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Abstract

D-finite power series appear ubiquitously in combinatorics, number theory,
and mathematical physics. They satisfy systems of linear partial differential
equations whose solution spaces are finite-dimensional, which makes them enjoy
a lot of nice properties. After attempts by others in the 1980s, Lipshitz was the
first to prove that the class they form in the multivariate case is closed under the
operation of diagonal. In particular, an earlier work by Gessel had addressed the
D-finiteness of the diagonals of multivariate rational power series. In this paper,
we give another proof of Gessel’s result that fixes a gap in his original proof,
while extending it to the full class of D-finite power series. We also provide
a single exponential bound on the degree and order of the defining differential
equation satisfied by the diagonal of a D-finite power series in terms of the
degree and order of the input differential system.

Keywords: D-finite power series, diagonal theorem, order bound, degree
bound

1. Introduction

Diagonals of multivariate formal power series appear frequently in different
areas: diagonals of rational power series play an important role in enumerative
combinatorics, especially the lattice paths enumeration (see the books [28, 23,
25, 22| and the survey [24]); Christol’s number-theoretic conjecture, which
predicts that globally bounded D-finite power series are diagonals of rational
power series [12], remains largely open (see the nice survey [14] by himself);
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intensive studies on diagonals also appear in computer algebra with connection
to mathematical physics [1, 7, 8, 4].

In these contexts, formal power series are commonly given implicitly
as solutions to either algebraic or (linear) differential equations, and the
corresponding diagonals also satisfy such equations. This is in particular the
case for D-finite power series. Recall that these series are defined (Definition 2)
as multivariate formal power series in variables x1,...,x, whose infinite set
of higher-order partial derivatives generates a finite-dimensional vector space
over the field of rational functions in the variables. Even though D-finite power
series as solutions of linear differential equations with polynomial coefficients
have been studied for at least hundred years in calculus, it was Stanley who
invented the name "D-finite" in 1980 and highlighted the significant role of such
class of special functions in combinatorics in the univariate case [27] and later
systematically investigated by Lipshitz in the multivariate case [20, 21]. In the
early 1980’s, Gessel, Stanley, Zeilberger, and many combinatorists conjectured
that the diagonal of a rational power series in several variables is D-finite.
Zeilberger [30] in 1980 and Gessel [18] in 1981 independently claimed to have
proved this conjecture. Later, in 1988, Lipshitz [20] pointed out that both proofs
were not complete and he used a different, elementary idea to prove that D-finite
power series are closed under taking diagonals, so that, in particular, diagonals
of rational power series are D-finite. In parallel, Christol had used the finiteness
of some De Rham cohomology to prove the result: first under some regularity
assumption of a Jacobian variety [10]; then in full generality [11, 13]. In 1990,
Zeilberger [31] then completed his own proof with the theory of holonomic D-
modules. Later, Wu and Chen [29] provided a similar result for the case of
bivariate rational functions as a follow-up of Gessel’s work.

The problem we address in this paper is to bound the degrees and orders of
linear differential equations satisfied by the diagonal of a given series in terms of
degrees and orders of the given differential systems that the series satisfies. We
view this as a crucial preliminary step to the computational complexity analysis
of algorithms for computing diagonals, and to the longer-term development of
fast algorithms in a complexity-driven way.

Diagonals of multivariate series come in several flavors (see Definition 4):
first, primary diagonals collapse just two variables; next, complete diagonals
collapse all variables to a single one.

Starting with primary diagonals, we get a polynomial increase of the order
and degree bounds (Corollary 23). A naive iteration of primary diagonals
(Section 4.1.3) would thus lead to double-exponential bounds for complete
diagonals (Section 4.1.3). Our first and main contribution is therefore to derive
a single-exponential bound (Theorems 26 and 36). Note however that in the
bivariate case (n = 2), no iteration is necessary so that the double-exponential
bound is in fact just polynomial, and the bounds of Corollary 23 are better than
those of Theorems 26 and 36.

After Lipshitz’s work [20], the general belief was that the gaps in Gessel’s
proof do not seem easy to fill. As a secondary contribution, we however fully fix
and generalize Gessel’s proof [18] by elaborating on his original proof strategy



(Theorems 6 and 7). Because Gessel’s approach does not need any change of
variables, as opposed to Lipshitz’s, it leads more directly to explicit filtrations,
from which we benefit in our bound estimates of the Lipshitz way.

It is worth comparing the bounds we obtained in this paper with the situation
in positive characteristic. In that context, a result by Furstenberg [17] and
Deligne [16] states that the diagonal of any algebraic function is algebraic.
A quantitative version of this theorem by Adamczewski and Bell [2] provides
bounds on the algebraic degree of a diagonal and on the maximal degree (height)
of a polynomial equation it satisfies, which, even in the case of the diagonal
of a rational function, is doubly exponential of the form O(p""), where p is
the characteristic and n is the number of variables. As our bounds are singly
exponential and might be useful also in characteristic p, this is another instance
of the phenomenon [26] that representing an algebraic function by differential
equations is more compact than by a polynomial equation. The bound in [2]
has very recently been significantly improved in [3, Theorem 5.2].

In the case of characteristic zero, the first bound on the order of an annihi-
lator of the diagonal of a rational power series was given by Christol [10], under
a regularity assumption. In [9], single-exponential bounds were announced for
both order and degree, still in the rational case. Other single-exponential bounds
have been announced for differential operators cancelling Hadamard products
of rational series (and therefore diagonals of rational series) in the extended
version [6] of a work [5] related with a theoretical study on automata: this
indicates the existence of an annihilating operator satisfying single-exponential
bounds on its order, its degree, as well as the height of its coefficients. Our
contribution can therefore be viewed as a generalization of these results on
order and degree to general D-finite power series.

The remainder of this paper is organized as follows. We recall some basic
terminology about rings of differential operators and introduce D-finite power
series and their diagonals in Section 2. In Section 3, we first prove the Diagonal
Theorem (Theorem 6) on D-finite power series in the way suggested in Gessel’s
work and we then derive an explicit polynomial bound for annihilators of
diagonals in the bivariate case. Then, a single-exponential bound is given for
the general multivariate situation in Section 4 by analyzing Lipshitz’s proof.

2. Differential operators, D-finiteness, and diagonals

Throughout this article, we assume that K is a field of characteristic 0.
Let K[z] be the ring of polynomials in & = z1,...,z, over K and K(z) be
the field of rational functions in x over K. Let K{[z]] be the ring of formal
power series in ¢ over K, which is a domain. Denote S := K () @k K[[z]].
Let Dy,,...,D,, denote the usual partial derivations 9/0x1,...,0/0x, on S.
This is the basic notation that we will use in Sections 1 and 3, but it will need
to be generalized in Section 4.

The Weyl algebra W, is the non-commutative polynomial ring in the
variables £ = x1,...,z, and D, = D,,,...,D,_ , in which the following
multiplication rules hold: x;x; = x;x4, Dy, Dy, = Dy, Dy, foralli,j € {1,...,n}



and Dy,a = aD,, + da/0x; for all i € {1,...,n} and a € K[z]. We will also
write K|[x](D,) for W,, as, here and throughout, we use angled brackets R(...)
to denote a twisted extension of a ring R, when generators between brackets
always commute with one another. The Weyl algebra can be interpreted as
the ring of linear partial differential operators with polynomial coefficients.
We will also use the ring K(z)(D,) of linear partial differential operators
with rational function coefficients. The elements of this ring act on S by
interpreting D,, as 0/0z;, which turns S into a left K(z)(D,)-module. For
a given f € S, the annihilating ideal of f in K(z)(D,) is defined as the set
{L € K(x)(D,) | L(f) = 0}. Note that this is indeed a left K(z)(D,)-module,
therefore in particular a vector space over K(x).

