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Abstract

The Shift Equivalence Testing (SET) of polynomials is deciding whether two polynomials
p(z1,...,2m) and q(x1,. .., x.y) satisfy the relation p(z1 + a1, ..., Tm +am) = q(z1, ..., z.y,) for
some aq, . . ., G, in the coefficient field. The SET problem is one of basic computational problems
in computer algebra and algebraic complexity theory, which was reduced by Dvir, Oliveira and
Shpilka in 2014 to the Polynomial Identity Testing (PIT) problem. This paper presents a general
scheme for designing algorithms to solve the SET problem which includes Dvir-Oliveira-Shpilka’s
algorithm as a special case. With the algorithms for the SET problem over integers, we give
complete solutions to two challenging problems in symbolic summation of multivariate rational
functions, namely the rational summability problem and the existence problem of telescopers
for multivariate rational functions. Our approach is based on the structure of isotropy groups
of polynomials introduced by Sato in 1960s. Our results can be used to detect the applicability
of the Wilf-Zeilberger method to multivariate rational functions.
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1 Introduction

Polynomials are basic arithmetic structures in mathematics and computer sciences. Efficient al-
gorithms have been developed for manipulating polynomials in computer algebra [28,43, 62, 68]
with extensive complexity studies in [15,60,61]. Let F be a computable field and F[x] be the ring
of polynomials in m variables x = x1,...,x;;, over F. One can ask several basic computational
questions on polynomials: Given p, ¢ € F[x] and P, Q € F[x]",

(1) Polynomial Identity Testing (PIT): Is p(x) identically zero?

(2) Fast Evaluation and Interpolation (FEI): How fast can we evaluate p(x) at many points
and interpolate it from values at many points?

(3) Fast Multiplication and Factorization (FMF): How fast can we multiply p(x) by ¢(x)
and factor p(x) into a product of irreducible polynomials over F?

(4) Polynomial Equivalence Testing (PET): Decide whether there exists some invertible
matrix A € GL,,(F) such that p(x) = ¢(A - x).

(5) Shift Equivalence Testing (SET): Decide whether there exists some vector b € F™ such
that ¢(x) = p(x + b).

(6) Isomorphism of Polynomials (IP): Decide whether there exists a pair (A, B) € GL,(F) x
GL,(F) such that Q = B-P(A - x).

(7) Affine Projection of Polynomials (APP): Decide whether there exists a polynomial r
in n < m variables such that p(x) = r(A - x + b) for some n x m matrix A over F and some
vector b € F™.

The answers to these questions may depend on the way in which how we model polynomials.
A randomized polynomial-time algorithm for PIT was given independently by Schwartz [58] and
Zippel [67], whose derandomization is still a long-standing open problem in algebraic complexity
theory with impressive progress in the last three decades (see surveys [52,53,59]). When polynomials
are modelled as arithmetic circuits, partial derivatives of polynomials are used extensively and
essentially in most of the above questions (see the comprehensive survey [24]). Kayal presented
a deterministic algorithm for the first question in the case where the input circuit is a sum of
powers of sums of univariate polynomials and a randomized polynomial-time algorithm for some
special cases of the fourth question in [41]. Fast algorithms for the second and third questions
are fundamental for solving many computational problems in computer algebra [62,68]. The fifth
question was originally motivated by sparse interpolation of polynomials [30,31,44,45] and answered
in several works [25,26,32,33,40] with different methods. The sixth question was first introduced by
Patarin [47] and has rich applications in multivariate cryptography [12,14,27,34]. In 2012, Kayal
proved that the seventh question is NP-hard in general but admits randomized polynomial-time
algorithms for special classes of polynomials including permanent and determinant polynomials [24,
42]. Beside the above-mentioned results, research and extensive work on these questions have been
done by combing tools from symbolic computation and algebraic complexity theory. The above
seven dwarfs build an exchanging bridge between mathematics and computer science.

This paper will focus on the SET problem which boils down to solving linear systems over F.
We present a general scheme for designing algorithms to solve the SET problem which includes
Dvir-Oliveira-Shpilka’s algorithm in [25,26] as a special case. To enrich the applications of the
SET problem in symbolic computation, we present a group-theoretical method that reduces the



following two challenging problems in symbolic summation of multivariate rational functions to the
SET problem: Let F(x) be the field of rational functions in variables x over F and let o, be the
shift operator with respect to x; defined by

oz, (f(x1,. . xm)) = f(x1,. o @i, i + 1, Tig1, ..o, )

for all f € F(x). Let K be a subfield of F. If F = K(¢) for some transcendental ¢t € F over K, we let
ot be the shift operator with respect to t defined similarly as above.

(1) Rational Summability Problem: Given a rational function f(x) € F(x), decide whether
there exist rational functions gj(x), ..., gm(x) € F(x) such that

f=0u(91) = g1+ + 00, (9m) = G-
If such g;’s exist, we say that f is (o4,,...,04,, )-summable in F(x).

(2) Existence Problem of Telescopers: Given a rational function f(¢,x) € F(x) with F =
K(t), decide whether there exists a nonzero linear recurrence operator L = Y ;{07 with
¢; € F such that

L(f)=0u(91) —g1+ -+ 04,,(9m) — gm for some g1,...,gm € F(x).

If such an operator L exists, we call it a telescoper for f of type (o4;04,,.-.,04,,)-

1.1 Related work on symbolic summation

Symbolic summation is a classical and active research topic in symbolic computation, whose central
problem is evaluating and simplifying different types of sums arising from combinatorics and theo-
retical physics [13,55] and other areas. For a given sequence in a certain specific class, the indefinite
summation problem (in the univariate case) is to determine whether the given sequence is the dif-
ference of another sequence in the same class, which is a discrete analogue of indefinite integration
problem. For instance, —1/(n? + n) is the difference of 1/n, but 1/n is not the difference of any
rational sequence. The definite summation problem is to find a closed form for the sum Z;’;; f@@)
assuming that the function f(z) is well-defined in the interval [a, b]. The two summation problems
are connected by the discrete Leibniz—Newton formula. Since the early 1970s, efficient algorithms
have been developed for symbolic summation [62, Chapter 23]. Abramov’s algorithm [1-3] solves the
indefinite summation problem for univariate rational functions. A Hermite-like reduction algorithm
for rational summation was developed by Paule via greatest factorial factorizations in [10,46,48,50].
The indefinite summation problem for hypergeometric terms is handled by Gosper’s algorithm [29].
For sequences in a general difference field, the corresponding problem is studied by Karr in [38,39]
with significant improvements by Schneider [54] and recent fruitful applications in Quantum Field
Theory [13,57]. Most of existing complete algorithms are mainly applicable to the summation prob-
lem with univariate inputs. A long-term project in symbolic computation is to developing theories,
algorithms and softwares for symbolic summation of multivariate functions. In the multivariate
case, the stimulating problem was first raised by Andrews and Paule in [9]:

“Is it possible to provide any algorithmic device for reducing multiple sums to single sums? ”

For a multiple sums, one would try to detect whether the summand is summable or not. If it
is, the multiple sums can be reduced to several simpler sums. So it is crucial to first solve the
summability problem in order to address the problem of Andrews and Paule. This first step



beyond the univariate case was started in the work [23] by Chen, Hou and Mu in 2006 and then
a complete algorithm for testing the summability of bivariate rational functions was given in [21]
with a practical improvement in [36]. We will solve in this paper the summability problem for
general multivariate rational functions.

Creative telescoping is the core of the Wilf-Zeilberger theory of computer-generated proofs of
combinatorial identities [49,63,64]. For a multivariate function, the main task of creative telescoping
is to construct a nonzero linear recurrence operator in one variable, which is called a telescoper for
the given function. Two fundamental problems have been studied extensively related to creative
telescoping. The first problem is the existence problem of telescopers, i.e., deciding the existence of
telescopers for a given class of functions. The second one is the construction problem of telescopers,
i.e., designing efficient algorithms for computing telescopers if they exist.

The existence problem of telescopers is equivalent to the termination of Zeilberger’s algo-
rithm [65, 66] and can be used to detect the hypertranscendence and algebraic dependency of
functions defined by indefinite sums or integrals [35,56]. A sufficient condition, namely holonomic-
ity, on the existence of telescopers was first given by Zeilberger in 1990 using Bernstein’s theory of
holonomic D-modules [11]. Wilf and Zeilberger in [64] proved that telescopers exist for proper hy-
pergeometric terms. However, holonomicity and properness are only sufficient conditions. Abramov
and Le [6] solved the existence problem of telescopers for rational functions in two discrete variables.
This work was soon extended to the hypergeometric case by Abramov [5], the g-hypergeometric
case in [22], and the mixed rational and hypergeometric case in [16,20]. All of the above work only
focused on the problem for bivariate functions of a special class. The criteria on the existence of
telescopers beyond the bivariate case were given in [17-19]. We will solve in this paper the existence
problem of telescopers for general rational functions in several discrete variables.

1.2 The main results

From now on, we assume that F is a computational field of characteristic zero. We now present
our main results on the SET problem, rational summability problem, and existence problem of
telescopers for rational functions in several variables.

1.2.1 Algorithms for the SET problem

Given two polynomials p,q € F[x], we say that p is shift equivalent to q over F if there exist
ai,-.-..,an € F such that

plxr+ar,...,x;m+am) =q(x1,...,Tn).

We call the set {a € F | p(x + a) = ¢(x)} the dispersion set of p and ¢ over IF, denoted by F),,.
The Shift Equivalence Testing (SET) problem is to decide whether the dispersion set F}, ; is empty
or not. Write p(x +a) — q(x) = >_4cp Ca(a)x® with A being a finite subset of N™. In general, the
coefficients cq(a) are polynomials in a that may not be linear. So it seems that we need to solve
a polynomial system in order to determine the set F, ,. However, Grigoriev (G) in [32,33] proved
that I}, , is actually a linear variety and he also gave a recursive algorithm for determining this
variety using the following relation

Fpq= (ﬂ Fazi(p),azi(q)> N{a e F™ |p(a) = q(0)},
=1

where 0, denotes the partial derivative with respect to x;. Since partial derivations decrease the
degree of polynomials, the SET problem boils down to solving a linear system. Another way to



derive the linear system that defines F), , was given by Kauers and Schneider (KS) in [40] with
applications in solving linear partial difference equations. The idea is to compute the radical of
the ideal I generated by the set {cq(a)}aca in F[a] via Grébner basis method. A more efficient
algorithm was given by Dvir, Oliveira and Shpilka (DOS) in [25,26]. They reduced the SET problem
to the PIT problem, then solved the latter one by randomized algorithms. Inspired by the DOS
algorithm, we now present a general scheme for designing algorithms to solve the SET problem.

Let o = (a1, 0,...,04,) and B = (b1, B2, ..., Bm) be two vectors in N". We say o« > 3 if
a; > B for all 1 <4 < m and we denote the sum ) ;" | o; by |a|. Let Supp,(p) denote the support
of p consisting of monomials x* whose corresponding coefficients in p are nonzero.

Definition 1.1 (Admissible cover). Let S, , = {ca(a) | x* € Suppi(p(x+a) — ¢(x))} C Fla]. A
collection {So, S1, ..., Sk} of subsets is called a cover of Sy 4 if Spq is the union of Sp,S1,. .., Sk.
Such a cover {Sy, S1,...,Sk} is called an admissible cover of Sy, if it satisfies the following two
conditions:

(1) All polynomials in Sy are of degree in a at most one.

(2) For all £ = 1,2,...,k, if ca(a) € Sy, then cg(a) € Uf;(l)Si for all B € N™ with B > a and
x € Suppy (p(x +a) — q(x)).

Without loss of generality, we may assume that the two given polynomials p and ¢ in the SET
problem are of the same degree d in x.

Definition 1.2 (Linearization). Let p = po + p1 + - -+ + pa be the homogeneous decomposition of
p € Fx| in x. For a vector s € F™, we call the linear polynomial po(x) + p1(x) + 2?22 pi(s) the
linearization of p at s, denoted by Lx—s(p). Note that Lxy—s(p) =p if d < 1.

For a polynomial set P C F[x], we let Lyx—s(P) = {Lx=s(p) | p € P} and Vg(P) = {a € F™ |
p(a) = 0 for all p € P}. Our first main result says that any admissible cover of S, , leads to an
algorithm for solving the polynomial system S, ; which only requires solving several linear systems.
Theorem 1.3. Let Sy, = {ca(a) | x* € Supp.(p(x + a) — ¢(x))}. If {So,S1,...,Sk} is an
admissible cover of S, 4, then for all ¢ =1,... k, we have either Vp <Uf;é SZ-) =g or

4 4 -1
Vg <U Si> =Vr <U LaS(Si)> for any s € Vg (U S)
=0 =0

=0
In particular, the covers {S(?, SP...., SdD} and {Séq, SH ..., Sf} of Sp,q are admissible, where
SP = {ca(a) € Spq | dega(cala)) =i} and S :={ca(a) € Spy||al =d—i}.

We call the above two typical admissible covers a-degree cover and x-homogeneous cover of Sp 4
respectively. The latter one corresponds to the DOS algorithm. We illustrate these two admissible
covers via a concrete example.

Example 1.4. Let p = o* + 23y + 2y® + 22 and ¢ = p(z,y + 1,2 + 2) + xy. By collecting the
coefficients of p(x + a,y + b,z + ¢) — q(x,y, z) with respect to the variables x,y,z, we get the set
Spq- Then the a-degree cover and x-homogeneous cover of Sy, are
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1.2.2 Reduction for rational summability

The rational summability problem has been solved in the univariate and bivariate cases [1,2,21,36].
In order to address the problem in the general multivariate case, it suffices to provide a method
that reduces the problem in m variables to that in fewer variables. The reduction method relies on
the theory of isotropy groups of polynomials introduced by Sato in 1960s [51]. The computation of
isotropy groups needs solving the SET problem over integers, for which we can use polynomial-time
algorithms for computing the Hermite normal forms of an integer matrix [37].

Let G = (04,,...,04, ) be the free abelian multiplicative group generated by the shift operators
Oz -,0z, that acts on F(x). For any 7 € G, define the difference operator A;(g) = 7(g) — g for
any g € F(x). Let f € F[x] and H be a subgroup of G. The set

[fla :==A{o(f) o€ H}

is called the H-orbit at f. The isotropy group Hy of f in H is defined as

Hy = {o € H|o(f) = f}.

Note that Hy is a free abelian group and the quotient group H/Hy is also free by [51, Lemma
A-3]. The isotropy groups of polynomials will play an important role in the reduction for rational
summability. A basis of the isotropy group of a polynomial can be computed by any algorithm for
the SET problem over integers.

Similar to the bivariate case, we also use Abramov’s reduction [2, 3] repeatedly to decompose
f € F(x) into the form

I J
. ai
f=A4, (W) + -+ A, (up)+r with r = E E d;, (1.1)
i=1j=1 %

where u1,...,uy € F(x), a;j € F(Xq)[z1] with X; = {z2,...,2n}, d; € F[x] with deg,, (a;;) <
deg,, (d;) and the d;’s are monic irreducible polynomials in distinct (o%,,...,0y,,)-orbits. The
following lemma reduces the rational summability problem from general rational functions to simple
fractions.



Lemma 1.5. Let f be as in (1.1). Then f is summable in F(x) if and only if each aivj/dg is
summable in F(x).

We now only need to study the rational summability problem for rational functions of the form
a

f:$7

where j € N\ {0}, a € F(X1)[z1] and d € F[x] is irreducible with deg,, (a) < deg,, (d). The following
theorem further reduces the problem in m variables to another similar problem in r variables, where
r is the rank of the isotropy group that is strictly less than m.

(1.2)

Theorem 1.6 (Summability criterion). Let f = a/d’ € F(x) be of the form (1.2). Let {r;}7_;(1 <
r < m) be a basis of the free group Gy (take 11 =1, if Gg = {1}). Then f is summable in F(x) if
and only if

a=An(b1)+ -+ A (b)

for some b; € F(x1)[z1] and deg,, (b;) < deg,, (d) for all 1 <i <.

Note that the above reduced problem is related to the operators 71, ..., 7 in the isotropy group
Gg4. In order to turn back to the usual shifts, we can construct an F-automorphism ¢ of F(x)
such that a is (1,...,7,)-summable in F(x) if and only if each ¢(a) is (04, .., 0z, )-summable in
F(x). So the rational summability problem in m variables can be completely reduced to the same
problem in fewer variables. Combining the existing methods in the univariate case, we now obtain
a complete solution to the rational summability problem for multivariate rational functions.

1.2.3 Reduction for existence of telescopers

The existence problem of telescoper can be viewed as a parameterization of the rational summabilty
problem. The latter problem is equivalent to testing whether the identity operator is a telescoper
or not. Similar to the strategy used in the rational summability problem, we now provide a method
for reducing the existence problem of telescoper in m + 1 variables to that in fewer variables.

