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Abstract

Zeilberger’s method of creative telescoping is crucial for the computer-generated proofs of com-
binatorial and special-function identities. Telescopers are linear differential or (g-)recurrence
operators computed by algorithms for creative telescoping. Two fundamental problems related
to creative telescoping are whether telescopers exist, and how to construct them efficiently when
they do. In this paper, we solve the existence problem of telescopers for rational functions in
three variables including 18 cases. We reduce the existence problem from the trivariate case to
the bivariate case and some related problems. The existence criteria given in this paper enable
us to determine the termination of algorithms for creative telescoping with trivariate rational
inputs.
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1. Introduction

Creative telescoping plays a crucial role in the algorithmic proof theory of combina-
torial identities developed by Wilf and Zeilberger in the early 1990s [45, 46, 44]. For a
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given function f(z,y1,...,Yyn), the process of creative telescoping constructs a nonzero
linear differential or (¢-)recurrence operator L in x such that

L(f) = ©y,(91) + -+ Oy, (9n),

where ©,, denotes the derivation or (g-)difference operator in y; and the g;’s belong to
the same class of functions as f. The operator L is then called a telescoper for f, and
the g;’s are called the certificates of L. Two fundamental problems have been studied
extensively related to creative telescoping. The first problem is the existence problem of
telescopers, i.e., deciding the existence of telescopers for a given class of functions. The
second one is the construction problem of telescopers, i.e., designing efficient algorithms
for computing telescopers if they exist. For additional open problems related to creative
telescoping, see [19]. In this paper, we will mainly focus on the existence problem of
telescopers and will study the construction problem of telescopers in future work.

The existence of telescopers is closely connected to the termination of algorithms for
creative telescoping and the hypertranscendence and algebraic dependency of functions
defined by indefinite sums or integrals [33, 40]. In [45], Zeilberger first presented a suffi-
cient condition on the existence of telescopers by showing that telescopers always exist
for the so-called holonomic functions using Bernstein’s theory of algebraic D-modules.
Soon after this work, Wilf and Zeilberger in [44] proved that telescopers exist for proper
hypergeometric terms. However, holonomicity and properness are only sufficient condi-
tions. Abramov and Le [4] gave a necessary and sufficient condition on the existence of
telescopers for rational functions in two discrete variables. This work was soon extend-
ed to the hypergeometric case by Abramov [3], the ¢g-hypergeometric case in [24], and
the mixed rational and hypergeometric case in [22, 13]. All of the above work only fo-
cused on the problem for bivariate functions of a special class. The first criterion for the
existence of telescopers beyond the bivariate case was given in [18], where a necessary
and sufficient condition is presented for the existence problem of telescopers for rational
functions in three discrete variables. This paper will continue this project by consider-
ing the remaining cases where continuous, discrete and g-discrete variables can appear
simultaneously.

The remainder of this paper is organized as follows. We define the existence problem
of telescopers precisely in Section 2 and recall different types of reductions that are used
in testing the exactness of bivariate rational functions in Section 3. Existence criteria are
given for 18 types of telescopers for rational functions in three variables in Section 4.

A preliminary version [14] of this article has appeared in the Proceedings of ISSAC’19.
In the present version, the proofs are supplemented with further details, and twelve more
cases are treated to cover in addition the g-shift operators.
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2. Preliminaries

Let K be a field of characteristic zero and K(v) be the field of rational functions in
the variables v = {x,y1,...,yn} over K. For each v € v, the derivation §, on K(v) is
defined as the usual partial derivation 9/9, with respect to v satisfying that 6, (f + g) =
8o (f) + 8,(g9) and 6,(fg) = gd,(f) + fo,(g) for all f,g € K(v). Moreover, §,(c) = 0 if
and only if ¢ € K(v \ {v}), i.e., ¢ is free of v. For each v € v, the shift operator o, is the
K-automorphism of K(v) defined by o,(v) = v+ 1 and o,(w) = w for all w € v\ {v}.
Let ¢ € K\ {0} be such that ¢" # 1 for all nonzero m € Z. For each v € v, the ¢-shift
operator T4, is the K-automorphism defined by 7, ,(v) = qv and 7, ,(w) = w for all
w € v\ {v}. Abusing notation, we let ¢, and 6, with 6, € {o,,7,,} denote a fixed
extension of §, and 6, to the derivation and the K-automorphism of K(v), the algebraic
closure of K(v).

For each v € v, let 9, € {D,, Sy, T, v}, where D,, S, and Ty, , refer to the differential,
shift and g-shift operators, respectively. We consider D := K(v)(0;,0y,,...,0y,) as a
noncommutative ring in d,, dy,, ..., 0y, subject to the multiplication rules

0y, 0y, = 0y; 0y, for all v;,v; € v

and for any v € v and f € K(v),

fav+6v(f) ifav:D'm
avf = Uv(f)av if au = S’lH (1)
Tgw(f)0w  if Oy =Ty .

Actually D is a noncommutative algebra over K(v), which is also called the ring of linear
functional operators or Ore polynomials (for more details, see [10, 26]). Let A, be the
difference operator S, —1 and A, , be the g-difference operator 75, — 1. For each v € v,
we define

D, if 9, = D,,
0, :=0,-0,(1)=¢ A, ifd, =25, (2)
Ago if 0y =T ,.
The action of the operator 9, € D on an element f € K(v) is defined as

5,(f) if 9, = D,
ou(f) if 8, = S, (3)
TQ,v(f) if av = Tq,v~

av(f) =

. . 9P ... Hin
a‘7107711y--<771n8113 82}1 ayjt € D on

In general, the action of the operator L = >
f € K(v) is defined as

L(f) = Z ig iy in 000y - 0y ()

10,81,---,in 20

20,0150, >0

Then the field K(v) becomes a left D-module. In this paper, we will mainly work with
rational functions in three variables z,y, z and the operators in K(x,y, 2)(0y, 9y, 05).



Example 2.1. Let L = 1+ (z + yz)D, + 25,1, . € K(z,y,2)(Ds, Sy, Ty.-) and f =
1/(x 4+ yz). Then we have
2

L(f) = I + @+ y2)8:(F) + 204(r0.c(N) =

The functions we consider will be in a certain D-module, such as the field K(v) or
its algebraic closure K(v). The ring K(x)(9,) is a subring of D that is also a left Eu-
clidean domain. An operator L € K(z)(0,) is called a common left multiple of operators
Ly,...,L, € K(x)(d,) if there exist Ry, ..., R, € K(x)(d,) such that

L=RLi==R,Ly,.

Among all of such multiples, the monic one of minimal degree in 0, is called the least
common left multiple (LCLM) of operators Lq,...,L,. Efficient algorithms for basic
operations in K(z)(0;), such as the LCLM computation, have been developed in [10, 5].

Since field extensions will occur in our studies, let us first recall some basic terminolo-
gies from Galois Theory (see [43]). Let F be a finite algebraic extension of K(z) with
n = [F : K(x)]. Since char(K) = 0, F is also a separable extension and then F = K(x)(«)
for some a € F. Let a3 = a,as,...,qa, be the conjugates of o and 7,...,7, be the
distinct embeddings of F into the algebraic closure K(z) such that 7;(c) = «; for all
i = 1,...,n. The derivation D, on K(z) can be uniquely extended to F [9, Theorem
3.2.3] and the extended derivation commutes with all 7;’s [9, Theorem 3.2.4 (i)]. An
extension F of K(x) is said to be normal over K(x) if F is a splitting field of some
polynomial p € K(z)[y] and is a Galois extension of K(x) if it is both separable and
normal over K(z). Let Gal(F/K(x)) be the Galois group of all automorphisms of F that
fix K(z). For any 7 € Gal(F/K(z)) and L = ! ¢; D% € F(D,), we define the action
(L) = Y1, 7(¢;)DL. Since the derivation D, commutes with any 7 € Gal(F/K(z)), we
have 7(L1Ls) = 7(L1)7(L2) for all operators L1, Ly € F(D,). If F is a Galois extension
of K(z), the Fundamental Theorem of Galois Theory [43, Theorem 2.8.8] implies that
L € K(z)(D,) if and only if 7(L) = L for all 7 € Gal(F/K(z)).

Lemma 2.2. For an operator L = Y7 e;D! € K(z)(D,) with e, = 1, we let F be
a finite normal extension of K(x) containing the coefficients e; and let G be the Galois
group of F over K(z). Let T be the LCLM of the operators o(L) = Y.7_, o(e;) D, for all
0 € G. Then T belongs to K(z)(Dy).

Proof. Tt suffices to show that 7(T) = T for all 7 € G. For each ¢ € G, we have
T = P,o(L) for some P, € F(D,). Since 7(L1Ly) = 7(L1)7(Ls) for all Ly, Ly € F(D,),
the operator 7(o(L)) divides 7(T) for each ¢ € G. When o runs through all of the
elements of G, so does To. Hence 7(T) is also a common left multiple of the operators
o(L) for all o € G. Since 7(T") and T are both monic and of the same degree in D, we
get 7(T)=T. |

Example 2.3. For operator L = D, + v/z. The LCLM of L and its conjugate D, — v/z
is D2 — LD, — 2z € K(z)(D,).

Remark 2.4. Note that Lemma 2.2 is not true in the (g-)shift case. For example, take
L = S, + /2. The LCLM of L and its conjugate is S2 — /z(z + 1), which is not in
K(z)(S%).-



Definition 2.5. For any rational function f € K(z,y1,...,yn), & nonzero operator
L(z,0;) € K(2)(0y) is called a telescoper of type (0x, Oy, ;- .., 0Oy, ) for f if there exist
rational functions g1, ..., gx € K(x,y1,...,yn) such that

L(z,0,)(f) = Oy, (91) + -+ + Oy, (gk), (4)
where 1 < iy < n for any 1 < ¢ < k. The rational functions g1, ..., gr are called the
certificates of L.

Note that all of the telescopers for a given function together with the zero operator
form a left ideal of K(x)(0,) (see [25, Definition 1]). The following lemma summarizes
closure properties related to the existence of telescopers.

Lemma 2.6. Let f,g € K(z,v,2), a,b € K(z) and «, f € K(z). Then we have
(1) if both f and g have telescopers in K(z){D,) of type (D,,0,,0,), so does af + Bg;
(ii) if both f and g have telescopers in K(x)(0;) of type (95, ©,,0;) with 0, € {S,T, .},
so does af + bg.