Notation 1. Given a polynomial a € Klz] and an operator P (in K[z|(D,)
or in K(z)(D,)), we will distinguish the expression Pa, with no parentheses,
from the expression P(a), with parentheses: the former will always denote the
product in the operator algebra; the latter will always denote application of the
operator to a, viewed as a series in S.

In contrast, for a series f in S, we will never have to denote a product, and
both Pf and P(f) will denote application.

Definition 2 (D-finiteness). An element f € K|[[z]] is D-finite over K(z) if
the K(z)-vector space generated in S by the derivatives Dg! --- Dgn(f) when
ai,...,q, range over N is finite-dimensional.

Note that L(f) is also D-finite for any operator L € K (x)(D,).
Definition 3 (Order and degree). Assume that f € S is D-finite over K(x).

Then for each ¢ € {1,...,n}, there exists a non-zero operator L; in the
subalgebra K[z](D,,) of W,, such that L;(f) = 0. Write
Li=4tio+linDy, + -+ 4, Dy} (1)

with £;0,...4;r, € K[z] and ¢; ,, # 0. We call r; the order of the operator L;,
denoted by ord(L;). The degree of L; is defined as the maximum total degree of
its polynomial coefficients: deg(L;) := max§;0 tdeg(¥; j), where tdeg means the
total degree with respect to x1,...,%,. Let ry := max}_; r; and dy := maxj’_; d;
where d; = deg(L;).

Definition 4. Let f = Zil,._,inzoail,m,inxlf"'xif € K[[z]]. We call the
power series
Aio(f) = D Giivis a2l 2 al € K[z, 23, 2]
01413 ,00yin >0

a primary diagonal of f. Other primary diagonals A;; are defined similarly,
so that A, ;(f) and A;;(f) are the same series except for the variable names.
A diagonal is defined as any composition of the A; ; applied to f. The complete
diagonal of f, denoted by A(f), is defined as

A(f) = Apn—1Bn—1n—2Do1(f) = Zai ..... i, € K[z,]]. (2)



By the diagonal of f, we mean its complete diagonal when no ambiguity arises.

For future reference, we recall here the following well-known consequence of
Cramer’s rules that will be used in the subsequent sections.

Lemma 5. Let A = (a;;) € K[z|"*™ be a matriz with entries of total degree
at most d. Assume the inequality n < m, so that the matriz has a non-trivial
right nullspace. Then, there exists a non-zero vector v = (vy,...,vn) € Klz]™
that solves Av = 0 and has total degree at most nd.

Proof. Let p denote the rank of A. Because p < n, we can fix p linearly
independent rows of A and form a p x m submatrix B of A of rank p. In turn,
consider p linearly independent columns of B, thus forming a p X p submatrix C,
and an additional column ¢ of B. The system Cw = —c¢ admits a non-zero
solution w with tdeg(w) < pd that can be expressed by Cramer’s rules. Padding
w with zeros results in a non-zero v satisfying Av = 0 and tdeg(v) < pd < nd
as wanted. O

3. Diagonal theorem in the multivariate case

In this section, we give a proof of the following “Diagonal theorem” in the
spirit of Gessel [18].
Theorem 6 (Diagonal Theorem). Let f € K|[z]] be D-finite over K(x). Then
A(f) € K[[zy]] is D-finite over K(zy,).

The proof of Theorem 6 is just an iteration of the following result for primary
diagonals.
Theorem 7. Let f € K[[z]] be D-finite over K(x). Then Aq2(f) is D-finite
over K(x1,x3,...,%y).

The rest of the present section is devoted to the proof of Theorem 7.

The following objects will serve as generators in relevant algebras:
Dxl,l'g = Dﬂchwga
Oy, :=x;D,, foreachie{l,...,n},

Ty an =0z, — 04,y
We use bold notation to abbreviate monomials: for example, x* denotes
z$t .. .2¢n and DP denotes DS...DPr. By [15, Proposition 2.1], the set
{x*DP | a, 8 € N"} is a basis of W,, = K[z](D,) as a vector space over K.
Similarly, Lemmas 8, 9, and 10 are lemmas providing canonical bases for several

subalgebras of W,,: K[r122,23,. .., Tn]{Ts, 29, Duy,zs)s K[T1,2T3, .., 20]{Dyy),
and K|z122, 23, .. ., 20){(Tey 20, Da,,) for h € {3,...,n}.

Lemma 8. The set

{(zy2o)iahe . aknd Dihm |4,7,¢, k3, ..., Kk, € N}

Z1,T2

is a basis of K[x1x2,23, ..., Zn)(Tey 00y Day z,) aS a vector space over K.



Proof. Tt suffices to show that the monomials (z122)" Tgl . Dﬁl », are linearly
independent over K. Suppose that

_ . J £ —
L= Z Ci,j,e (xl:E?) Tzl ngam T2 T 0
(i,3,£)€A

for some non-empty finite set A and ¢; ; » € K'\{0}. Let > be the lexicographical
order on the algebra Wy = K21, 22](D,,, Dy, ) with Dy, = D,, > x2 > x1. For
any non-zero element @ of Wy, we write Im(Q) to denote its leading monomial,
that is, the highest monomial with respect to > occurring in @ with a non-zero
coefficient. It can be proved by induction that there exist ()7 and Q2 in Wy
such that

T ., =0l +Qi=2]Dl +Qo and Im(Q1) <lm(6’)), Im(Qs) < 2] DI .

T1,T2

Then we have that there exists Q3 in Wy such that

(v122)'Te, . Dt . =2 P2iDIMD! + Qs and 1m(Qs) < 27 2iDIF DY .

Z1,T2 Z1,T2

Note that the map (i, ,€) — (i + 5,4, 4 £, £) is injective. Since the set {z*DJ |
i,j € N"} is a basis of W,, = K[z](D,) as a vector space over K, this forces all
¢i 0 = 0, which contradicts our assumption. O

Lemma 9. The set
(k- ak DL |k ks, ... kn, € € N}
is a basis of K[x1,x3,...,2,]{Dy,) as a vector space over K.

Lemma 10. For each h € {3,...,n}, the set

{(1‘11‘2)1 gg "T] ih |’i,j,£,k‘3,...,]€n€N}

T1,T2
is a basis of K[x1x2, 23, ..., 2n) Ty 20y Dz, ) aS a vector space over K.

We omit the proofs of Lemma 9 and 10 that are very similar to the proof
of Lemma 8. Next we present some commutation rules between the diagonal
operator A; 5 and the operators z122, Dy, 4,,0z, and Ty, 4.

Proposition 11. For any power series f(x) € K[[z]], we have
L Ajp(mixaf) = 2181 2(f);

D$17$2TI1,I2 = T$1,$2D£17562;
T:l)l,irg xle = xle TIl,IQ'

2. Ay 2( z1, Iz(f)) = Drlal’l (AlQ(f)):
3. A0, (f ))= (A12(f));

4 A1 p(0.,(f)) = (Al 2(f));

5. Al 2( 3717352( )

6.

7.



Proof. Given f =3,

in>0 ail,.u,inxil -z € K[[2]], we have

. i1 iot1 i i
A1,2(96’1372f)—A1,2( Y it 9633"'%")
11,0000, >0

— L i i1+1 i3 in __
- E iy iy.yinTy T3 Ty _$1A1,2(f)’

11,13,...,in >0

which proves Point 1. Points 2, 3, and 4 are proved in [29, Lemma 4.3]. Point 5
immediately follows by linearity from Points 3 and 4. Taking the difference of
the two identities

Dy, 2 (21D2,) = Dy, (¥1D2,) Dy = (21 Dy + 1) Dy 5
Dy, 2 (22Dz,) = Dy (22D2,) Doy = (22D, + 1) Dy s
we obtain Point 6. Similarly, taking the difference of the two identities
(x1Dy,) w122 = 21(x1Dygy + D)o = 2129 (21Dy, + 1),
(x9Dy,) w122 = T2(x2Dyy + 1)z = 2122 (22Dy, + 1),
proves Point 7. O

Lemma 12. Let f(xz) € K|[z]]. Then, there exists s € N such that
T: . (f) = 0 if and only if there exists g in n — 1 variables such that

T1,T2
f(®) = g(x122, 23, ..., ).

