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Wilf–Zeilberger theory

In the early 1990s, Wilf and Zeilberger developed an algorithmic
theory for proving identities in combinatorics and special functions.
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Telescoping

Problem. For a sequence f (k) in some class S(k), decide whether
there exists g(k) ∈S(k) s.t.

f (k) = g(k+1)−g(k)= ∆k(g)⇓
b∑

k=a

f (k) = g(b+1)−g(b)+g(b)−g(b−1)+ · · ·+g(a+1)−g(a)

= g(b+1)−g(a)

Example.
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Telescoping: Gosper’s algorithm

Definition. H(n) : N→ F is hypergeometric over F(n) if

H(n+1)
H(n)

∈ F(n).

Examples. n2, 1
n2+2n+1 , 2n, n!, . . .

Telescoping Problem. Given hypergeometric H(n), decide whether
∃ hypergeometric T(n) s.t.

H(n) = T(n+1)−T(n).
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The name “creative telescoping”

The phrase “creative telescoping ” was first mentioned in an
expositional paper by van der Poorten on Apéry proof of the
irrationality of ζ (3) in 1979.
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Algebraic setting

Notation.

F: a field of characteristic zero;

F(v): the field of rational functions in v = v1, . . . ,vn over F;

Dvi : the partial derivation defined by

Dvi(f (v)) =
∂ f (v)

∂vi
.

Svi : the partial shift operator defined by

Svi(f (v)) = f (v1, . . . ,vi−1, vi +1, vi+1, . . . ,vn);
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Algebraic setting

F(v)〈Dv1 , . . . ,Dvn〉: the ring of linear differential operators over
F(v)

L :=
∑

0≤i1,...,id≤N

fi1,...,inDi1
v1
· · ·Din

vn
with fi1,...,in ∈ F(v),

in which Dvi ·Dvj = Dvj ·Dvi for i, j ∈ {1, . . . ,n} and

Dvi · f = f ·Dvi +
∂ f
∂vi

for any f ∈ F(v).

F(v)〈Sv1 , . . . ,Svn〉: the ring of linear recurrence operators over F(v)

L :=
∑

0≤i1,...,id≤N

fi1,...,inSi1
v1
· · ·Sin

vn
with fi1,...,in ∈ F(v),

in which Svi ·Svj = Svj ·Svi for i, j ∈ {1, . . . ,n} and

Svi · f (v) = f (v1, . . . ,vi−1,vi +1,vi+1, . . . ,vn) ·Svi for any f ∈ F(v).
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Creative telescoping: the discrete case

Problem. For a sequence f (n,k) in some class S(n,k), find a linear
recurrence operator L ∈ F(n)〈Sn〉 and g ∈S(n,k) s.t.

L(n,Sn)︸ ︷︷ ︸
Telescoper

(f ) = Sk(g)−g, ∆k(g)

Call g the certificate for L.

Example. Let f (n,k) =
(n

k

)2. Then a telescoper for f and its
certificate g are respectively

L = (n+1)Sn −4n−2 and g =
(2k−3n−3)k2

(k−n−1)2 · f
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Proving combinatorial identities

F(n) :=
n∑

k=0

(
n
k

)2

=

(
2n
n

)

Creative telescoping for f =
(n

k

)2: L(f ) = ∆k(g), where

L = (n+1)Sn −4n−2 and g =
(2k−3n−3)k2

(k−n−1)2 · f
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Proving combinatorial identities
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L = (n+1)Sn −4n−2 and g =
(2k−3n−3)k2

(k−n−1)2 · f

Taking sums on both sides of L(f ) = ∆k(g):

+∞∑
k=−∞L(f ) = L

(
+∞∑

k=−∞f

)
= g(n,+∞)−g(n,−∞) = 0
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Proving combinatorial identities

F(n) :=
n∑

k=0

(
n
k

)2

=

(
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Creative telescoping for f =

(n
k

)2: L(f ) = ∆k(g), where

L = (n+1)Sn −4n−2 and g =
(2k−3n−3)k2

(k−n−1)2 · f

The sequence F(n) satisfies

(n+1)F(n+1)−(4n+2)F(n) = 0
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Proving combinatorial identities

F(n) :=
n∑

k=0

(
n
k

)2

=

(
2n
n

)
Creative telescoping for f =

(n
k

)2: L(f ) = ∆k(g), where

L = (n+1)Sn −4n−2 and g =
(2k−3n−3)k2

(k−n−1)2 · f

Verify the initial condition:

F(1) = 2 =

(
2
1

)
Then the identity is proved!
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Example: Recurrence for Apéry numbers
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Example: Identity on T-shirt
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Creative telescoping: the continuous case

Problem. For a function f (x,y) in some class S(x,y), find a linear
differential operator L ∈ F(x)〈Dx〉 and g ∈S(x,y) s.t.

L(x,Dx)︸ ︷︷ ︸
Telescoper

(f ) = Dy(g)

Call g the certificate for L.

Example. Let f (x,y) = exp(−(x/y)2 − y2). Then a telescoper for f
and its certificate are

L = D2
x −4 and g =

2
y
· f

, 14/81
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Proving integral identities

F(x) :=
∫+∞
−∞ exp(−(x/y)2 − y2)dy =

√
π exp(−2x).

Creative telescoping for f = exp(−(x/y)2 − y2): L(f ) = Dy(g),
where

L = D2
x −4 and g =

2
y
· f
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π exp(−2x).

Creative telescoping for f = exp(−(x/y)2 − y2): L(f ) = Dy(g),
where

L = D2
x −4 and g =

2
y
· f

Taking integrals on both sides of L(f ) = Dy(g):∫+∞
−∞ L(f )dy = L

(∫+∞
−∞ f dy

)
= g(x,+∞)−g(x,−∞) = 0
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Proving integral identities

F(x) :=
∫+∞
−∞ exp(−(x/y)2 − y2)dy =

√
π exp(−2x).

Creative telescoping for f = exp(−(x/y)2 − y2): L(f ) = Dy(g),
where

L = D2
x −4 and g =

2
y
· f

The function F(x) satisfies

y ′′(x)−4y(x) = 0
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Proving integral identities

F(x) :=
∫+∞
−∞ exp(−(x/y)2 − y2)dy =

√
π exp(−2x).

Creative telescoping for f = exp(−(x/y)2 − y2): L(f ) = Dy(g),
where

L = D2
x −4 and g =

2
y
· f

Verify the initial conditions:

F(0) =
√

π and F ′(0) = −2
√

π

Then the identity is proved!
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Example: differential equations for integrals

In 1958, Manin gave a method for showing that

F(x) =
∮

Γ

f (x,y)dy, where f =
1√

y(y−1)(y− x)

satisfies the Picard-Fuchs differential equation

u ′′(x)+
2x−1

x(x−1)
u ′(x)+

1
4x(x−1)

u(x) = 0.