Proof. We first show that o f has a telescoper in K(z)(D,) if f does. When a = 0, the
conclusion is obvious. Next we assume that a # 0 and L = >°0_e;D% € K(z)(D,) is
a telescoper for f. Then L(f) = ©,(u) + 0,(v) with u,v € K(z,y, 2). Set L=1L- é,
which belongs to K(z)(D,). Then we have L(af) = ©,(u) + ©.(v), which means L is
a telescoper for af. By Lemma 2.2, there exists T' € K(z)(D,) such that T is a left
multiple of L. So T is also a telescoper for arf. When telescopers are in K(x)(S,) or
K(z)(Ty,5), the above argument works for af for any a € K(z). It remains to show that
f + g has a telescoper in K(z)(0;) with 0, € {D,,Sg,Tq.} if both f and g do. Assume
that P,Q € K(x)(d,) are telescopers for f, g, respectively. Then the LCLM of P and Q
is a telescoper for f + g by the commutativity between operators in K(z)(d,) and the
operators ©, and ©,. |

Let V = (V4,...,V,,) be any set partition of the variables v = {x,y1,...,yn}. A
rational function f € K(v) is said to be split with respect to the partition V if f =
fi- fm with f; € K(V;). A polynomial p € K[v] is said to be integer-linear in K[v]
if there exist r € K[z] and a,by,...,b, € Z such that p = r(ax + biyr + - + bpyn).
A polynomial p € K[v] is said to be g-integer-linear in K[v] if there exist r € K[z]
and a,by,...,b,,8,t1,...,tn € Z such that p = xsyil -~-yfl"r(xayi’1 ---yPn). A rational
function f = P/Q € K(v) with P,Q € K[v] and ged(P,Q) = 1 is said to be (q-)proper
in K(v) if @ is a product of (¢-)integer-linear polynomials over K. Split polynomials and
(¢-)proper rational functions will be used to state our existence criteria for telescopers
in Section 4.

In the subsequent sections, we will study the existence of telescopers for rational
functions in three variables. More precisely, we consider the following problem.

Existence Problem for Telescopers. For a rational function f € K(z,y, 2z), decide
the existence of telescopers of type (95, 0,,0;) for f.

Remark 2.8. In the trivariate case, there are 18 different types of telescopers up to
the symmetry among (©,,0,) which are collected into six different classes in Table 2.7
according to different techniques used in the studies.



Classes Types Telescoping equations
L 1.1. (Da, Dy, D:) L(z, Dz)(f) = Dy(g) + D= (h).
2.1. (Da, Ay, A2) L(z,D.)(f) = Ay(g) + Az (h)
2. 2.2. (Dg, Agy, Az) L(z,D.)(f) = Agy(g9) + A(R)
2.3. (Do, Bqy; Agz) | L(w, D2)(f) = Bay(9) + Ag.z(h)
, | 31(S.DyD.) L@ $:)(f) = Dylg) + D-(h)
3.2. (Ty,x, Dy, D) L(x,T4,2)(f) = Dy(g) + D=(h)
4.1. (S, Ay, D2) L(z,5:)(f) = Ay(9) + D=(h)
L | 42 GnB0D) | L@ S)() = Bayl) + Da(h)
4.3. (To,e; Ay, D2) Lz, Ty,2)(f) = By(9) + D=(h)
44 (T, Aqy, D=) | L(2, Ty0)(f) = Aqy(g) + D= (h)
L (52, Ay, Az) L(z,52)(f) = Ay(9) + Az(h)
2. (82, Aqy, Az) L(z,8:2)(f) = Bay(g) + Az (h)
. 3. (52, Aq,ys Ag,2) L(z,5:)(f) = Aqu(9) + Aq,z(h)
5.4 (Tye, By, A2) L@, Ty,2)(f) = By(9) + Az(h)
5.5. (Tg,e, Aq,ys Az) L(z, Tyx)(f) = Bqu(9) + Az(h)
5.6. (Ty0, Bay; Agz) | L@, Tya)(f) = Bay(9) + Bg,z(h)
6. 6.1. (Dz, Ay, D) L(z,D.)(f) = Ay(g) + D= (h)
6.2. (Dz,Aq,y,D>) L(z,D.)(f) = Aq,y(9) + D= (h)

Table 2.7. Six different classes of existence problems of telescopers

Different types of partial fraction decompositions will be used in solving the existence
problems of telescopers. Let G = (0,,0,,0,) be the free abelian group generated by the
operators 8;,6,,0, with 8, € {0,,7,,}. Let f € K(z,y, 2) and H be a subgroup of G.
We call the set

[fla :=A{c-(f) | ¢ € H and ¢ € K\ {0}}

the H-orbit at f. Two elements f,g € K(x,y, 2) are said to be H-equivalent if [f]g =
[9]m, denoted by f ~pg g. The relation ~p is an equivalence relation in K(z,y, z). Let
f=P/Q and g = A/B with P,Q, A, B € K[z,y, 2], gcd(P,Q) =1 and ged(4, B) = 1. If
f~mg,then P~y A and Q ~g B since any ¢ € H is an automorphism on K(z,y, z).
So detecting the H-equivalence among rational functions can be reduced to that among
polynomials. Two irreducible polynomials in distinct H-orbits are clearly coprime. A
nonzero rational function f € K(z,y, z) is said to be (6,,6,,0,)-invariant if there exist
m,n, k € Z not all zero, and ¢ € K\ {0} such that 0°070%(f) = ¢ f. By comparing the
leading coefficients, the constant ¢ in the above relation must be of the form ¢° for some
s € Z. Moreover, ¢ = 1 if all of 0,,0,, and 0, are shift operators.

For any subgroup H of G and any polynomial @ € K(z,y)[z], one can group all of



irreducible factors in z of @ into distinct H-orbits which leads to a factorization
n m;

Q=c- H H 5 ;(d;)*7,  where ¢ € K(z,y),n,m;,e;,; € Nand ¢; ; € H

i=1j=1

and the d;’s are monic irreducible polynomials in distinct H-orbits. With respect to this
fixed representation, we have the unique partial fraction decomposition for a rational
function f = P/Q € K(z,y, z) of the form

n m; €ij

F=p 33 )

i=1 j=1¢=1
where p,a; ;0 € K(z,y)[z] satisfy deg,(a; ;) < deg,(d;) for all 7,7, £. In the sequel, we
will take different H according to different types of existence problems.
Example 2.9. Consider the rational function of the form

x N y —yz+x 32
22+2r+y  22+2x+y+1l 22+2qx+y 2242 +y+2z+2

If H = (o), then we have a decomposition

f=

x y —yz+x  3a?
f=—+ + -
d1 O'y(dl) d2 d3 ’
where d; = 2242z +y, do = 2°+2qgz+y and d3 = 22 +2qx+y-+22+2. Note that di, da, d3
are in distinct (oy)-orbits. If H = (7, 4, 0y), then we have a different decomposition

x y —yz+x 32
f==—+ + + =
di  oy(d) g, (d1) ds’
where di,ds are in distinct (7, ,, 0y )-orbits. If H = (7, ,,0,,0,), then we have another
decomposition

x Yy —yz+z 3z
+ + :
di  oy(di)  Tga(di)  Tga0y0.(dr)

3. Reductions and Exactness Criteria

In this section, let F be any field of characteristic zero and later we will specialize
F to the rational function field K(x) in Section 4. In order to detect the existence of
telescopers, we first need to check whether 1 is a telescoper or not. This is equivalent to
the so-called exactness problem.

Definition 3.1. Let E be a differential subfield of K(y1,...,y,). A rational function f €
E is called (©y,, ..., 0y, )-exact in E if there exist g1,...,gr € E such that

f= eyil (91) +eee C—)yik (gk)7
where 1 < iy <n forany 1 </ <k.

Exactness Testing Problem. Decide whether a given function in E is (©, , ..., Oy,, )-
exact in E.



Cases Exactness equations
Continuous case 1.1. f = Dy(g) + D-(h)
2.1. f = Ay(g) + A=(h)
Discrete cases | 2.2. f = A ,(g) + Az(h)
2.3. f = Aqy(9) + Ag,=(h)
3.1. f =Ay(g9) + D.(h)
3.2. f =Aqy(g9) + D:(h)

Mixed cases

Table 3.3. Six different cases of exactness testing problems

Remark 3.2. In this paper, we will only focus on the exactness testing problem for
bivariate rational functions in F(y, z). Since there are three choices for each operator in
{0y, 0.}, by the symmetry between ©, and O, there are 6 different types of exactness
testing problems, listed in Table 3.3.

Let E be a finite separable extension of F(y, z) with n = [E : F(y, 2)]. Let 71,...,7,
be the distinct embbeddings of E into F(y, z). The trace map Trg/p(y,.) : E — F(y, 2) is
defined by Trgp(y ) (u) = > i 75(u) for any u € E. The following lemma shows that

the (non)exactness is preserved even when we are looking for g and h in a larger field.

Lemma 3.4. Let f € F(y,z). Then f is (©,,0.)-exact in F(y, z) if and only if it is
(04,0, )-exact in F(y, z).

Proof. The sufficiency is obvious. For the necessity, we assume that there exist u,v €
F(y, z) such that f = ©,(u) + O,(v). Let L be a finite normal extension of F(y, z)
containing u,v and O (u), ©;(v) and let Try /r(,, ) be the trace from L to F(y, z), which
commutes with (g-)shift operators by [23, Lemma 3.1] and also with derivations by [9,

Theorem 3.2.4 (i)]. Then

Trp/r(y,2) (F)=TrL/p(y,2) (O (u) + O (v)) =0y (Tryr(y,2) (1)) + O (TrL/r(y,2) (V).

Since f € F(y,2), we have Try /p(y,-)(f) = mf with m=[L : F(y, 2)]. Thus f = ©,(g) +
O.(h) with g = LTry /gy ) (u) and b = LTry jr(,..)(v) that are both in F(y, z). |

Let £ denote the set of all (O,,0,)-exact rational functions in F(y, z). Note that &£
forms a subspace of F(y, z) viewed as an F-vector space. Reduction algorithms have been
developed in [21, 23, 35, 11, 41] for simplifying rational functions modulo £ and then
reducing the exactness problem from general rational functions to simple fractions. For
later use, we summarize these reductions as follows.

3.1.  The continuous case

For a rational function f € F(y, z), the Ostrogradsky—Hermite reduction [39, 34] with
respect to z decomposes f into the form
a
f:Dz(g)+g7 (6)
where g € F(y, z) and a,b € F(y)[z] with ged(a,b) = 1, deg,(a) < deg,(b) and b being
squarefree in z over F(y). Moreover, f = D,(u) for some u € F(y, z) if and only if a = 0.



We recall the criterion on the (D,, D, )-exactness of bivariate rational functions from [21,
Lemma 4].