Proof. If f(x) = g(x122,23,...,2,), write

_ E i1 ,.43 i
g(xlax?n"‘?xn) - bil,ig,“.,inxl T3 "'xnn'
11,3,-..,in 20

Take s = 1, then

T171,$2 (f) = TILZQ (g(xlx%x?n v 7xn))

_ . . i1 .01 .13 Tn
= E (i1 —11) biyig,...in, T7 T TG 2y = 0.

i1,i350nsin >0

For the converse statement, assume there exists s € Nsuch that 72 . (f) =0. If

x1,T2
— — — 1 — . . i . pin
s =0, then f = 0. Take g =0. If s > 0, write f = >,  ; S0@i 4,27 T}
Then
S — y y S . i1 P in _
Twl,wz (f) - z (Zl - 22) all,...7’bnx1 xnl - 0
i1,yeenyin >0
Hence (i1 — i2)%a;, .. ;, = 0 for all integers 41,...,4, > 0, so that a;,,_;, =0
for all i1 # ip. Take
i in
g(x17x37"'7:17n) = E ailvi17i31-~~vinx11x33...xn :
11,83, 0y80 >0
Then f(z) = g(z122,23,...,2Tn). O



Lemma 13. Let f(z) € K|[z]] be D-finite over K(z). Write y for y1,...,Ym
and consider power series

91(Y), -, 9.(y) € K[[y]]

that are algebraic over K (y). Assume that the substitution f(g1(y),...,gn(y)) is
well-defined in K[[y]]. Then the series f(g1(y),--.,9n(y)) is D-finite over K (y).
In particular, let f(x) be D-finite over K(x) and suppose that the evaluation

of f(x) at xo = 1 is well-defined as a series in Kl[x1,x3,...,2,]], then
f(z1,1,23,...,2,) is D-finite over K(z1,23,...,2n).
Proof. See [21, Proposition 2.3]. O

From the definition of K (z)(D,),
Dy,a=aDy, + Dy, (a) forall a € K(z).

More generally, we have the formulae: for all @ € K(z) and i € {1,...,n},

and
k
aDf, =3 ()¢ (F) DE-eDt (a). ()
>cv(y)

The relations (3) and (4) can be proved by a straightforward induction. In the
sequel, we merely use the facts that, for all @ € K[x] and i € {1,...,n},

DFa=fDF +P and aDf =DFa-P (5)

where P € K[z|(D,,) with ord(P) < k and deg(P) < deg(a). Denote by Kz]<q4
the set of polynomials in K[z] with total degree less than or equal to d.

A number of similar arguments in the rest of the article will differ only by
a choice of variables. This is why we make some notation depend on a set S in
the following definition. The reader is invited to pay attention to this implicit
dependency in what follows. We will indeed use S = {1,2} and S = {1,2,h} in
the present Section 3, and we will additionally use S = {1,...,n} in Section 4.

Notation 14. Fix a subset S C {1,2,...,n}. Let L; ¢ W,,, for 1 <1i < n, be
operators defined by (1) as in Definition 3. In particular, recall L; = ; ., D} +
... for some non-zero polynomial ¢; ,, € K[z]. We give the following definitions
and notation:

1. Given B € N5, write D for the product ]
C = lemjes(l),r,) € K[z],

. foreach j € S, L; := (C/tj,)L; € Wy,

dc = Ejes dj,

Bj
jes Daj,

RS



5. B:=Tl;cs{0,1,...1i =1} C N#S
6. Fur =D <, Klz]<a D,
7. Hap = @\mgrorﬁeB Klz]<q Dg,
8. J: =Y ics Waly,
where the dependency in S is kept implicit in the notation.

Immediately we have

Lemma 15. For any non-empty set S C {1,2,...,n}, consider the quantities
in Notation 1. Then

L. tdeg(C) < dc, )
2. for eachi € S, Li(f) =0 and deg L; < dc,
3. for each i€ S, CD; = (CD} — Li) + Li € Faepry—1 + J.

Continuing in analogy with [20, Lemma 3], we have the following lemmas:
Lemma 16. For all « € N°, CD% is an element of Ficlal-1+J-

Proof. If @ € B, nothing needs to be proven. So suppose, for instance, n € S
and a, > r,. Then multiply D" with CD}", where e, := (0,0,...,1),
which yields

rn—1
DDy € @ DT Kla)<ao DI, +J
=0
rn—1
C Y (Klal<ao DS + Fuc jad 1) Di, +J
§=0
C Faojal-1 T Fao,ja)-2 T J = Fag ja|-1 + J.

Hence

CDS € (DG ™" C + Fug || —rn—1)Dy2 € DG CDL + Fag a1
C FaoJal-1 + J.

Lemma 17. Foranyt e Nyr € Z, CHir € Hagvtr—1+ J.
Proof. We have the chain of equalities and inclusions:

CHir=C P Kl<Di= P Klal< CDY

|B|<ror BeB |B|<rorBeB

C Y Klgl<aornDi+ Y Klzl< Fao s +J
B |B|<rand BEB

C Hag+tr—1+J,

where the first inclusion is by Lemma 16. O



Lemma 18. For any u,t € Nyv € Z, if u > v, then C*"H¢ o € Hiqudo,0 + J-
In particular, for all « € N¥, C1*ID$ ¢ Hialde,o + -

Proof. Note that for all ' < 0, H; ,» = Hyo. The result is obtained by making u
repetitions of Lemma 17. O

Lemma 18 is specialized as follows.
Lemma 19. Set u:=v+1—minjegr;. Then C"Hiy C Hiqtude,0+ J-

Proof. Observe that for any 3 € N°, if |3| < minr;, then 3 € B. Hence for any
r’ < minr;, He o = Heo. Again, the result is obtained by repeating the use of
Lemma 17 u times. O

Observation 20. For positive integers D and R, define N = 3D?R, then

N DN +2
(37 () e

Proof. The result follows from the equality
N DN +2 1 11
( ;3)—1%( 2+ >=9R2D3<D—2>+R(2D2—1)+1.

The following result provides structured annihilating operators of f whose
existence will be used in the proof of Theorem 7. It also provides degree bounds
for all the announced annihilating operators, of which only those concerning P
will be used, in the specific situation of Corollary 23 (n = 2).

O

Theorem 21. Let f € K|[[z]] be a D-finite power series over K(x). Then, there
exists a non-zero annihilating operator P of f that satisfies

o PecKlzxs,...,znl[r122)(Tiy 005 Dy 2

e P is of degree O(d?r;) in T1x2, of total degree O(d?r?) in T3, . .., Ty, and
of total degree O(dfcr]%) in Tyy 20y Doy 25

and for each h € {3,...,n}, there exists a non-zero annihilating operator Qy,
of [ that satisfies

° Qh S K[T,g, cee 7$n][x1z2] <Tx1,x27 DaCh>7

o Qy is of degree O(d?cr?c) in x1x9, of total degree O(d?cr}cz) in T3, ..., Ty,
and of total degree O(d3r}) in Ty, a2y, Da,, -

Proof. First we prove the existence of the operator P. We apply the counting
argument used in [18, 20]. Use Notation 14 with S = {1,2}. For any positive
integer IV, set

Vy =spang (p, .y {C*N (x122)'TI, ,, DL ., | i+j+L< N}

Z1,T2

10



and
Wi = spang (,, .. 2,)HoN(di+da+1),0-

By degree considerations, for any integers i, j, ¢ satisfying i 4+ j + ¢ < N we have
(x122)'T3 . D! € Fjt2i, j+2¢0 € Hjq2i, jr2¢ € Han, 2N

Z1,T2 Z1,T2

Note that tdeg(C) < d¢ = dq + d2. Hence by Lemma 18,

C*N(2122)' TS, ., Db 2y € Hon(dy+dst1),0 + J- (6)
Consequently, we have the inclusion Vy C Wy + K(z3,...,2,)J between
K(x3,...,x,)-vector spaces. Note the asymptotic estimates

. N+3
dlmK(mg,...,zn) Vv = ( 3 ) = ®(N3)7

where the first equality is by Lemma 8, and

2N 1 2
dimpg gy, 2,) WN = 7“17“2( (d + C;Q O+ ) = O(N?).