, 16/81
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Creative telescoping: the mixed case

Problem. For a term f (x,k) in some class S(x,k), find a linear
differential operator L ∈ F(x)〈Dx〉 and g ∈S(x,k) s.t.

L(x,Dx)︸ ︷︷ ︸
Telescoper

(f ) = ∆k(g)

Call g the certificate for L.

Example. Let f (x,k) =
(2k

k

)
· xk. Then a telescoper for f and its

certificate are

L = (1−4x)Dx −2 and g =−
k
x
· f .

⇓
+∞∑
k=0

(
2k
k

)
xk =

1√
1−4x

.
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Creative telescoping: the mixed case

Problem. For a term f (n,y) in some class S(n,y), find a linear
recurrence operator L ∈ F(n)〈Sn〉 and g ∈S(n,y) s.t.

L(n,Sn)︸ ︷︷ ︸
Telescoper

(f ) = Dy(g)

Call g the certificate for L.

Example. Let f (n,y) = yn−1 exp(−y). Then a telescoper for f and
its certificate are

L = Sn −n and g =−y · f .

⇓
Γ (n) =

∫+∞
0

f (n,y)dy satisfies Γ (n+1) = nΓ (n).
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Handbooks of identities

Dixon’s identity
a∑

k=−a

(−1)k
(

a+b
a+ k

)(
b+ c
b+ k

)(
c+a
c+ k

)
=

(a+b+ c)!
a!b!c!

Hille-Hardy’s identity∞∑
n=0

∑
k1

∑
k2

unn!
(a+1)n

(
n+a
n− k1

)
(−x)k1

k1!

(
n+a
n− k2

)
(−y)k2

k2!

= (1−u)−a−1 exp
{
−
(x+ y)u

1−u

}∑
n

1
n!(a+1)n

(
xyu

(1−u)2

)n

. . .
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Solving conjectures in combinatorics
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Fundamental problems

Creative telescoping

Existence problem.
For a class of functions, decide whether telescopers exist?

Construction problem.
For a class of functions, how to computer telescopers if exist?

Tools: Combining Computer Algebra with

Holonomic D-modules
Differential and difference algebra
Non-commutative polynomials
. . .
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D-finite functions

Definition. A function f (x1, . . . ,xd) is D-finite over F(x1, . . . ,xd) if
for each i ∈ {1, . . . ,d}, f satisfies a LPDE:

pi,ri

∂ ri f
∂xri

i
+pi,ri−1

∂ ri−1f

∂xri−1
i

+ · · ·+pi,0 f = 0,

where pi,j ∈ F[x1, . . . ,xd].
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pi,ri

∂ ri f
∂xri

i
+pi,ri−1

∂ ri−1f

∂xri−1
i

+ · · ·+pi,0 f = 0,

where pi,j ∈ F[x1, . . . ,xd].

R. P. Stanley. Differentiably Finite Power Series. European
Journal of Combinatorics, 1: 175–188, 1980.

L. Lipshitz. D-Finite Power Series. Journal of Algebra, 122:
353–373, 1989.
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D-finite functions

Definition. A function f (x1, . . . ,xd) is D-finite over F(x1, . . . ,xd) if
for each i ∈ {1, . . . ,d}, f satisfies a LPDE:

pi,ri

∂ ri f
∂xri

i
+pi,ri−1

∂ ri−1f

∂xri−1
i

+ · · ·+pi,0 f = 0,

where pi,j ∈ F[x1, . . . ,xd].

Elimination Lemma. (Lipshitz1988)

Let f (x,y) be D-finite over F(x,y). Then{
P(x,y,Dx)(f ) = 0
Q(x,y,Dy)(f ) = 0  A(x,Dx,Dy)(f ) = 0 with degDy

(A) minimal

⇓
A(x,Dx,0) is a telescoper for f
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Existence problem: the bivariate case
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Existence problem: the bivariate case

1990: Zeilberger proved that telescopers always exist for holonomic
functions:
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Existence problem: the bivariate case

1992: Wilf and Zeilberger proved that telescopers always exist for
proper hypergeometric terms:
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Existence problem: the bivariate case

2002: Abramov and Le solved the existence problem for rational
functions in two discrete variables:
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Existence problem: the bivariate case

2003: Abramov solved the existence problem for bivariate hyperge-
ometric terms:
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Existence problem: the bivariate case

2005: W.Y.C. Chen, Hou and Mu solved the existence problem for
bivariate q-hypergeometric terms:
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Existence problem: the bivariate case

2012: C. and Singer solved the existence problem for bivariate ra-
tional functions in the mixed cases:
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Existence problem: the bivariate case

2015: C., Chyzak, Feng, Fu and Li solved the existence problem for
bivariate mixed hypergeometric terms:
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Existence problem: the trivariate rational case

L(x,∂x)(f ) = ∂y(g)+∂z(h)
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Existence problem: the trivariate rational case

L(x,∂x)(f ) = ∂y(g)+∂z(h)

Remark. In the pure continuous case, Zeilberger in 1990 showed
that telescopers always exist for rational functions.
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Existence problem: the trivariate rational case

L(x,∂x)(f ) = ∂y(g)+∂z(h)

Remark. In the pure discrete case, existence problem of telescopers
has been solved by Chen et al in 2016.
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Existence problem: the trivariate rational case

L(x,∂x)(f ) = ∂y(g)+∂z(h)

Remark. In the four mixed discrete case, the existence problem is
solved by Chen, Du and Zhu.

, 23/81



Generations of creative telescoping algorithms

1. Elimination in operator algebras / Sister Celine’s algorithm
(since ≈ 1947)

2. Zeilberger’s algorithm and its generalizations (since ≈ 1990)

3. The Apagodu-Zeilberger ansatz (since ≈ 2005)

4. Reduction-based methods (≈ 2010)
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Zeilberger’s algorithm

Input: A proper hypergeometric term H(n,k)
Output: A telescoper L ∈ F[n]〈Sn〉 s.t.

L(n,Sn)(H) = ∆k(G)

Pick some r ∈ N and set Lr =
∑r

i=0 ciSi
n

Consider the hypergeometric term

Lr(H) :=

r∑
i=0

crH(n+ i,k)

Call Gosper’s algorithm on Lr(H) to check
whether ∃ c0, . . . ,cr ∈ F[n] s.t.