Lemma 3.5. Let f € F(y, z) be of the form (6) and write

n
a Q5
3222—517

=1

where o, 8; € F(y) with 5, # B; for 4, j with 1 <i,j <n and ¢ # j. Then f is (Dy, D,)-
exact in F(y, z) if and only if for each ¢ with 1 < ¢ < n, we have o; = D,(y;) for some

vi € F(y)

The above lemma reduces the exactness problem in the differential case from bivariate
rational functions to univariate algebraic functions. Let « € F(y) be an algebraic function
over F(y) with m := [F(y, a) : F(y)]. If « = D, () for some € F(y), then we can find
such a 8 € F(y,«) by the trace argument as in the proof of Lemma 3.4. Assume that
B =by+bia+ -+ by_1a™ ! with b; € F(y). Then the equality « = D,(8) leads
to a system of linear differential equations in the b;’s, whose rational solutions can be
computed by the method in [6]. A generalization of the Ostrogradsky—Hermite reduction
to the algebraic case also solves the exactness problem of algebraic functions [20].

3.2.  The discrete cases

For any automorphism 6 on F(y, z) and a,b € F(y, z), we have the reduction formula

s = 00) — g+ 1, @

where g = Z?;OI 0;7?1)()@) ifn>0and g=— Z;:"O*l % if n < 0. By using the above
reduction formula with § = o, Abramov’s reduction in z [1, 2] decomposes f € F(y, z)

into the form
=249+ 7, (8)

where g € F(y, z) and a,b € F(y)[z] with ged(a,b) = 1, deg,(a) < deg,(b) and b being
shift-free in z over F(y), i.e., for any k € Z \ {0} we have gcd(b,o% (b)) = 1. Moreover,
f = A,(u) for some u € F(y, z) if and only if a = 0. We use the reduction formula (7)
with § = o, to further decompose f as

= o

I g
f= 8w+ D)+ 303, )
i=1j=1 %
where u,v € F(y, 2), a;; € F(y)[z], and d; € Fly, 2] are such that deg,(a; ;) < deg,(d;)
and the d;’s are irreducible polynomials in distinct (o, 0,)-orbits. We recall the criterion
on the (A,, A,)-exactness of bivariate rational functions by combining Lemma 3.2 and
Theorem 3.3 in [35].

Lemma 3.6. Let f € F(y,z) be of the form (9). Then f is (A,, A,)-exact in F(y, z)
if and only if for all 4,7 with 1 <4 < I, 1 < j < J;, we have 0, (d;) = ol(d;) for
some m;,n; € Z with m; >0 and a; j = o0 " (b; j) — b; j for some b; ; € F(y)[2] with
deg_(b; ;) < deg_(d;). In particular, if f is (A,, A,)-exact, so is each a; ;/d?.



For a rational function f € F(y, z), Abramov’s reduction in z and its g-analogue in y
decompose f into

I g
Qg5
F= Buylo) + A+ Y3, (10
i=1j=1 %
where g, h € F(y,z), a;; € F(y)[z], d; € Fly, 2] satisfy that deg,(a; ;) < deg,(d;) and
d;’s are irreducible polynomials in distinct (7 ,, 0, )-orbits. We recall the criterion on the
(Agy, Ay)-exactness in F(y, z) from [11, Theorem 3].

Lemma 3.7. Let f € F(y, 2) be of the form (10). Then f is (A4, A)-exact in F(y, 2) if
and only if for each i € {1,...,I}, d; € F[z] and for each j € {1,...,J;}, a;j = Agy(b; ;)

Bay
for some b; ; € F(y)[z]. In particular, if f is (Ag,,, A.)-exact, so is each a; ;/d}.

The g-analogue of Abramov’s reduction decomposes f € F(y, z) into the form

F=B8galg)+e+ 73, (1)

where g € F(y, ), ¢ € F(y) and a,b € F(y)[z] with ged(a,b) = 1, deg,(a) < deg,(b) and
b being g-shift-free in z over F(y), that is ged(b, 75 .b) = 1 for any k € Z\ {0}. Moreover,
f=2Ag:(u) for some u € F(y, 2) if and only if ¢ =0 and a = 0.

Applying the reduction formula (7) with 6 = 7, we can further decompose f as

=080+ Ag.(v) +c+ Z > (12)

where u,v € F(y, 2), ¢ € F(y), a;; € F(y)[z], and d; € F[y, z] are such that deg,(a; ;) <
deg,(d;) and the d;’s are irreducible polynomials in distinct (7, ,, 74, .)-orbits. Then the
(Ag,y, Ag,z)-exactness criterion of f can be given by combining Lemma 3.6 and Theorem
3.8 in [41], which is a g-analogue of Lemma 3.6.

Lemma 3.8. Let f € F(y, z) be of the form (12). Then f is (Aq y, Ag,2)-exact in F(y, 2)
if and only if ¢ = Ay (k) for some h € F(y) and for all 4,5 with 1 <4 <1, 1 <5< J,,
we have o' (d;) = ¢* o (d;) for some m;,n;,s; € Z with m; > 0 and for the smallest
such positive integer m;, a;; = ¢ %771 (b; ;) — by for some b;; € F(y)[z] with
deg, (b; j) < deg,(d;). In particular, if f is (A,.,, A,..)-exact, so is each a; ;/d’.

3.8.  The mized cases

For a rational function f € F(y, z), applying the Ostrogradsky—Hermite reduction in z
and the reduction formula (7) with 6 =0, € {o,,74,} to f yields

I
f:G)U(u)_‘_Dz(U)"i_Zdi:v (13)

where u,v € F(y, 2),a; € F(y)[z],d; € Fly, z] with deg,(a;) < deg,(d;) and the d;’s are
irreducible polynomials in distinct (f,)-orbits. We recall the criterion on the (0, D.)-
exactness in F(y, z) from [11, Theorem 2.

Lemma 3.9. Let 0, € {0y, 7,,} and f € F(y, z) be of the form (13). Then f is (6, D.)-
exact in F(y, z) if and only if for each ¢ € {1,...,1}, d; € F[2] and a; = ©,(b;) for some
b; € F(y)[z]. In particular, if f is (©,, D.)-exact, so is each a;/d;.
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4. Existence Criteria

We will reduce the existence problem of telescopers in the trivariate case to that in
the bivariate case and two related problems. To this end, we first recall the existence
criteria on telescopers for bivariate rational functions from [4, 38, 3, 22, 13].

Theorem 4.1. Let f(x,y) be a rational function in K(z,y). Then
(i) Differential case (see [22, Theorem 4.5]): f always has a telescoper of type (Dy, Dy);

(ii) Shift case (see [4, Theorem 1] or [22, Theorem 4.11]): f has a telescoper of type
(Sz,Ay) if and only if f is of the form f = A, (g) + r for some g,r € K(z,y) and r
is proper in K(z,y).

(iii) ¢-Shift case (see [38, Theorem 1] or [22, Theorem 4.15]): f has a telescoper of type
(Tq,z, Ag,y) if and only if f is of the form f = A, ,(g) + r for some g,r € K(z,y)
and r is ¢g-proper in K(zx,y).

(iv) Mixed cases (see [22, Theorems 4.6, 4.7, 4.9, 4.12, 4.13, 4.14]): f has a telescoper
of type (02, Oy) € {(Sz: Dy), (Tg,z: Dy): (Das Ay), (T Ay)s (Day Agy)s (Sas Agy) }
if and only if f is of the form f = ©,(g) + r for some g, € K(z,y) and the
denominator of r is split with respect to the partition ({z}, {y}).

Example 4.2. Let f =1/(z + y). It is easy to check that

Ll(f):Dy(f)a L2(f):Ay(f) and LB(f):Aq,y(_T;; )s

where Ly = D,, Ly = S; — 1 and L3 = ¢T, — 1. Then f has a telescoper of type
(Dz,Dy), (Sz,Ay) and (T4, Aq,y), but f has no telescoper in the mixed cases since
x + y is not split.

To verify the existence of a telescoper for a trivariate rational function, we firstly
introduce the following (g-)shift equivalence testing problem and separation problem.

Problem 4.3 (Shift Equivalence Testing Problem). Let F be any computable field of
characteristic zero. Given p € Flxy,...,z,], decide whether there exist mq,...,m, € Z
with mq > 0 such that p(z1 +mq,..., 2z, + my) = p(21,...,T5).

This problem is solved by Grigoriev in [31, 32] and more recently by Kauers and
Schneider in [36] and Dvir et al. in [28].

Problem 4.4 (¢-Shift Equivalence Testing Problem). Let p € Flx1, ..., x,], decide if there
exist mg, m1, ..., my € Z with my > 0such that p(¢™* x4, ...,¢""x,) = ¢™°p(21,...,Tp).

This problem is much easier than the shift case, and an algorithm for testing g-shift
equivalence has been given in [41].

Problem 4.5 (Separation Problem). Given an algebraic function o € K(z,y), decide
whether there exists a nonzero operator L € K(x)(D,) such that L(a) = 0. If such an
operator exists, we say that « is separable in x and y.

As a special case of [15, Proposition 10], a rational function in K(x,y) is separable
if and only if it is of the form a/(bc) with a € K[z,y],b € Klz] and ¢ € K[y]. This
motivates the nomenclature of Problem 4.5. We will study the separation problem in
the forthcoming paper [16], in which an algorithm is presented for constructing such a
differential annihilator L € K(z)(D,) if it exists.
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4.1.  Euxistence criteria of the first class

In the pure differential setting, telescopers always exist for general D-finite functions
over K(v), which was proved by Zeilberger in 1990 using the elimination property of
holonomic D-modules [45]. For the sake of completeness, we will give a more direct
proof for rational functions in K(v). We first adapt Wegschaider’s “non-commutative
trick” in [42, Theorem 3.2] to the differential case.

Lemma 4.6. Let f € K(z,y1,...,y,) and A € K[z|(D,, D,,,...,D,,) be a nonzero
operator such that A(f) = 0. Then there exists a nonzero operator L € K[z](D,) such
that L(f) = Dy, (¢1) +--- + Dy, (gn) for some g1,...,9, € K(z,y1,...,yn).

Proof. We will follow the same argument as in the proof of [42, Theorem 3.2]. We claim
that for every £ € {1,...,n + 1}, there exist Q;, € K[v|(Ds, Dy,,...,D,,) for each
jed{l,...,£—1} and a nonzero R, € K[z|(D,,D,,,...,D,,) such that f is annihilated

by the operator
-1

=> Dy, Qj¢+ Re. (14)
j=1
The lemma follows from this claim since R,,1 is the desired operator L € K[z](D,) with

=—Qj(f) eK(v) for j € {1,...,n}.

We prove the claim inductively: for £ = 1 take P, = R; = A. Assume that for some
¢ € {1,...,n} we have a nonzero operator P, of the form (14) that annihilates f. We
show that by division of R, by D, we can construct the operator Py .