Choosing sufficiently large N results in dim(Vy) > dim(Wx). So, some non-
zero element of Vy is in K(z3,...,2,)J and without loss of generality we
can choose it in W, N V. Observe that this operator has C?N as a left
factor. So, dividing by C?V yields a non-zero annihilating operator of f
in K[x1xo,3,...,2,](Dy,, Da,).

To control the degree and order of such an annihilating operator, we now
make a more specific choice that will lead to the announced operator P. To this
end, we make (6) explicit in the form

o o i
O (@122)' T, 0, Dy oy € D Gtinsiass ko) @5 D D 4
11<r1, 12<r2,
k1+ko<2N(dy+da+1)
for polynomials g; ;¢ iz ki ks Of Klzs,...,z,] of total degree bounded by
2N (dy + do + 1), and we set up an ansatz of the form
C*NP= Y pieC (@) T, L, Dy

Z1,T2 Z1,T2

i+j+e<N
2: k1, k2 yi1 i (7)
€ qi17i2,k1,/€2$11x22D;11 D;Qz +J,
11<ry, 12<T2,
k1+ka<2N (d1+da+1)
where the p;;, are undetermined polynomials from Klzs,...,x,] and the
resulting coefficients ¢;, ;, &, k, are polynomials of K{zs,...,z,] given as linear

combinations of the p; ; ¢ by

iy yig,k1,ke = E Pij,0 4i,5,0,i1 i2,k1 ko
i+jHl<N

11



After applying to f to obtain

2N _ k1 ko Mi 7
C P(f) = E iy ig,k1,ko L1 Lo DxllDac22(f)7
11<ry, 12<rz,
k1+ka <2N(dy+da+1)

we can enforce P(f) = 0 by forcing each g;, i, k, k, to be zero. This gives a linear
system over K (xs,...,z,) with (V;?) variables and a number E of equations
that is

T3y.eny 9

Set R:=riry and D := 2(d; + do + 1) > 2. By Observation 20, we can choose
N :=3D2R so as to get a system with more variables than equations and thus
a system with a non-trivial solution. Because the corresponding polynomial
matrix is of size E x (N+3) with entries of total degree 2N (dy + da + 1), by

3
Lemma 5 we have, for a suitable non-zero solution (p; ;¢),

2N(d1+d2+1)+2>

ON(dy +ds + 1) +2
tdeg(pi,m) < 2N(d1 +ds + 1)7“17“2( ( 9 ) ) = O(d?c’l"?c),
where the total degree is with respect to xs,...,z,. This non-trivial solution
leads to a non-zero annihilator P € Klz1z2,23,...,%n){(Ts) 20, Dzy.as) Of f.

From the ansatz form (7), P has its degree in z22 bounded by N = O(d?r]%)
and its total degree in Ty, 4,, Dy, 2, 10t exceeding N = O(d}r}). This leads to
the desired degree and order bounds for P.
For each h € {3,...,n}, the proof of the existence of the operator Q) is
similar. Using Notation 14 with S = {1,2, h}, we set
VN =Sspang(,, .. {CN (2122)' T Dﬁh | i+j+{< N},

x1,T2

and
Wi =spang ., . 2. HN(dy+datdn+2),0-

This time we derive Vy C Haon, v (not Han, 2n) and we have the additional
term dj, in tdeg(C) < do = dy + da + dy,, so that the analogue of (6) is

CN(2129) T}, ,, Dy, € HN(dy+datdn+2).0 + -
Set R :=rirory and D := dy + ds + dp, + 2 > 2. We can still choose
N :=3D?R=3 (dl +ds + dp, + 2)27“17“27“h.

Then by Observation 20

. . N+3 DN +2
dlmK(xg,A..,xn) VN — dlmK(xg,A..,xn) Wy = ( 3 ) — R( 9 > > 0.

Continuing as we did for P, we obtain that there exists a non-zero operator

Qh S K[l‘ll‘g, Z3,... axn]<Tx1,a¢27Da:h>

12



such that Q(f) = 0. By a similar argument, we have that @, is of degree at
most N = O(d}r}) in z1x2, of total degree O(d}r}?) in a3, ..., 2,, and of total
degree at most N = O(d?r?) in Ty, 2y, Da) - O

After the preparation above, let us prove the diagonal theorem.

Proof of Theorem 7. Let uq,...,u, be new variables. Write K ((u1,...,u,)) for
the associative K-algebra over the free non-commutative monoid generated by
{u1,...,u,}. Assume that f € K|[z]] is D-finite over K(z). By Theorem 21,
there exists a non-zero operator P in K[z1x2, %3, ..., Tn){Tuy 50s Doy z,) and, for
each h € {3,...,n}, a non-zero operator Q in K{z1x2,23,...,2n](Ts, 255 Day)
such that P(f) =0 and for each h € {3,...,n}, Qn(f) =0.

We first show that there is a non-zero operator P € K (x1,3,...,2,){Dy,)
such that P(A12(f)) = 0. Recall that T}, ,, commutes with 7129 and Dy, 4,.
Consider the maximal integer s such that

P=T7 p with p = ZT;17I2A1'($1$27$37' < a$n7DI1,$2) (8)

x1,T2
i=0
for some A; € K{((uy,...,uy)), where A;(o1,...,0,) denotes the evaluation at
Uy = 01,...,uU, = o, of A; for elements o1, ...,0, € W,,. The maximality of s

implies Ag # 0. By Lemma 12, we have

m
P(f) :ZTwll,szi(f) :g($1$2,l‘3,...,$n) (9)
i=0
for some power series g in m — 1 variables. Since A; 7%, 5, = 0 and by

Proposition 11, taking the diagonal of the two sides of (9) yields
Al,gf’(f) = Ao(x1,23,. .., Tny Dy, 00,)(A1,2(f)) = g(x1, 23, ..., 20).
The operator H := Ag(x1, 23, ..., 2Ty, Dy, 05, ) is non-zero, since
X1, X3y ey Ty Doy Oy

are linearly independent over K by Lemma 9. Because f is D-finite over K (x),
the series P(f) is also D-finite over K (z). Hence g(z1, 23, ..., Zn) = P(f)|sy=1 i
D-finite over K(x1,x3,...,z,) by Lemma 13. Therefore there exists a non-zero
operator G € K(x1,xs,...,2,)(Dy,) such that G(g) = 0. Then the operator
P := GH is non-zero and P(Aq5(f)) =0.

The existence of a non-zero operator Q;, € K(z1,3,...,7,)(D,,) such that
Qn(A12(f)) = 0 for each h € {3,...,n} is proved similarly. The only difference
is the variation in the formula

AI,QAO(x1x27x3a .. ';xnanh)(f) - Ao(xlvx(% oo 7InaDrh)A1,2(f)

=g(z1,23,...,2Tp)-

Hence we conclude that A; o(f) is D-finite over K(x1,z3,...,%y). O
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The following result is very much inspired by [19], which we merely generalize
to the bivariate situation. The reader will pay attention that it combines bounds
about a function f provided by a system of equations, each in a single derivative
like in Definition 3, with bounds on a (potentially) partial differential operator L,
to derive bounds on equations in a single derivative for L(f).