Lr(H) = ∆k(Gr)

If all ci’s are zero, increase r and try again

Petkovsek, Wilf & Zeilberger

, 25/81
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Telescoper

Example.

H =
k10

n+ k

The telescoper of minimal order L for H is

L = n10Sn −(n+1)10

Guess the certificate of L?
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Certificate

1
2520(n+ k)

(2100k8n2 −84n3 −68460k6n4 −840n4 −3720n5 +140700k4n6 −9480n6 −

15024n7−10500k2n8−14808n8−8400n9−79590n2k7+284235n4k5−143640n6k3+210nk8−

26250n3k6 +133035n5k4 −35700n7k2 +252k11 +18900k9n−213780k7n3 +368340k5n5 −

110460k3n7 −2100n10 +1890k9 −1764k7 +1260k5 −378k3 −1260k10 −294nk2 +700nk4 −

588nk6 +63504k11n5 +52920k11n4 +30240k11n3 +11340k11n2 −2940n2k2 −13080n3k2 −

33780n4k2 −55116n5k2 −57348n6k2 −17360k3n2 −48860k3n3 −94920k3n4 −

135156k3n5 −55440k3n8 −13860k3n9 −3780k3n+7000n2k4 +31185n3k4 +80850n4k4 +

90090n7k4 +27720n8k4 +57141k5n2 +155610k5n3 +347886k5n6 +238392k5n7 +

110880k5n8 +27720k5n9 +12600k5n−5880n2k6 −114114n5k6 −123816n6k6 −

83160n7k6 −27720n8k6 −379830k7n4 −469128k7n5 −411840k7n6 −257400k7n7 −

110880k7n8 −27720k7n9 −17640k7n+9405n3k8 +24750n4k8 +42075n5k8 +47520n6k8 +

34650n7k8 +13860n8k8 +85085k9n2 +398475k9n4 +23100k9n9 +480480k9n5 +

92400k9n8 +235620k9n7 +227150k9n3 +404250k9n6 −12628k10n−13860k10n9 −

152460k10n3 −60060k10n8 −267960k10n4 −157080k10n7 −271656k10n6 −56980k10n2 −

323400k10n5 +2520k11n+2520k11n9 +11340k11n8 +30240k11n7 +52920k11n6)

Very often, certificates are not needed!
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Very often, certificates are not needed!
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4th generation: the reduction approach

Goal. Separating the computations of telescopers and certificates

Differential case:
Bostan, C., Chyzak, Li (2010): bivariate rational functions
Bostan, C, Chyzak, Li, Xin (2013): bivariate hyperexp. funs
Bostan, Lairez, Salvy (2013): multivariate rational functions
C., Kauers, Koutschan (2016): bivariate algebraic functions
C., van Hoeij, Kauers, Koutschan (2018): fuchsian D-finite
van der Hoeven (2017, 2018), Bostan, Chyzak, Lairez, Salvy
(2018): D-finite functions

Shift case:

C., Huang, Kauers, Li (2015): bivariate hypergeom. terms
Huang (2016): new bounds for hypergeom. creative telescoping
Giesbrecht, Huang, Labahn, Zima (2019): faster algorithm
C., Hou, Huang, Labahn, Wang (2019): trivariate rational
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Outline

Introduction to Creative Telescoping

What is creative telescoping

Fundamental problems

Algorithms and applications

Creative Telescoping via Reductions

Rational case

Hyperexponential case

Hypergeometric case
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Part 2. Rational Telescoping via Reductions

Rational Telescoping: the continuous case

Hermite–Ostrogradsky reduction

Telescoping via Hermite–Ostrogradsky reduction

Examples: counting 2D Rook walks

Rational Telescoping: the discrete case

Abramov’s reduction

Existence criterion for telescopers

Telescoping via Abramov’s reduction
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Rational Telescoping: the continuous case

Telescoping Problem. For f ∈ F(x,y), find L ∈ F(x)〈Dx〉 such that

L(x,Dx)(f ) = Dy(g) for some g ∈ F(x,y).

Existence Theorem. Telescopers always exist for rational functions
in F(x,y).

Integrability Problem. For f ∈ F(x,y), decide whether

f = Dy(g) for some g ∈ F(x,y).

If such a g exists, f is said to be Dy-integrable in F(x,y).
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Hermite–Ostrogradsky Reduction

Additive Decomposition. Let f ∈ E(y) with E = F(x).
Then

f = Dy(g)+
a
b
,

where g ∈ E(y) and a,b ∈ E[y] with degy(a) < degy(b)
and b being squarefree. Moreover

f is Dy-integrable in E(y) ⇔ a = 0

If E= C, then∫
f dy = g︸︷︷︸

Rational

+
∑

b(βi)=0

ci log(y−βi)︸ ︷︷ ︸
Transcendental
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Hermite–Ostrogradsky Reduction

Step 1. Squarefree partial fraction decomposition:

f = p0 +

n∑
i=1

mi∑
j=1

pi,j

qj
i

,

where degy(pi,j)< degy(qi) and qi squarefree.

Step 2. Reducing the multiplicity:

p
qm =

sq+ tDy(q)
qm =

s
qm−1 +

tDy(q)
qm

=
s

qm−1 +Dy

(
t(1−m)−1

qm−1

)
−

(1−m)−1Dy(t)
qm−1

=
s−(1−m)−1Dy(t)

qm−1 +Dy

(
t(1−m)−1

qm−1

)
= · · ·= Dy

(
p1

qm−1

)
+

p2

q
.
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Telescoping via Reductions

Reduction w.r.t. y: Let f = P/Q ∈ F(x,y). Let

Q∗ = the sqfr. part of Q and d∗y = degy(Q
∗).

By Hermite-Ostrogradsky reduction

f = Dy(g)+
a

Q∗
, degy a < d∗y ,

Idea: For i = 0,1,2, . . ., compute

Di
x(f ) = Dy(gi)+ai/Q∗, degy(ai)< d∗y ,

until ∃ η0, . . . ,ηi ∈ F(x) with ηi 6= 0 s.t.

i∑
j=0

ηjaj = 0 ⇐⇒ i∑
j=0

ηjDj
x︸ ︷︷ ︸

telescoper

(f ) = Dy

 i∑
j=0

ηjgj


︸ ︷︷ ︸

certificate

.
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Features of the Reduction Approach

Order bound: Given f = P/Q ∈ F(x,y),

its minimal telescoper has order at most d∗y (≤ degy Q).