For a rational function f(¢,x) € F(x) with F = K(¢), the existence problem of telescopers for f
can also be reduced to simple fractions of the form a/d’ as in (1.2). The second reduction of the
number of variables also relies on the structure of isotropy groups. Let G = (o, 04,,...,04,,) be
the group generated by 04,04, ..., 0, and G 4 be the isotropy group of d in G;. Then the quotient
group Gy q/Gq is still a free abelian group with rank(G¢ q/Gq) < 1. If rank(Gyq/Gq) = 0, then we
show that f has a telescoper of type (0¢;04,,...,04, ) if and only if f is (o4,,..., 04, )-summable
in F(x). So in this case, the existence problem of telescopers for f is equivalent to the rational
summability problem. If rank(G; 4/Gq4) = 1, we have the following existence criterion.

Theorem 1.7 (Existence criterion). Let f = a/d’ € K(t,x) as above with rank(Gy4/Gq) = 1. Let
{10, 71,..., 7 (1 < r <m) be a basis of Gy q such that Gy q/Gq = (To) and let {71,..., 7} be a basis
of Gyq (take 11 = 1, if Gg = {1}). Then f has a telescoper of type (0¢;0%,,...,0z, ) if and only if
there exists a nonzero operator L =Y "0_ €;78 with ¢; € K(t) such that

L(a) = Ar (b1) + - -+ + Ar (br)
for some b; € K(t,x1)[x1] and deg,, (b;) < deg,, (d) for 1 <i<r.

Similar to the summability problem, after a suitable transformation of rational functions, the
existence problem of telescopers in m + 1 variables can also be reduced to that in fewer variables.
Since the bivariate case has been solved in [6], we now have a complete solution to the existence
problem of telescopers for rational functions in several discrete variables.



1.3 An example

We now show an example to illustrate the main steps of deciding the rational summability problem
with the help of algorithms for the SET problem over integers.
Let f be a rational function in Q(z,y, z) of the form

S T—y—2z 22 4y
f== 3T 3 2 T3 2
x4 4+ 2xy + 2 4+ 2zy+ 24 +2x w4+ 2xy+ 2 +8r+2y—2248
N T+ z +< N z 1 > 1
@32+ +1 " -1 2+z) @roy+a?
Let G = (04,0y,0,) be the free abelian group generated by the shift operators o, 0y,0,. In

order to decide whether f is (0, 0y, 0;)-summable in Q(z,y, z), the first step is so-called orbital
decomposition, where we first compute the irreducible partial fraction decomposition of f with
respect to x and then classify all irreducible factors of the denominator of f according to the
shift equivalence relation. Applying algorithms for the partial fraction decomposition and the SET
problem over integers, we obtain the orbital decomposition f = f; 4+ fo + f3, where

r—2° x—y-—22 y + 22 T+ z ( z 1 ) 1
= + + , = and =|y+ — —
h di oy(di) amagazl(dl) f2 ds fs y v¥+z-1 y*+z2) d3

with di = 22 + 22y + 22, d2 = (v — 3y)*(y + 2) + 1 and d3 = x + 2y + 2. Here fi, fo, f3 are
three orbital components of f, since any two elements of dy,ds,ds are not shift equivalent. By
Lemma 1.5, we have f is (0, 0y, 0,)-summable in Q(z,y, z) if and only if each f; is summable.
The second step is using Abramov’s reduction to reduce the summability problem from a general
rational function to simple fractions. Since fs, f3 are already simple fractions, we only need to reduce
f1. For any a,d € F(z,y,2) and any integer k € Z, Abramov’s reduction decomposes a/c*(b) as

a o~k (a)
=o(h)—h
k@) ~ o R
wmxeh:(nfk:(Lh::zﬁgﬂ;%@ifk>03ndh::f§;§40ﬁggifk<o.Apmwngﬂm

reduction formula to fi with o = 04, 0y, 0. successively yields
2 — 1
fi = Ap(ur) + Ay(vi) + Az (wi) + 71 with r = xd ,

1

for some ui, v, w1 € Q(x,y, 2). Then f; is summable if and only if r is (04, 0y, 0-)-summable.
The third step is using the summability criterion to reduce the summability problem into few
variables. For 71, the isotropy group of d; in G is G4, = {1}. By Theorem 1.6, r; is summable if
and only if its numerator is zero. Hence r; is not (o, 0y, 0;)-summable and neither are f; and f.
For fs, the isotropy group of dz in G is Gy, = {7} with 7 = 030,0,!. By Theorem 1.6, we see
that fo is summable in Q(z,y, z) if and only if ay = = + 2z is (7)-summable in Q(z,y, 2). Since
az =z + 2z = A-(b) with b = $(z — 3)(2z + 3z), so ap is (7)-summable, which implies that fo is
(04, 0y,0;)-summable. Since fy = AT(%), its certificates can be obtained by Abramov’s reduction.
For f3, a basis of the isotropy group Gy, is {71, ™2}, where 71 = 020, ! and 7, = 0,0, !. Construct

%y
a Q-automorphism ¢3 of Q(z,y, z) as follows

¢3(h(z,y,2)) = h(2x +y, —x, —y + 2),



for any h € Q(x,y, z). It can be checked that ¢307 = 0, 0¢3 and g3 01 = 0y 0 ¢3. So a3 = fgd%
is (71, m)-summable in Q(z,y,z) if and only if ¢3(a3) is (04, 0y)-summable in Q(z,y,z). This
reduces the summability problem in three variables to the summability problem in two variables.
By induction, we get ¢3(a3) is not (o, 0,)-summable. Therefore f3 is not (o, 0y, 0,)-summable.
In this case, f3 can be decomposed into the sum of a summable part and a non-summable one:

z

f3 = Ag(uz) + Ay(vs) + Az (ws) + WP+ )B

for some ug, v3, ws € Q(z,y, z).

1.4 Organization

The rest of this paper is organized as follows. In Section 2, we define the existence problem of
telescopers and the summability problem precisely. We present a general scheme for designing al-
gorithms to solve the shift equivalence testing problem in Section 3, and compare our new algorithms
with the other known algorithms in Appendix. In Section 4, we first recall the notion of isotropy
groups of polynomials and their basic properties, and then introduce orbital decompositions for
rational functions. We apply orbital decompositions in Section 5 to reduce the rational summa-
bility problem for general rational functions to that for simple fractions. After this, we present
a criterion on the summability of such simple fractions. In Section 6, we again use the structure
of isotropy groups and orbital decompositions to derive criteria for the existence of telescopers for
rational functions in variables ¢ and x.

2 Preliminaries

Through out the paper, let K be a field of characteristic zero and K(t,x) be the field of rational
functions in ¢ and x = {z1,...,2,} over K. For each v € v = {t,z1,...,2n}, the shift operator
o, with respect to v is defined as the K-automorphism of K(v) such that

oy(v) =v+ 1 and o,(w) = w for all w € v \ {v}.

Let R := K(v)(St, Szy,---,5%,,) denote the ring of linear recurrence operators over K(v), in
which Sy, Sy, = Sy; Sy, for all v;,v; € vand S, f = a,(f)S, for any f € K(v) and v € v. The action

of an operator L = >, . . aiovilj,_’imSZOS;ll -+ 8im € R on a rational function f € K(v) is
defined as

L= D g in0l 0l -0l (f).

10,150+ 4m 20

For each v € v, the difference operator A, with respect to v is defined by A, = S, — 1, where 1
stands for the identity map on K(v).
We now introduce the notion of telescopers for rational functions in K(¢, x).

Definition 2.1 (Telescoper). Let n be a positive integer such that 1 <n < m and let f € K(¢,x)
be a rational function. A nonzero linear recurrence operator L € K(t)(Sy) is called a telescoper of
type (04,021, -..,0z,) for f if there exist g1,...,gn € K(t,x) such that

L(f) = Az, (1) + - + Az, (9n)-

The rational functions g1, ..., g, are called the certificates of L.
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Problem 2.2 (Existence Problem of Telescopers). Given a rational function f € K(t,x) and an
integer n with 1 <n < m, decide the existence of telescopers of type (o1; 04y, .,0,) for f.

In order to detect the existence of telescopers for f € K(t,x), we first need to decide whether
L =1 is a telescoper for f. This is equivalent to the following summability problem of f in F(x)
with F = K(¢).

Definition 2.3 (Summability). Let F be a field of characteristic zero and n be a positive integer
such that 1 < n < m. A rational function f € F(x) is called (04,,...,0s,)-summable in F(x) if
there exist g1, ..., gn € F(x) such that

f=28z(91) + -+ Az, (gn)

Problem 2.4 ( Rational Summability Problem). Given a rational function f € F(x) and an
integer n with 1 <n < m, decide whether or not f is (0y,,...,04,)-summable in F(x).

The main idea of solving the summability problem is using mathematical induction to reduce the
number of difference operators in this problem. To say explicitly, we shall reduce the (o4,,...,04,)-
summability problem for f € F(x) to the (04, ..., 0, )-summability problem for another rational
function a € F(x), where r is smaller than n and the base field F(x) in the summability problem is
unchanged. Similarly, we shall reduce the existence problem of telescopers of type (o¢;04,,...,04,)
for f € K(t,x) to the existence problem of telescopers of type (o¢;04,,...,04,) for some rational
function a € K(¢,x).

We introduce below a general definition of the summability problem and existence problem
of telescopers, which plays a role of bridge in the method of mathematical induction for solving
Problems 2.4 and 2.2. Let Gy = (04,04,,...,04,) be the group generated by the shift operators
0t,0%,,--.,0z, under the operation of composition of functions. Then G is a free abelian group.
For any 7 € Gy, the difference operator A, is defined by

= GSogit ... Gin _ 1 if 7 =glogil...q40
Ar =88} S —1 iftr =00 o

x1 Tn
For short, we use A, to denote A, for each v € v. A finite subset {1,..., 7.} of G, is said to be
Z-linearly independent if for all aq,...,a, € Z, we have
et =1 = ar=ay=---=a =0.

Let G = (04,,...,04,) be the subgroup of G; generated by shift operators o,,,...,0,, . Let

{r,...,7}(1 <r <n) be a family of Z-linearly independent elements in G. In general, a rational
function f € F(x) is called (71,...,7,)-summable in F(x) if

f=A(q1) + - +Ar(g)

for some g1, ...,g, € F(x). Choose an element 79 = afoa’;} . -a’afz € G} such that kg is nonzero.
Then 79, 7,...,7, are Z-linearly independent in G;. Let Ty = SfOSﬁi ‘e Sﬁz € R be the operator
corresponding to 19. We say a nonzero operator L € K(t)(Tp) is a telescoper of type (1o;7T1,...,Tr)

for f € K(t,x) if L(f) is (11,...,7,)-summable in K(¢, x).
Let R be a ring and 0: R — R be a ring homomorphism of R. The pair (R,o) is called a
difference ring. If R is a field, we call the pair (R, o) a difference field. Let (R1,01) and (R, 02)
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be two difference rings and ¢: R; — Ry be a ring homomorphism. If ¢ satisfies the property that
¢ o001 = 09 0 ¢, that means the following diagram

Ry LRQ

Ri —— Ry

commutes, then ¢ is called a difference homomorphism. If in addition ¢ is a bijection, then its inverse
¢! is also a difference homomorphism. In this case, we call ¢ a difference isomorphism. The notion
of difference isomorphisms will be used to state our summability criteria and the existence criteria
of telescopers.

An operator L € K(t)(S;) is called a common left multiple of operators Ly, ..., L, € K(t)(S:) if
there exist Ry, ..., R, € K(t)(S;) such that

L=RLi=--=R.L,.

Since K(¢)(S;) is a left Euclidean domain, such an operator L always exists. Among all of such
multiples, the monic one of smallest degree in S; is called the least common left multiple (LCLM).
Efficient algorithms for computing LCLM have been developed in [7,§].

Remark 2.5. Let f = f1 + -+ f with f; € K(t,x). If each f; has a telescoper L; of type
(04; 00y, ---y0z,) fori=1,...,r, then the LCLM of L;’s is a telescopoer of the same type for f. This
fact follows from the commutativity between operators in K(t)(S¢) and the difference operators Ay, ’s.

3 Shift equivalence testing of polynomials

In this section, we first state the problem of Shift Equivalence Testing (SET) and give an overview
of our algorithm for solving SET problem in Section 3.1. The idea of our algorithm is inspired by
the DOS algorithm [25,26]. Then we develop a general scheme for designing algorithms to solve
the SET problem, whose proof is given in Section 3.2. More precisely, we introduce admissible
covers of the associated polynomial system with the SET problem and prove that every admissible
cover corresponds to an algorithm for solving the SET problem. In Section 3.3, we give two special
admissible covers in practice, one of which corresponds to the DOS algorithm.

3.1 Overview of the general algorithm

Let F be a field of characteristic zero and let F[x]| be the ring of polynomials in x = {z1,...,z,}
over F. Two polynomials p, ¢ € F[x] are said to be shift equivalent if there exist a1, ..., a, € F such
that

plrr+a1,...,Tn+ay) =q(x1,...,2).

The set {a € F" | p(x + a) = ¢(x)} is called the dispersion set of p and g over F, denoted by F),,.
Then the problem of Shift Equivalence Testing can be stated as follows.

Problem 3.1 (Shift Equivalence Testing Problem). Given p,q € Fxy,...,x,], decide whether
there exists a = (a1, ...,a,) € F" such that

p(x+a) = g(x).

If such a vector a exists, compute the dispersion set of p and q over F.
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Recall basic properties of the dispersion set in [25].
Lemma 3.2. (See [25, Observation 4.2 and Lemma 4.4]) Let p,q € F[x]|. Then

(1) Fp,p is a linear subspace of F™ over F.
(2) Fpy =a+ F,, for anya€ F,, if F,,# 0.

A related problem is testing the shift equivalence over integers, i.e. deciding whether there
exists a vector a € Z" such that p(x + a) = g(x). We denote the set {a € Z" | p(x + a) = ¢(x)}
by Zp 4. The computation of Z,, will play an important role in the next sections where we study
the rational summability problem and the existence problem of telescopers. By Lemma 3.2, we
know F}, 4 is a linear variety over F. Once the computation of F,, boils down to solving linear
systems, we can also compute Z,, by combining the same methods for the SET problem over F
and any algorithm for computing integer solutions of linear systems.

In the univariate case, the SET problem was solved by computing the resultant of two polyno-
mials [1]. In the multivariate case, there are three different methods for solving the SET problem
in the literature. In 1996, Grigoriev first gave a recursive algorithm (G) for the SET problem
in [32,33]. In 2010, motivated by solving linear partial difference equations, another algorithm
(KS) for computing Z, , via the Grébner basis method was given by Kauers and Schneider in [40].
In 2014, a new algorithm with better complexity was given by Dvir, Oliveira and Shpilka (DOS)
in [25,26]. We have implemented all of the three algorithms in Maple and the experimental com-
parison is tabulated in the appendix. The timings indicate that the DOS algorithm is the most
efficient one among the three methods in practice.

From the relation p(x + a) = ¢(x) in the SET problem, we obtain a polynomial system by
collecting coefficients of the polynomial p(x+a)—¢(x) in x. So a direct approach to the SET problem
is solving this polynomial system. Without exploring the hidden structure of the polynomial system,
this naive approach could be very in-efficient. The common idea of the above three methods is to
find the defining linear system of F, ,, which avoids solving the polynomial system directly. To do
this, the DOS algorithm finds an appropriate finite cover of the polynomial system. Then it reduces
the SET problem into solving several linear systems successively by evaluating the non-linear part
of polynomials. This kind of evaluation is called the linearization of polynomials, whose definition
will be strictly stated below.

We first introduce some notations for later use. For any two vectors o = (a1, 2, ..., a5), 8 =
(B1,P2,...,0n) € N" we say a > (3 if and only if o; > ; for all 1 < i < n. This defines a
partial order on N™. For a subset y = {y1,y2,...,Ym} of x = {z1,29,...,2,} with y := x\ y,
let f(x) = >, ca(¥)y* € F[ylly]. Let HZ(f(x)) denote the homogeneous component of f(x)
of degree d in y and let Suppy (f) denote the set {y® | ca(y) # 0}, which consists of non-zero
monomials of f(x). For simplicity, when y = x, we write Hfi(f(x)) as H(f(x)) and Suppy, (f) as
Supp(f). For a subset S C F[x], let Vg(S) be the zero set {s € F" | f(s) =0, Vf € S}.

Definition 3.3 (Linearization, Definition 1.2, restated). Let f(x) = Hy(f)(y)+ Hy(f)(y)+---+
H;‘,l(f)(y) be the homogeneous decomposition of f € Fx| = F[y|[y]. For a vector s € F™, we call

the linear polynomial Hg(f)(y) —|—H}1,(f)(y) —{—2?12 H;,(f)(s) the linearization of f at s with respect
to 'y, denoted by Ly—s(f). Note that Ly_s(f) = f if d < 1. For a polynomial set S C F[x], let
Ly—s(S) :={Ly—s(f)| f € S} be the linerization of S.