Lemma 22. Fiz n = 2 and a bivariate D-finite function f. Given a system
of linear differential equations with known order and degree bounds r; and dy
ezhibiting the D-finiteness of f, as well as an operator L of order vy and
degree dy,, there ewists a system of linear differential equations exhibiting the
D-finiteness of g = L(f), whose order r, and degree d, are bounded by

dg < (dp + 2df(r]2c +rL))r]2c and ry < T?‘. (10)

Proof. Use Notation 14 when S = {1,2}. We look for non-zero operators A €
K[z122](Dy,) annihilating g, that is, such that (AL)(f) = 0. Write r4 and da
for the order and degree of a potential A. For | € Klxq, 2], if deg(l) < dy,
0<k<rg,and 0 <v+4 7 <rr, then, by Lemma 18 we have

C™AYEDE (w1, 22) (DL, DI.) € Hay rdc(ratri)o + s

hence for a potential A = >"* ax(x1, 22)DE we need to have

CratTL(AL)(f) = > > axdijwDs, DY, ()

0<i<ry, 0<j<re k=0

for explicit polynomials ¢; j € K[z1, 2] of degree at most dy, + dc(ra +rp).
Now, for this to be zero, the r 4 +1 polynomial coefficients of A need to cancel the
riry = O(rj%) equations obtained by equating the coefficients of the K{[x1,zs]-
linearly independent elements D’ DJ_(f) that appear in the sum. Setting 4 =
r17T9 ensures a non-zero solution exist, and Lemma 5 guarantees there exists
a solution with degree d4 at most (dp + do(ra + r))ra. Looking for A €
K[z122](Dy,) leads to the same bounds, which leads to (10).

O

Corollary 23. Let f € K[[x1,22]] be D-finite over K(x1,x2). Then A}g(f)
is D-finite over K(x1). In addition, there exists a non-zero operator P that

satisfies P(A12(f)) = 0 and
deg(P) = O(d?r;) and ord(P) = O(d?r?).

Proof. The first statement is just Theorem 7 in the case n = 2. For the degree
bounds, we continue in the context of the proof of Theorem 7. Specifically, we
have found:

e an operator P = P(z1x2, Ty, 25 Da, 2,) that is a factor of an operator P
that we obtained by Theorem 21 and therefore satisfies that its degree
in 125 and its degree in Dy, ., are both O(d}r7),

14



e a univariate power series g such that P(f) = g(z122),

e a non-zero operator H = H(x1, Dy, 0,,) such that H(z1x2, Dy, ,) is the
coefficient of TO . in P and H(A;2(f)) = g(z1).

Z1,T2

By construction, both P and H admit the same bounds on order and degree
as P, in particular, both ord(H) and deg(H) are in O(d}r}). Now, Lemma 22
applies to the D-finite function f and the operator H to prove the existence of
a non-zero annihilator G € K[z1](D,,) of g satisfying

deg(G) < (deg(H) + 2dys(r} + ord(H)))r; = O(djr}) and ord(G) <r}

as a consequence of (10). Setting L = GH and observing that H has lower
bounds than g gives the announced result. O

Remark 24. It is unsatisfactory that we could not find and apply a one-stage
variant of Gessel’s approach, especially in view of the bivariate case in which
it outperforms Lipshitz’s approach that is developed in the next section. After
this work, it would still be of interest to derive such a direct variant.

4. Lipshitz’s method for bounds of diagonal

In this section, we analyze the method of Lipshitz [20] and we make specific
choices in it so as to construct annihilating operators of a diagonal and to derive
upper bounds on their order and degree.

Let us provide definitions that generalize those of Section 1. Given integers
n and m satisfying 0 < m < n—1, we use the notation s for s1,...,s,, and & for
T, - -, Tn. In particular, the list s is empty if m = 0, which was the setting
in Section 1. The variable x,,11 is denoted by ¢ if m > 1: in this new situation,
our goal is to take a diagonal with respect to s,t = s1,..., Sm,Tm+1, keeping
T = Tymi2,...,2, as parameters. For primary diagonals there is a single s;
(m = 1), and we simply denote s; by s. In other words, we have:

T1,..ny Ty if m=0,
8, L=< s,t(=x2),x3,...,Zn if m=1,
S1yeney Smyt (= Tma1), Timg2y ooy @y i m > 2.

The definitions of 7 that will be needed, (13) in the present section and (42)
in Section 4.2, motivate that we accommodate series with negative exponents

by defining
M=) € Ks*af KN,
keN |a|+|B|>—k

where a := (aq,...,a;,) € Z™ and B := (Bm+t1s---,0n) € N*~™. This set M
is a module over K|[s,Z](D, D), but it is not a K (s, &)-vector space. If m = 0,
then = & and M is just the ring K{[z]] of formal power series.
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Definition 25 (D-finiteness). An element F' € M is D-finite over K (s, &) if the
K (s, Z)-vector space generated by the derivatives of F'in T := K (8, 2)®[s,5) M
is finite-dimensional, after identifying each element m € M with 1@ m € T.

The reader will pay attention to the redefinition of a number of quantities
in Sections 4.1.1 and 4.1.2, including M, S, B, C, d¢, R, N, Gn, VN, Wy, ¢.

4.1. Bounds for primary diagonal

We analyze the behavior of the primary diagonal operator As; and derive
the following theorem, which gives bounds on order and degree for linear
differential operators that annihilate A 1(f). The rest of the section consists of
the proof of this theorem, with the bounds (11) proven by Lemma 33 and the
bounds (12) proven by Lemma 35.

Theorem 26. Let f € K|[[z]] be D-finite over K(x) and let d;, fi,ds,r; be as in
Definition 3. Then, there exists a non-zero annihilating operator P, of Ao 1(f)
in K[t,xs,...,x,](Dy) that satisfies
deg(Pa) S 8(d1 + dg + 1)2(T1T2)2(8(d1 + dg + 1)27”1T2 + ].) = O(d%?"?),
OI‘d(Pa) < 4(d1 +dy + 1) riry = O(dfr?c),
and for each h € {3,...,n}, there exists a non-zero annihilating operator P, o,
of No1(f) in K[t,xs,...,x,](Dy,) that satisfies
deg(Ph,ah) < 8(d1 +dy +dp, + 1)2(7"17’2 rh)2(8(d1 +dy +dp, + 1)27”17’2 Ty + 1)
= O(d}rY),
ord(Pp q,) <4(di +da+dp + 1) rirary, = O(dfrf’c).

(12)

We specialize our setting by choosing m = 1, that is, we make s, =
s,t,x3,...,2,. We aim to refine Lipshitz’s proof [20, Lemma 3] of existence
of annihilating operators in K[Z|(D,, D,,) for i = 2,...,n. Recall the notation

S = K(z) ®ka) K|[z]] from the introduction. We define two maps o and 7
from S to M by

r(h(z)) = h <s é,xg,, . xn) and o(h(z) = “0E) 43

S

Hence, 7 is a ring morphism and we have
o(gh) =7(g)o(h) for any g,h in S. (14)
Lemma 27. Let P be any non-zero operator

B
P =P(&Dy;,D,) =Y _ P;(#Dy)D] € K[&](Dy, D,) (15)

Jj=a
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for which Py # 0, and let g € Y, ., 9i(&)s" be any element of M. Then, the
coefficient of s71= in P(g) is Pa(g-1).

Similarly, for any h € {3,...,n}, if Py is a non-zero operator
Bh .
Py = Py(&; Dy, Ds) = Y Py j(#D,,)D] € K[#(D,,,Ds),  (16)
Jj=an

for which Py, o, # 0, then the coefficient of 7'~ in Py(g) is Pa, (9-1).