Since D, commutes with x and Dy, Dy, ,,..., D, , we can write Ry = D;’;(Ru_l +
D, M), where m € N, M € K[z](Ds,Dy,,...,D,,), and R,y is a nonzero operator
in K[z](Dz, Dy, ,...,D,,). For any w € K[y,] of degree at most m, we have

wDy; = Dy, Q¢+ 1 (15)
for some r € K and Q; € K[y,](D,,). In particular, = (—1)"m! # 0 if we take w = y}.
Using the fact rDy. = Dyir for alli e {1,...,n} and (15), we find

Y&’ pm
_ZDy] ( — QM) + (DyeQ€+1) (Re+1 + Dy, M)
é ~ ~
=> Dy, Qju+Rey1 £ Py with Qj¢ € KV(Dy, Dy ..., Dy,).
j=1
Since Py(f) = 0, we have Pp1(f) = 0. So P11 is the desired operator. |

Theorem 4.7. For any rational function f € K(v), there exists a nonzero L € K[z](D,)
such that L(f) = Dy, (¢1) + - - - + Dy, (gn) for some g1, ..., g, € K(v).

Proof. Tt suffices to show that there exists a nonzero A € K[z](Dy, Dy,,...,D,,) such
that A(f) = 0 by Lemma 4.6. Write f = P/Q with P,Q € K[v] and ged(P,Q) =
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L. Denote d, = max{deg,(P),deg,(Q)} and d,, = max{deg, (P),deg, (Q)} for i €
{1,...,n}. Let Wy be the K-vector space generated by the set

{2’ DD - DI [0<i+jo+ - +jn <N}

over K. By an easy combinatorial counting, the dimension of Wy is (szzﬁ) = O(N"*2)

over K. Furthermore, for any (4, jo, . .., jn) € N*T2 a direct calculation yields

i Mo 1 s Pijo,....jn
' DP Dy - Dy (f) = Qo +in T’ (16)

where P; ;. ;. € K[v] with deg,(P; j,,....j.) < (i +jo+ -+ jn + 1)dy +i and
degyi (Pi7j07"'3.jn> < (Z +Jdo+ -+ Jnt 1)dyi for i € {1’ R n}
So the set Wy (f) is included in the K-vector space V spanned by the set

ko, K kr
x Oyll...ynl,
QN+1

0<k0<(N—l—l)dz—i—N,O<ki<(N+1)dyif0ri:1,...,n},

whence the dimension of Vi is (N 41)(dy +1) [T/, (N +1)dy, +1) = O(N"*1) over K.
We now define the linear map ¢ : Wy — Vy by (L) = L(f) for any L € Wy. For
sufficiently large N, we have

(szzﬂ > (N +1)(ds + 1>f[1<<zv+ 1)d,, +1),

which implies that the kernel of v is nontrivial. Therefore, there exists a nonzero opera-
tor A € Wy C K[z](Dg, Dy,, ..., D,,) such that A(f) =0. |

Remark 4.8. In the continuous setting, the existence of telescopers for rational functions
implies that for algebraic functions by [21, Lemma 4]. Efficient algorithms for computing
telescopers have been given in [7, 21, 8, 37].

Example 4.9. Let f = 1/(2z + y* + yz?) € K(z,y, z). One can check that

L(f) =Dy (=2y- f) + D. (=2 f),
where L = 4zD, + 1. Thus f has a telescoper of type (D, Dy, D).

4.2.  Existence criteria of the second class

We now solve the second class of existence problems where telescopers are linear
differential operators in K(z)(D,) and (©,,0.) € {(Ay, A,), (Agy, Az), (Agy: Ag.2)}

Problem 4.10. Given f € K(z,y, z), determine if there exists a nonzero operator L €
K(z)(D,) such that L(f) = ©4(g) + ©.(h) for some g,h € K(z,y, 2).

For v € {y,z}, let 0, = 0, if ©, = A, or 0, = 74, if O, = A, ,. By partial fraction
decomposition w.r.t z, any f € K(z,y, z) can be uniquely decomposed into

m n; a
f=u+zp+ZZﬁ,
7

i=1 j=1
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where u € K(z,y), m,n; € N, p,a;;,d; € K(z,y)[2], deg,(a; ;) < deg,(d;), and the
d;’s are distinct monic irreducible polynomials. Since ¢ # 1, it is easy to check that
zp is ©,-exact. Utilizing the transformation (7) first with 6 = 6, and subsequently with
0 =0,, f can be further decomposed into

I J; o
F=0,u) +0.(0) +ut+ > S W (17)

7 )
im1o1 &
where u,v € K(z,y, 2), d;’s are irreducible polynomials in distinct (6, 6, )-orbits and none
of the nonzero a; ;/d} is (8, ©,)-exact since otherwise it can be removed by adding into
the u and v part.

The following theorem shows that Problem 4.10 can be reduced to the same problem
but for simple fractions and bivariate rational functions.

Theorem 4.11. Let f € K(x,y, z) be of the form (17). Then f has a telescoper of type
(D,0,,0.,) if and only if x and the fraction a; ;/d} have a telescoper of the same type
forall 7,j with 1 <i<T and 1 <j < J,.

Proof. The sufficiency follows from Lemma 2.6. For the necessity, when f has a tele-
scoper of type (D,,0,,0.), since D, does not change the (0y,0.)-equivalence of the

aij
J=1 al

denominators, one can deduce that p and r = ZZ 1 Z both have a telescoper of

the same type. _

Next we will show each fraction a; ;/d} has a telescoper of the same type when r
has a telescoper. To this end, we first show that D, (d;) = 0, that is d; € K[y, 2] for all
1 <i < I. Over the field K(z,y), we can decompose r as

Oélj

r = 0y(u*) + 0, (v*) + r* with r* —ZZ =By

=1 j=1

where v*,v* € K(z,y)(2), Oé”,ﬂl e K(zx,y) ,y) with o; j; # 0, z — §; and z — B, are not
(0y,6.)- equwalent for all 4,4’ with 1 <i#£4¢ <I'. Tt suffices to show D, (6:;) =0 for all ¢
with 1 < < I'. We will prove this claim by contradiction. Suppose that D, (8x) # 0 for
some 1 < k < I’ and that L = Y7_, e,D’ € K(z)(D,) with e, # 0 is a telescoper for r*.
Then
r 5 Ji+p—1
J;"e Q; fD:c 4 P N
L(T*) _ Z i P ’Jz = (6 ) + (67 N . 7
(z = By) itr (z = Bi)

i=1

where J/? = JI(J/+1)---(JI+p—1) and & ; € K(z,y). As L(r*) is (0, 0,)-exact and
D, (Bk) # 0, we have

0y (2 — Br) = ¢°*07% (2 — i) (18)
for some my,ng, si € Z with my > 0 and
TPep0us, 3 Da(Bi)” = g~ ETOskgms () — (19)

for some 4, € K(w,y). From Equation (18), we know 0, D, (81.) = ¢°* Dy (B},). Dividing
Equation (19) by J,%e, D, (Bx)" gives

Jl:,'sk emk

Qp, i =q "FF - - 1
N\ TPene e ) TFeyDaiy
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Thus ( a;J’)"J, is (04,0, )-exact in K(z,y)(z), and hence can be moved into u* and v*.
Then by similar discussions as above, one can see € B )J is (0,0, )-exact for all j with
1 < j < J;. Notice that 8 is a root of di for some 1 < k < [ and that D, (5k) # 0 leads to

D,(B) # 0 for any conjugate root 5 of di. Then all fractions of the form =87 5) in r* are

also (0, ©,)-exact. Collecting all these fractions together, we get a(%: is (©,, ©,)-exact

in K(z,y)(2) and hence in K(z,y, z) by Lemma 3.4, which contradicts the assumption
that none of the nonzero % in r is exact. At this stage we have proved d; € K[y, z].
Since L is also a telescoper for r, we have

Ji

=ZZL§” — 0,(g) +©.(h)

i=1 j=1

-

for some g, h € K(z,y, z). Since the d;’s are in distinct (6,,6.)-orbits and also free of ,

we have for each 1, j,
Qq, 5 L ;. j
L (djj> — ( .J) =0,(gi;) +O.(hi )

for some g; j,hi; € K(z,y,2). So L is a telescoper for all ai,j/dg with 1 <4 < I and
1<j< ;. 1
Notice that for u € K(z,y), having telescopers of type (D, ©,,0;) or (D, 0,) are
equivalent. As the existence problem of telescopers for bivariate rational functions has
been settled by Theorem 4.1, we only need to decide when
a

fzga

where a € K(z,y)[z],d € K[z, y, 2] with deg,(a) < deg,(d) and d being irreducible, has
telescopers of type (D, ©,,0;). The same argument as in the proof of Theorem 4.11
implies that if f is not (0, ©.)-exact but has a telescoper of type (D, ©,,©.), then d is
free of z. Assume d € K[y, z] and L € K(z)(D,) is a telescoper of f. Then L(f) = L(a) is
(04,0, )-exact. We will proceed by checking whether the two conditions for the exactness
in Lemmas 3.6-3.8 are satisfied. In order to carry out this case distinction explicitly, we
will refer to the corresponding (¢)-shift equivalence testing problems.

If 0, (d) # q'07(d) whenever m,n,t € Z and m > 0, then we have L(a) = 0 which can
be reduced to solving the separation problem for bivariate rational functions and settled
via GCD computations.

If 67*(d) = q'07(d) for some m,n,t € Z with m being the smallest such positive in-
teger, then L(a) satisfies an equation. Next we will show how to solve the equation for
different (6,,6,) separately.

(1) When (0,,0.) = (0y,0.), Lemma 3.6 shows that L(z,D,)(a) = o,'c;"(b) — b for
some b € K(z,y)[7] with deg,(b) < deg,(d). Taking § = y/m and Z = ny + mz shows
L(z, D;)(a) = 0,0, "(b) — b is equivalent to the existence problem of telescopers of
type (Dg,A,) for bivariate rational functions, which has been solved by Theorem 4.1.

(2) When (0,,6.) = (74,4,0-), Lemma 3.7 leads to L(a) = Ay ,(b), which is the existence
problem of telescopers of type (D, A, ) solved by Theorem 4.1.
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(3) When (0y,0.) = (74, 74,2), by Lemma 3.8 we know L(z, D,)(a) = ¢~ 7*7)" 7, "(b) — b
for some b € K(z, y)[z] with deg, (b) < deg,(d). Define an F-homomorphism ¢ of F(y, z)

by y — y™, z — y~"z. Then the ¢-difference equation can also be simplified.