Separating the computations of telescopers and certificates:

aj ∈ F(x)[y], with degy(aj)< d∗y

i∑
j=0

ηj(x) ·aj = 0 =⇒


Telescoper:
∑i

j=0 ηjD
j
x;

Certificate:
∑i

j=0 ηjgj.
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Enumerating 2D Rook walks

The Rook moves in a straight line in first quadrant of a plane, and
it will not revisit the place it walked.

Problem. How to count the number Rn of different Rook walks
from (0,0) to (n,n)?

, 36/81
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Diagonals

r(m,n): the number of different Rook walks from (0,0) to (m,n).

F(x,y) =
∑

m,n≥0

r(m,n)xmyn =
1

1− x
1−x −

y
1−y

.

The diagonal of F(x,y) is

diag(F) :=
∑
n≥0

r(n,n)xn.

Lemma: Let f := y−1 ·F(y,x/y) and L(x,Dx) be a linear differential
operator with coefficients in F(x). Then

L(x,Dx)(f ) = Dy(g) with g ∈ F(x,y) ⇒ L(diag(F)) = 0

, 37/81
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Telescopers for 2D Rook walks

F =
1

1− x
1−x −

y
1−y

⇒ f = y−1F(y,x/y) =
xy− y2 − x+ y

y(3xy−2y2 −2x+ y)

Telescoping via reductions:
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+ c1(x)·+(18x−14)·

−2y
(9x−1)(y(3xy−2y2 −2x+ y))

D2
x(f ) = Dy (g2)+

+ c2(x)·+(9x2 −10x+1)·

4(9x−7)y
(9x−1)(9x2 −10x+1)(y(3xy−2y2 −2x+ y))
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y
1−y

⇒ f = y−1F(y,x/y) =
xy− y2 − x+ y

y(3xy−2y2 −2x+ y)

Telescoping via reductions:

Therefore,

the minimal telescoper for f is

L = (9x2 −10x+1)D2
x +(18x−14)Dx

the corresponding certificate is

G=
(−36x+28)y3 +(27x2 +42x−45)y2 +(−36x2 −12x+24)y+12x2 −4

2(3xy−2y2 −2x+ y)2
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Telescopers for 2D Rook walks
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1

1− x
1−x −

y
1−y

⇒ f = y−1F(y,x/y) =
xy− y2 − x+ y

y(3xy−2y2 −2x+ y)

Telescoping via reductions:

Therefore,

the minimal telescoper for f is

L = (9x2 −10x+1)D2
x +(18x−14)Dx

Then the generating function of the sequence Rn satisfies

L(x,Dx)

(∑
n≥0

R(n)xn

)
= 0.
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Telescopers for 2D Rook walks

F =
1

1− x
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y(3xy−2y2 −2x+ y)

Telescoping via reductions:

Therefore,

the minimal telescoper for f is

L = (9x2 −10x+1)D2
x +(18x−14)Dx

From the differential equation, we get the explicit form:∑
n≥0

R(n)xn =
1
2
+

1− x

2
√

1−10x+9x2
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y
1−y

⇒ f = y−1F(y,x/y) =
xy− y2 − x+ y

y(3xy−2y2 −2x+ y)

Telescoping via reductions:

Therefore,

the minimal telescoper for f is

L = (9x2 −10x+1)D2
x +(18x−14)Dx

From the differential equation, we get the linear recurrence:

Rn+2 =
(10n+4)Rn+1 −(9n−9)Rn

n+1
(R0 = 1,R1 = 2).
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Telescopers for 2D Rook walks

F =
1

1− x
1−x −

y
1−y

⇒ f = y−1F(y,x/y) =
xy− y2 − x+ y

y(3xy−2y2 −2x+ y)

Telescoping via reductions:

Therefore,

the minimal telescoper for f is

L = (9x2 −10x+1)D2
x +(18x−14)Dx

Running the recurrence, R(n) is as follows.

1,2,14,106,838,6802,56190,470010,3968310, . . . OEIS:A051708
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Telescopers for 2D Rook walks

F =
1

1− x
1−x −

y
1−y

⇒ f = y−1F(y,x/y) =
xy− y2 − x+ y

y(3xy−2y2 −2x+ y)

Telescoping via reductions:

Therefore,

the minimal telescoper for f is

L = (9x2 −10x+1)D2
x +(18x−14)Dx

From the differential equation, we get the asymptotic
estimate:

Rn ∼

√
2

πn
·32n−1 (n→+∞)

, 38/81



Rational Telescoping: the discrete case

Telescoping Problem. For f ∈ F(x,y), find L ∈ F(x)〈Sx〉 such that

L(x,Sx)(f ) = ∆y(g) for some g ∈ F(x,y).

Remark. Telescopers may not exist in this case.

f = 1/(x2 + y2) has no telescoper.

Summability Problem. For f ∈ F(x,y), decide whether

f = ∆y(g) for some g ∈ F(x,y).

If such a g exists, f is said to Sy-summable in F(x,y).
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Dispersion and shift-free polynomials

Definition. For p ∈ E[y], the dispersion of p in y is

dispy(p) = max{i ∈ Z | gcd(p(y),p(y+ i)) 6= 1}

= max{i ∈ Z | ∃α ∈ E s.t. p(α) = p(α + i) = 0}

Example. Let p = y(y− x)(y− x+3)(y+ x). Then dispy(p) = 3.

Definition. p ∈ E[y] is shift-free in y if dispy(p) = 0.

Prop. Let f = p/q ∈ E(y) with gcd(p,q) = 1 and degy(p)< degy(q).

If f = ∆y(g) for g = a/b ∈ E(y), then dispy(q) = dispy(b)+1;

If dispy(q) = 0, then f is not Sy-summable in E(y).
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Abramov’s Reduction

Additive Decomposition. Let f ∈ E(y) with E= F(x). Then

f = ∆y(g)+
a
b
,

where g ∈ E(y) and a,b ∈ E[y] with degy(a)< degy(b) and b being
shift-free in y. Moreover

f is Sy-summable in E(y) ⇔ a = 0

Step 1. Irreducible partial fraction decomposition:

f = p+
n∑

i=1

mi∑
j=1

λi,j∑
`=0

ai,j,`

S`y(di)j ,

where degy(ai,j,`)< degy(di) and dispy(d1 · · ·dn) = 0.

Step 2. Reducing the dispersion:

, 41/81
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Existence criterion

Definition. p ∈ F[x,y] is integer-linear over F if ∃q ∈ F[z] and
m,n ∈ Z s.t. p = q(mx+ny).