Proof. Note that

Di(g) = Di (Z w@)s') + (-1 g1@s 7 + D1 (Y 0@ ).

i>0

where the first term has all exponents less than —1 — j and the last has all
exponents at least 0: only the middle term contributes to the coefficient of s7177.
So, for j > «, some contribution to the coefficient of s~!~% is only possible
if j = «, proving the result for the case P = P(&; Dy, D). The proof for the
other cases is the same. O

Consider any not necessarily D-finite series

f= Z Qi i @Y - 2y € K [[2] (17)

115000500 20

and the corresponding element o(f) of M C 7. By Definition 4 (diagonals) and
because we write ¢ for x5, the primary diagonal Ag1(f) is

Doi(F) = D iy, it 2l € K],

i1,i3,00nsin >0

By Definition (13) of 7 and o, this diagonal is the coefficient of degree s—*

in o(f). The following lemma immediately follows, as a consequence of
Lemma 27.

Lemma 28. Let f be as in (17). If P(f) = 0 for P and P, # 0 as in (15),
then P, annihilates Aa1(f). For any h € {3,...,n}, if B(f) = 0 for P,
and Pj, o, # 0 as in (16), then Py o, annihilates Ag1(f).

In the next two subsections, when f is D-finite we will construct operators
P and P, to be used in the previous lemma.

4.1.1. Controlling and combining the DiDi (o (f))
We construct an operator P € K[Z](D;, Ds) such that P(o(f)) = 0. To this
end, we introduce two vector spaces depending on N € N,

Vv = An(s, &) spanK(i){DéD{ | i+j <N} (18)

17



and
Wy = spanK(%){so‘a(fo) | « < DN, € B}, (19)

where B is a finite set and Ay(s,&) is a polynomial, both to be determined
(see Lemma 32). We will prove that the map defined by ¢(P) := P(o(f)) is
K (&)-linear from Vi to Wy, that it is non-injective for large enough N (see
Lemma 33). As a by-product, we will get an annihilator P, of As;(f) with
controled degree and order (see again Lemma 33).

Denote D; := D, fori=1,...,n.

Lemma 29. We have for allg € S:

Dy(0(g)) = o ((—a7" + D1 — 27 '22D5) (9))
Di(o(9)) = o (217" D2)(9)) .
th,(a(g)) :J(Dh(g))ﬂ h=3,...,n.

Proof. For the first two identities, write the following two equations by the chain
rule, then use the formulas 7(z1) = s, 7(22) = t/s, and (14):

D,(0(9)) = ~~alg) + o(Di(9)) — 50(Da(s)),

1
Di(o(g)) = ~o(D2(g)).
The third identity is obvious. O

Define for any N € N:

QN = @ J)l_NK[J)l, x2]§NDing- (20)
a+b<N

Lemma 30. For all g € S and all non-negative integers i and j, DI D (o (g)) is

an element of 0(Giy;(9))-

Proof. Tt follows immediately from Lemma 29 that, for all 7,5 € N,
D{Di(a(g)) = Dio ((=x;" + D1 — a7 w2 D2)'(9)) (21)

=0 (27" D2) (=21 + Dy — 21 '22D2)'(9)) -

Consider an element x~‘pD¢D} of G;, or equivalently, integers a and b and a
polynomial p € K[z, z5] satisfying a + b < i and tdeg(p) < i. We observe that

1
(— + Dy — szz) (%D?DS) =
X1 T e

1

T (—pD%DS — ipD{ Dy + 1 D1 (p) Di D + 21pDi ' Dy
1

— 22Do(p) D D5 — xzpD%DSH)
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is in G;11. Therefore, (—i + Dy — %Dg) G; C Git1, by linearity. We derive
similarly

1 1 1
<x1D2> (ggip(ml,:cg)D%Dg) =7 (D2(p)D{ D5 + pD{DY™) € Giq,
1

1

and (m—lng) Gi C Gis1. Since 1 € Gy, we get by induction that for all 4, € N,

1 VS| z ’
(D2> <— + Dy — 2D2> € Gitj.
X X I

O
Lemma 31. For any integers p and q, we have:
1 Kls, t]<2 Kls, &]<2
T (x[{K[l’la.T2]<p) c Tq_p and T(K[.’L‘]Sp) - T_p
Proof. Both formulas follow by linearity from the action of 7 on monomials:
y gt (p=d)¢i K[Svt]< i, ) _
T(xizd) = - € sp_p Lif i+ <p
T(m'L) _ si1+(17*i2)/1»é2 e ;L"riln c K[S, ',‘AEI]SP"FH i |l| <.
sP sP
O

Lemma 32. Consider B := {0,1,...,r1 — 1} x {0,1,...,79 — 1}, the polyno-
mial C, and do = di+ds < 2dy as set by Notation 14 for S := {1,2}. Fixt N € N
and set D =2+ 2dc > 2 and Ay(s, &) := s\ 9otINr(CN) € K[s,&]. Then, if
i+j <N, then

DiDlo(f) e 3 T TS0 (DE ). 22

Proof. If i + j < N, then Lemma 30, Equation (14) and Lemma 31 imply

DD{(o(f)) € 0(Givi(f)) C a(Gn(f))
= Y 7@y VE[z1, 22)<n) o(DID5(f))

a+b<N (23)
Ks, tl<on u
- Z %U(D1Dg(f))~
a+b<N

Next, by Notation 14 for S := {1,2} and by Lemma 18 with u := N > v := a+b
and t := 0, we have
1 1

CN HNdc,O + == J.

D{DS € Hoarp C v
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Applying to f, then applying o, yields, appealing again to (14), next again to
Lemma 31:

o(Hnaoo() € 3 Bl Blezen oy o

L SINT(CV)

o(DEDY) €

Combining (23) and (24) and using ¢ = x2, we obtain (22) where D and Ay are
set as in the lemma statement. O

Lemma 33. There exists a non-zero annihilator P, (&; Dy) of Ao 1(f) satisfy-
ing (11).

Proof. Recall the definitions (18) and (19) of Vy and Wy, where Ay and B
are now fixed. Lemma 32 has proved that the K(&)-linear map defined by
¢(P) := P(o(f)) is from Viy to Wy. Note that

N +2
where R :=r1ry = O(r}). Fix
N =2DR = 4(dy + dy + 1) 1172 = O(dgr7), (26)
so that
dimg (z) Vy — dimg ) Wy = (3D —1)R+1>0 (27)

and ¢ is non-injective. For all 4,5 with ¢+ + 7 < N, by Lemma 32 there exist

polynomials q( ) ¢ K[z] satisfying tdeg(q((lﬁ)) < DN and

An(s,&) DD} (o Z q(l’é s%a(DPf) € Wy.
a<DN

BeB

A witness of non-injectivity will be provided by polynomials p; ; € K[&] such

that o
> pij(®)An(s, &) DLD](o(f)) =0,
1+j<N

that is, by coefficient extraction, such that for all « < DN and 3 € B,

ST pidld) =0

i+ji<N

Hence we have a linear system

qi,’é) pij | =0,
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where the polynomials q( ’é) have total degree at most DN. This system has
dimp gy Wy rows and dimg ) Vv columns, where those dimensions are given
by (25), and by the inequality (27) it has more columns than rows. So, Lemma 5
applies and leads to a non-zero solution (p; ;) satisfying

tdeg(pi,;) < DN x R(ND + 1) = O(D*R?) = O(d}r$),

where we used (26). The operator P := 3", .y pi; D' D! satisfies P(o(f)) =0

and can be written 5
P= Z P;(&; D,)D

with P,(&; D;) # 0. Then P, annihilates A ;(f) and satisfies the announced
bounds (11). O

4.1.2. Controlling and combining the DD (o (f))

For each h € {3,...,n}, we proceed by an argument similar to the
argument of Section 4.1.1 to construct an operator P, € K|[z](D,,, D) such
that Py(o(f)) = 0. The proof is a bit simpler, because the action of D,,
on o(f) is simpler that the action of D, on it. This time, we consider