Proposition 4.12. Let f € F(y, z) be a rational function and m, n, s € N integers with
m > 0. Then f = ¢°, "(g)—g for some g € F(y, z) if and only if ¢(f) = ¢°14 4 (h)—h
for some h € F(y, z).

qy q,

Proof. Let 7 =171/, 7, 7"
For the sufficiency, define v : F(y, z) — F(y, z) by y — y'/™, z — y"/™ 2, where F(y, z)
is the algebraic closure of F(y, z). It is easy to see ¥ o ¢ = idp(,,.) and Y o1, = T,

. The necessity part follows from the fact that ¢ o7 = 7,44 0 ¢.

where Tqy and 7, , are extended to F(y, z). Thus ¢(f) = ¢°14,(h) — h implies f =

1y Ta () — g with g = ¢(h) € F(y, 2). By similar trace arguments as those used in
Lemma 3.4, one can see f = ¢°7.", 7. 7(g) — g if and only if f = ¢°7"% 7,7 (g) — g for
some g € F(y, z). |

At this stage, by letting § = y/™ and z = y"/™z, we only need to decide whether
L(a) = ¢~ 97, (b) — b for some b € K(z,y, z), which can be determined by a similar

discussion process as the existence problem of telescopers of type (Dg, Agy).

Example 4.13. Let f = ;j:zlz. Notice that d = y + 2 is free of x and 0}'(d) #
q'07(d) whenever m,n,t € Z and m > 0. It is easy to check that L(f) = 0 for L =
(x +1)Dy; — 1, which means that f has a telescoper of type (D5, ©,,0.). If we add a

x to the denominator of f, the obtained function — fyﬁrlﬁ does not have a telescoper of

type (Dy,0,,0,) since x + y + 2? is not free of z.

4.8.  Ezistence criteria of the third class

We now consider the third class of the existence problems of telescopers for rational
functions in three variables.

Problem 4.14. Given f € K(z,y, z), decide whether there exists a nonzero operator L in
K(z)(0y) with 0, € {Sz, Ty} such that L(f) = D,(g)+ D, (h) for some g, h € K(x,y, 2).

Let f € F(y, z) be of the form (6) with F = K(z). If f is (D,, D,)-exact in K(z,y, z),
then 1 is a telescoper for f. From now on, we assume that f is not (D,, D,)-exact.
Let (0z,05) € {(Sz,042), (Ty,2:Tq,2)}- By dividing the roots of b in K(z,y) into different
(0,)-orbits, we can write f as f = D,(u) + r with u € F(y, z) and

- % 20
r= ;;}Z 55 (20)

where «; ;, 3; € K(z,y) and the §;’s are in distinct (f,)-orbits. Note that f has a tele-
scoper of type (0, Dy, D,) if and only if r has a telescoper of the same type.

Lemma 4.15. Let r = Y7 a;/(z — 63(B)) with o, 8 € K(z,y) and 07(8) # B for
D

any m € Z \ {0}. Then r is (D, D.)-exact if it has a telescoper of type (9, Dy, D.).
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Proof. Assume that L = Y"/_, e,0% € K(z)(9,) with e # 0 is a telescoper for r of type
(03, Dy, D). Then
e
L(r) = ——>— = Dy(u) + D:(v),
JE::O z—0%(8)
where u,v € K(z,y)(2) and &; = Zi:o ex0f (aj_y) with e, = 0 for k > p and a; = 0 for
j > J. Since 07'(5) # B whenever m € Z\{0}, for each 1 < j < J+p we have &; = D, (7;)

for some ¥; € K(z,y) by Lemma 3.5. We now prove inductively that for each j with
0<j <J, a; =Dy(y;) for some v; € K(z,y). Since &y = egag and eg € K(x) \ {0}, we
have ag = Dy(yo) with vo = A0/eo. Suppose that we have shown that a; = D, (y;) for
j=0,...,k—1with k < J. Note that & = egar+e10,(ar_1)+- - +erdf(ap) = Dy (k).
Then ap = Dy(vi) with v = %(’Nyk = 25:1 e;02(vk—;)). So r is (Dy, D,)-exact by
Lemma 3.5. |

Theorem 4.16. Let r € K(z,y,2) be of the form (20). Then r has a telescoper of
type (0z, Dy, D) if and only if for each i with 1 < i < I, either oy ;/(z — 02(5;))

is (Dy, D )-exact or 3; € K(y) and there exists a nonzero L;; € K(x)(d,) such that
Lij(@i ) = Dy(vi,5) for some v ; € K(z,y)(5:)-

Proof. The sufficiency part follows from Lemma 2.6 since each fraction «; j/(z — 62(5;))
is either (D,, D,)-exact or has a telescoper of type (05, Dy, D.). To show the necessity
part, we assume that L = Y7_  e,0! € K(x)(0,) with ey # 0 is a telescoper for 7 of type
(02, Dy, D). Then we have

where u,v € K(z,y, 2) and &; ; = Zi:o ex0f (c; j_1) with e, = 0 for k > p and a; j = 0
for j > J;. By Lemma 3.5, we have r; = Z;’i:op Z_C;;*(jﬂi) is (Dy, D.)-exact for each
1 with 1 < ¢ < I since the B;’s are in distinct <9$>—c;crbits. If there exists a nonzero
m; € N such that 67" (8;) = B;, then 5; € K(y) by [22, Lemma 3.4 (i)]. So J; = 0
and L(a;0/(z — ) = L(aip) /(2 — B;) is (Dy, D.)-exact, which implies that L(a; ) =
D, (i,0) for some v, o € K(z,y). Since a; o € K(z,y)(8;), we can choose v, o € K(z,y)(5;)
by the trace argument. If there is no nonzero m; € N such that 67" (3;) = f;, then the
theorem follows from Lemma 4.15. |

Problem 4.14 now has been reduced to the exactness testing problem and the following
existence problem.

Problem 4.17. Given « € K(x,y)(8) with § algebraic over K(y), decide whether « has a
telescoper of type (0, Dy) with 0, € {S;,Ty 2}, i.e., there exists a nonzero L € K(x)(0;)
such that L(a) = D, (v) for some v € K(z,y)(B).

In order to solve the above problem, we first present a vector version of the Hermite-
like reduction in [29]. Let @ = L(a1,...,a,) € K(z,y)" with a;,d € K[z,y| satisfying
that ged(d,ay,...,a,) = 1 and B = 1(b; ;) € K(z,y)"*" with e,b;; € K[z,y] such
that ged(e,b11,-- 01,0y sbnn) = 1. Let p € K[z,y] be any irreducible factor of d
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that is coprime with e. Then d = p™d;, with dy € K[z,y] and ged(p,d;) = 1. Since
ged(p, Dy(p)) = 1, we have ged(p, Dy(p)di) = 1 and then the Bézout relation

a; = s;p +t;Dy(p)dy,
where s;,t; € K(z)[y]. Using integration by parts, we get
a; _ sip+tiDy(p)di D < w; ) v;
=Dy | 5

pmdl - pmdl m—1 + pm—ldl’

where u; = t;(1 —m)~"' and v; = s; — (1 — m)~'Dy(t;)dy. Let @ = (u1,...,u,) and
¥ = (v1,...,v,). Then we have

- s U 0 0 w
=Py (pm‘1> T (pm‘1> Tt B e
where @ € K(z)[y]™. This process of multiplicity reduction yields
B, J g h
a’:Dy <pm1)+pm1.B+pdle7

where ¢, he K(z)[y]™. By reducing the multiplicity of each irreducible factor of d that is
coprime with e in the above way, we obtain the additive decomposition

@=D,(b)+b-B+7, (21)
where b € K(z,y)" and 7 = i(rl, ooy ry) with 7, € K(2)[y] and p,c € K[z,y] \ {0} be
such that p is a squarefree polynomial and ged(p,e) = 1 and each irreducible factor of ¢
divides e. We call the above process a vector Hermite reduction of @ with respect to B.

Let 5 € K(y) and n = [K(y, 8) : K(y)]. Assume that {81, ..., 5,} is a basis for K(y, 5)
as a linear space over K(y). Since D, (8;) € K(y, 8), we have Dy (3;) = < > =1 bjiB; with
e,bji € Kly]. Set B = 1(b;;) € K(y)" ™. Then D,(f) = - B with § = (B1,..., Bn).
Since a € K(z,y)(3), we can write a = @- 37 for some @ = L(ar, ... ay) € K(z,y)" with
d,a; € K[z, y]. Applying the vector Hermite reduction to @ with respect to B yields the
additive decomposition (21), which is equivalent to

- 1 O
a:Dy(bET)—i-dWlthd:];Znﬂ“ (22)
=1

where r;,p,c € K[z, y] with p being squarefree and ged(p,e) = 1 and each irreducible
factor of ¢ divides e € K][y].

Theorem 4.18. Let a € K(z,y)(8) be of the form (22). Then « has a telescoper of type
(02, Dy) if and only if the polynomial p in (22) is split in = and y.

Proof. Assume that p is split in « and y, i.e., p = p1ps for some p; € K[z] and py € K]y].
Then & can be written as & = Z;ﬂ:l fi - g; with f; € K(z) and g; € K(y)(B) since
B; € K(y)(B) and ¢ € Kly|. Let L; = f;(2)0; — 6.(f;) € K(x)(0;) for each 1 < j < m.
Then L;(f; - gj) = 0. So the LCLM of the L;’s annihilates &, which then is a telescoper
for a of type (8., Dy). To show the necessity, we assume that L = Y"7_, 0% € K(z)(0,)
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with epe, # 0 is a telescoper for a of type (05, D,). Then L(&) = D,(¥) for some
5 € K(z,y)(B). Write 7 = - BT with §€ K(z,y)" and 7= (r1,..., 7). Then we have

( ) 0( 95 (7) = Dy(5) + §- B.
£=0 2(
Suppose that p is not split in x and y. Then there exists a non-split irreducible factor
po of p such that 6,(po) ¥ p. Then 6%2(py) is also a non-split irreducible polynomial and
only divides the denominator 6%(p)c. Since p is squarefree, the valuation of the left-hand
side of the above equality at 0%(pg) is —1. However, the valuation of the right-hand side
is either > 0 or < —1 since B € K(y)"*™. This leads to a contradiction. So p is split in
x and y. |

Example 4.19. Let f = z/(2% — y). Then
« —«
= + —_—,
/ z—0B  z+p
where o = x/(2,/y) and = /y. By Theorem 4.16, f has a telescoper of type (0., Dy, D)
since 8 € K(y) and L(a) =0 for L = 20, — 6,(z). Hence,

_ L) | L(za) _
np =20 )4 0.0
Example 4.20. Let f = z/((x + y)(2? — y)). Then
f = & + ;Oé
2B 2+ f

where a = 2/(2\/y(x +y)) and 8 = /y. Since x +y is not split in 2 and y, Theroem 4.16
and Theorem 4.18 imply f does not have any telescoper of type (0., Dy, D).