Theorem. (AbramovLe2002) Let f ∈ F(x,y). Then f has a
telescoper in F(x)〈Sx〉 if and only if

f = ∆y(g)+
a

b1 · · ·bn
,

where g ∈ F(x,y),a,bi ∈ F[x,y] and the bi’s are integer-linear.

Examples. f1 = 1/(x2 + y2) has no telescoper since x2 + y2 is not
integer-linear and f2 = 1/((x+ y)(3x+2y)) has a telescoper.
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Telescoping via reduction

f =
1

(y+ x)(2y+3x)
= ∆y(· · ·)+

1
(y+ x)(2y+3x)︸ ︷︷ ︸

r0

Sx(f ) =
1

(y+ x+1)(2y+3x+3)
= ∆y(· · ·)+

x+3
(x+1)(y+ x)(2y+3x+3)︸ ︷︷ ︸

r1

S2
x(f ) =

1
(y+ x+2)(2y+3x+6)

= ∆y(· · ·)+
x

(x+2)(y+ x)(2y+3x)︸ ︷︷ ︸
r2

Finding linear dependency:

x · r0 +0 · r1 −(x+2) · r2 = 0

⇓
L =−(x+2)S2

x + x is a telescoper for f .
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How the reduction approach work?

Reduction map. Let M be a F(x,y)〈∂x,∂y〉-module.

[·] : M → M

f 7→ [ f ]

satisfies the properties

1 Normality:
f = ∂y(g) ⇔ [ f ] = 0

2 Finite-dimensionality:

dimF(x) spanF(x){[∂
i
x(f ) ] | i ∈ N}<+∞

3 Linearity:
[ f1 + f2 ] = [ f1 ]+ [ f2 ]

Reduction-based creative telescoping.

c0[ f ]+ ·+ cr[∂
i
x(f ) ] = 0 ⇔ (c0 + · · ·+ cr∂

r
x )︸ ︷︷ ︸

Telescoper

(f ) = ∂y(g)
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Outline

Introduction to Creative Telescoping

Creative Telescoping via Reductions

Rational case

Hyperexponential case

Hypergeometric case
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Part 3. Hyperexponential Telescoping via Reductions

Hyperexponential Integrability

Hermite Reduction

Telescoping via Hermite Reduction

Example: Counting 3D Rook Walks
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Univariate hyperexponential functions

Definition. H(y) is hyperexponential over E(y) if

f :=
Dy(H)

H
∈ E(y).

Write informally

H = exp
(∫

f (y)dy
)
.

Examples. 1/(1+ y), exp(2+ y2), (1+ y2)c, 1√
1+y2

, . . .

Structural form. (∫
f (y)dy

)
= u0 +

m∑
i=1

ci log(ui)

⇓
H = exp

(∫
f (y)dy

)
= exp(u0) ·

m∏
i=1

uci
i
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Hyperexponential integrability

Integrability Problem. For a hyperexp. H(y), decide whether

H = Dy(G) for hyperexp. G over E(y).

If such a G exists, H is said to be hyperexp. Dy-integrable. Note
that G = u ·H for some u ∈ E(y).

Example. exp(y) is hyperexp. Dy-integrable but not exp(y2).

Fact. Let f = Dy(H)/H ∈ E(y). Then

H is hyperexp. Dy-integrable

m
Dy(u(y))+ f ·u(y) = 1 has a solution in E(y).
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Almkvist–Zeilberger’s algorithm

Let f = Dy(H)/H. Find a rational solution of

Dy(u(y))+ f ·u(y) = 1.

1 Decompose

f =
Dy(p)

p
+

q
r
,

where p,q,r ∈ E[y] and q,r satisfies

gcd(r,q− jDy(r)) = 1 for all j ∈ N.

2 Find a polynomial solution of

p = (q+Dy(r))v(y)+ rDy(v(y))

3 If v ∈ E[y] exists, return u := (rv/p).
, 49/81



Multiplicative factorization

Definition. A pair (S,K) ∈ E(y)2 is called the canonical form of
f ∈ E(y) if

f =
Dy(S)

S
+K,

where S = u/v and K = p/q s.t. gcd(q,v) = 1 and

gcd(q,p− i ·Dy(q)) = 1 for all i ∈ Z.

S is called the shell and K the kernel of f .

Multiplicative form. Let (S,K) be the canonical form of
f := Dy(H)/H. Then

H = exp
(∫

f dy
)
= S︸︷︷︸

rational part

· exp
(∫

K dy
)

Remark. K = 0 ⇒ H ∈ E(y).
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Geddes-Le-Li’s reduction

Additive Decomposition. Let H = S ·T with T = exp
(∫

K dy
)
and

S =
p
q

and K =
a
b
.

Then ∃g ∈ E(y),u,v ∈ E[y] s.t.

H = Dy(g ·T)+
(

u
q∗

+
v
b

)
·T,

where q∗ is the squarefree part of q and degy(u)< degy(q
∗).

Remark. If H ∈ E(y), then G-L-L = H-O.

Proposition. H is hyperexp. Dy-integrable if and only if
u = 0;
bDy(w)+aw = v has a polynomial solution in E[y].

, 51/81



Polynomial reduction

Given K = a/b ∈ E(y) with K 6= 0, define

φK : E[y] → E[y]
p 7→ b ·Dy(p)+ap.

Call φK the polynomial reduction map w.r.t. K.

Write
E[y] = im(φK)⊕NK ,

where
NK = spanE{y

i | ∀q ∈ im(φK),degy(q) 6= i}.

Call NK the standard complement of im(φK).

Proposition.
dimE(NK)≤max{degy(a),degy(b)−1};

im(φK) has an E-basis {φK(yi) | i ∈ N}.
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Hermite reduction

For a hyperexp. function H = S ·T, where

S =
p
q

and T = exp
(∫

K dy
)

with K =
a
b
,

Step 1. Geddes-Le-Li’s reduction:

H = Dy(g ·T)+
(

u
q∗

+
v
b

)
·T

Step 2. Polynomial reduction: Let v = v1 + v2 with

v1 = φK(w) and v2 ∈NK .

Then v
b
·T = Dy (w ·T)+

v2

b
·T.

⇓
H = Dy((g+w) ·T)+

(
u
q∗

+
v2

b

)
·T

, 53/81
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Properties of Hermite reduction

For a hyperexp. function H = S ·T, where

S =
p
q

and T = exp
(∫

K dy
)

with K =
a
b
,

Hermite reduction decomposes H as

H = S ·T = Dy (g ·T)︸ ︷︷ ︸
integrable

+
r

b ·q∗
·T︸ ︷︷ ︸

non-integrable

where

degy(r)< degy(q
∗)+max{degy(a),degy(b)−1} with q∗ being

squarefree;
r

b·q∗ is unique;

h is hyperexp. Dy- integrable ⇔ r = 0.