= {0,1,...,7} x {0,1,...,m9} x {0,1,...,7r,}, the polynomial C, and
do = dy + d2 + dp, < 3dy as set by Notation 14 for S := {1,2,h}. In analogy
with (11) and (12), for each N € N, we introduce

Vn = An(s, &) spang () {D.D}, | i+j < N}, (28)
where Ay = s(@ctIN(CN) € K[s,], and
Wy = spanK(fv){so‘a(fo) | « < DN,B € B}, (29)

where D = 2 4 2dc = O(dy). We will again prove that the map defined by
¢(P) := P(o(f)) is K(&)-linear from Vy to Wy.
In analogy with (20), define for any N € N:

Gn = @ foK[xl,xz]gND?DQD:Cch (30)
a+b+c<N

Lemma 34. Let B, C, and dc be as defined at the beginning of Section 4.1.2,
that is, as set by Notation 14 for S :={1,2,h}. Then, ifi+j < N, then

DiDI ey A <DN s®a(DPf). (31)
a<DN N
BeB

Proof. If i + j < N, then Lemma 30, the definition (30), Equation (14) and
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Lemma 31 imply
D.Dj, (o(f)) € D3, 0(Gi(f)) € 0(Giti(f)) € a(Gn(f))
= Y VKz, o)) o(DIDD;, (f))

at+bte<N (32)
Kls, tl<on

c Y EIENo(DDsDs, ()

a+b+c<N

Next, by Lemma 18 with v := N > v:=a+ b+ c and ¢ := 0, we have
1

, 1
D%DgD;h € Ho’a+b+c - OiN HNdc,O + W J.

Applying to f, then applying o, yields, appealing again to (14), next again to
Lemma 31:

o(D{D3D;, (f)) € v 0(HNac,0(f)) € Z
T(CN) s

Combining (32) and (33) and using ¢ = x, we obtain (31) where D and Ay are
set as in the lemma statement. O

Lemma 35. There exists a non-zero annihilator P, (&; D,, ) of Aaq1(f) satis-
fying (12).
Proof. Recall the definitions (28) and (29) of Viy and Wy . Lemma 34 has proved

that the K (Z)-linear map defined by ¢(P) := P(co(f)) is from Viy to Wy. Note

that N9
. +
dlmK(ﬁ,) VN = < 9

where R :=rirof, = O(r?), and fix

>, dimK(;c) Wy < R(DN + 1),

N =2DR = 4(dy + dy + dp + 1) ryrary, = O(dgr). (34)

The thast three formulas in terms of R and D are the same as in Lemma 35,
with only the values of R and D changed, so the inequality

dlmK(ﬁ,) VN — dlmK(ﬁ,) Wy = (3D —1H)R+1>0 (35)

holds again, and ¢ is non-injective. The proof by linear algebra continues as
in the proof of Lemma 33, recombining expressions Ay D.DJ (o(f)) instead of

expressions Ay DiD! (o (f)). It constructs a non-zero operator

Bh
Pyi= Y pi; DD}, = Pui(@;D,,)D; € K[&|(Ds, Dy, )
i+j<N i=ap
satisfying Py (o(f)) =0, Phrq, # 0, and
tdeg(pi,;) < ND x R(ND + 1) = O(D*R?) = O(d}r5). (36)

Then P}, o, annihilates Ao 1(f) and satisfies the announced bounds (12). O
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4.1.3. Iterating primary diagonals

We can now estimate bounds on the degree and order of an annihilating
operator for the complete diagonal of f obtained by successive primary
diagonals. In analogy with the definition (2) of the complete diagonal, we
consider the partial diagonal

9= D1 kA1 A21(f) € K[[Tgt1,. .., 2]

obtained after k iterations of a primary diagonal. Assume that there exists a
non-zero annihilating operator for g with respective degree and order bounds

o(d}”(’f)r;(’“)) and o(dj}’“)rtf““)). (37)

By Theorem 26 applied to f = g, there exists a non-zero annihilating operator
for Agyo k+1(g), with respective degree and order bounds analogous to (37) for
exponents u(k + 1), v(k 4+ 1), s(k+ 1), t(k + 1) given by

uwk+1) vk+1)\ (4 9\ (ulk) v(k)

s(k+1) tk+1)) \1 3) \s(k) tk))"
Here, the entries of the constant matrix are obtained as the maximums of
the exponents appearing in the big O terms in (11) and (12). This sets up

a recurrence that we proceed to analyze. The matrix (‘f g) has two eigenvalues
satisfying A2 — 7\ 4+ 3 = 0, namely

T4 VET T 3T
T2 T2

Ap ~654..., Ao ~0.46. ... (38)

Taking initial values for s, ¢, u,v in to account, we get

s(k) = \/%A’f — \/%A’g ~ (0.16...)AF — (0.16...)A5,
t(k) = <; - 2\}37> pLIE (; 2\}?> A = (042, )\ +(0.58...))5,
u(k) = <; - 2537> AV + <; + 2\%) A & (0.09.. )N+ (0.91...))5,
v(k) = \/% - \/%A’g ~ (148 )AF — (1.48... )Mk,

(39)
Degree and order bounds for an annihilating operator P of A(f) are obtained
for k =n — 1, and (39) leads to the respective asymptotic formulas

deg(P) =0 (d?("—l)rﬁ(n—l)) _ d?o\?)r?(A?)’
ord(P) = O (d5"~r{" ) = a2 i P00,

when n, d¢, and 7¢ tend independently to infinity, and where the constants in
the big O’s are small (at most 1).
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4.2. Complete diagonal in a single step

Following [20, Remarks, item (3)], instead of iterating primary diagonal
transformations, we can get the operator that annihilates the complete diagonal
of f in a single step. The goal of this subsection is indeed the construction of a
specific linear differential operator annihilating A(f) that satisfies the bounds
presented in the following theorem. These bounds are single exponential in n,
and therefore asymptotically smaller than the bounds obtained by the method
by iteration, which are doubly exponential in n.

Theorem 36. Let f € K[[z]] be D-finite over K(x) and let d;, fi,ds, 7 be as in
Definition 3. Then, there exists an annihilating operator P of A(f) in K[t](Dy)
that satisfies, for all € > 0,

deg(P) < N’ = O((2+¢)"n*"d}r}), ord(P) < N =0((2+ 5)”n2"1d?_1€23),
when n, d¢, and vy tend independently to infinity, and where

N/:(2D+1)n]:[7’j, N(l—;)]l:[lrj’ foan(2+Zdi>. (41)

j=1 i=1

To prepare for the proof, we specialize the setting introduced at the
beginning of Section 4 by setting m = n — 1, so that ¢ = z,,, and we define
two maps o and 7 from S to M by

S9 S3 Sn—1 t

) and o(h(z) = @) )

R ,
S1 S2 Spn—2 Sp—1 81 Sn—1

which the reader will compare with (13). Hence, as in the previous subsection,
7 is a ring morphism and the formula (14) holds again.

In order to generalize Lemmas 27 and 28, we introduce some convenient
notation for coefficient extraction. For a series

qg= Zgi,jsitj (S ]\47

i,j

variables v1,...,v, and exponents ej,...,ep, with {vq,...,v,} C {s,t}, we
denote by
[vf" - vgtlg

the sub-series of ¢ involving only the monomials s*¢/ in which v; has exponent
exactly ey, vo has exponent exactly es, etc. Note that this is mere notation
and that [v{']g need not be equal to [v]*v9]g although v{* = v{*v in M. We
do analogously with an operator P € (K[t](D:))[Ds] and a set of variables
{v1,...,v¢} C {Ds}, with the convention that coefficients are always written to

the left of the monomials.