4.4. Ezistence criteria of the fourth class

We continue to address the fourth class of the existence problems of telescopers for
rational functions in three variables. There are four cases in this class.

Problem 4.21. Let 0, € {5;,T, .} and ©, € {A,, Ay} Given f € K(z,y, z), decide
whether there exists a nonzero operator L € K(z)(0,) such that L(f) = ©,(g) + D,(h)
for some g, h € K(z,y, 2).

Let (03,05) € {(S3,02), Tqu,Tqx)} and (©y,0,) € {(Ay,04), (Aqy, Tqy)}- By the
Ostrogradsky—Hermite reduction in z and the reduction formula (7) with 8 = 6,,, we can
decompose f as

f=0yw)+D,(v)+r, wherer—zz id (23)

1130 d

with a; ; € K(z,y)[2] and d; € K[z,y, 2] satisfying the condition deg,(a; ;) < deg,(d;)
and the d;’s are irreducible polynomials in distinct (,,0,)-orbits. Note that f has a
telescoper of type (9, ©,, D,) if and only if r does.
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Lemma 4.22. Let r € K(z,y, z) be as in (23). Then r has a telescoper of type (0., ©,, D.)
if and only if for each ¢ with 1 < ¢ < I, the function r; = Ej;o ;Z;_)
the same type.

has a telescoper of

Proof. The sufficiency part follows from Lemma 2.6. For the necessity, we assume that
L=Y"_,0:0% € K(2)(0,) with 8, € {Sy, T} and £y # 0 is a telescoper for 7 of type
(0z,0y, D). Then

I Ji+p

I
LURDILED I DD R f“j’k)

=1

is (©y, D, )-exact, where ¢, = 0 if kK > p and a;; = 0 if j > J;. Since the d;’s are in
distinct (6., 6, )-orbits, 67 (d;) and 67 (dy) are in distinct (6,)-orbits for any j, j € Z and
1 <4, < I with i # ¢'. By Lemma 3.9, we have L(r;) is (©,, D, )-exact for each ¢ with
1 <i < I.So each r; has a telescoper of the same type. |

Now the existence problem is reduced to that for rational functions of the form

I
I= 2oy .

where a; € K(z,y)[z],d € K[z, y, z] with deg,(a;) < deg,(d) and d is irreducible in z over
K(x,y). We will proceed by a case distinction according to whether or not d satisfies the
condition: there exist ¢ € K\ {0} and integers m,n with m > 0 such that

05 (d) = c- 0, (d). (25)

Note that the constant ¢ in (25) must be 1 if (0,,60,) € {(04,0y),(0z,74,y)} by the
comparison of leading coefficients. When (65, 6,) = (74,2, 0y), we have 4, o (d) =c-o7(d)
which implies d = ™0 - d; for some mg € Z and d; € K(y, z). Then it is easy to see that
c=q"". When (0, 0y) = (74,2, 7, y) we claim that ¢ = ¢° for some s € Z. To show this
claim, we write d = Z”k ¢ijkx'y? 2", Then the equality 7", (d) = c- 77, (d) implies that
for all 4, 7, we have ¢ = ¢"™ 9", Let s = gcd(m,n). Then m = sm and n = sn. For different
pairs (i1, 71) and (ig, j2) With ¢-t™=1" = ¢?2™Mm=72" e have i;m — jin = iam — jan since
q is not a root of unity, which further implies that (is,j2) = (i1,51) + A\(7, m) for some
nonzero A € Z. Thus d = z'oy/od, where i, jo € Z and d = Y )_odp(a™y™)z" with
p € N and the di’s being univariate polynomials over K. Since 7,7 (d) = Tqy(d), we
have ¢ = go™~Jom, Combining the above discussions with [12, Proposition 1] yields a
characterization of polynomials satisfying the condition (25).

Lemma 4.23. Let d = Y.0_ d;2" € K(z,y)[z] be a polynomial in z over K(z,y). If there
exist ¢ € K\ {0} and m,n € Z with m > 0 such that 0;"(d) = c- 0;}(d), then for each i
with 0 <17 < p we have

(1) if (05,60y) = (04,0y), then ¢ = 1 and d; is integer-linear in = and vy, ie., d; =
f(nz + my) for some f € K(¢);

(2) if (64,0y) = (04, Tq,y), then ¢ =1 and d; € K(y). If n # 0, we have d; € K;

(3) if (65,6,) = (Tq,3,0y), then d; = x™° - f;(y) for some mg € Z and f;(y) € K(y). If
n # 0, we have d; = ¢; - x™° for some ¢; € K
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(4) if (05,0y) = (Tq,2,Tq,y), then ¢ = ¢° for some s € Z and d; is g-integer-linear in x
and y, i.e., d; = z™y™o f;(z™y™) for some f; € K(t) and ng, mg € Z.

By the above characterization, the condition (25) can be checked by solving the bi-
variate case of Problems 4.3 and 4.4 in the pure shift and ¢-shift cases, respectively.

Lemma 4.24. Let f € K(x,y,2) be of the form (24) and d does not satisfy the condi-
tion (25). Then f has a telescoper of type (0., Oy, D) if and only if f is (©,, D,)-exact.

Proof. The sufficiency is clear by definition. Assume that L = >"%_, 0,0F with £y # 0 is
a telescoper for f of type (0,0, D). Then we have that

pHl i—, 3]9% Aj—j
L(f) = Z (zj_ogg(d)( )>

i=0
is (Ay, D;)-exact, where £; = 0 if j > p and a; = 0 if ¢ > I. Since d does not satisfy
the condition (25), we have 6% (d) and 67 (d) in distinct (f,)-orbits for all i # i’. By
Lemma 3.9, for any ¢ with 0 < ¢ < p+ I, there exist u;,v; € K(z,y, z) such that

3o Lith(ai-y)

0i (d) = Oy (u;) + D, (v;). (26)

To show that all fractions a;/6%(d) are (0, D,)-exact, we proceed by induction. The
assertion is true for ¢ = 0 since ag/d = Oy (uo/lo) + D,(vo/lo). Suppose that we have
shown that a;/6%(d) is (0, D, )-exact for i = 0,...,s—1 with s < I. By the equality (26)
with ¢ = s, we get

a u v "l Gs—j
— _=0,|2)+D,. (2] - 49% s=J )
f:(d) 7 (éo ) <€0> Z; to (93] (d)>
j_
Since 6, 6, and §, commute, by Lemma 3.9, we have a/0:(d) is (0, D,)-exact for any

i € Nifa/d is. By the induction hypothesis, we have %0;(as_j/0;*i (d)) is (B4, D, )-exact
for all 1 < j <s. Then so are a,/65(d) and f. |

We now deal with the case in which d satisfies condition (25). From now on, we will
always assume that m is the smallest such positive integer such that 07'(d) = c - 0;/(d)
for some n € Z and ¢ € K\ {0}. By the reduction formula (7) with 6 = 6,,, the existence
problem is further reduced to that for rational functions of the form

=X aa 0

where a; € K(z,y)[z],d € K[z, y, z] with deg,(a;) < deg,(d) and d is irreducible in z over
K(z, y).
The following lemma is similar to Lemma 5.3 in [18].

Lemma 4.25. Let f € K(x,y, z) be of the form (27) and let d satisfy the condition (25).
Then f has a telescoper of type (0., 0,, D) if and only if for each i with 0 <4 < I, the
fraction a;/0%(d) has a telescoper of the same type.
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Proof. The sufficiency follows from Lemma 2.6. For the necessity direction, one can
adapt the second part of the proof of [18, Lemma 5.3] to the setting of telescopers of
type (Og, ©y, D) literally by interpreting =, , 0 as being (0,, D, )-exact. |

The above lemma further reduces the existence problem to that for simple fractions

of the form
a

f=t (28)
where a,d € Kz, y, 2], b € K[z, y] satisfy that ged(a,bd) =1 and deg,(a) < deg,(d), and
d is irreducible and satisfies the condition (25). We will consider two cases according to
whether d is in K[z, 2] or not. If d € K[z, z], then 0} (d) = d for all i € N. The condition
07" (d) = c-0,(d) implies that d is also free of z, i.e., d € K[z]. Thus L € K(z)(9,) is a
telescoper for f of type (9, ©,, D) if and only if L(a/b) = ©,(u) for some u € K(z, y)[#]
with deg,(u) < deg,(d). Write a = Z?i%z(d%l a;z" and u = Z?i%zw)ﬂ u;z'. Then for
each i with 0 < ¢ < deg,(d) — 1, we have L(a;/b) = O,(u;), i.e., L is a telescoper for
all a;/b of type (03, ©,). The existence problem is then reduced to that in the bivariate
case, for which Theorem 4.1 applies. So it remains to deal with the case when d is not in
Kz, z].

Lemma 4.26. Let 7 := ;'0,™ with m,n € Z and m > 0 and let p € K[z,y] be an
irreducible polynomial. If 7%(p) = X - p for some nonzero k € Z and nonzero X € K, then
7(p) = p - p for some nonzero pu € K.

Proof. Write p = Z” pi’jxiyj with p; ; € K. We will proceed by case distinctions.

(1) If (0s,0,) = (04, 0y), then 7%(p) = \-p implies that A = 1 by comparing the leading
coefficients. So 0™ (p) = o™ (p). By Lemma 4.23, we have p = r(knz + kmy) for
some 1 = y°_r;z) € K[z]. Thus p = 7(nz + my) with 7 = Y°°_r;k727, which
implies that 7(p) = p.

(2) If (04,0,) = (04,74y), then 78(p) = X - p implies that p € K[y] and moreover
p = c-y for some ¢ € K if n # 0 by [13, Lemma 5.4], which leads to 7(p) = pu-p
with u = ¢~ ™.

(3) If (04,0,) = (T4.2,0y), by [13, Lemma 5.4], 7%(p) = X - p implies that p € K[y] or
p = cx for some ¢ € K. In the former case, we have n = 0 or p € K, hence 7(p) = p.
In the latter case, 7(p) = cq™a = p - p with pu = ¢™.

(4) If (04,0,) = (Tg.z,Tqy), then 78(p) = X - p implies that p = (x°y?) - r(x*"yk™) for
some s,t € Z and r € K[z] by [27, Lemma 5.2]. So we have 7(p) = p - p with
1= ¢*™ ™, This completes the proof.

|

Lemma 4.27. Let 7 := 0;'0," with m,n € Z and m > 0 and let f = a/b with
a,b € Klz,y] and ged(a,b) = 1. If there exist eg,...,e, € K(x), not all zero, such
that >.;_,e;7(f) = 0, then b = biby with by € K[z]| and by € K|z, y] satisfying that
7(b2) = A - be for some nonzero A € K.