Now let us explain how our algorithm works. In order to compute F}, 4, we first write

plx+a) —qx) = 3 cala)x®,

acN
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where cq(a) € Fla] and A is a finite subset of N”. Let
S :={ca(a) € F[a] | cq(a) is the coefficient of x* in p(x +a) — q(x)} . (3.1)

Then F,, = Vp(S) is the zero set of S in F". First, we classify all polynomials in S according to
their total degrees in a and write S = S§ U--- U SL, where d’ = deg,(p(x + a) — ¢(x)) and

SP = {ca(a) € S| deg,(ca(@)) = i}

for i = 0,...,d. Then Vg(S) = VF(UZC«Z;OSZ.D). We may assume that S(’)D = (), otherwise p,q are
not shift equivalent and return F,, = (. If S¥ U SP has no solution in F", return F,, = 0.
Otherwise take an arbitrary solution s € Vg(SP U SP). Note that all polynomials in S U SP
are linear. We shall prove that the non-linear system S U SP U SP has same solutions as its
linearization S U SP U L,_ ) (SY) at the point s(?). If the latter linear system has no solution,
return F,, = @. Otherwise, take an arbitrary solution st € Vp(SP U SP U L,_ ) (SP)) by
solving the linear system. Then consider the linearization of U?:OSZ-D at s and we shall prove
that Vp(U3_o SP) = V(U L,_.)(SP)). Continue the above process. We will finally find an
equivalent linear system of the polynomial system S = Uf/:OSiD by linearization.

Example 3.4. Let p = x> + 22y + v + 2z + 6y and q = 22 + 2zy + y? + 42 + 8y + 11 be two
polynomials in Q[z,y|. Decide whether p,q are shift equivalent with respect to x,y. Since

px+a,y+b) —qlz,y) = (2a+2b—2) -z + (2a + 2b — 2) - y + (a® + 2ab + b + 2a + 6b — 11),

we have S = SP U SY, where SP = {2a + 2b — 2} and S = {a® + 2ab + b* + 2a + 6b — 11}. Take
an arbitrary solution (a,b) = (1,0) of SP. The linearization of S¥ at (1,0) is

Lian)=1.0)(89) = {17 +2-1-04 0>+ 2a + 6b — 11} = {2a + 6b — 10}.

In this example, the linear system SlDUL(a,b):(LO)(SQD) 1s indeed equivalent to the polynomial system
SlD U SQD So Fp,q = V]F(SlD U L(a,b) (071)(SQD)) = {(—1,2)}

Since shift operations do not change the total degree in x, the homogeneous components of
both sides of p(x 4+ a) = ¢(x) with respect to x must be equal. The homogeneous decomposition of
p(x-+a)—q(x) yields another cover {S{T, S, ..., S} of S, where d = max{deg, (p(x)), degy(q(x))}
and

SH .= {cq(a) € S| cala) is the coefficient of x* in HY ™ (p(x + a)) — HI ¥ (¢(x))}

fori =0,1,...,d. In the DOS algorithm, they first introduced the above method of linearization
to solve the polynomial system S = SH U SH U... U Sf and proved the correctness of their
algorithm by using formal partial derivatives. In Example 3.4, S = SP U SP = S U SH | where
SH = 8P for i = 1,2. In general, these two covers are different, see Example 1.4. A natural
question is for which cover, we can use the method of linearization to compute the dispersion set.
One answer is the admissible cover defined below. In fact, the above two covers {S’, SP, ..., 5’5
and {Séq, Sfl, ce Sf} are both admissible, which will be proved in Section 3.3.

Definition 3.5 (Admissible cover, Definition 1.1, restated). Let S C F[a] be as in (3.1). A
collection {Sp, S1,...,Sm} of subsets is called a cover of S if S is the union of Sp,S1,...,Sm.
Such a cover {Sp, S1,...,Sm} is called an admissible cover of S if it satisfies the following two
conditions:
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(1) All polynomials in Sy are of degree at most one in a.

(2) For every £ =1,2,...,m, if co(a) € Sy, then cg(a) € Uf;(l)Si for all B € N™ with B > « and
X € Suppy (p(x + a) — g(x).

A general algorithm for solving SET problem via the method of linearization is as follows. This
algorithm inherits one feature of the DOS algorithm: it could be early terminated when p, g are
not shift equivalent. If two nonzero polynomials p(x) and ¢(x) are shift equivalent, then they have
the same degree d in x and H%(p(x)) = H%(q(x)), which means deg(p(x) — ¢(x)) < deg(p(x)).
Therefore, we can check the degree condition at the beginning of the algorithm for better efficiency.

Algorithm 3.6 (Shift Equivalence Testing). ShiftEquivalent(p, q, [z1,...,%,]).
INPUT: two multivariate polynomials p,q € F[x];
OUTPUT: the dispersion set I, 4;
1 if p(x) = q(x) =0, return F".
if deg(p(x) — q(x)) > deg(p(x)), return {}.
set S := Coefficients(p(x + a) — ¢(x),x) C F|a].
let {So,S1,...,Sm} be an admissible cover of S.
set s .= 0.
for /=0,...,m do

set L := Uf:() L,_.0 (S)).

solve the linear system in a defined by L.

© BN A W

if the linear system L has no solution, return {}.
else there is a special solution s' € F™, set s{*1) :=¢ .

~
S

11 return solutions of the linear system defined by L.
The correctness of Algorithm 3.6 is guaranteed by the following theorem.

Theorem 3.7 (Theorem 1.3, restated). If the cover {Sy,S1,...,Sm} of S is admissible, then for
all £ =0,1,...,m, we have either Vg (Uf;é Si) = or

l l /—1
Vg (U S,') = Vr (U Lazs(z) (Sﬂ) fOT any S(Z) € Vg (U Si>.
=0 1=0

1=0

The proof of Theorem 3.7 will be given in the next subsection.

3.2 Proof of correctness of Theorem 3.7

Before proving Theorem 3.7, we need several lemmas to explore the inner structure of polynomials
co(a) in S. First we give an explicit expression of the non-constant homogeneous components of
co(a) and find a recurrence relation among the homogeneous components. Then we explain the role
of adimissible cover and the magic of linearization in Algorithm 3.6. Finally, we prove Theorem 3.7
by induction on £.

For a vector a = (aq,,...,00,) € N, let |af := > | o; and ('g') = % Let 0y,
denote the partial derivative with respect to z; and 9% denote (0y,)* (0yy)*? -+ (0y, ). For a
vector a = (a1, a9, ...,a,) € F™, we use D, to denote the directional derivative in the direction

of a,i.e. Dy:=> ", a;0y,. Then for any k € NT,

D= (Do) = > (£)a~o~
|a|=k
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by the multinomial theorem since 9,; and d,; commute.
By the directional derivative and Taylor’s expansion, the homogeneous components of polyno-
mials in Sf can be expressed as follows.

Lemma 3.8. (See [25, Lemma 3.5]) Let d := max{deg,(p(x)), deg,(q(x))}. For any k € N and
¢e€{0,1,...,d}, we have

HE (ol + ) — HE(a0)) = Y- 50 (HEH000)) = HE (4() (3.2)
and

B (o-tk .
H} (HE (o (x + 2) — HE ™ (a(x))) = k'D GE () ezl g,
HI ' (p(x)) - HI (¢ (x)), ifk=0.
Moreover, for any co(a) € S and k> 1, HE(cq(a)) is the coefficient of X in k,Dk (H'aHk (p))

Proof. Note that cq(a) is exactly the coefficient of x® in 2 (p(x+a)) — jidel (¢ (x)), so it is
sufficient to prove Equations (3.2) and (3.3). By Taylor’s expansion, we have

d 1 d d 1
ERES RS SEL RIS ) ST}

i=0 i=0 j=0

~.
~.

Note that if D;(H,]( (p)) is not equal to zero, then it is homogeneous of degree j—i in x. Consequently,
we obtain Equation (3.2). Moreover, note that DZ(HZ*%(p))(x) is homogeneous of degree i with
respect to a. So we get Equation (3.3), which completes the proof. |

Then we write

LDk (o) = 1 37 (5)a®P (I (x) )

" 1B8I=k

[e%

Dropping the terms except H*(cq(a)) - x

B cafa)) %% = 2 3 (5)aP0 (X P (p(x) - x*7) (3.4)
I8l=k

in the above polynomial, we can get

where [x**8](p(x)) denotes the coefficient of x**# in p(x). Therefore, for any f(x) € F[x], we can
write DE  (f(x)) := 2181k ( )aPal ([x*TP](f(x)) - x**P) to generalize the notation D¥(f(x)) in
form, and the following lemma is derived straightforward.

Lemma 3.9. Let k € NT and cq(a) € S. Then we have H*(cq(a)) - x™ = %Dg’a(p(x)).

For the directional derivative, we know DE(f(x)) = (D})*(f(x)). However D% (f(x)) may be
different from (D}ia)k( f(x)), as the following example shows.
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Example 3.10. LetF = Q, p(z,y),q(z,y) € Qlz, y] with p(z,y) = 2° +y* and q(x,y) = p(x, y)+1.
Ezxpanding p(x + a,y +b) — q(x,y), we have p(x + a,y +b) — q(z,y) = 3a - 2% +3b-y?> + 3a® - x
3b? -y + (a® 4+ b* — 1). Then we have c(; py(a,b) = 3a?,

D(1a7b),(1,0) (P(X)) = Z ((i}j))aib]‘ ) 35}3{) ([$1+iyo+j](p(xvy)) : $1+iyo+j)
i+j=1

= (i)~ s (B p(x.y) - 2) + ()b - 8y (2] () - 2y) =0,
D2y a0 ®00)) = 3 ((2))atd - 0.0) ([ ) (pla, ) - 2+ H)

i+j=2
=(20)a” - 92 (12", 9)) - ) + (7)) ab - 020y ([2*y](p(, y)) - 2°)
+ (02)0 - 9 ([292)(p(2,y)) - 2?)

2!
=om1” a? - 0%(2®) = 6a’x

2
and (D(a b1, 0)) (p(x)) = D(1 0).1,0)(0) = 0. Therefore, we can check that H" (c(10)(a,b)) -z is
equal to HD?a,b),(l,O) (p(x,y)) for k =1,2, but D(2a,b),(1,0) (p(x)) is not equal to (D(la,b),(1,o))2<p(x)>'

Now we rewrite the expression of Dgﬂa( f) and present the recurrence relation for D;a( f).

Lemma 3.11. Leta € F", a € N, k. £ € Nt and f € F[x|. Let e; € N" denote a unit vector with
the i-th component being one and others being zero. Then we have:

(1) DEo(f(x) =300 aXi1 i §i izt ey ([Xa+Z§:1eji] (f(x)) .Xa+2§:1eji> ,

j1=1

(2) DE(F)) = Yy (5207 (D oy o(F60)) )
Proof. (1): note that for any 3 € N™ with |3| = k, B can be expressed as a sum of k unit vectors.
Moreover, there are (Z) different k-tuples (41, jo, ..., jx) such that B = Zle ej,. Then combining
the definition of D".;’voé(f(x))7 we can get (1).
(2): applying (1) twice, we have

Dk”(f (X))

_ Z Z Z Z Zz 1e11+21 k+1 €i; 321 1%{"‘21 k+1 ©;

Jji=1 Je=1jk+1=1 Jk+e=1

( [ Y ey L ejz} (f(x)) - <O €+ eji)

n n
E E z k+1ehazz k+1 e]z

Jrk1=1 =1
" " koo ke koo ke
E 2 i=1%; 621 1€ ( |:Xa+2i:1 €t i k1 eu] (f(x))- X201 € T2k e]i)
n

=1 =1

Z Z zl k+1e11821 1 ( a0+, k—o—leh(f(X))).

Je+1=1 Jk+e=1

Then as the proof of (1), we can finally obtain (2) by set 3 = Zf+lf+l ej;. 1
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Example 3.12. LetF = Q and p = x* +2%y+1y°® € Qlx,y]. After expanding, we get p(x+a,y+b) =
v+ da- 234+ 22y + 2+ (6a% +b) -2 +2a -2y +3b-y? + (4a 4+ 2ab) - v + (a® +3b2) -y + (a* +a?b+b3).
All terms of p(z + a,y + b) are listed in the following figure.

0- l‘yQ y3

\/\/

2a - xy

a@\ / b3,

(a% 4+ 3b%) -y

(4a® + 2ab) - x

0 (a*+ab+ 7)1

Taking q(z,y) = 0 in Lemma 3.9, we get Dé“a,b),(m)(p(:v, y)) = k!H(ka7b)([miyj}(p(:C+a, y+b)))-xiy!
for all k > 1. So we can read Défa ) (ij)(p(x,y)) from the this figure. For instance,
D(2a,b),(0,1)(17(9573/)) =2!-(a® +3b%) -y, D(la,b),(1,1)(2?(9€7 y)) =2a-zy and D(la,b),(0,2) (p(x,y)) = 3b-y*.
Taking k = ¢ =1 in Lemma 3.11 (2), we obtain a recurrence relation among these three terms:

D2,y 0 @ 9) = 3 (i)W 0508 (Dl i) ()
i+j=1

= (4l0))adz (Dl sy, 0.0/ @@ 1) + (161))60y (Dl (0 (pl@.1))) -

This implies
2(a® + 3b*)y = ad, (2azy) + b, (3by?) . (3.5)

By the definition of Dga(p) and Lemma 3.9, we get
2(a* + 3b*)y = a*9%(x%y) + 2abd,0,(0 - xy?*) + 623§(y3). (3.6)

Note that the term z* does not involve in the above two equations (3.5) and (3.6) because y { x*.
In this example, the term x* only affects all terms in the blue branch, such as 3!-4a3x = a3 (z?).

Without introducing the notation D% ., by Lemma 3.8 (or Lemma 8.5 in [25]) we only get
“global” relations, such as

2. H(Qa,b) <H(1x’y) (p(x 4+ a,y+ b))> = D%a,b) (H(lgi) (p(z, y))) )

This implies two relations among the rows (instead of the points) in the figure:

2(2abx + a*y + 3b%y) = (ady + b0y)* (z%y + 0 - zy* + ¢°)
= (a0 + bdy)(bz* + 2azy + 3by?).
From Observation 3.4 in [25], we know if D}(f(x)) = Di(f(x)), then DE(f(x)) = Df(f(x)) for
all k > 1. Now we show that DE ,(f(x)) can be determined by D}lﬁ(f(x)) for all B € N" with

B > a and |B| = |a| + k — 1. This is why we introduce the second condition in the definition of
admissible cover.
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Lemma 3.13. Let a,b € F", a € N", k € NT and f(x) € F[x]. If D;ﬁ(f(x)) = Dll)ﬂ(f(x)) for
all B e N* with B > a and |B| = || + k — 1, then we have D’;va(f(x)) = Dﬁ’a(f(x)).

Proof. The proof is by induction on k. It is clear to see that the lemma is true for k = 1. Now
assume the equality holds for k. For k + 1, assume that D;”@(f(x)) = Déﬁ(f(x)) for all B € N"
with B > a and ] = a] + (k +1) — 1. We have DEEL(f(x)) = Y0, %09 (DX o oo, ((x))) by
Lemma 3.11 (2). Note that for all v € N” with v > a + e; and |y| = |a + ;| + k — 1, we have
~v > a and |y| = |a| + (k+ 1) — 1. Thus by assumption we have D;,Y(f(x)) = Dll)’_y(f(x)). It
follows from the inductive hypothesis that D§7a+ei(f(x)) = D,’;7a+ei(f(x)). So

DEEN(F(x) =Y a% 0% (Df gy, (f(X)))
=1

= Zaeiaei Z (S)bva’v ([Xa+ei+7](f(x)) ' xa+ei+7)
i=1

lvI=Fk

=2 (o7 (Z 2% 9% ([x* T (f(x)) - xa+v+ei>>

TE: i=1

=3 (BB7OTDL . (F(X).

lv|=k

Because a++ > a and |a+7v| = ||+ || = ||+ (k+1)—1, we have D;,aJr,y(f(x)) = Dé7a+,y(f(x))
by assumption. Applying Lemma 3.11 (2) again, the proof is completed. |

Combining Lemma 3.9 and the above lemma, we get the following lemma immediately.

Lemma 3.14. Let cq(a) € S, k € N with k > 2 and r,s € F". If
H'(cg)(r) = H'(cg)(s) for all B € N" with B > o and |B| = || + k — 1,

then we have
H*(ca)(r) = H(ca)(s)-

Now we are ready to show that for an admissible cover, the linearization does not change the
zero set of the polynomial system S.

Lemma 3.15. Let {So,S1,...,Sn} be an admissible cover of S and ¢ € {0,1,...,m}. If there
exist r,s € Vp(U'ZLS;), then for all cq(a) € UC_yS; we have

La—r(ca)(a) = La=s(ca)(a). (3.7)
Furthermore, we have cq(r) = La—s(ca)(r).