We call r/(b ·q∗) ·T the residual form of H.
, 54/81



Bivariate hyperexponential functions

Definition. H(x,y) is hyperexponential over F(x,y) if

g :=
Dx(H)

H
, f :=

Dy(H)

H
∈ F(x,y).

Write informally

H = exp
(∫

gdx+ f dy
)

Examples.

1
x+ y

, exp(x2 + y2), (x2 + y2)π ,
1√

x+ y
, . . .

Fact. If H1,H2 are hyperexp., so is H1 ·H2.

DxDy(H)=DyDx(H)

⇒ Dx(f )=Dy(g) ⇒ denom(g) | denom(f )

, 55/81
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Hermite reduction for Di
x(H)

Hermite reduction in y decomposes H as

H = Dy (g0 ·T)+
r0

b ·q∗
·T with T = exp(J dx+K dy) ,

where b = denom(K) and denom(J) | b. Then

Dx(H) = Dy(Dx(g0 ·T))+
(

Dx

(
r0

b ·q∗

)
+

r0

b ·q∗
· J
)
·T

⇓ Hermite reduction in y

Dx(H) = Dy (g1 ·T)+
r1

b ·q∗
·T

⇓ Hermite reduction in y
...

Di
x(H) = Dy (gi ·T)+

ri

b ·q∗
·T

, 56/81
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Telescoping via reductions

Given a hyperexp. function H = S ·T, where

S =
p
q

and T = exp
(∫

J dx+K dy
)

with K =
a
b
,

1 Hermite reduction: For i = 0,1,2, . . . , compute

Di
x(H) = Dy (giT)+

ri

b ·q∗
T

with degy(ri)< degy(q
∗)+max{degy(a),degy(b)−1}︸ ︷︷ ︸
a fixed number depending on H

.

2 Find linear dependency: until ∃ c0, . . . ,ci ∈ F(x) with ci 6= 0 s.t.

i∑
j=0

cjrj = 0 ⇐⇒
 i∑

j=0

cjDj
x


︸ ︷︷ ︸
telescoper L

(H) = Dy

 i∑
j=0

cjgjT


︸ ︷︷ ︸
certificate g

.

, 57/81
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Enumerating 3D Rook walks

The Rook moves in a straight line in first quadrant of 3D lattice

Problem. How to count the number Rn of different Rook walks
from (0,0,0) to (n,n,n)?

, 58/81
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Diagonals

r(m,n,k): the number of different Rook walks from (0,0,0) to
(m,n,k).

F(x,y,z) =
∑

m,n≥0

r(m,n,k)xmynzk =
1

1− x
1−x −

y
1−y −

z
1−z

.

The diagonal of F(x,y,z) is

diag(F) :=
∑
n≥0

r(n,n,n)xn.

Lemma: Let f := (yz)−1F(y,z/y,x/z) and L ∈ F(x)〈Dx〉. Then

L(x,Dx)(f )=Dy(g)+Dz(h) with g,h ∈ F(x,y,z) ⇒ L(diag(F))= 0.

, 59/81
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Residues

Definition. Let f ∈ F(x,y)(z). The residue of f at βi w.r.t. z,
denoted by resz(f ,βi), is the coefficient αi,1 in

f = p+
n∑

i=1

mi∑
j=1

αi,j

(z−βi)j , where αi,j,βi ∈ F(x,y).

Lemma. Let f ∈ F(x,y,z) and β ∈ F(x,y). Then

Dv(resz(f ,β )) = resz(Dv(f ),β ) for Dv ∈ {Dx,Dy}.

f = Dz(g) ⇔ All residues of f w.r.t. z are zero.

Remark. The second assertion is not true for algebraic functions!

, 60/81
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Equivalence between two telescoping problems

Theorem (Picard1912). Let f = p/q ∈ F(x,y,z) and L ∈ F(x)〈Dx〉.
Then

L(x,Dx)(f ) = Dy(g)+Dz(h) for g,h ∈ F(x,y,z)m
L(x,Dx)(αi) = Dy(γi) for all residues αi = resz(f ,βi),

where βi,γi ∈ F(x,y) with q(x,y,βi) = 0.

Remark.
Li(x,Dx)(αi) = Dy(βi), 1≤ i≤ n⇓

L = LCLM(L1,L2, . . . ,Ln) is a telescoper for all αi.

, 61/81
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Telescopers for 3D Rook walks

For 3D Rook walks, the rational function is

f :=
1
yz

F(y,z/y,x/z) =
(−1+ y)(y− z)(−z+ x)

zy((3y−2)z2 +(y+3x−2y2 −4xy)z+3xy2 −2xy)

Residues of f are

r1 =
y−1

y(3y−2)
, r2 =−r3 =

(y−1)2

y(3y−2)
√
−4y3 +16xy2 +4y2 − y−24xy+9x︸ ︷︷ ︸
hyperexponential over F(x,y)

.

Telescopers. L1 = Dx and L2 = L3 with

L2 =Dx
3 +

(
4608x4 −6372x3 +813x2 +514x−4

)
Dx

2

x(−2+121x+475x2 −1746x3 +1152x4)

+
4
(
576x3 −801x2 −108x+74

)
Dx

x(−2+121x+475x2 −1746x3 +1152x4)

, 62/81



Telescopers for 3D Rook walks

For 3D Rook walks, the rational function is

f :=
1
yz

F(y,z/y,x/z) =
(−1+ y)(y− z)(−z+ x)

zy((3y−2)z2 +(y+3x−2y2 −4xy)z+3xy2 −2xy)

Residues of f are

r1 =
y−1

y(3y−2)
, r2 =−r3 =

(y−1)2

y(3y−2)
√
−4y3 +16xy2 +4y2 − y−24xy+9x︸ ︷︷ ︸
hyperexponential over F(x,y)

.

Telescopers. L1 = Dx and L2 = L3 with

L2 =Dx
3 +

(
4608x4 −6372x3 +813x2 +514x−4

)
Dx

2

x(−2+121x+475x2 −1746x3 +1152x4)

+
4
(
576x3 −801x2 −108x+74

)
Dx

x(−2+121x+475x2 −1746x3 +1152x4)

, 62/81



Telescopers for 3D Rook walks

For 3D Rook walks, the rational function is

f :=
1
yz

F(y,z/y,x/z) =
(−1+ y)(y− z)(−z+ x)

zy((3y−2)z2 +(y+3x−2y2 −4xy)z+3xy2 −2xy)

Residues of f are

r1 =
y−1

y(3y−2)
, r2 =−r3 =

(y−1)2

y(3y−2)
√
−4y3 +16xy2 +4y2 − y−24xy+9x︸ ︷︷ ︸
hyperexponential over F(x,y)

.