Proof. Assume that >\, e;7'(f) = 0. Let by and by be the content and primitive part
of b as a polynomial in y over Kz]. If by is a constant in K, then the assertion holds since
7(b2) = be. We now assume that bs ¢ K. Then all of its irreducible factors have positive
degree in y. Assume that there exists an irreducible factor p of by such that 7(p) #c-p
for any ¢ € K. Then for any integers i # 0, 7¢(p) # ¢; - p for any ¢; € K by Lemma 4.26.
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Among all of such irreducible factors, we can always find one factor p such that 7(p) 1 by
for all integer i < 0. Then 7¢(p) is also irreducible for all i € Z and ged(7(p), 7/ (p)) = 1
if i # j. Let s be the largest integer such that 7°(p) | ba. Then the irreducible polynomial
7"T%(p) only divides the r-th transform 7"(b) of b and not others, which implies that
S _geT (f) # 0 since p depends on y and the coefficients e; are in K(z). This leads to
a contradiction. So for each irreducible factor p of by we have 7(p) = ¢-p for some ¢ € K.
This implies that 7(b2) = A - b2 for some A € K. |

Lemma 4.28. Let a € K(2)[y, 2] and b € K[z,y, 2] be such that b # 0 and 07*(b) =
c- 0, (b) for some ¢ € K\ {0} and m,n € Z with m > 0. Then a/b has a telescoper of
type (Oz, Oy, D).

Proof. Set f = a/b. It suffices to show that for sufficiently large I € N, there exist
by, ..., ¢r € K(z), not all zero, and g € K(z,y,2) such that L(f) = ©,(g) with L =
ZLO £;0im. By the reduction formula (7) with 6 = 6,,, we have

o 0(@) 6@ 0,70 (a)
9 = Gy = gy = O

for some g; € K(z,y, z). Note that the degrees of the polynomials 6, 67" (a) in y and z
are the same as those of a. So all of the polynomials 6, ngim(a) lie in a finite dimensional

linear space over K(z). Therefore, for sufficiently large I, there exist ¢g,...,¢; € K(x),
not all zero, such that Zfzo ;0,0 (a) = 0. This implies that L is a telescoper for f
of type (0z, 0y, D.). ]

Theorem 4.29. Let f € K(z,y, z) be of the form (28). Assume that d is not in K[z, z].
Then f has a telescoper of type (95,0, D,) if and only if b = by1bs for some by € K[z]
and by € K]z, y] satisfying 07 (b2) = A - 0;(b2) for some nonzero A € K.

Proof. The sufficiency part follows from Lemma 4.28. For the necessity, we assume that
L € K(x)(0,) is a telescoper for f of type (05,0, D). Write L = Lo+ L1+ -+ Ly,
with L; = Z;:o £; ;09m. Since 0% (d) and 6 (d) are in distinct (6,)-orbits for all 0 <
i # 7 <m—1, Lemma 3.9 implies that L; is also a telescoper for f of the same type for
each ¢ with 0 < i <m — 1. A direct calculation yields

Lo(f) = ©,(g0) +

57
where go € K(z,y,2), A =372, ¢y 577 (a/b) with 7 = 00, ™ and 7(d) = ¢ - d. By
Lemma 3.9, we have A = 0 since d ¢ K[z, z]. Necessity follows from Lemma 4.27. |
Example 4.30. Let f = Wr?ﬂé% Note that d = z +y + 22 € K[z, v, 2] \ K[z, 2]

satisfies the condition o,(d) = o,(d). Since b = x + y satisfies the same condition as d,
Theorem 4.29 implies that f has a telescoper of type (Sz, Ay, D). In fact L = —xS5, +
(1+ z) is a telescoper for f since

) r+a?+az x+y+2°
LU) = Ay(ra - f) 4 Dalrz - f) with ry = === 2= and vy = == f
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Example 4.31. Let f = W Since b; = 2z + y does not satisfy the same

condition as d = x + y + 22, we know from Theorem 4.29 that f does not have any
telescoper of type (Sz, Ay, D).

4.5.  Ezistence criteria of the fifth class

We now consider the fifth class of existence problems in which both telescopers and
(04, 0,) are involving (¢-)shift operators. More precisely, we solve the following problem.

Problem 4.32. Let 0, € {S;,T,; 5} and (0,,0.) € {(Ay, A.), (Agy, A), (Agy: Ag.2)}
Given f € K(z,y, 2), determine if there exists a nonzero operator L € K(z)(9,) such
that L(f) = ©,(g) + ©.(h) for some g,h € K(z,y, z).

For v € {z,y, 2}, let 0, = 0, if ©, = A, or 0, = 74, if ©, = Ay ,. By partial fraction
decomposition w.r.t z and the transformation (7) with § = 6, and subsequently with
6 = 6,, any rational function f € K(z,y, 2) can be decomposed into

f=0,u)+0,( +u+ ZZ B (29)

where u,v € K(z,y,2), 1 € K(z,y),a;;¢ € K(z, y)[ } [m,y,z] with deg, (a; ;¢) <
deg,(d;), d;’s are irreducible polynomials in distinct <9I, Oy, 0.)-orbits, #4d; and 6% d; are
not (0y,0.)-equivalent for any 1 < i < I, 0 < £,¢' <t;; with £ # ¢'. Then by similar
discussions as in the proofs of Lemmas 5.2 and 5.3 in [18], we can obtain the following
result.

Lemma 4.33. Let f € K(z,y,z) be of the form (29). Then f has telescopers of type

(0z,0,,0.) if and only if p and all Zz;f with1 <i<1I,1<j<J;and0</¢<t;; have

telescopers of the same type.

Notice that for p € K(z,y), having telescopers of type (9,,0,,0.) and (9,,0,) are
equivalent. The existence problem of bivariate rational functions has been solved by
Theorem 4.1. Thus Problem 4.32 for a general rational function has been reduced to that
for a rational function of the form

b(z,y,2)
= 30
= ey ™ (30)
where A € N\ {0}, ¢ € K[z, y], b,d € K[z, y, 2], d is irreducible and 0 < deg, (b) < deg,(d).
Suppose a(x) € K(z) \ {0}. It is easy to check that

p

Zaz 0 (af) = 3 (ai(@)dk (@) OL()

=0

whenever a;(z) € K(x) and f € K(z,y,z). This means the existence problem of f is
equivalent to that of af. As such we can assume in the form (30) that b,c,d are all
primitive as polynomials in y and z. If f is (©,, ©,)-exact, then 1 is a telescoper for f.

Lemma 4.34. Let f € K(z,y, 2) be of the form (30) and not (©,,©.)-exact. If f has a
telescoper of type (05, 0,,0.), then

07 (d) = qsege’;(d) for some m, s,n, k € Z with m > 0. (31)
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Proof. We prove the claim by contradiction. Suppose the condition (31) does not hold.
Assume that L = ZLO a;0% € K(x)(d,) with ag # 0 is a telescoper for f. Then

! 7
=2 ufe%) — 6,(g) + ©.(h)

for some g,h € K(z,y, z). By assumption, we know 6%d’s are in distinct (6,6, )-orbits,

Lemmas 3.6-3.8 show that for any 0 < i < [, Wl(zﬁ) are (0, ©,)-exact. In particular,

aob

% = Oy(g0) + ©(ho) for some go, ho € K(z,y, 2).
As ag € K(x) \ {0}, we get chA = Oy(£) + @Z(g—g) which contradicts the assumption
that f is not (©,,©,)-exact. This completes the proof. |

Next, we will proceed by case distinction according to whether or not
0, (d) = ¢ 0% (d)  for some s1,n1,ky € Z with ny > 0. (32)

Theorem 4.35. Let f € K(z,y, z) be of the form (30) and d satisfy the condition (31)
but not the condition (32). Then f has a telescoper of type (0., 0,,0,) if and only if

0" (c) = a*0," (c) (33)
for (m,n) as in (31) and some t, s € Z with ¢t > 0.

Proof. For the sufficiency, assume that ¢ satisfies the condition (33). Then we will set
L = Zf:o a;0i™m where I € N and a; € K(x) are to be determined. Applying the
reduction formula (7) yields

. . . I
aig”"2 g™ (b) - its it itn g—itk
L _ ! . g — ; 182 —1 591 ma % ne itk (g,
(f) tan(c>91tngztk(d)\) © ( ) + @ ( Za q ( )
i=0 Y Yy z 1=0

for some u,v € K(z,y, z). Note that the degrees of the polynomials 9?”0;“”9;“’“ (b) in
y or z are the same as that of b. Thus all shifts of b lie in a finite dimensional linear space
over K(z). If I is large enough, then there always exist a; € K(z), not all zero, such that
S a;q 2 Titsgitme itng Zitk (p) = 0. As a result L = S a0 is a telescoper for
I

For the necessity, assume f = % has a telescoper Ly of type (05,0,,0.).
Let Cy be the maximal factor of ¢ satisfying the condition (33) and Cy = ¢/C4. If C5 € K|
then we are done. Now assume that Cy ¢ K. Then deg, (C2) > 0 since c is primitive with
respect to y, z. It follows that there exist By, By € K|z, y, z] with deg,(B;) < deg,(d)
and ged(B;, C;) =1 for i = 1,2, such that

_1 (B B
f‘w<a+@)

has a telescoper Ly of type (0s, ©,, 6) ») by the sufficiency. The least common
Since d satisfies the condition (31),

Then G d%

left multiple of L; and Lo is a telescoper for

Cs ol
we can assume L = Zf:o a;0"™ € K(x)(9d,) with aga; # 0 to be a telescoper for ﬁ.
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Thus

_15 9”” B I —zsalezma m9 ik(B
o Z k 2))\ = Oy( )+ Z ! = )
O2d sz glngl (d ) 0zm0 n C )d)\

=0

(34)
for some u,v € K(x,y, z). Notice that L (C d>\> is (0, 0,)-exact and that d does not
satisfy condition(32). Then Lemmas 3.6-3.8 lead to

I —1s imp—inn—ik

0img-ing—ik (3
Y4t G B) _,, (35)
pard om0, (Ca)

Let A = {¢; € K[z,y] \ K[z]| ¢, is an irreducible factor of C5}. Then A is nonempty and
finite and none of ¢; satisfies condition (33) by the maximality of Cy. By the method
of proof by contradiction, one can prove that there exists a ¢, € A such that ¢, #
qslﬂimﬁy’mcj for any ¢; € A and §',i € Z with ¢ > 0. This fact together with equation
(35) and the constraint gcd(Bsz, Cz) = 1 implies that By = 0. |

Lemma 4.36. Let f € K(z,y,2) be of the form (30) and d satisfy conditions (31) and
(32). Suppose

072 (c) = q*0;2(c)  for some integers ma, s2,n2 With ma > 0. (36)

Then f has a telescoper of type (95,0,,0.).