Proof. Since cq(r) = La—r(ca)(r), it is sufficient to prove Equation (3.7) by induction on .
For ¢ = 0, we have deg(cq(a)) < 1 by Definition 3.5, s0 La—r(ca)(a) = ca(a) = La—s(ca)(a).
For ¢ > 0, suppose the lemma holds for smaller £. Then it is sufficient to show that H*(ca)(r) =
HF*(cy)(s) for all k € N with & > 2. By Lemma 3.14, we know the proof is completed by showing
that H'(cg)(r) = H'(cg)(s) for B € N* with B8 > «a and |3| = |a| + k — 1. Because |3 >
la|+2—1 > |a|, we have B > a.. Then we get either cg(a) € U/} S; or cg(a) = 0 by Definition 3.5.
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For { —k+1<{—2+1</—1, wehaver,s € Vp(U'Z}S;) C Vp(U/ZFTS;). This means r and s
are zeros of all polynomials cg(a) € Sy_g4+1. Then we have

La—r(cg)(r) =cg(r) =0 and La—s(cg)(s) =0. (3.8)

On the other hand, r,s € VF(UZ(Z;OICH)*IS@-) because Vg(UZEtLS;) C V]F(Ul(ifokﬂ)*lb’i). By the
inductive hypothesis with £ — k + 1, we get La—r(cg)(a) = La=s(cg)(a). So

H%(La=x(cg)) = H’(La=s(cg))- (3.9)

Note that H'(cg)(a) = H'(Lazr(cg))(a) = H'(La=s(cg))(a). Combining the equations (3.8)
and (3.9), we have

H'(cp)(r) = H' (La=r(cp))(r) = —H"(La=x(cp))
= —H"(La=s(cp)) = H'(La=s(cp))(s) = H' (cp)(s),

which completes the proof. |

Proof of Theorem 3.7. We shall prove the theorem by induction on 4.

For ¢ = 0, we know any cq(a) in Sy satisfies deg(cq(a)) < 1 by Definition 3.5. Thus we have
La:s<0) (SQ) = S() and V[F(So) = VIF(La:s(O) (S()))

For £ > 0, assume the theorem holds for £—1, i.e., Vg(U'Z3S;) = Vp(U'Z L -1 (S;)). Taking
r,s =s1 s ¢ VF(Uf;SSi) in Lemma 3.15, we know that the linearizations of cg(a) at s and
s=1) are equal for all cg(a) € Uf;(l)Si. This means Uf;éLa:S(e)(Si) = Uf:éLa:S(z_n(Si). Then we
have

% (Uf:oLa:Sw)(Sz‘)) C Vg (Uf;éLa:s(m(Si)> = Vy (Uf;éLa:s(e—m(Si)) = Vr (Uf;ési) ,

where the last equality follows from the inductive hypothesis. Note that VIF(Uf:()Sz‘) is also a subset
of VF(Uf;éSi). So we only need to prove that for all r € V]F(Uf:éSi),

re Vg (uffzosi) if and only if r € Vg (Uf:OLa:Sm (Si)) . (3.10)
Because s\ € Vg(UIZLS;), we have cq(r) = L,_0 (ca)(r) for all co(a) € UL_S; by Lemma 3.15.
Then the claim (3.10) follows immediately. 1

The main distinction between the reasoning of our general scheme and the DOS algorithm
can be shown in Lemma 3.14. In [25], Lemma 3.5 proves Equation (3.2) which we extend to
Lemmas 3.8 and 3.9. Observation 3.4 in [25] is generalized by Lemma 3.13. The subsequent proof
for the correctness of the DOS algorithm can be summarized by the lemma below. Then the rest
steps for proving Theorem 3.7 and the correctness of the DOS algorithm are similar.

Lemma 3.16. Let d := max{deg,(p(x)),deg,(¢(x))}, i € {0,1,...,d}, k € N with k > 2 and
r,s € F*. If

Hl(c[;)(r) = Hl(cﬁ)(s) for all cg(a) € Sﬁk‘—i—h

then we have

H*(co)(r) = H*(ca)(s) for all co(a) € SH.

20



Given two points r and s in F", we use diagrams to explain how Lemma 3.14 makes the
statement more precise than this lemma for the case where d = deg,(p) = degy,(q) = 4 and n = 2.
Let p(z + a,y +b) — q(z,9) = > (4 en Cap) (@, b)x®y”. For the k-th homogeneous component
of c(a,), if its values at r and s are equal, we draw a point at position (a,3,k) in the space.
Furthermore, if H¥(c(o5))(r) = H*(c(o,5))(s) for all (a,3) € N? such that the sum of o and 3 is a
fixed constant i, which means there are points («, 3, k) on the same line, then we draw a segment
to connect them each other. Note that the degree of any polynomials in Sf_ ; is no more than 1,
which will be proved exactly in Lemma 3.18. Lemma 3.16 implies that the dark green segment on
one triangle face can conclude all the segments on this face with £ > 2 in Figure 3.1. For a more
exact results as Figure 3.2 shows, Lemma 3.14 tells us that on one triangle face, every point with
k > 2 can be deduced from the part of dark green segment which is cut out by two dotted line from
this point. For example, Point A can be inferred from Segment /.

IN

Figure 3.1: Graph for Lemma 3.14 Figure 3.2: Graph for Lemma 3.16

3.3 Two special admissible covers

By Theorem 3.7, we see that any admissible cover of the polynomial system S corresponds to an
algorithm for solving the SET problem via linear system solving. We now present two special
admissible covers. The first admissible cover defined below is classifying the polynomial system S
according to their degree in a, which is called the a-degree cover.

Theorem 3.17 (a-degree cover, Theorem 1.3, restated). Let d’ be the degree of p(x + a) — q(x)
with respect to a. Let SP = {cq(a) € S| deg(ca(a)) =i}. Then the cover {SF,SP,...,SD} of S
is admissible.

Proof. Let us check this cover satisfies two conditions mentioned in Definition 3.5. The condition (1)
can be checked directly by definition. As for (2), assume that cqo(a) € SE and 3 is an arbitrary
vector in N with 8 > a and x# € Supp, (p(x + a) — ¢(x)). We will argue by contradiction that
deg(ca(a)) > deg(cg(a)). By assumption, we know that deg(cqo(a)) = £. If there is a monomial
a¥ € Supp(cg(a)) with |y| > £, then by Equation (3.4), we have xY*# € Supp(p(x)). Since
v+ 8—al > |8 —|a| > 0, we obtain a¥*A~* € Supp(H"*P~?l(cq(a))) € Supp(ca(a)) by
Equation (3.4). However, note that 8 > a implies |B| > |a|, so |[v+ B — a| = |v| + 8] — |a| > ¢,
which leads to a contradiction to the fact that ¢ is the degree of cq(a). |
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Note that 3 > o« implies |3| > |a|. This inspires the second admissible cover called the
x-homogeneous cover. Before we prove it, we first present a useful lemma.

Lemma 3.18. Let d := deg(p(x)). For any o € N™ with cq(a) € S, we have deg(cq(a)) < d—|a.

Proof. Note that [x**P](p(x)) # 0 yields |a+ 8| < d, so k = |3| < d— || in Equation (3.4). That
is to say, H*(cq(a)) - x* =0 if k > d — |a|. Then the conclusion follows. 1

Theorem 3.19 (x-homogeneous cover, Theorem 1.3, restated). Let d be the maximal degree of p(x)
and q(x). Let S := {ca(a) € S| |a| =d—i} fori=0,1,...,d. Then the cover {S{f,SH, ... SH}
of S is admissible.

Proof. We first show that {Sé{ , Sfl ey Sf } is exactly a cover of S. It is sufficient to show that S
is a subset of UL ,SH. This is true because we have x® € Supp, (p(x + a) — ¢(x)) € Supp(p(x)) U
Supp(g(x)) for arbitrary cq(a) € S and then 0 < || < d.

Then we check this cover is admissible. If there exists co(a) € ST with a nonlinear monomial
aP, then we have x*™8 ¢ Supp(p(x)) by Equation (3.4). For || > 2, there is a unit vector
e; € N" such that e; < o + 3. Thus a®x*8-¢i ¢ Suppan(D;7a+B_ej (p(x))). By Lemma 3.9,
x®*+P=¢i € Supp, (p(x +a) — q(x)). However, |+ 3 —e;| = |a|+|8| —|ej| > d+2—1 > d, which
leads to a contradiction to the fact that deg, (p(x+a)—q(x)) < max{deg,(p(x))),deg,(¢(x))} = d.
So the condition (1) in Definition 3.5 is satisfied. Finally, for any ¢ = 1,2,...,d, let co(a) € SI.
Then for all B € N” with 8 > a and x® € Supp, (p(x + a) — ¢(x)), we have |B| > |a| = d — ¢, so
cg(a) € Sf*\ﬁl C UZ3SH. Therefore, SH, S ... SH also satisfy the condition (2) in Definition 3.5
and the proof is complete. |

This is the cover defined in the DOS algorithm and we call it x-homogeneous cover. So far, we
prove the correctness of the DOS algorithm in a more general way.

After introducing two special admissible covers, we would like to compare them and explain
their connection. For simplicity, we always assume HZ(p(x + a)) = H%(q(x)) with deg(p(x)) =
deg(q(x)) = d in our following discussion. Then S = @. We get deg, (p(x + a) — ¢(x)) = d by
Equation (3.4). Lemma 3.18 yields S C Uf_oSP. Hence the connection between two different
covers is like the following figure.

S Sb
|
|
|
; l
|
| i Sy
S —
1 1 | SP
} I .
| | |
1 1 l Sy
SH  gH st

22



Now we give some examples to show our different algorithms with different admissible covers.

Example 3.20. LetF = Q, p;(z,y, 2), ¢i(z,y, 2) € Q[z,y,2], i = 1,2 with p1(x,y, 2) = v*+22y+y?,
C.h(xvyaz) :pg(ﬂj’,y+1,2+2)+2, p2($7y, Z) = $4+x3y+1‘y2+22 and (]2(157%2) :p2($,y+1,2—|—
2) + xy.

(1) Compute Fp, 4. We expand pi(x+a,y +b,z+c¢) — q1(z,y,2) and get that

(@ +a,y+bz+c)—aqlry,z)
=(4a-2%) + ((6a® +b—1) - 22 + 2a - zy)
+ ((4a® + 2ab) -z + (a®> +2b—2) -y — 2) + (a* + a®b+ b* — 1).

Then we can separate the coefficients of p1(x + a,y + b,z + ¢) — q1(x,y, z) with respect to x,
y and z in two different methods as following.

S at+a?b+b*—1|SP
4a® + 2ab 3 sb
6a% +b— 1 i a2 +2b — 2 3 SP
4a : 2a i 3 sp
| 0 s

SH si S Sy

So we can get Iy, 4, = @ at once if we use a-degree cover, while by x-homogeneous cover, we
will calculate until we get Séq.

(2) Compute Fp, 4,. We expand pa(z + a,y+b,2+¢) — q2(x,y, 2) and get that
P+ a,y 5,7+ ) — (3, 2)
=((4a+b—1) 2%+ 3a - 2%y)
+ ((6a® + 3ab) - 2° + (3a> +2b— 3) -2y + a - y?)
+ ((4a® +3a®b + 0> — 1) - 2 + (a® + 2ab) - y + (2c — 4) - 2)
+ (a* + a®b + ab?® + * — 4).

Then we can separate the coefficients of pa(x + a,y + b,z + ¢) — q2(x, y, z) with respect to x,
y and z in two different methods as following.
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S a*+adPb+ab?+c2—4 S4D
4a® 4+ 3a2b+ b2 -1 |
| S3D
a® + 2ab :
T
6a2 + 3ab ! :
| } sb
3a% +2b—3 } |
[ |
da+b—1 ! ! |
: a | 2c—4 : sp
3a : : [
1
| | |
| | | D
| | | St
| | |
s SH sH s

So we can get Fy, 5, = @ if we use x-homogeneous cover and calculate Si¥, while by a-degree
cover, we have to solve 2c — 4 = 0 needlessly.

4 Isotropy groups and orbital decompositions

In this section, we first recall the notion of isotropy groups under shifts, which plays a central role
in the summability criteria and existence criteria of telescopers. Then we present different types
of partial fraction decomposition of F(x) with respect to different orbital factorizations as in [17].
These decompositions can be computed via algorithms for the SET problem over integers and will
be used in the next sections for simplifying the rational summability problem and the existence
problem of telescopers.

4.1 Isotropy groups

Let G = (04,,...,04,) be the free abelian group generated by shift operators o,,,...,0,, and A
be a subgroup of G. Let p be a multivariate polynomial in F[x]. The set

[pla:={o(p) | o € A}

is called the A-orbit of p. Two polynomials p,q € F[x] are said to be A-shift equivalent or A-
equivalent if [p|a = [q]a, denoted by p ~4 ¢q. The relation ~ 4 is an equivalence relation.

Definition 4.1 (Sato’s Isotropy Group [51]). Let A and p be defined as above. The set
Ap:={o€A|o(p) =p}
18 a subgroup of A, called the isotropy group of p in A.

If two polynomials p, ¢ in F[x| are A-shift equivalent, then A, = A,. The following remark says
that we can test the A-equivalence of polynomials and compute a basis of A, by algorithms for the
SET problem over integers in Section 3.
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Remark 4.2. (1) Two polynomials p,q € F[x]| are G-equivalent if and only if there exists o0 € G
such that o(p) = q. Therefore, the G-equivalence relation of p,q can be obtained via the
computation of Z, 4 in Section 3. When p = q, the group G, is isomorphic to Z,,. Both of
them are free abelian groups and a basis Gy, can be given by a basis of Z,,.

(2) When A = (03,,...,05,.) with 1 <1 < n, we can view p,q as polynomials in x1,...,T, and
the other variables are parameters. Then the A-equivalence relation of p,q and a basis of the
isotropy A, are also available by algorithms in Section 5.

(3) In general, let A = (11,...,7), where {r1,...,7.}(1 < r < n) are Z-linearly independent.
We can use Proposition 5.12 to construct a difference isomorphism between (F(x),7;) and
(F(x),04,) such that poT; = o5,0¢ for1 <i <r. Write B = (04,,...,04,), thenp and q are
A-equivalent if and only if ¢(p) is B-equivalent to ¢(q). Furthermore, we have T* --- 787 € A,
if and only if ogr - ogr € By for any ay, ..., ar € Z.

A structure property of the quotient group G/G, is given by Sato [51, Lemma A-3] as follows.
Lemma 4.3. G/G, is a free abelian group.

If p € F[x] \ F is a non-constant polynomial, then Gy, is a proper subgroup of G. By Lemma
4.3, we have rank(G,) < rank(G), where rank(G) denotes the rank of the free abelian group G.
This property about the rank of isotropy groups plays a key rule in the reduction method of solving
rational summability problem and the existence problem of telescopers.

Ifn>1,let H= (04,...,0gz, ,) be the subgroup of G generated by o4,,...,04, ,. The
isotropy group of p in H is H, = {r € H | 7(p) = p}. By Lemma 4.3, both G/G, and H/H, are
free abelian groups. So the rank of G}, and H, are strictly less than that of G and H respectively
if p has positive degree in x.

Lemma 4.4. G,/H, is a free abelian group of rank(G,/H,) < 1.

Proof. Define a group homomorphism ¢ : G,/H, — Z by

k1

k
Ot 0 Hy = k.

It can be verified that ¢ is well-defined. For any 71,7 € G,, if they are in the same coset of H,
in Gy, then 77, ! € H,. This implies 717, ' € H and hence ¢(m H,) = ¢(m9H,). Moreover, the
converse is true since G, N H = Hp. So ¢ is injective. Then we have G,/H), = im ¢ = kZ for some
integer k € Z. So G,/ H) is a free abelian group generated by o (k). |

Example 4.5. Consider polynomials in Q[z,y,2]. Let G = (04,0y,0.) and H = (04,0y).
(1) For p = x? + 2xy + 2%, we have G, = H, = {1}.

(2) For p = (z — 3y)* (y + 2) + 1, we have G, = () and H, = {1}, where T = o3oy0,1. So
Gp/H, = (T), where T = TH,, denotes the coset in Gp/H, repesented by T € Gp.

Y

-1

(3) Let p = x+2y+z, we have G, = (11, T2) and Hy, = (1), where 71 = 0,0, "0, and 7o = ogay .

So Gp/Hp = <f1>.
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4.2 Orbital decompositions

A polynomial p € F[x] is said to be monic if the leading coefficient of p is 1 under a fix monomial
order. Let x; denote the m — 1 variables xa, ..., x,,. For any subgroup A of G = (04,,...,0%,)
and any polynomial @ in F(%1)[z1], one can classify all of monic irreducible factors in x; of @ into
distinct A-orbits which leads to a factorization

I J
Q=c- ][I ms(d)",

i=17=1

where ¢ € F(x1), I, J;,e; 5 € N, 74 ; € A, d; € F[x] being monic irreducible polynomials in distinct A-
orbits, and for each ¢, 7 ;(d;) # 7 j(d;) if 1 < j # j < J;. With respect to this fixed representation,
we have the unique irreducible partial fraction decomposition for a rational function f = P/Q €
F(x) of the form

i €

1 J
F=p+> 3 Y TC;(]CZZ)Z (4.1)

i=1 j=1 ¢=1

where p,a;j, € F(X1)[z1] with deg,, (a;j¢) < deg,, (d;) for all i,j,£. Note that the representa-
tion in (4.1) depends on the choice of representatives d; in distinct A-orbits. However, the sum
Zle na?iz‘i’f)l only depends on the multiplicity ¢ and the orbit [d;] 4 instead of its representative d;.
Based 0170 this fact, we shall formulate a unique decomposition of a rational function with respect
to the group A. In this sense, we can decompose F(x) as a vector space over E = [F(x7).