Telescopers. L1 = Dx and L2 = L3 with

L2 =Dx
3 +

(
4608x4 −6372x3 +813x2 +514x−4

)
Dx

2

x(−2+121x+475x2 −1746x3 +1152x4)

+
4
(
576x3 −801x2 −108x+74

)
Dx

x(−2+121x+475x2 −1746x3 +1152x4)

, 62/81



Recurrences for diagonal 3D Rook walks

L = LCLM(L1,L2,L3) is a telescoper for f (x,y,z).⇓
L(x,Dx)

(∑
n

Rnxn

)
= 0

Recurrence. From the differential equation, we get

(1152n2 +1152n3)Rn +(−7830n−3204−6372n2 −1746n3)Rn+1 +(2957n

+762+2238n2 +475n3)Rn+2 +(4197n+4698+1240n2 +121n3)Rn+3

+(−22n2 −80n−96−2n3)Rn+4 = 0.

Using the initial values R0 = 1,R1 = 6,R2 = 222,R3 = 9918, we get

R8 = 4223303759148.

, 63/81
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Recurrence. From the differential equation, we get

(1152n2 +1152n3)Rn +(−7830n−3204−6372n2 −1746n3)Rn+1 +(2957n

+762+2238n2 +475n3)Rn+2 +(4197n+4698+1240n2 +121n3)Rn+3

+(−22n2 −80n−96−2n3)Rn+4 = 0.
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Outline

Introduction to Creative Telescoping

What is creative telescoping

Fundamental problems

Algorithms and applications

Creative Telescoping via Reductions

Rational case

Hyperexponential case

Hypergeometric case
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Part 4. Hypergeometric Telescoping via Reductions

Abramov–Petkovšek Reduction

Existence of Telescopers

Construction of Telescopers
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Univariate hypergeometric terms

Definition. H(k) is hypergeometric over E(k) if

H(k+1)
H(k)

,
Sk(H)

H
∈ E(k).

Examples.
1/(1+ k), 2k, k!, Γ (2k+1), . . .

Fact. If H1,H2 are hypergeometric, so is H1 ·H2.

f =
Sk(r)

r
·µ · (k−α1) · · ·(k−αn)

(k−β1) · · ·(k−βm)
with αi −βj /∈ Z

⇓
H = r ·µk · Γ (k−α1 +1) · · ·Γ (k−αn +1)

Γ (k−β1 +1) · · ·Γ (k−βm +1)
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Hypergeometric summability

Summability Problem. For a hypergeom. H(k), decide whether

H = ∆k(G) for hypergeom. G over E(k).

If such a G exists, H is said to be hypergeom. Sk-summable. Note
that G = u ·H for some u ∈ E(k).

Example. k · k! = ∆k(k!) is hypergeom. Sk-summable but not k!.

Fact. Let f = Sk(H)/H ∈ E(k). Then

H is hypergeom. Sk-summable

m
f ·Sk(u(k))−u(k) = 1 has a solution in E(k).
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Gosper’s algorithm

Let f = Sk(H)/H ∈E(k). Find a rational solution
of

f ·Sk(u(k))−u(k) = 1.

1 Compute Gosper’s form

f =
Sk(p)

p
· q

r
,

where p,q,r ∈ E[k] and q,r satisfies

gcd(q(k),r(k+ j)) = 1 for all j ∈ N.

2 Find a polynomial solution of

p = q ·Sk(v(k))−S−1
k (r) · v(y)

3 If v ∈ E[k] exists, return u := S−1
k (r)v/p.
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Multiplicative factorization

Defn. A pair (S,K) ∈ E(k)2 is called the canonical form of f ∈ E(k)
if

f =
S(k+1)

S(k)
·K, where S =

u
v
and K =

p
q

satisfying gcd(q,v) = 1 and K is shift-reduced, i.e.,

gcd(p(k),q(k+ i)) = 1 for all i ∈ Z.

S is called a shell and K a kernel of f .

Multiplicative form. Let (S,K) be the canonical form of
f := Sk(H)/H. Then

H = S︸︷︷︸
rational part

·T with
Sk(T)

T
= K.

Remark. K = 1 ⇒ H ∈ E(k).
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Abramov–Petkovšek reduction

Additive Decomposition. Let H = S ·T with

S =
p
q

and
Sk(T)

T
= K =

a
b
.

Then ∃g ∈ E(k) and u,v ∈ E[k] s.t.

H = ∆k(g ·T)+
(

u
q̃
+

v
b

)
·T,

where q̃ is shift-free, degk(u)< degk(q̃), and

gcd
(

q̃, S−`
k (a)

)
= gcd

(
q̃, S`k(b)

)
= 1 for all `≥ 0.

Remark. If H ∈ E(k), then Abramov–Petkovšek = Abramov.

Proposition. H is hypergeom. Sy-summable if and only if
u = 0;
aSk(w)−bw = v has a polynomial solution in E[k].
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Polynomial reduction

Given K = a/b ∈ E(k) with K 6= 0, define

φK : E[k] → E[k]
p 7→ a ·Sk(p)−b ·p.

Call φK the polynomial reduction map w.r.t. K.

Write
E[k] = im(φK)⊕NK ,

where
NK = spanE{k

i | ∀q ∈ im(φK),degk(q) 6= i}.

Call NK the standard complement of im(φK).

Proposition.
dimE(NK)≤max{degk(a),degk(b)};

im(φK) has an E-basis {φK(ki) | i ∈ N}.
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Modified Abramov–Petkovšek (MAP) reduction

For a hypergeom. term H = S ·T, where

S =
p
q

and
Sk(T)

T
= K =

a
b
,

Step 1. Abramov–Petkovšek’s reduction:

H = ∆k(g ·T)+
(

u
q̃
+

v
b

)
·T,

Step 2. Polynomial reduction: Let v = v1 + v2 with

v1 = φK(w) and v2 ∈NK .

Then v
b
·T = ∆k (w ·T)+

v2

b
·T.

⇓
H = ∆k((g+w) ·T)+

(
u
q̃
+

v2

b

)
·T
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Properties of MAP reduction

For a hypergeom. term H = S ·T, where

S =
p
q

and
Sk(T)

T
= K =

a
b
,

MAP reduction decomposes H as

H = S ·T = ∆k (g ·T)︸ ︷︷ ︸
summable

+
r

b · q̃
·T︸ ︷︷ ︸

non-summable

where

degk(r)< degk(q̃)+max{degy(a),degy(b)} with q̃ being shift-free;

h is hypergeom. Sy-summable ⇔ r = 0.

