§SingerÚÇ¯y²���(J�í2. ?�Ú�, (Ü'uõC���ê¼

ê� Christopher½nÚ'uõC��AÛ�� Ore–Sato½n, ·��Ñ
õ

C���ê-�AÛ¼ê�(�½n. Äu(�½nÚ\{©), ·��Ñ
�

½VC���ê-�AÛ¼ê´Ä�3�Ú�f�ü�OK, = Zeilberger�{

3�©-�©·Ü�/e�ª�^�.

6.2 ???���ÚÚÚóóó������ÐÐÐ"""

�éu Zeilberger�{ïÄ��Nó, �Ø©¤�9��=´Xì��.

¤±, �5��´�é��. ��©;��'�?�Ú�KÌ�´Xeo�¡:

6.2.1 ���{{{¢¢¢yyy

·�®²3O�Å�êXÚ Mapleþ¢y
1nÙ¥��{ HermiteTele-

scopingÚ�{ RationalAZ. ·�?�Úò¢yó�´: �OÑl�½�fûÑ

u, O�õC���ê-�AÛ¼ê�©)Ú�½�Ú�f��35�§S.

6.2.2 ÄÄÄuuu Hermite���zzz���{{{���ííí222

3©¥, ·�®²0�
 Hermite �z3��ê-�AÛ�/�í2, =

Geddes-Le-Li�{� Abramov-Petkovšek�{. g,�¯K´UÄòÄu Her-

81
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mite�z�{lVC�kn¼êí2���ê-�AÛ¼ê, ¿�\k���E

Ù4��Ú�f. 3kn�/�, �Ú�f´ÏLÏé��äkú�©1�ý

©ª3 k(x) þ��5'X��. �´, 3��ê-�AÛ�/ù«�5'X�

Ïé�UI�¦)���©½�©�§. ¤±, ?�Ú�ó�´Ïék���

½K;�O��5'X��{.

6.2.3 Wilf–Zeilbergerßßß������···ÜÜÜ���///

�8c��§ß�����/§=·ÜëY-lÑ�/§�vk��)û. ·

�F"1oÙ¥'uõC���ê-�AÛ¼ê�(�½n¬3?�Úó�¥

å��^. �â Payne [65] Ú Abramov–Petkovšek [12, 14] éß�3lÑ�/�

�y²g´§é'��Ú´(½ß�´Ø´ékn¼ê¤á. �d, ·��?�

Úó�´y²Xeß�.

ß� 6.1. � f(t,x) ´ k(t,x) ¥�kn¼ê. @o f ´�����=� f �©

1©�¤Xe/ª

A(t)
L∏

`=1

(v` · x + λ`)

Ù¥ A ∈ k[t], λ1, . . . , λL ∈ k̄, v` ∈ Zn õ¤k÷v 1 ≤ ` ≤ L � ` ¤á, � v` · x
�L�þ v` Ú x �SÈ.

6.2.4 Zeilberger���{{{���ªªª���^̂̂������ÚÚÚ���zzz

XJ«©ÊÏ�©� q-�©, @oéVC�¼ê�3Êa�Ú�f, =�

A�kÊ«'u Zeilberger �{�ª�5¯K. 3L� 6.1 ¥, ·��Ñ)û

� (IP� X)��)û� (IP� ?)ª�5¯K. ùpq-²£�f Qn ½Â�

Qn(f(n)) = f(qn), é¤k'u Qn �^û½Â�¼ê. �
ïÄL� 6.1¥�

(L, g) Dy Sn − 1 Qn − 1

L(x, Dx) X X ?

L(n, Sn) X X ?

L(n, Qn) ? ? X

L 6.1: )û���)û�ª�5¯K
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)û��/, ·�I�Äk��Ê«�/e��A�(�½n. ¿�, ·�F"

Ué��«Ú�?nùÊ«�/����{.
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posthumes d’Abel. [Containing the posthumous memoirs of Abel], Edited

and with notes by L. Sylow and S. Lie.

[2] Sergei A. Abramov. The rational component of the solution of a first order

linear recurrence relation with rational right hand side. Ž. Vyčisl. Mat. i
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