Given an irreducible polynomial d € F[x] with deg, (d) > 0 and j € N*, we define a subspace

of F(x)

a
Vig1,j = Spang { Ty a € Elz1],7 € A,deg,, (a) < degrl(d)} . (4.2)

For any fraction in Vi, ;, the irreducible factors of its denominator are in the same A-orbit as
d. Let Vo = E[z1] denote the set of all polynomials in z;. By the irreducible partial fraction
decomposition, any rational function f € F(x) can be uniquely written in the form

f:fO+ZZf[d]A,ja (4.3)
J [dla

where fo € Vp and fig, ; are in distint V}q), ; spaces. Let T4 be the set of all distinct A-orbits of
monic irreducible polynomials in F[x], whose degrees with respect to x; are positive. Then F(x)
has the following direct sum decomposition

FG) = Vo P | DD Vians | - (4.4)
J o ldla

where j runs over all positive integer and [d]4 runs over all elements in Ty.

Definition 4.6. The decomposition (4.4) of F(x) is called the orbital decomposition of F(x) with
respect to the variable 1 and the group A. If f is written in the form (4.3), we call fo and fiq, ;
orbital components of f with respect to x1 and A.

A key feature of subspaces V|q), ; is the A-invariant property. In the field of univariate rational
functions, the orbital decomposition of F(z;) with respect to the group A = (o,,) was first given
in [38] by Karr.
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Lemma 4.7. If f € Vg, ; and P € F(x1)[A], then P(f) € Vig, ;-

Proof. Let f =Y a;/7i(d)? and P =Y p,0 with p, € F(X;) and o € A. For any o € A, we have
oT; is still in A, because A is a group. Since the shift operators do not chan§e the degree and
multiplicity of a polynomial, we have deg,, (o(a;)) < deg,, (d) and then 2 (‘f:((;)i)j is in Vg, ;- So
P(f) € Vig,,; by the linearity of the space. 1

Example 4.8. Let F =Q, E = Q(y, z) and G = (0,0y,0.). Consider the rational function fi in
Q(z,y,z) of the form

T — 22 r—y—2z y+2°
hr=— 7t 3 3t 3 2 _ :
e+ 2z2y + 2 x4+ 22y +2x+ 2 x4+ 22y +8x+2y+ 2 2248
d1::d1,1 d172 d1,3

If A= (o), then the orbital partial fraction decomposition of fi is
2
Tr—z r—y—2z
—— fi2=——F—— and fi3= )
din di,2 di3

) ) )

fi=fix+ fig + fiz with fi1 =

where f1; € Vig, .1 fori=1,2,3 and d1,dy 2,d13 are in distinct (0;)-orbits. If A= (oy,0y), then
the orbital partial fraction decomposition of f1 is

r—22 r—y—22

y+z2
_|_
dy oy(dr)

fi=fin+ fig with fi1 = I
1,3

and f172 =

where f11 € Vig1u1, f12 € Vigy 5141 and di,d1 3 are in distinct (0., 0y)-orbits. If A= (04,0y,02),
then fi1 € Vig, .1 is one component in the orbital decomposition. Because
r—22 r—y—22 Y+ 22

= + .
= oy(dr)  opodos (d))

Example 4.9. Let F = Q and G = (04,0y,0.). Consider the rational function f = fi+ fa+ f3 in
Q(z,y, z) with fi given in Example /.8,

b= T+ 2z andf—( N z 1 > 1
S T T e A R N S A A R
—_———

d2 dS

If A =G, then the orbital partial fraction decomposition of f is

f=h+fat+fs with fi€ Vg, fori=1,2and f5 € Vg, 2,

where di, dy,d3 are in distinct (04, 0y, 0,)-orbits.

5 Rational summability problem

In this section, we solve the rational summability problem for mulitivariate rational functions
and design an algorithm for rational summability testing. In Section 5.1 we use a special orbital
decomposition in Section 4.2 to reduce the summmability problem of a general rational function to
its orbital components and then further to simple frations by Abramov’s reduction. In Section 5.2,
we use the structure of isotropy groups to reduce the number of variables in the summability
problem inductively.
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5.1 Orbital reduction for summability

Let f be a rational function in F(x), where x = {z1,...,2,}. Let n be an integer such that 1 <
n < m. We consider the (04,,...,0s,)-summability problem of f in F(x). Let G = (04,,...,0z,)-
Taking E = F(%;) and A = G in equality (4.2), we get the subspace Vg, ; of F(x)

a
Vidje,j = Spang { W a € E[z1],7 € G,deg,, (a) < degm(d)} .

where j € N* and d € E[x] is irreducible with deg, (d) > 0. According to Equation (4.3), f can

be decomposed into the form
F=Fo+>> faes (5.1)
J ldle

where fo € Vo = E[r1] and fig),; are in distint Vjg, ; spaces. The orbital decomposition (4.4) of
F(x) with respect to the group G is as follows

Fa) =D | D D Viaes |- (5:2)

JeNT [dlgeTa

Lemma 5.1. Let f € F(x). Then f is (04, ..,0x,)-summable if and only if fo and each fiq,, ;
are (0gy, ..., 0z, )-summable for all [d]g € Tg and j € NT.

Proof. The sufficiency is due to the linearity of difference operators A,,. For the necessity, suppose
f=>"r A (¢ with ¢ € F(x). By the orbital decomposition of rational functions (5.1), we
can write f, ¢ in the form

f=Jfo+ sz[d}evj and ¢ = g(()i) + ZZg[(;])GJ for 1 <i<n.
[

J e J

By the linearity of A,,, we see

-3 () S (S ()

J [dlg \i=1

By Lemma 4.7, it is another expression of f with respect to Vg, ;. Such a decomposition is unique,

so fo=> i1 Az (g(()i)) and fig.; = Doie1 D (g[(;])&j), which are (o4, ..., 0y, )-summable. ]

Using Lemma 5.1, we can reduce the summability problem of a rational function to its orbital
components. Note that polynomials in x; are always (04, )-summable. Thus Problem 2.4 can be

reduced to that for rational functions in Vg, ;, which are of the form

f= ET: %, (5.3)

where 7 € G, a; € F(x1)[z1], d € F[x] with deg,, (a-) < deg,, (d) and d is irreducible in 2 over
F(x1).
Let o be an automorphism on F(x) and a,b € F(x). Then for any integer k € Z, we have the

reduction formula k( )
a o "la
O-k (b) O'( ) "‘ b )

(5.4)
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where h = 0 if k = 0, h = Y0 C 0 if | > 0 and h = — 3,57 240 if & < 0. For any

ot(b) o TE (D)
T= okl x -a’;Z € G, applying the reduction formula (5.4) with o = 0, fori =1,...,n, we get
n —k1 —kn
a o o (a)
o = 2 oz, (he) — hi) + = n (5.5)
okt ok (b) ; b
where
0, if ki = 0
ki=1 ok, —ki- _
> G Rl O NN
k’L " ) (2
hi=1 = oL J%ﬁ~ ok (b)
kz 1 —k‘l
<o M (a
I T
. z; Uwzif' oy (b)
fori =1,...,n. The equation (5.5) is called the (04, .., 04, )-reduction formula. Rewriting every

fraction of f in (5.3) by the reduction formula (5.5), we get the following lemma.

Lemma 5.2. Let f € Vig, ; be in the form (5.3). Then we can decompose it into the form

= , a
f= ZA%‘ (g:) + 7 with r = o (5.6)
i=1

where g; € F(x), a = Y. 77 (a;) with deg,, (a) < deg, (d). In particular, f is (0,,...,04,)-
summable if and only if r is (04, ...,04,)-summable.

Example 5.3. Consider the rational function fi € Q(z,y,z) given in Example 4.8. Then fi €

Vidy)g,1 and it can be written as

r—22 r—y—22 y + 22

_I_
dq oy(di) axa3az (dy)’

fi=

where dy = 2% + 2zy + z2. By applying the (o, oy, 0z)-reduction formula, we have
20— 1
dy

fi= Am(ul) -+ Ay(v1) + Az(w1) + 7y with r; =
where

y + 22 :C—y—|—1—2z y+£—3+ y— 3+ 22
—7 1)1:— Z—, wlz—i_l .
030'z (dl) dq —0 40 (dl) Oz (dl)

Then fi is (04, 0y, 0;)-summable if and only if r1 is (0, 0y,0,)-summable.

U

The results in Lemmas 5.1 and 5.2 are summarized as follows. The following lemma reduces
the rational summability problem from general rational functions to simple fractions.

Corollary 5.4 (Lemma 1.5, restated). Let f € F(x). Then we can decompose f into the form

f= ZAUll (gi) +r wzthr—zza”, (5.7)

=1 j=1

where g; € F(x), a;; € F(X1)[r1], di € F[x] with deg, (a;;) < deg,,(d;) and the d;’s are monic
irreducible polynomials in distinct G-orbits. Furthermore, f is (04, ..., 0z, )-summable if and only
if each a;j/d’ is (04, ..., 04,)-summable for all i,j with 1 <i<T and 1< j < J;.

29



5.2 Summability criteria

By Corollary 5.4, we reduce the rational summability problem to that for simple fractions
a

f:$7

where j € N\ {0}, a € F(x)[z1] and d € F[x] is irreducible with deg,, (a) < deg,, (d). In this
section, we shall present a criterion on the summability for such simple fractions.

For the univariate summability problem, we recall the following well known result in [2,4, 10,
46,48, 50]. Since the univariate case is the base of our induction method, we give a proof for the
sake of completeness.

(5.8)

Lemma 5.5. Let f € F(x) be of the form (5.8). Then f is (04,)-summable in F(x) if and only if
a=0.

Proof. The sufficiency is trivial since f = A,,(0). To show the necessity, suppose f is (o, )-
summable but a # 0. Since f = a/d’ € Vidjs.j» by the proof of Lemma 5.1 we can further assume

[ =A4(g) for some g € Vig,, ;. Write g in the form g = b ai/ol (d)? with ag,ae, # 0. Then

i=4g
l1+1 i
=200 =)
=ty %1
where a; = 04, (aj—1) —a; for by +1 < i < 01, ay, = —ay, and ay, 41 = 04, (ay, ). Note that ay,

and @y, 1 are nonzero. For any integer i € Z, o’ (d) is still an irreducible polynomial. However,
there is only one irreducible factor in the denominator of f = a/d’. So we must have o}, (d) = d
for some nonzero integer ¢. It implies that d is free of x1. This is a contradiction because d has
positive degree in x;. |

For the multivariate summability problem with n > 1, let G = (04,,...,04,) and H =
(0gyy---y0z, 1). The isotropy group of the polynomial d in G and H are denoted by G4 and
H,, respectively, i.e.,

Ge={reG|7(d)} and Hy;={r € H|7(d)=d}.

By Lemma 4.4, we know either rank(G4/Hg) = 0 or rank(Gy4/Hy) = 1.
When rank(Gy4/Hg) = 0, the summability problem in n variables can be reduced to that in
n — 1 variables.

Lemma 5.6. Let f = a/d’ € F(x) be of the form (5.8). If n > 1 and rank(Gy/Hy) = 0, then f is

(Onys -y 0g,)-summable in F(x) if and only if f is (04y,...,0%, ,)-summable in F(x).
Proof. The sufficiency is obvious by definition. For the necessity, suppose f is (0z,...,04,)-
summable but not (o4,,...,0., ,)-summable. By the orbital decomposition of f in (5.2) and
Lemma 5.1, we get
f=28z(g1)+ -+ Az, (9n) (5.9)
with g1,...,gn in the same subspace Vg ; as f. As an analogue to (5.6) in n — 1 variables
T1,...,Tn_1, we can decompose g, as
n—1 P A
l
gn = Ag, (u;) + - (5.10)
VS LAt L
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where u; € F(x), p € N, A\ € F(x1)[z1], p € F[x] with deg,, (\¢) < deg,,(d) and p is in the same
G-orbit as d.

Furthermore, we can assume Ag), # 0 and each nonzero Ag/cf ()7 is not (o4y,...,04, ,)-
summable. Substituting g, in (5.10) into (5.9), we get

p+1 3 n—1

F+y 4z =3 A, (h), (5.11)
=0

— ot (n) &=

where Mg = Ao, Apr1 = — 0, (Ap), Ao = Ao — 0, (A_1) for all 1 < € < p and h; = g; + Ay, (u;) for
all1<i<n—1.
Since rank(Gq/Hq) = 0 and Gq = G, it follows that all o, (u) with ¢ € Z are in distinct H-

orbits. In particular, [u], [o0, (1] - - -, [025 ()] i are distinct H-orbits. On the other hand, the
left hand side of (5.11) is (04, ..., 0, , )-summable, but Ao/’ is not (04, ...,0., ,)-summable

according to the assumption. By Lemma 5.1 (in n — 1 variables), the only choice is that u ~p d.
Similarly, o2 (1) ~g d and hence p ~pg & (1). This leads to a contradiction since p is a
nonnegative integer. |

Lemma 5.7. Let f € F(x) and K be a subgroup of G = (04,,...,0,) with rank r (1 < r < n).
If {o:}i_y and {1;}_; are two bases of K, then f is (o1,...,0.)-summable if and only if f is
(T1,...,7r)-summable.

To prove the basis exchange property of summability problem in Lemma 5.7, we first show the
following lemma. It can be seen as an variant of the reduction formula (5.5). Since it is useful in
computation, we give a strict proof by induction.

Lemma 5.8. Let 01,...,0, be elements in G and K = (01,...,0,) be the subgroup of G generated
by o1,...,00. Then for every T € K,

7'—1:(01—1)5'1+"'+(Ur_1)&ra
for some 6; € FK].
Proof. We prove this lemma by induction on the number of o;. If r=1, then 7 = alfl for some
k1 € Z. We have Jfl —1 = (07 — 1)u, where p = 0if k1 = 0, p = Zf;al ot if k1 > 0 and

uw o= —Zi;l%*l afrkl if ki < 0. If » > 2, assume that the conclusion holds for r — 1. Write
T =0, .-~k for some ki, ...,k, € Z. Then

T—1= (Jlfl—1)052---UfT—|—(052'--0fr—1>.

If 052 . --a,’fT = 1, then we are done. Otherwise, by the inductive hypothesis, we get 7 — 1 =
(01 —1)61 + -+ + (0, — 1)G, for some G1,...,6, € F[K]. In fact, the above argument gives the
following explicit expression

ki—1
3 Jfagfll gl if k; > 0,
i =y =0
k-1
= Y olthiolat ok itk <o,
=0
fori=1,...,7. |
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Proof of Lemma 5.7. Suppose f is (11,...,7,)-summable. This means
f=A(h1)+ -+ A (hy), (5.12)

for some hy, ..., h, € F(x). For each i =1,...,r, since 7; € (01,...,0,), it follows from Lemma 5.8
that 7, — 1 = (01 — 1)G;1 + -+ + (00 — 1)04, for some 6;; € F[K] with K being the subgroup
generated by o1, ...,0,. Applying this operator to h; yields that

Az (hi) = Ay (Rig) + -+ Do, (i), (5.13)

where h; j = 6; j(h;) for j =1,...,r. Combining Equations (5.12) and (5.13), we have

F=YAnh) =Y Ag(hij) =) Ay (Z hm‘) ;
i=1 j=1 i=1

i=1 j=1

where the last equality follows from the linearity of A, . Thus f is (o1, ..., 0;)-summable. Similarly,
the other direction is also true. |

Theorem 5.9 (Theorem 1.6, restated). Let f = a/d’ € F(x) be of the form (5.8). Let {r;}/_;(1 <
r < n) be a basis of Gq (take 71 =1, if Gg = {1}). Then f is (04,,...,0z,)-summable if and only
if

a=Arn(b1)+ -+ A (br)
for some b; € F(x1)[z1] with deg,, (b;) < deg,, (d) for all 1 <i <.

Proof. The sufficiency follows from the fact that f = >|_; A, (b;/d’) and Lemma 5.8. For the
necessity, we proceed by induction on n. If n = 1, then Gy is a trivial group and the univariate case
follows from Lemma 5.5. If n > 1, suppose the inductive hypothesis is true for n — 1 as follows.

If {0;};_, is a basis of Hg, then f is (0g,,...,04, ,)-summable if and only if a =>";_; Ag,(bi)
for some b; € F(x1)[x1] with deg, (b;) < deg,, (d) for all1 <i<s.