We call r/(b · q̃) ·T the residual form of H, which is not unique.
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Linearity adjustment of residual forms

residual form + residual form 6= residual form.

Example. Let the kernel K = 1.

1
y+1

+
1
y
=

2y+1
y(y+1)

not a residual form.

=

(
∆y

(
1
y

)
+

1
y

)
+

1
y
= ∆y

(
1
y

)
+

2
y

Proposition. Let K ∈ F(y) be shift-reduced and σy(T)/T = K.
Let r1 ·T,r2 ·T be two residual forms w.r.t. K. Then ∃ a residual
form r′1 w.r.t. K s.t.

r1T = ∆y(g ·T)+ r′1T and (r′1 + r2) ·T is a residual form.
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Bivariate hypergeometric terms

Definition. H(n,k) is hypergeometric over F(n,k) if

g :=
Sn(H)

H
, f :=

Sk(H)

H
∈ F(n,k).

Examples.

1
n+ k

, 2n3k,

(
n
k

)
, (n+ k)!, Γ (2n+3k), . . .

Ore–Sato Theorem.

H = f (n,k)λ n
µ

k
m∏

i=1

Γ (ain+bik+ ci)

Γ (uin+ vik+wi)
,

where f ∈ F(n,k),λ ,µ,ci,wi ∈ F and ai,bi,ui,vi ∈ Z.
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Existence criterion for telescopers

Hypergeometric Telescoping. Given hypergeom. H over F(n,k),
find L ∈ F(n)〈Sn〉 s.t.

L(n,Sn)(H) = ∆k(G) for hypergeom. G over F(n,k).

Remark. Telescopers may not exist for hypergeometric terms, e.g.,
H =

(n
k

)
/(n2 + k2).

Definition. H is proper if it is of the form

H = p(n,k)λ n
µ

k
m∏

i=1

Γ (ain+bi + ci)

Γ (uin+ vik+wi)
,

where p is polynomial in F[n,k].

Abramov’s criterion.

H has a telescoper ⇔ H = ∆k(H1)+H2, where H2 is proper.
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Telescoping via reductions

Consider
H =

1
n+ k

· k!
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Telescoping via reductions

Consider
H =

1
n+ k

· k!

A kernel K = k+1 and shell S = 1/(n+ k)

T = H/S = k!
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Telescoping via reductions

Consider
H =

1
n+ k

· k!

H = ∆k(g0 ·T)+

c0(n)·−1·

1
n+ k

T

Sn(H) = ∆k(· · ·)+
1

(n+ k+1)2 T

= ∆k (g1 ·T)+

+ c1(n)·+(1−n)·

(
−

1/n
n+ k

+
1
n

)
T

S2
n(H) = ∆k (· · ·)+

(
−

1/(n+1)
n+ k+1

+
1

n+1

)
T

= ∆k (g2 ·T)+

+ c2(n)·+(n+1)·

(
−

1/(n(n+1))
n+ k

+
n−1

n(n+1)

)
T

= 0
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Telescoping via reductions

Consider
H =

1
n+ k

· k!

Therefore,

the minimal telescoper for T w.r.t. k is

L = (n+1) ·S2
n −(n−1) ·Sn −1

the corresponding certificate is

G = ((n+1) ·g2 −(n−1) ·g1 −1 ·g0) ·T

=
k!

(n+ k)(n+ k+1)
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Softwares

MAPLE:
1 EKHAD by Zeilberger

2 DEtools:-Zeilberger by Le

3 SumTools[Hypergeometric]:-Zeilberger by Le

4 Mgfun:-creative_telescoping by Chyzak

5 ReductionCT by C., Huang, Kauers, and Li
6 . . .

MATHEMATICA:
1 fastZeil: Zb by Paule and Schorn
2 HolonomicFunctions: CreativeTelescoping by

Koutschan

3 . . .
Maxima: Zeilberger by Fabrizio Caruso

Reduce: zeilberg by Wolfram Koepf
. . .
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4th generation: the reduction approach

Goal. Separating the computations of telescopers and certificates

Differential case:
Bostan, C., Chyzak, Li (2010): bivariate rational functions
Bostan, C, Chyzak, Li, Xin (2013): bivariate hyperexp. funs
Bostan, Lairez, Salvy (2013): multivariate rational functions
C., Kauers, Koutschan (2016): bivariate algebraic functions
C., van Hoeij, Kauers, Koutschan (2018): fuchsian D-finite
van der Hoeven (2017, 2018), Bostan, Chyzak, Lairez, Salvy
(2018): D-finite functions

Shift case:

C., Huang, Kauers, Li (2015): bivariate hypergeom. terms
Huang (2016): new bounds for hypergeom. creative telescoping
Giesbrecht, Huang, Labahn, Zima (2019): faster algorithm
C., Hou, Huang, Labahn, Wang (2019): trivariate rational
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Open problems

Open Problem 1. Multivariate extension of Gosper’s algorithm

Given a multivariate hypergeometric term H(k1, . . . ,kd) over
F(k1, . . . ,kd), decide whether there exist hypergeometric terms
G1, . . . ,Gd such that

H = ∆k1(G1)+ · · ·+∆kd(Gd).

Remark. Bivariate rational case: ChenSinger (2014), HouWang

(2015). Multivariate rational case: ChenDu (2019).
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Open problems

Open Problem 2. Picard’s problem (1889)

Given a rational function f ∈ C(x,y,z), decide whether there exist
u,v,w ∈ C(x,y,z) such that

f = Dx(u)+Dy(v)+Dz(w).

Remark. The bivariate case was solved by Picard in 1889.
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Open problems

Open Problem 3. Inverse creative telescoping problem

1. Given an L ∈ F(n)〈Sn〉, decide whether there exists a hypergeo-
metric term H(n,k) s.t. L is a telescoper for H.

2. Given an L ∈ F(x)〈Dx〉, decide whether there exists a hyperexpo-
nential function H(x,y) s.t. L is a telescoper for H.

Remark. Petkovsek recently made some progress on this problem.
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Open problems

Open Problem 4. Computational challenges

For d = 4,5, . . . ,12, prove recurrence equations for the diagonal of
the rational series 1/(1−

∑d
i=1

xi
1−xi

) conjectured in the paper
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Summary

Reduction algorithms solve simultaneously

Existence problem of telescopers

Construction problem of telescopers

Thank you!
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