Lemma 37. Let P € (K[t](D:))[D;s] be a non-zero operator viewed with coef-
ficients in K[t|(D;). Consider any lezicographical order >~ on the commutative
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monoid generated by {Ds,,...,Ds,_,}, e.g., the lexicographical order for which
Dy, = Dy, = --- > D,,_,. Let DY ---Dg "} be the minimal monomial in P
with respect to this order, so that

P = P(t; D)D" - -- D¢~} + terms with higher monomials (43)

Sn—1

for some non-zero P € K[t](D,). Additionally, let
9= Zgi,jsitj
i,J
be any series in M. Then,

[s7 D s I P(g) = (D) lag o P(sT st g).

n—1 n—1

Proof. For the proof, we fix the lexicographical order > to satisfy Ds, > Ds, >
-+ > Dy . Any other lexicographical order would be dealt with by obvious
modifications. We claim that, for any i, after writing

P:p(t;DtaDsq‘,+1a'~'aDSn—1)D.?11 D?: +@Q

for some non-zero P € K[t|(Dy, D ., Dy,
monomials D? are all such that (f81,...,03;) is lexicographically higher than
(a1,...,q;), we have

) and some operator @) whose

Si419 " -1

57 s VP (g) = (—n) gl agl P(sy s g). (44)
The proof is by induction on i € {(_)7 ...,n—1}. The base case i = 0 corresponds
to no coefficient extraction and P = P, so that (44) is the tautology P(g) =
1 x P(g). Fix ¢ > 1 and, in order to prove (44), assume the analog of (44)
at i — 1, that is,

[sy (FD s et p(g) = (45)
()t teiiaglca g P([s7 57 ]g),
for some non-zero
P=)Y" Pi(t;D,Ds,,,,...,Ds,_,)D] € K[t](Dy, Ds,,...,Ds,_,).
Jj2ag
Consider a series ¢ € M involving only ¢, 8;11,...,8,-1, as well as some

integer u € Z, to compute

s TVP(est) = D7 Pile)ulu— 1)+ (w— G+ 1) s st

2 3 1
Jjza;

st

u—j

The last term | |s; 7 is equal to 1 if and only if j = u+ «a; + 1, and
is zero otherwise. So the sum reduces to Py yq,+1(c)u(u — 1) -+ (—a;). This is
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zero if u > 0 because of the polynomial in u, but also if u < —2 because Pj =0
if j < a;. The only possibly non-zero case is therefore for v = —1, making the
sum equal to (—1)* ;! Py, (c). By linearity, we obtain

s P (st sihlg) = (1) ail Pay (s sy - s g). (46
Applying [si_(aﬁl)] to (45), combining with (46), and setting P = ]50%, we thus
obtain (44). The case i = n — 1 proves the lemma by providing P = P. O

Consider again a not necessarily D-finite series f as in (17). By the
definition (2) of the complete diagonal A(f), and by the definition (42) of 7
and o, this complete diagonal A(f) is [s;*---s,]o(f). We will now derive
the following analogue of Lemma 28.

Lemma 38. Let f be as in (17). Fiz any lexicographical order > on the
commutative monoid generated by {Ds,,...,Ds, _,}. If P(o(f)) = 0 for P
and P # 0 as in (43), then P annihilates A(f).

Proof. Lemma 37 and the equality [s;'---s,",]o(f) = A(f) imply

(—Dllayl. L apl PA(S)) = [s7 Y s Y PGa () = 0.

Hence, P(A(f)) = 0. O

We will now construct an operator P. Henceforth, it will be convenient to
write w in place of s1---s,—1 and D; in place of D,,, for i = 1,...,n. Define

K [31 t] <2nm
w2m

Gm = o (spang {DZf | |el <m}).
For convenience, write sg := 1, s,, := t. By the chain rule, for all g € § and each

1=1,2,...,n— 1, we have

D.(o(9) = =1 0l9) + —0(Di (9) - “So(Din(@). (1)
and )
Di(a(9)) = ——o(Dalg)) (19)

For all || < m, and all p(s,t) € K|[s,t]<anm, the chain rule implies that if
1<i<n-—1,then

D., (p o0 a(D?f)) -, (ujm) pooep) + 2P o(p2

2m
p

me

+ Dy, (o(D5 f))-

Rewriting the first two terms of the right-hand side over the denominator
w?(m+1) shows that they are both in G,, ;. Similarly, making g = D f in (47)
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and rewriting over the denominator w?(™*1 shows that the third term is also
in Gpy1. Therefore, Dy, Gy € Grug1. A similar proof, using (48), also shows
DiGm C Gmi1. Since 1 € Gy, we get by induction that for all 4+ € N1
and j € N, o

D] D(o(f)) € Gjty4-
Also note that G,,, C G,y if m < m/. Now, if k < N', j+|¢] < N, then

o K3, t]<on ,
FDIDi(o () € NN o (o (DS [Jaf < NY). (49)
Using Notation 14 when S = {1,...,n} fixes B = [, {0,1,...,r; — 1}, the
polynomial C, and d¢ = E;’:l d; < ndy. Then by Lemma 18, with u = N,v =
|a], ¢ = 0, we have
1

o 1
Da: S WHNdC’O + WJ

Applying to f, then applying o, yields:

o 1 K[s,t|<nNdo
o(Dyf) € T(CN)U(HNdc,o (f) € Mgl(o (DPf). (50)

Therefore, by (49) and (50), and for D defined as in (41), we have

- K[S t]<DN+N'
ﬁGB

Denote Ay (s,t) := w?+2)Nr(CN) € K[s,t]. For any given N’ and N, define
Vi = An(s, 1) spang {t*D]DY [ k < N', j + |i| < N}
and

Wy N = Z Kls,t]<pninio(DFf).
BeB

We have proved by (51) that there is a K-linear map ¢ from Vy n to Wy n-
defined by ¢(P) := P(o(f)). Note that

N DN + N’
dimKVNyN/ (N/+].)< :n), dimKWN’N/ SR( + +7’L)’ (52)

n

where R :=ry---r, = O(r}). Fix N and N’ as in (41) (D has already been
defined as there), so that N’ = DN, N > RM2'2 > 2 >, and

N"N' = R@2ND + N)" > R(2ND +n)" = R(DN + N’ 4+ n)",

from which follows, with the help of (52),

n

dlmK VN N > Nl

>R(

DN+N’+n) (DN+N’+n
>R

n

) Z dlmK WN,N"

n!
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We therefore obtain dimg Viy y» — dimg Wiy n+ > 0, so that ¢ is non-injective.
Consider any non-zero kernel element Z, that is, any family of constants c; ;1 €
K indexed by 4,7,k with |[¢] +j < N and k < N’, and such that ¢(Z) = 0 for

Z= Y cijsAnt"DIDL. (53)
i+j<N, k<N’

Then, the operator P := Ay'Z = 3" ¢; j 1 t* DI D¥ satisfies P(a(f)) = 0 as well.
From (53) it follows that

deg(P) < N', ord(P) < N. (54)
Finally, P can be written
P = P(t; Dy)D3t ... D&t + higher terms

with P(t; D;) # 0, and the operator P annihilates A(f) by Lemma 38 and
satisfies the announced bounds (40) because of (54).

Finishing the proof of Theorem 36 only requires to validate the asymptotic
estimates in (40). Set S := Y | d;, which goes to infinity because dy < S <
ndy¢. Fix e > 0. From the value of D in (41) follow, at least for n > 1/(4e),

2 2
D=nS{1+—=)<nS|1+—)=0(nS),
S dy
2 1 2 1 2+4¢
2D+1=2 1+=4+—1 <2 1+—+—1<2 1
+ nS<+S+4nS)_ ns(+df+4ndf)_ nS(+ df>7

and then, at least for n > 1/(4¢) and dy > 2,
(2D + 1)™ < 2"n"S™(1 +¢/2)" < (2 +¢)"n?"d7},

(2D+ 1)n - (2+€)nn2nd'}t _ (2+€)nn2nd?
D - n24+S) T n@2+dp)

<(2+ 5)"n2”_1d?71.

Combining with (41) yields (40).
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