Now we proceed by a case distinction according to the rank of G4/ Hy. If rank(G4/Hy) = 0, then
H; = G4. The conclusion follows from Lemma 5.6 and the inductive hypothesis. If rank(Gy/Hy) =
1, by Lemma 5.7, we may assume {7;}/_; is a basis of Gy such that H; = (r1,...,7—1) and
Gq/H; = (7;). In here, 7, represents the element 7,H; with 7, € G4. Then we can choose
Tr = O 1”“ e a;nkff 10’;’; such that k, is a positive integer. Otherwise, replace 7, by 7,7!. Since 7,
is a generator of G4/Hy, we have k, is the smallest positive integer such that o%»(d) ~p d.

By the decomposition (4.4), we can assume f = Ay, (g91) + - + Ay, (gn) with g; € V]

here, g, can be decomposed as

d]GJ" In

n—1 kn—1 )\e
= Au(u) + ) oL (@)
i=1 =0 %an

where u; € F(x) and A\, € F(x1)[x1] with deg, (A¢) < deg,, (d). Then we have

kn—1 n—1
=2, (Z - A&)j) =" Ag,(ha), (5.14)

(=0 ~In i=1

where h; = g;+ A, (u;). Note that o%»(d) = oh1 .. -a];Zj (d) and apply the reduction formula (5.5)

to simplify (5.14). We get

kn—1 N n—1
;o Y _ .
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where h; € F(x), Ag = a+Ag—057 --- 00 " 0 (A1) and Ap = Ag— 0, (Ap_1) for 1 < € <k, — 1,

Note that [d]g, [0, ()], ..., [0 I;Z L(d)]y are distinct H-orbits due to the minimality of k.

From the equation (5.15), f is (04,,...,04, ,)-summable. So by Lemma 5.1, each (TfAi(éd)j is
(0zyy---, 0z, ,)-summable for 0 < ¢ < k,, — 1. Let W denote the vector subspace of ]F(x)nover F
consisting of all elements in the form of 27—} A, (b;) with b; € F(%;)[z1] and deg,, (b;) < deg,, (d).
(If r = 1, take W = {0}.) If two rational functions g, h € F(x) satisfy the property that g —h € W,
we say g, h are congruent modulo W, denoted by g = h (mod W). Since H; = Hye (4), we apply

the inductive hypothesis to conclude that

0=a+X—o/ - a;nkfflaxn()\kn_l) (mod W)
0=XA — oz, (o) (mod W)
0=MXe,—1 — 0z, (Ak,,—2) (mod W).

Since W is G-invariant, it follows from the equations that
a= 0;1]“ ---o;nknl Lghn "(Ao) — Ao = Az (Xo) (mod W).
This completes the proof. |

Remark 5.10. For the bivariate case with n = 2, Theorem 5.9 coincides with the known criterion
in [36, Theorem 3.3]. In this case, rank(G4) < 1 and Hqy = {1}. If rank (G4) = 0, then a/d’
is (Ogy,0zy)-summable in F(x) if and only if a = 0. If rank (Gq) = 1 and G4 is generated by
T =002 € G for somely # 0, then a/d is (04, ,04,)-summable if and only if a = ot o2 (b)—b
for some b € F(x1)[z1] with deg,, (b) < deg,, (d).

17 T2

Example 5.11. Let f = 1/(z{ + -+ 25) € Q(x1,...,2,) with s,n € N\ {0}. Let Gy be the
isotropy group of d = x5 + -+ a8 in G = (04y,...,04,). Decide the (04,,...,04,)-summability
of fin Q(zy,...,x,).

(1) If s=1 and n > 1, then d is irreducible. The rank of G4 is n — 1 and one basis is given by

Tlye-oy Tne1 With T; = 04,0 +1 fori=1,...,n—1. Since 1 = 1y (x1) — x1, it follows that f is
(Ozys- -y 0g,)-summable. In fact, we hcwe
1 T —z1—1
A, () A, ().
1+t 1+ -+ xy 1+ -+ xy
This means f is (05, ,0z,)-summable, so is (0g,,...,04,)-summable.

(2) If s > 1 and n = 1, then f = 1/x5. Since the isotropy group of x1 in (o4 ) is {1}, by
Theorem 5.9, we get f is not (o, )-summable.

(3) If s> 1 andn =2, then f = 1/(af +23) = >_°_, a;/ (w1 — Bjza), where B;’s are distinct roots
of 2° = —1 and aj = 1/s(Bjx2)*"t. There exists j € {1,...,8} such that 3; ¢ Z. Then for
dj = r1 — Bjz2, we have Gy, = {1}. So a;/d; is not (0, ,04,)-summable in C(z1,z2) and
by Lemma 5.1, neither is f. Hencef is not (04, , 0z, )-summable in Q(x1,x2). This result has
appeared in [21, Example 3.8].

(4) If s > 1 and n > 2, then d is irreducible. Since G4 = {1}, by Theorem 5.9, we get f is not
(Oayy-- -y 0g, )-summable.
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Now we only need to transfer the (7i,...,7,)-summability problem into the (o4,,...,04,)-
summability problem.

Proposition 5.12. Let {r;}/_;(1 < r < n) be a family of linearly independent elements in
G = (0g,,...,0,). Then there exists an F-automorphism ¢ of F(x) such that ¢ is a difference
isomorphism between the difference fields (F(x),r;) and (F(x),04,) for alli =1,...,r. Therefore,
for any f € F(x), f is (11,...,7)-summable in F(x) if and only if ¢(f) is (0z,,...,04,)-summable
in F(x).

Proof. Assume 7; = 033" - opi™ with a; ; = 0if 7 > n and write o = (a1, ..., a;m) € Z™ viewed
as a vector in Q" fori=1,...,r. Then aq,...,q, are linearly independent over Q. So we can find
the other vectors ay41, ..., ay, such that {ou, ..., oy, } forms a basis of Q™. Let o = (ai1,- -, Gim)
fori=r+1,...,m and A = (a;;) € Q"*™. Then A is an invertible matrix. Thus we define an

F-automorphism ¢ : F(x) — F(x) by

((Z)(:I?l), s 7¢($m)) = ('771; ce 7xm)A.

Let uj := ¢(xj) = > it aijz; for all 1 < j < m. Then ¢ satisfies the relation ¢ o 7; = o, o ¢ for

all  =1,...,r, which means the following diagrams
F(x) —> F(x) F(x) —= F(x)
Tll iffl N ﬂi lo’r
¢ ¢
F(x) —F(x) F(x) — F(x)
are commutative. This is true since for any f € F(zy,...,zy,), we have

o (ri(flzr, ... zm)) =0 (f(x1+ain, .- Tm + aim))

= flur+ai1,...,um+ aim)

and

0ui (O(f (21, wm)) = 00, (f (w1, - um))

=fur+ai1,. .., Un~+aim).

It follows that . .
i=1 i=1

whenever f,g1,..., g, € F(x). This proves our assertion. |

Combining Theorem 5.9 and Proposition 5.12, the summability problem 2.4 in n variables
can be reduced to that in fewer variables. So we can design the following recursive algorithm for
testing (04, .. ., 04, )-summability of multivariate rational functions. Furthermore, the (7,...,7,)-
summability problem can also be solved via the transformation in Proposition 5.12.

Algorithm 5.13 (Rational Summability Testing). IsSummable(f, [z1,...,z,]).

INPUT: a multivariate rational function f € F(x) and a list [x1,...,xy,] of variable names;
OUTPUT: certificates g1, ...,gn for f if f is (0xy,-..,04,)-summable in F(x); false otherwise.

1 wusing shift equivalence testing and partial fraction decomposition, decompose f into f = fo +

Do jent 2fdle Jide.j @5 in Equation (5.1).
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2 apply the reduction to fo and each nonzero component fiq, ; such that

F =80 (g) + o+ Ay (g) +r withr =35 %

.] 9
i=1 j=1 d;

where ai,j/dg is the remainder of fla,. ; described in Lemma 5.2.

3 ifr=0, then return ¢1,...,gn.

4 fori=1,...,1 do

5 compute a basis T 1, ..., Ty, for the isotropy group Gg, of d;.

6 for j=1,...,J; do

7 ifn=1or Gy, = {1} then

8 return false if a; ; # 0.

9 else

10 find an F-automorphism ¢; of F(x) given in Proposition 5.12 such that ¢;o7; ¢ = 04,0¢;
fort=1,...,r;

11 set CNLZ'J‘ = ¢Z~(ai7j).

12 IsSummable(a; j, [x1,...,z,]).

18 if @ij 18 (05, ..., 0g,, )-summable in F(x), let

a;; = Ay, (135?) + Ay, (55?) :

return false otherwise.

14 applying gbi—l to the previous equation yields that

aij = A, (bz(lj)> ++Ag (bgg)) ,

where (b, ... . 0D) = (67 (B, .., 07 1Y),
)

i
15 using Lemma 5.8 to compute hl( ,.. h( ") ¢ F(x) such that

a;;?:iAi< > ZAU<”)
i =1

10

16 updategg:gg—i-hz(?forﬂzl,...,n
17 return gp,...,0n.

Example 5.14. Let G = (04,0y,0.) and f = fi+fa+f3 € Q(z,y, 2) be the same as in Example 4.9.
(1) After the (04, 0y,0,)-reduction for fi, see Example 5.5, we get

20 —1
d

f1 = Ax(ul) + Ay(vl) + Az(wl) +r1 with ry = (5.16)

where uy,v1, w1 € Q(z,y, 2) and di = x> + 22y + 22. By Example /.5 (1), the isotropy group
G4, = {1} is trivial. By Theorem 5.9, we see ri is not (o4, 0y, 0.)-summable because its
numerator a1 = 2x — 1 is not zero. Hence fi is not (o, 0y, 0,)-summable.
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(2)

(3)

For fo = ay/ds with ay = v+ 2 and dy = (z — 3y)?(y + 2) + 1, we know from Ezample /.5 (2)
that a basis of Gg, is {o30y0;1}. For any {u,v} C {x,y,z2}, since the isotropy group of do
in (0, 00) is trivial, we get that fo is not (ou,0,)-summable in Q(x,y,z). By Theorem 5.9,
we see fy is (04, 0y, 0)-summable in Q(x,y, z) if and only if as is (7)-summable in Q(x,y, 2)
with T = agayaz_l. Choose one Q-automorphism ¢o of Q(x,y, z) given in Proposition 5.12 as
follows

¢2(h<x7 Y, 2:)) - h(?)l‘,[l} +y,—x+ Z)a

for any h € Q(x,y,z). Then ¢g 0T = 0, 0 ¢o. Hence ag is (T7)-summable in Q(z,y, z) if and
only if p2(az) is (05)-summable in Q(x,y, z). Since

p2(az) =22+ 2z = Az((x — 1)(z + 2)) (5.17)

is (o)-summable, it follows that fa is (04, 0y,0)-summable. In fact, applying <Z>2_1 to Equa-
tion (5.17) yields that

1
ag =x + z = A-(b) with b= §(m —3)(2z + 32).

By Lemma 5.8, we have

b
f2 = A, <d2> = AI(UQ) + Ay(vz) + AZ(WQ), (518)
st = Syl (£), o= 0 (£) and =02 (1),

For f3 = a3/d} withas =y +2/(y* +2—1) = 1/(y* + 2) and d3 = x + 2y + z, we know from
Ezample 4.5 (2) that a basis of G, is {11, T2}, where 71 = aiay_l, Ty = 0,0, . To decide
the (04, 0y,02)-summability of f3, we construct a Q-automorphism ¢3 of Q(z,y,z) such that

¢p3 07 =0z 0p3 and ¢p3 0 T2 = gy 0 ¢3 as follows
¢3(h(z,y,2)) = h(2z +y, —x, —y + 2),
for any h € Q(z,y, z). Then it remains to decide the (o, 0y)-summability of

¢3(a3):—x+ =Y L

$2—y+z—1_x2—y+z

oy(d) d

in Q(z,y,2). So we use (04,0y)-reduction to reduce ¢p3(as) and obtain

— A, (b ) A (b ) _E2TY 5.19
¢3(as) 1)+ Ay (b2 +$2_y+z (5.19)
where by = —%{L‘(SL' —1) and by = ;Qiyyfz. Since the isotropy group of d in (02, 0y) is trivial,

¢3(az) is not (o4, 0y)-summable. Hence f3 is not (04,0y,0,)-summable. Even so, in this
case, using the above calculation, we can further decompose fs into a summable part and a
remainder. Let us see how to do this. Starting from the decomposition (5.19) of ¢3(as) with
respect to the (o4, 0y)-summability problem, we apply gbgl to both sides of this decomposition

to obtain that .

as = A‘rl (bl) + ATQ (b2) + m
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where by = ¢3 1 (by) = —3y(y+1) and by = ¢35 (by) = ZtL. By Lemma 5.8 with T = 11,72,

Y2tz
we have
as by 62) z
=—==Ar |5 |+tAL |5 |+ 55—
=z 1(@) 2@% W2+ 2)d]
—_—
r3
= Ay (uz) + Ay(v3) + A (ws) + 73, (5.20)
e = bt () o7 () =5 () nd =7 (3).

(4) For f = fi+ fa+f3, from Example /.9 we know f1, fa, f3 are in distinct Vidje.; spaces. Since fi
is not (o4, 0y, 0.)-summable, it follows from Lemma 5.1 that f is not (04, 0y,0,)-summable.
Moreover, combining Equations (5.16), (5.18) and (5.20), we decompose f into

20 —1 z

f= Balu) + 8y (v) + Aslw) b7 with r = =3 =+ L5,

where u = 37 ui, v =32 v; and w = Y7, w; are rational functions in Q(x,y, z).

As we discussed in the above example, given a rational function f € F(x), we can compute
rational functions g1, ..., gn,r € F(x) such that

f=208z(91)+ -+ Az (gn) +7

satisfying the property that f is (o4,,..., 0z, )-summable if and only if » = 0. This process can be
achieved by induction on n. However, this remainder 7 is not unique, which depends on the choice
of difference isomorphisms ¢;. So how to choose a minimal remainder r is still an open problem.

6 Existence problem of telescopers

Similar to the summability problem, there are mainly two steps of solving the existence problem 2.2
of telescopers. First we use the orbital decomposition and Abramov’s reduction to simplify the
existence problem in Section 6.1. Then in Section 6.2, we use the exponent separation introduced
in [19] to further reduce the existence problem to simple fractions and use the summability criteria
in Section 5.2 to derive the existence criteria.

6.1 Orbital reduction for existence of telescopers

Let f be a rational function in K(¢,x), where x = {x1,...,2,,}. Let n be an integer such that
1 < n < m. We consider the existence problem of telescopers of type (o¢;04,,...,04,) for the
rational function f in K(¢,x). Let G; = (0¢,04,,...,04,) be the free abelian group generated by

the shift operators oy, 04, ...,04,. Taking E = K(¢,%x1) and A = G, in Equality (4.2), we get

a
V[d]c;t,j = Spang { W a € E[z1],7 € Gy, deg,, (a) < degml(d)} ,

where j € N and d € E[x] is irreducible with deg, (d) > 0. Then f can be decomposed as

F=H+>.Y" fae,. (6.1)

J lde,
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where fo € Vo = E[z1] and fiy G,.j are in distint Vg, ; spaces. It induces the following orbital
decomposition of K(t,x) with respect to the group G;

K(tv X) =W @ @ @ V[d]Gt J

JENT [d]g, €Tg,

as a vector space over K(¢,%;). This orbital decomposition is G-invariant. Moreover for any L
in K(t){(St), if f € Vigg,.j» then L(f) € Vi, ;- Note that such an operator L commutes with
difference operator A, for i =1,...,n. So by Remark 2.5 and the similar argument as in the proof
of Lemma 5.1, we arrive at the following lemma.

Lemma 6.1. Let f € K(t,x). Then f has a telescoper of type (o¢; 04, -.,04,) in if and only if
fo and each f[d]c:t j have a telescoper of the same type for all [d|q, € Ta, and j € NT.

Since fo € Vo = K(t,%1)[z1] is always (o4, )-summable, we have L = 1 is a telescoper for fy. As
for an element in Vi Gyl it can be written as

= (6.2)

where 7 € Gy, a; € K(t,%x1)[z1], d € K[t,x] with deg,, (a-) < deg,,(d) and d is irreducible in z;

over K(t,x1). Each 7 € G, is in the form of 7 = afoolﬁ .- 'O'I;Z for some kg, k1,...,k, € Z. Using
the (04, .., 04, )-reduction formula (5.5), we get the following decomposition.

Lemma 6.2. Let f € V[d]ct j bein the form (6.2). Then we can decompose it into the form

n P
f= ZAm(gi)—&—r with r = Z eae ,

i—1 = ot

where p € N, g; € K(t,x), ay € K(t,%x1)[z1], p € K[t,x], deg,, (ar) < deg,, (d), p is in the same
Gy-orbit as d, and of (), Uf/(u) are not G-equivalent for 0 < £ # (' < p. Therefore. f has a
telescoper of type (04305, ...,04,) if and only if v has a telescoper of the same type.