Proof. Since d satisfies both (31) and (32), without loss of generality, we assume m,ny are
the smallest such positive integers. Let mg = mmon, and L = Zf:o a;0im0 where I € N
and a; € K(z) are to be determined. Then

I . I . - . I .
.olmo b . 72m52n1715m2n101m0 b . a91m0 b
L) = 3 G s (5] = . s g g (15 = = g
P 9$ U(c)er o(d)\) = Glllmnznl (c)ezynmznleé mani (d)\) = G:Zmnznlez (Cd)‘)
Zf:o aiqa 9?710 Gy—i’mngnl ez—ﬁ (b)
cd? ’
where u,v € K(x,y,2), « = —imsan; — ismany — i(man — mng)sy and S = ikmani +
i(men — mmng)ky. Since the (g-)shift operators do not change the degree of b, when I is
large enough, we can find nontrivial solutions a; such that

=0y(u) +0(v) + (37)

1
> aig* im0, 68 (b) = 0.
i=0
Then identity (37) leads to the fact that L = Zf:o a;0i™0 is a telescoper for f. |

Theorem 4.37. Let f be of the form (30) and assume that d satisfies conditions (31)
and (32). Then f has a telescoper of type (9, ©,,0.) if and only if f can be decomposed

into the form . /B 5
T et ]
=% <01+Cg>’

where By, By € K[z, y,z2], C1,Cs € K[z y] satisfy the following two constraints: (1) C4
satisfies the condition (36); (2) Ba/(Cad?) is (0,, 0, )-exact.
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Proof. The sufficiency part follows from Lemma 4.36. For the necessity, let C; be the
maximal factor of ¢ satisfying the condition (36) and Cy = ¢/C;. If Cy € K, then we are
done. Now assume that Cy ¢ K. Then deg, (C2) > 0 since c¢ is primitive with respect
to y,z. It follows that there exist By, Bs € Klx,y,z] with deg,(B;) < deg,(d) and

ged(B;, C;) =1 for i = 1,2, such that f = - (% + &> Next we will prove that

d> Cs d>‘
is (6, @ »)-exact. Note that has a telescoper of the same type as f by Lemma 4.36.
Then

C1 d>‘
& d/\ has a telescoper L = ZZ 0 @02 with apa; # 0 and

1 im n ik
B, q % a;0" 0, "0 (B2)
L =06 )+ 38
(ng*) y( Z gzmg n Cz)dA ( )

=

qfisaie;?ne.;inez—ik (32)
0im o, " (Ca)d?

I
for some u, v € K(z, y, 2). Since deg, (Bz2) < deg,(d), the function
i=0

is (©y, ©)-exact and d satisfies condition (32), exactness criteria in Lemmas 3.6-3.8 yield
that there exists g € K(z,y)[z] such that

I
> g ai0ime, o <g:’> =q 01051 (g) — g. (39)
=0

Let A = {¢; € K[z,y] \ K[z] | ¢; is an irreducible factor of C}. Then A is nonempty
and finite since deg, (C2) > 0. Notice that none of ¢; in A satisfies the condition (36).
One can find a ¢, € A such that ¢, # ¢°0;20,%c; for any ¢; € A and s,m3,n3 € Z with
mg > 0. Collecting all irreducible factors in Cs, which are (,)-equivalent to ¢, into D,
we can decompose gi into g—i = %1 + %, where A1, A € K[z, y, z], D = C3/D;. Rewrite
g = q1 + g5 where ¢1,95 € K(z,y)[z] and the denominator of g; contains exactly all
irreducible factors in the denominator of g which are (6, )-equivalent to ¢,. Equation (39)
and the choice of D; and g; imply g = q_>‘919"19 k(o — 91 , and hence

ao
I

) X X o (A
S g a8, e < Dy > =g 00 () — (40)
1=0

where hy = Z q "a 000,70 ’k(gl) Subtracting Equation (40) from (39), we obtain
=0

I

—1is impy—inp—1i A —As1pgn1g— * *
S ait 0,0 () =00t ) - (a1)
i=0
with gf = g —h1. Repeating the above arguments for the equation (41), g—’;’ can be finally
decomposed as % = ‘[4)1 —|— gz + -+ g—; for some A; € K|z,y,z2], D; € K[z,y] and
A’ = q_MlG"l@ kl(g—) & 9 for any 1 < ¢ <T. Then we get

ao

Ba _ rsigmpm ( Zg> 7729

s v Yz i
1=0

and hence 22 is (0,0, )-exact. This completes the proof. |

Ca
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Example 4.38. Let f = 1/(bd?), where b = v +y and d = 3z + 2y + z. Since d satisfies
0,(d) = 0,0.(d) and o,(d) = 02(d), and b satisfies 0,,(b) = 0, (b), Lemma 4.36 implies f
has a telescoper of type (S, Ay, A;). In fact,

3z +2y+ 2

- 2y +z
143z +2y+2 '

L(f) = Ay(r1- f) + AL (ra- f) with L = S, — 1,1, 3z

and ry = —

Example 4.39. Let f = 1/(bd?) with b =  + y as in the Example 4.38 and d; =
322 +2y+ z. Then f does not have any telescoper of type (Sz, Ay, A,) since d; does not
satisfy the condition (31).

4.6. Ezistence criteria of the sizth class

We consider the last class of the existence problems of telescopers for rational functions
in three variables.

Problem 4.40. Let 0, € {S,,T,,} and ©, = J, — 1. Given f € K(z,y,z2), decide
whether there exists a nonzero operator L € K(z)(D,) such that L(f) = ©,(g) + D.(h)
for some g, h € K(z,y, 2).

Let 0, = 0, if 0, = Ay and 0, = 7, if ©, = A, ,. By the Ostrogradsky-Hermite
reduction and the reduction formula (7), we can decompose f € K(z,y, z) as

I

i=1 v

(42)

where u,v € K(z,y,2) and oy, 5; € K(z,y) with o; # 0 and the §;’s are in distinct
(6,)-orbits. Then f has a telescoper of type (D, ©,, D) if and only if  has a telescoper
of the same type.

Lemma 4.41. For any L = jp.zo 0;DJ € K(z)(D,) and o, € K(x,y), there exists
g € K(z,y)(2) such that
! L(a)
L = D.(g). 43
(%5) - 2+ 0.0 (43)

Proof. Let res,(f, 8) denote the residue of f € K(x,y, z) at z = 8 in z. The map res, (-, §)
is K(z, y)-linear and commutes with the operator D, by [21, Proposition 3]. Then we

have
e ((25)8) o (25)) -

So all residues of h := L(a/(z — B)) — L(a)/(# — B) at all of its poles are zero. By
Proposition 2.2 in [22], we have h is D,-exact, i.e., h = D.(g) for some g € K(z,y)(z). 1

The next theorem reduces Problem 4.40 to the separation problem for algebraic func-
tions (Problem 4.5) and the existence problem of telescopers in K(z, y)(8) with 5 € K(z).

Theorem 4.42. Let f € K(z,y, z) be of the form (42). Then f has a telescoper of type
(Dz,0©,,D,) if and only if for each ¢ with 1 < ¢ < I, either q; is separable in = and y or
Bi € K(z) and o; € K(z,y)(8;) has a telescoper of type (D, ©,).
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Proof. 1f for each i with 1 < ¢ < I, either «; is separable or 8; € K(z) and «; €
K(z,y)(B;) has a telescoper of type (D, ©,), then there exists a nonzero L; € K(z)(D,)
such that either L;(a;) = 0 or L;(c;) = ©,(;) for some v; € K(z, y)(8;). By Lemma 4.41,
we have

Li <z fiﬂ) =D.(9;) + 51(0@) =D,(g;) + Oy ()
= D.(g:) +©, (z i > ,

where g; € K(x,y)(z). So for each ¢ with 1 < ¢ < I, the fraction «;/(z — f5;) has a
telescoper of type (Dg, O, D). Then f has a telescoper of the same type by Lemmas 2.6

and 3.4. To show the necessity, we assume that L € K(z)(D,) is a telescoper for f of
type (Dy, 0, D). By Lemma 4.41, there exists w € K(z, y)(z) such that

L(a;)
- Bi

L(f) = ©,(L(w)) + D:(L(v) + w) + Y

i=1

N

= @y(g) + Dz(h)

for some g,h € K(x,y, z). For each ¢ with 1 <4 < I, either «; is separable if L(e;) =0
or L(a,)/(z — ;) is (O, D;)-exact if L(a;) # 0. In the latter case we have §; € K(z)
and L(c;) = ©,(y;) for some v; € K(z,y)(8;) by Lemma 3.9.

Remark 4.43. The separation problem for algebraic functions will be solved in the
forthcoming paper [16]. The existence problem of telescopers of type (D,,©,) can be
solved by using Theorem 4.1, whose statement is for functions in K(z,y), but its proof

also works for functions in K(z)(y). In particular, this covers the case in which the

functions are in K(z,y)(8) with 8 € K(z).

Example 4.44. Let f = 1/(2% — zy). Then

@, _—o
z2—B z+ 8’

where o = ﬁ and 8 = ,/xy. Since « is separable in z and y, Theorem 4.42 implies
that f has a telescoper of type (D, 0y, D). In fact, L(f) = ©,(0) + D,(—z - f), where
L=2:D,+1.

f=

Example 4.45. Let f =1/((z +y)(2* — 2 — y)). Then
@ n —
z=f  z+p
m and B8 =z +y. Note that a is not separable in z and y since
its successive derivatives D% (a) = (—=1)" [Tj—o(j + 1/2)(z +y)~T3/2) are linearly inde-

f=

where o =

pendent over K(z). Since f is not in K(z), it follows from Theorem 4.42 that f has no
telescoper of type (D, ©,,D.).
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5. Conclusion

In this paper, we present existence criteria for telescopers for rational functions in
three variables. The criteria reduce the existence problem of telescopers for the trivariate
inputs to that for the bivariate inputs and two related solvable problems: the (g-)shift
equivalence testing problem and the separation problem. In the pure differential case,
algorithms for constructing minimal telescopers for rational functions in three variables
have been presented in [21, 8] using residues and reductions. This has also recently been
extended to the pure shift case in [17] based on the existence criteria given in [18]. The
first natural direction for future work is to implement the existence criteria presented in
this paper and also develop efficient algorithms for computing telescopers if they exist
in the other sixteen cases using the existence criteria from this paper. The next more
challenging direction is to study the existence problem of telescopers for more general
inputs, such as rational functions and hypergeometric terms in several variables. To this
end, we first need to solve the multivariate summability problem for those inputs. In
particular, it is already quite intriguing to extend the classical Gosper algorithm for
indefinite hypergeometric summation [30] to the bivariate case.
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