Example 6.3. Let K = Q, Gy = (04,04,0y,0,) and G = (04,0y,0).
(1) Consider the rational function f in Q(t,x,y, z) of the form

21 Y 1

/ d * o (d) + 030,0,0,(d)

where d = 2%+ 2zy + 2% +t. Then f € V[d]gt,l and applying (o, 0y, 0,)-reduction formula to
f wyields that

20 — 1 Y 1

A A Al 7 6.3
f (uo) + Ay(vo) + A (wo) + 7 71(d) + o3(d) (63)
where
1 1 d 1
U= 53— V0= 35 aNaG Wy = —3—-
oFoyond) T oFo.(d) ot (d)

Since there is no nonzero integer s such that o (d) and d are G-equivalent, the equation (6.3)
gives a required decomposition for f in Lemma 0.2.
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(2) Consider the rational function f in Q(t,x,y, z) of the form

fo 1 n y+z-1 y+z
Ct(t+y+22)d  (t+32)0u(d)  (t+3z)00302(d)’

where d = 3y + (x + 2)? +t. Then f € V[d]ct,l and applying (o4, 0y, 02)-reduction formula to
f yields that

1 1
o N o ) 6.4
f (u0) + Ay(vo) + Az(wo) + ryr2d T G900 (6.4)
where ) 1
y+z ytl—2+ 2
- - d —0.
Ug ; (t 4 32)o0to2(d)’ Vo ; (t +32)o000(d) and wo

We claim that the equation (6.4) gives a required decomposition for f in Lemma 6.2. Since
the isotropy group of d in Gy is Gy q = (Uf0;1,0w0;1>, the minimal positive integer s such

that of(d) and d are G-equivalent is s = 3. So d and o(d) are not G-equivalent.

6.2 Criteria on the existence of telescopers

Combining Lemmas 6.1 and 6.2, we reduce the existence problem (2.2) to that for rational functions
in the form

I
f:Z Y (6.5)

where j € N\ {0}, a; € K(t,%x1)[z1],d € K[t,x], deg,, (a;) < deg,, (d) and d is irreducible such that
oi(d) and o' (d) are not G-equivalent for 0 < i # i’ < 1.

Let Gy = (04,04,,...,0%,) and G = (04,,...,04,) be a subgroup of G;. Let G4 and G 4 be the
isotropy groups of the polynomial d in G and Gy, respectively. By Lemma 4.4, the quotient group
Gt,4/Gyq is free and of rank 0 or 1.

In the case of rank(G;q/Gq) = 0, the existence problem of telescopers is equivalent to the
summability problem.

Lemma 6.4. Let f € K(t,x) be in the form (6.5). If rank(Gyq/Gq) = 0, then f has a telescoper
of type (04;04,,...,04,) if and only if each a;/oi(d) is (04,,...,04,)-summable in K(t,x) for
0<i <L

Proof. Suppose that each a;/c%(d)? is (04, ..., 04,)-summable for 0 < i < I. By the linearity of
difference operators A,,, we see L = 1 is a telescoper for f. Conversely, assume that L = ZZ’:O oSy
with ey € K(t) and eg # 0 is a telescoper of type (o4; 04y, ..,0z,) for f. Then we have

p I I+p l ;
B a; _ > iz €iot(ae—i)

=0 1 £=0

is (0,,...,04,)-summable, where ey = 0 if £ > p and a; = 0 if i > I. Since rank(G;q/Gq) = 0,
all of(d) with ¢ € Z are in distinct G-orbits. By Lemma 5.1, for any ¢ with 0 < £ < p, there exist
9o, -5 9en € K(t,x) such that

Sioeioi(arq)
of(d)’

— Aam (gﬁ,l) + -+ A:vn (gl,n)- (66)
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To show that each a;/ai(d)’ is (04,,. .., 0z, )-summable for 0 < i < I, we proceed by induction.
For i = 0, substituting ¢ = 0 into (6.6), we get ap/d’ = A, (go.1/€0) + - + Ay, (go.n/€0). Suppose
we have a;/oi(d)’ is (04,...,04,)-summable for i = 0,...,s — 1 with s < I. Taking ¢/ = s in
Equation (6.6) yields that

as gs,1 9sn Qs—j
oA, (S 4, Z .
o3 (d) 1(eo)+ i ( ) Z())

By the inductive hypothesis, we have as_;/of " (d) is (0g,,...,0,)-summable for 1 < i < s.
Note that e; € K(¢) is free of x. Due to the commutativity between o; and oy, for i = 1,...,n,
we get % Mo eiot ( fi(;)]) is (04,,...,0, )-summable. Hence as/o(d)’ is also (04,,...,0 )
summable. ]

Example 6.5. Continue the Example 6.3 (1) and write f € Q(t,z,y,2) as

, 2z —1 Y 1
[ =Agz(uo) + Ay(vo) + Az (wo) + 1 with r = g + o2(d) + ()’

where ug, vy, wo € Q(t,x,y, 2) and d = x* +2xy+ 22 +t. Note that the isotropy groups Gia=Gq =
{1} are trivial. The first term (2z —1)/d of r is not (04, 0y, 0;)-summable in Q(t,x,y,z) by the
similar reason as in Example 5.14 (1). Since rank(Gyq/Gq) = 0, we know from Lemma 6./ that r
does not have any telescoper of type (o4;04,0y,0,) and neither does f.

Lemma 6.6. Let f = >.1_ a;/oi(d) € K(t,x) be in the form (6.5). If rank(Gyq/Gq) = 1, then f
has a telescoper of type (04; 0y, .., 0z,) if and only if each a;/ci(d)? has a telescoper of the same
type for 0 <1i < I.

Proof. Sufficiency follows from Remark 2.5. The proof of necessity is a natural generalization from
the trivariate case [19, lemma 5.3] to the multivariate case. Suppose L = Zf:o eS¢ € K(t)(S;)
is a telescoper for f. Since rank(Gyq/Gq) = 1, there is a minimal positive integer ko such that
afo(d) oki...ghn(d) for some integers ki, ..., k. In the expression (6.5), we require that o}(d)
and ¢? (d) are not G-equivalent for any 0 < i # ¢ < I. By the minimality of ky, we may assume
f= Zko Ya;/oi(d)?. The kg-exponent separation of L (see [19, Section 4]) is defined as follows

L=Lo+Li+ -+ Lig,—1,

where L; = Zf OeJkOHSjkOH and e; = 0 if ¢« > £. Since L(f) is (04y,-.-,04,)-summable, by
Lemma 5.1 each orbital component of L(f) is summable. So we have
( aj Aky—1 _
L L S L e
°d B Tt
ai Ako—1
L L -t Lo—2—— =0
gt gyt gt 6.7)
aj Ago—1  _
Lk() ldj+Lk02 (d)]++LOW :0,
where f =0 means f is (04,,...,0s,)-summable in K(¢,x). Taking
T
ap a1 Afy—1

@ oy(d)i gho Y ayi |
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then Equation (6.7) can be written as

Lko V= 0,
where ) )
Lo Lgy-1 Lgy—2 - In
Ly Ly Lygy—1 -+ Lo
Ly, = | L2 Ly Lo - L3
| Liko—1 Ligg—2 Likg—3 -+ Lo

According to [19, Proposition 4.3], there exist non-zero operators Ty, ..., Tg,—1 € K(¢)(S:) and the
matrix M over K(¢)(S;) such that

M- Lko = diag(To, N ,Tko_l).

For each 0 < i < kg — 1, we know Tj is a telescoper of type (04;04,,...,0z,) for a;/oi(d)?, because
operators in T; € K(¢)(S;) commute with the difference operators A, ..., Ay

"

Now we consider the existence problem of telescopers for simple fractions in the form
a
f== (6.8)
where j € N\ {0}, a € K(t,%1)[z1], d € K[t,x], deg,, (a) < deg,, (d) and d is irreducible such that
rank(Gt q/Gq) = 1.

Theorem 6.7 (Theorem 1.7, restated). Let f € K(¢,x) be as in (6.8). Let {19, 71,...,7}(1 <r <
n) be a basis of Giq such that Giq/Gq = (7o) and {11,..., 7} is a basis of Gq (take 1 = 1, if

Gqg=A{1}). If 1o = af al,lk . a;f”, set Ty = SkOS_kl- S’_k". Then f has a telescoper of type

(0¢;02,,...,0%,) if and only if there exists a nonzero opemtor L € K(t)(To) such that

L(a) = Az (b1) + - Ar, (by)
for some b; € K(t,%x1)[x1] with deg,, (b;) < deg,, (d) for 1 <i<r.

Proof. Firstly, suppose that Lo = >.7_, e,T§ € K(t)(Tp) is a nonzero operator such that Lo(a) =
Yoiq Ar, (by) for some b; € K(t,%1)[x1] with deg,, (b;) < deg,, (d). Set L =73"7_, ;S0 Then

P ko P o
€¢0 ((1) €p0 (a)
L(f) = Z Zkto . Z o : Tk

= ot (A om0 (d)
n tho o —Chy | —Lhn
= ZAJ:,- (9:) + ZE 0 % Ej 9z, " (0) for some g; € K(t,x)
i=1
N Lo(a)
= Z Aai(9i) + = (6.9)

= ZAzz (90) + 55 Z (7i(bi) — bi))

1=1
bi bi
- a0+ (+(3) - 5)
= ZAQH (g;i + h;) for some h; € K(t,x). (6.10)

=1
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The last equal sign follows from Lemma 5.8.

Conversely, let L be a telescoper of type (o¢;04,,...,04,) for f. By the ko-exponent separation
(see [19, Section 4]) of L and Lemma 5.1, without loss of generality, we assume L = > _, epStko e
K(¢)(S;) is a telescoper for f. Then

a p €O'£
L(dﬂ'):; eklgt ZA% i) fh

()0—3?1 “ e

for some hy, ..., h,, h € K(t,x) with

h= Zemeko R (7 Zeﬂo (6.11)

Since L(a/d’) is (04, ...,04,)-summable and {ry,...,7.} is a basis of G4, by Theorem 5.9 with
F =K(t) we get

h=A01)+ -+ A, (b) (6.12)
for some b; € K(t,%1)[x1] with deg,, (b;) < deg,,(d) for 1 < i < r. Combining Equations (6.11)
and (6.12) yields that a has a telescoper Lo = >_7_, e/T§ of type (7051, ...,Tr). 1

Proposition 6.8. Let 7 € Gy \ G and f = a/b with a,b € K[t,x] and ged(a,b) = 1. Then there
exist eq, ..., e, € K(t), not all zero, such that >\, e;7'(f) = 0 if and only if b = byby with by € K[t]
and by € K[t,x] satisfying that 7(b2) = ba.

Proof. First we suppose b = b1by with b1, by satisfying the above conditions. Then for any ¢ € N,

) ria) e
TH(b1by)  T(b1)ba2 by

T(f) = (6.13)
Note that b; € K[t] and the total degrees of the polynomials 7/(a) in x are the same as that
of a. Thus all shifts of a/b; lie in a finite dimensional linear space over K(t). So there exist
eo, €1, ... er € K(t), not all zero, such that >_;_, e;7'(a/by) = 0. This implies > \_,e;7%(f) = 0.
Conversely, suppose > i_,e;7(f) = 0. Let by and by be the content and primitive part of b as
a polynomial in x over K(¢). If by € K, then we have done. Now we assume that by ¢ K. Then all
of its irreducible factors have positive total degree in x. Assume that there exists an irreducible
polynomial p such that 7(p) # p. By Lemma 4.3, the quotient group G;/Gy, is free, so is torsion
free. So for any integer i # 0, 7¢(p) # p. Among all of such irreducible factors of by, we can find one
factor p such that 7¢(p) { by for any integer i < 0. Let s be the largest integer such that 7°(p) | ba.
Then the irreducible polynomial 777%(p) divides 7" (b2), but 7775(p) { 7(bs) for any 0 < i < r — 1.
Otherwise 777*7%(p) | by, which contradicts the choice of s. Therefore we have Y ._;e;7'(f) # 0,
since p depends on x and the coefficients e; are in K(¢). This leads to a contradiction. So every
irreducible factor p of by satisfies the property that 7(p) = p. This implies that 7(by) = ba. |

Remark 6.9. For the completeness of our induction method, we state the existence criterion in
the bivariate case, i.e., n = 1. Let G = (04,0%,), G = (04,) and let f € K(t,x) be in the
form of (6.8) and rank(Gyq/Gg4) = 1. Then there exists T = ojok € Gyq with s > 0 such that
Gta/Gq = (T). Since the degree of d in x1 is positive, we have G4 = {1}. By Theorem 6.7 and
Proposition 6.8, we get f has a telescoper of type (o1;04,) if and only if a = ¢/b with ¢ € K[t,x],
b € K[t,x1], ged(b,c) = 1, where b can be written as b = biby with by € Kt] and by € KJt,xq]
such that 7(ba) = ba. Note that if m = n =1, then b € K[t]. In this case, we get f always has a
telescoper of type (o1;04,). This is the result in [6, Theorem 1] and [20, Theorem 4.11].
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Example 6.10. Let f = 1/(t* + 2] +--- + z;) € Q(t,x1,...,2,) with s,n € N\ {0}. Then
d=1t°+zf +---+x; is irreducible over Q if n > 1. Let Gy q and G4 be the isotropy group of d in
Gt = (0t,02,,...,03,) and G = (04,,...,04,), respectively. Decide the existence of telescopers of
type (04,02, .. .,04,) for f.

(1) If s = 1, then d is irreducible. Since Gyq = () with 7 = oo, and Gq = {1}, we have
Gta/Gq = (T) and rank(Gt 4/Gq) = 1. Observing that T—1 is an annihilator of the numerator
of f, by Theorem 6.7 we get f has a telescoper. Indeed L(f) = Ay, (f)+ gy (0)+---+A4, (0),
where L = S; — 1.

(2) If s >1 andn =1, then f = 1/(t* + 1) = >25_; a;/(t — Bjz1), where B;’s are distinct roots
of 25 = =1 and aj = 1/s(Bjx2)*"'. There exists j € {1,...,s} such that 37 ¢ Z. Then
for dj =t — Bjw1, we have Gyq;, = Gq; = {1}. So aj/d; is not o -summable in C(t,r1)
and neither is f. By Lemma 6./, we get f does not have any telescoper of type (o¢,04,) in
C(t)(Sy). Hence f does not have any telescoper of the same type in Q(t)(S).

(8) If s > 1 and n > 2, then d is irreducible. Since Gq = {1}, by Theorem 5.9, we get f is not
(Oz1s- -y On,)-summable. Since Gy q = {1} and rank(G; q/Gq) =0, by Lemma 6.4, we get f
does not have any telescoper.

Proposition 6.11. Let {19, 71,...,7}(1 <1 <n) be a family of Z-linearly independent elements in
Gt such that 1o € G \G and {11,...,7.} C G. Then there exists a K-automorphism ¢ of K(t,x) such
that ¢ is a difference isomorphism between the difference fields (K(t,x),79) and (K(t,x),0¢), and
simultaneously a difference isomorphism between (K(t,x),7;) and (K(t,x),04,) foralli=1,...,r
Furthermore, for any f € K(t,x), f has telescoper of type (1o;71,...,7) if and only if o(f) has a
telescoper of type (0t; 05,5+, 0z,.).

Proof. Let 7; = Jfloaglll -agi;m, where a;; = 0 if j > n. Then o = (a;0,ai1,...,0im) €
Qm*+! for i = 0,1,...,r. Since ag,ari,...,a, are linearly independent over Q, we can find vec-
tors gy, .., € QM such that {ag,aq,...,q;,} is a basis of Q™! over Q. Write o =
(@i0,ain,...,0im) fori=r+1,...,m. Since 1o € G¢ \ G and {r,..., 7.} C G, we have apo # 0
and a;0 = 0 for i = 1,...,r. So we can further assume that a;0 = 0 for i = r +1,...,m. Let

A = (a;j) € QUHDX(mH+1) and then A is invertible. Let ¢ be a K-automorphism of K(t,x) defined
by

(p(t),o(x1)y .. yo(Tm)) == (t,x1, ...y 2m) A.
Then ¢(t) = app -t and ¢(z;) = aoj -t + > vy a;j-x; for j = 1,...,m. It can be checked
that pomg = 0ropand poT1; = 04, 0 pfor 1 <4 < r. This means the following diagrams are
commutative.

K(t,x) —K(t, x) K(t, x) ——=K(t, x)
l igt . Til @ ia
K(t, x) —2> K(#, x) K(t, %) —2> K(t, x)

Note that ¢(K(¢)) C K(¢). It follows that

4 T 14 r
a5 () =D Anlg) = Y elaoot)or(o(f) =D Aulp(9:)),
(=0 i=1 =0 i=1
whenever ey(t) € K(¢) and f, g; € K(¢,x). This completes our proof. 1
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Let f = a/d’ be in the form (6.8) with rank(G;4/Gq) = 1. By Theorem 6.7, there are two
cases according to whether Gy is trivial or not. If G4 = {1}, then a/d’ has a telescoper of type
(0¢;02,,...,0%,) if and only if there exists a nonzero operator L € K(t)(Tp) such that L(a) = 0.
This problem is solved by Proposition 6.8. If G4 is nontrivial, we can apply the transformation in
Proposition 6.11 to reduce the existence problem of telescopers to that of fewer variables. Moreover,
the general existence of telescopers of type (79; 71, ..., 7,) for rational functions has also been solved.

Algorithm 6.12 (Existence Testing of Telescopers). IsTelescoperable(f, [z1,...,z,], ).

INPUT: a multivariate rational function f € K(t,x), a set {z1,...,x,} of variable names and a

varaible name t for telescoping;

OUTPUT: a telescoper L and its certificates g1, ..., gn if f has a telescoper of type (04; 0%,y .., 0z, );

false otherwise.

1 using shift equivalence testing and irreducible partial fraction decomposition, decompose f into
f=Jfo+ Z]EN+ Z[d]ct f[d]c;t,j as in Equation (6.1).

2 apply the reduction to fy and each nonzero component f[d]G“j such that

Ji Siyj

f=Dai(g) o D (gn) +7 wzthr—ZZZ T

i=1 j=1¢=0 7

Si,5 Qi 5.0 . . ) . . -
where Y, T(dy7 S the remainder of f[di]GtJ described in Lemma 6.2.

3 ifr=0, thenreturn L =1 and g1,...,gn-
4 fori=1,...,1 do
5 find elements 7,0, Ti1, ..., Tir, € Gia, such that Gy q4,/Ga, = (Tip) and 71, ..., Tiy, form a
basis for Gy, .
6 forj=1,...,J;,4=1,...,s,; do
7 if rank(Gy 4,/Ga,) = 0 then
8 IsSummable(r; ¢, [z1,...,2y]), where ;o= ‘zl(ééj
Ut 7
9 if 1ije 15 (Oxys- - Og, )-summable in F(x), let
1
rije =g (hz(,j),ﬁ) oA Ay, (hz(?e>
and set L; j o = 1; return false otherwise.

10 if rank(Grq,/Ga;) = 1 then
11 choose T; o = af“’a;fi*l . -a;nki’" with ki > 0.
12 set T o = Sfi’o x_lki’l e SI;;”
13 if Gg, = {1} then
14 using Proposition 6.8 to see whether there exists a nonzero opemtor I_/”g(t Tio) €

K(t)(T;0) such that L; ; ¢(t,T;0)(ai j¢) = 0. If so, set L; j¢(t,St) = Li j((t, S, ZO) and

by Equation (6.9) we obtain

Qi - W, Ligelaije)
L' . 1,7, - — A <h g ) + 2], za.j'u ;
i,5,¢ (O’f(dl)J> ; TN 1,5,0 O'f(dz)]
- =0

return false otherwise.

15 else
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16

17
18
19

20

21

22

23
24

find a K-automorphism ¢; of K(t,x) given in Proposition 6.11 such that @; o T;9 =

oro@; and p; 0T g =04, 0¢; for £ =1,...,7;.

set Qi jo = pilaige)-

IsTelescoperable(a; j ¢, [r1,...,2r],t).

if @i jo has a telescoper of type (o1;04,,...,04,.), let

Ti

Lijo(t, $0)(@ige) = ) Aa, (59])4) ;

A=1

return false otherwise.
apply <pi_1 to both sides of the previous equation to get

L:]Z(tﬂo alzjg ZATI/\< "]’)

10) = Lije(t/kio, Tio) and b)Y, = o7 (BY,) for all A =1,
set Li jo(t,St) = Li j((t, Stlo) and by Equations (6.9) and (6.10) we obtain

;5.0 = \) ii,j,e(ai,j,z)
L 22 ) =N A, (w LA

A=1
Am)\ (h§33Z>

where Ei,jl(

I
NE

>
Il

1

for some uEi;'?Z’ h%?e € K(t, x).

let L € K(t)(S¢) be the LCLM of L; j, for all i,j,¢ and write

L=R;;eLije-

update g = L(gy) + ZZ 1 Z] 1 ZS” 1,5,¢ o(h zge) forall X =1,.
return L and g1,...,gn.

Example 6.13. Let K = Q and f € Q(¢t,x,y,2). Consider the existence of telescoper of type
(04;04,0y,02) for f. Let Gy = (0t,04,0y,0.) and G = (04,0y,02).

(1) For f = m with d = (t — 3y + 2)?(t + y)(t + 2) + 1, we find a basis of the isotropy

group Gy q is {10}, where 1o = Jt0;4ay_102—1. Then Gy q/Gq = (To). Since rank(Gyq/Gq) =1
and Gg = {1} is a trivial group, we know from Theorem 6.7 that f has a telescoper of

type (04;04,0y,0;) if and only if there exists a nonzero operator Ly € Q(t)(Ty) with Ty =
SeS, 4S 15’ L such that

1

Lo(a) =0, where a = fd = ESETE)

Note that the prime part of the denominator b= (t + 1)(t + 2z) of a with respect to variables
{z,y, 2} is by = t + 2z and 19(b2) # by. By Proposition 6.8, there does not exist any operator
Lo € Q(t)(To) such that Lo(a) = 0. So f does not have any telescoper of type (o4; 04,0y, 02).
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(2) For f = m with d being the same as in Example 06.13 (1), it is easy to check that for
1

(3)

@= 51

t+1

t42

where Ty = S1S; 45 1S-1. So by Theorem 6.7, f has a telescoper L of type (04;02,0y,02).
In fact, we can take L=25—5YL Then

Lo(a) = 0 with Lo = To —

t+2
L= 2@ _ttl e ofe) _t+l a
= O't(d) t+2 d UéUyO'z(d) t+2 d
—((t t+2
= Au(u) + Ay(0) + Asw) + 2@ = o1 )/(t+2)a
=Lo(a)/d=0
= Az (u) + Ay(v) + A (w),
where ©w = Ze 0 gzgtsz @ V= Zi((‘;)), and w = O'tc(la)' Additionally, this is a non-trivial

example in two senses. Firstly, since Gq = {1}, this rational function f is not (o4,0y,0,)-
summable in Q(t,x,y,z). Secondly, for any {u,v} C {z,y,z}, since the isotropy group of d
in (0¢,0,,0,) is trivial and f is not (0,,0,)-summable, by Lemma 6.4, f does not have any
telescoper in Q(t)(St) of type (o1;0,,0,).

Continue the Example 6.3 (2) and write f in the form
f=2z(uo) + Ay(vo) + Az(wo) + 1 + 72,

where ug, vy, wo € Q(t,x,y,2) and r; = with d = 3y + (x + 2)% + t.

1 ro — 1
tt+y+22)d’ ' 2 = ([t+32)0u(d)

(a) For ri = ai/d with a1 = 1/(t(t + y + 22)), we find a basis of Giq is {10,71}, where
0 = 0}0 a, -1 11 =040, . Then by Theorem 6.7, r1 has a telescoper of type (ot; 04,0y, 0%)
if and only if a1 has a telescoper of type (10;71). Choose one Q-automorphism ¢y of

Q(t,z,y,2) given in Proposition 6.11 as follows
¢1(h(t, z,Y, Z)) = h(3t’ x, —t+ Yy, —x + Z),

for any h € Q(x,y,2). Then ¢p10m9 = 0r0p1 and ¢p10T1 = gz0¢1. So ay has a telescoper
of type (1o;11) if and only if ¢1(a1) has a telescoper of type (o4;04). A direct calculation

yields that
1

32t +y — 22 +22)

d

$1(a1) =

Again consider the isotropy group ofcz in {0y, 04), which is generated by 7o = oy02. Since
(To — H%l)(%) = 0, by the similar argument as in Example 6.13 (2), we see gbl(al) has
a telescoper Ly € Q(t)(S;) of type (0;0,) and in particular we find

Li(t, 8¢)(¢1(a1)) = Ay(br) (6.14)
with Ly = S; — t+1’ by = 3(t+1)(2t+y1_2$+2+2z). So by Theorem 6.7, r1 has a telescoper

L € Q(t)(S:) of type (04;04,0y,02). In fact, we can find an explicit expression for L.
Applying qﬁl_l to Equation (6.14) yields that

El (ta TO)(al) = A (b1)>
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(b)

(c)

where TO = St3Sy_1’ I/l(t,TO) = .Z/l(%,TO) = T() — H_%, bl = qbl_l(gl) = —m

Let Ly(t,S) = L1(t,S?) = S} — t—&% Then we have
3 3
N (o (al) t al o (o (al) t al
Li(r1) = — —_—— == _—
o¥d)  t+3 d  o,d t+3 d
L oo Na
= A,(0) + Ay(v1) + A.(0) + 1a1) v = — yd( )
and using Lemma 5.8 with 7 = 11, we get
El(al) b
= A 7= Agz(ur) + Ay(0) + AL (wr)
. _ =1 {(0b _ -1 (b1 y .
with uy = o7 (g> and wy = —o, (3). Hence Ly is a telescoper of type (o¢; 04,0y, 02)

for ri and
Li(r1) = Aa(ur) + Ay(vi) + Az (wr).

Similarly, for ro = ag/o(d) with ay = 1/(t+3z), applying the algorithm IsTelescoperable
to ro, the result is true and we obtain

La(r2) = Ag(uz) + Ay(v2) + Az (w2),

-1
where Ly = S} — 1, uz = 07! (b—2> vy = 228 gpd gy — —o7 ! <Uf(2d)) with

z O’t(d) O’t(d)
bo = —— 1
2 = T i¥3z¥3"

For v = r1 + rq, using LCLM algorithm to compute the least common multiple L of
Ly, Ly in Q(t)(St), we obtain

(t+3) 3 t
t+6 U t+6

2
L=RiLy = RyLy =S¢ —

with R = Sf — ii—g and Ry = S,;Q’ — Hifi' Then
L(r) = Az (u) + Ay(v) + AL (w),

where w = 32| Ri(u;), v =37 Ri(v;) and u = Y2_| Ri(w;) are rational functions in
Q(t,x,y,2). Updating v =u+ L(ug), v =v+ L(vg) and w = w + L(wy), we get

L(f) = Am(u) =+ Ay(v) + Az(w)'

So L is a telescoper of type (04;04,0y,02) for f.

7 Appendix: implementations and timings

We implement Algorithms 3.6, 5.13 and 6.12 in the computer algebra system Maple 2020. In this
section, we compare the efficiency of the algorithms for solving the SET problem and illustrate the
usage of our package “Rational WZ” by several examples. Our maple code and more examples are
available for download at

http://www.mmrc.iss.ac.cn/~schen/RationalWZ-2022.html


http://www.mmrc.iss.ac.cn/~schen/RationalWZ-2022.html
http://www.mmrc.iss.ac.cn/~schen/RationalWZ-2022.html

We have implemented the G algorithm, the KS algorithm, the DOS algorithm, the algorithm
applying a-degree cover to Algorithm 3.6 (ADP) in Maple 2020 with F = Q.

Fixing one admissible cover, there are two methods to calculate it and then to implement
Algorithm 3.6. A direct method is expanding p(x + a) — ¢(x) with 2n variables to get the set
of its coefficients in x and then the admissible cover, while another is obtaining the members of
the admissible cover successively by computing partial derivative dynamically. For a more efficient
implementation, the DOS algorithm and the ADP algorithm is realized by partial derivative and
expansion respectively.

The test suite was generated as follows.

Let n,d,t,d € N and d' < d. Let x = {x1,22,...,2,}. We first generated randomly a t-
term polynomial p(x) of degree d, as well as a polynomial dis(x) of degree d’. Then we generated
randomly a vector a = (ai,as,...,a,) € Z™ and let ¢(x) = p(x + a) + dis(x). Therefore, the
calculation is most likely to terminate after computing V]F(Ufz_ol_d/SiH ). By setting 0 < a; < 99,
we can avoid the case where the memory is not enough to complete the computation.

Note that, in all the tests, the algorithms take the expanded forms of examples given above as
input. All timings are measured in seconds on a macOS Monterey (Version 12.0.1) MacBook Pro
with 32GB Memory and Apple M1 Pro Chip.

For a selection of random polynomials and vectors for different choices of n,t,d, d" as above, we
first tabulate the timings of the G algorithm, the KS algorithm, the DOS algorithm and the ADP
algorithm. Note that d’ = —oo means dis = 0, implying that p is shift equivalent to gq.

t d d G KS DOS ADP
10 15 13 5.476 2.090 0.014 0.008
10 15 10 0.243 1.124 0.023 0.020
10 15 5 21.719 1.809 0.050 0.032
10 15 0 573.178  2.576 0.068 0.039
10 15 —oo | 18.491 0.714 0.043 0.036
100 15 13 0.205 10.025 0.044 0.028
100 15 10 0.482 9.997 0.046 0.046
100 15 5 22.114  11.317 0.061 0.062
100 15 0 | 2152.378 19.470 0.083 0.069
100 15 —oo | 1200.473 13.640 0.085 0.068

W W W WWwwWwwwww3

The experimental results illustrate that the DOS algorithm and the ADP algorithm outperform
the other two algorithms. Furthermore, we conducted experiments in more complicated cases.

t d d DOS ADP
100 40 35 | 199.177  59.889
100 40 30 | 24.684  90.159
100 40 20 | 379.835 95.761
100 40 10 | 681.189 665.885
100 40 0 | 182.671 67.261
100 40 —oo | 709.223  77.880

10000 20 18 2.724  122.744
10000 20 15 3.088  163.258
10000 20 10 5.290  139.685
10000 20 5 10.755  125.359
10000 20 O 23.949  151.010
10000 20 —oo | 24.562 136.187

OU Ot O U O O OU O Ot Ot Ot O 3




The experimental results indicate that the ADP algorithm outperforms the other for most of
non-dense testing examples, while the DOS algorithm has a clear advantage for dense ones. It may
be because the timing of expansion grows fast with the number of terms in the input polynomial.
In conclusion, we present an algorithm, the ADP algorithm, which is complementary to the DOS
algorithm for solving the SET problem.

From the runtime comparison, we decided to use the ADP algorithm in the package Rational WZ.
In our setting, the base field F can be Q or the field of rational functions Q(uy, ..., us). The following
instructions show how to load the modules.

read "RationalWZ.mm";
with(ShiftEquivalenceTesting) :
with(OrbitalDecomposition):
with(RationalReduction):
with(RationalSummation) :
with(RationalTelescoping):

V V V V V V

Example 7.1. Compute the dispersion set (over Z) of two polynomials.

(1) For p,q € Q[z,y] in Example 3./, we type

> ShiftEquivalent (x°2 + 2%x*y + y 2 + 2%z + 6%y, T 2 + 2%y + Yy 2 + 4*x +
8y + 11, [z, y])

[_172]
which implies Z, 4 = {(—1,2)}. Sop(z — 1,y +2) =q(z,y).
(2) For p,q € Q[z,y, 2] in Ezample 3.20 (1) , we type

> ShiftEquivalent (™4 + T 3%y + xy 2 + 272, ¢4 + ¢ 3*(y + 1) + x*x(y + 1)°2
+ (z + 2)°2 + zxy, [z, y, z])

[]

which implies Z, 4 = 0. So p,q are not shift equivalent.

Example 7.2. Decide the (04, 0y, 0,)-summability of a rational function f € Q(x,y,2). Let f3, r3
be the same as in Example 5.1/ (3).
(1) Applying the function “IsSummable” to f = f3, we see f is not (0,0, 0)-summable.
> IsSummable((y + z/(y"2 + 2z - 1) - 1/(y™2 + 2))/(x + 2%y + 2)°2, [z, y, z])
false
(2) Applying the function “IsSummable” to f = f3 —r3, we see f is (04,0y,0;)-summable and
its certificates are as follows:
> IsSummable((y + z/(y™2 + 2z - 1) - 1/(y°2 + 2))/(x + 2%y + 2)°2 - z/((y"2 +
z)x(x + 2*xy + 2)°2), [z, y, z])

y(y—1) _ y(y—1) S+ 2 y(y—1) z

true, T 2(z—242y+2)° 2(z—142y+2) o

(Y2 +2—1)(z—14+2y+2)?" 2 (z—24+2y+2)2" (y2+2—1)(z—1+2y+2)>

Example 7.3. Decide the existence of telescopers of type (o4;04,0y,0,) for a rational function

f 6 Q(t’ $7 y7 Z)'



(1) Applying the function “IsTelescoperable” to f in Example 6.13 (1), we see f does not have a

telescoper in Q(t)(St) of type (04;04,0y,0).

> IsTelescoperable(1/((t + 1)*(t + 2*z)*((t - 3*y + x) "2%(t + y)*(t + 2z) +
1)), [z, y, 2], t, ’St’)

false

(2) Applying the function “IsTelescoperable” to f = ry in Ezample 6.13 (3), we see f has a

telescoper L = —H% + S} of type (o1; 04, oy,0;) and its certificates are as follows:

> IsTelescoperable(1/(t*(t + y + 2%z)*(3*y + (z + 2z)°2 + t)), [z, y, 2], t,
;St))

1

_t 3 |
true, =5 + 50 |~ G ) Cr) (P2 e s T 55)

1 1
(t+3)(t+2+y+22) (@2 +2 22422 +t43Y) " 6(L+1) (L +4+2) (22+22(2—1)+ (2—1)°+ t+3y)
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