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Abstract

Telescopers for a function are linear differential (resp. difference) op-
erators annihilating the definite integral (resp. definite sum) of this func-
tion. They play a key role in Wilf-Zeilberger theory and algorithms for
computing them have been extensively studied in the past thirty years.
In this paper, we introduce the notion of telescopers for differential forms
with D-finite function coefficients. These telescopers appear in several
areas of mathematics, for instance parametrized differential Galois theory
and mirror symmetry. We give a sufficient and necessary condition for
the existence of telescopers for a differential form and describe a method
to compute them if they exist. Algorithms for verifying this condition are
also given.
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1 Introduction

In the Wilf-Zeilberger theory, telescopers usually refer to the operators in the
output of the method of creative telescoping, which are linear differential (resp.
difference) operators annihilating the definite integrals (resp. the definite sums)
of the input functions. The telescopers have emerged at least from the work of
Euler [22] and have found many applications in the various areas of mathematics
such as combinatorics, number theory, knot theory as well as others (see Section
7 of [26] for details or [27, 29] for applications in Feyman integrals). In particu-
lar, telescopers for a function are often used to prove the identities involving this
function or even obtain a simpler expression for the definite integral or sum of
this function. As a clever and algorithmic process for constructing telescopers,
creative telescoping firstly appeared as a term in the essay of van der Poorten
on Apréy’s proof of the irrationality of ¢(3) [40]. However, it was Zeilberger and
his collaborators [3, 37, 45, 46, 49] in the early 1990s who equipped creative tele-
scoping with a concrete meaning and formulated it as an algorithmic tool. Since
then, algorithms for creative telescoping have been extensively studied. Based
on the techniques used in the algorithms, the existing algorithms are divided
into four generations, see [15] for the details. Most recent algorithms are called
reduction-based algorithms which were first introduced by Bostan et al. in [7]
and further developed, for example, in [8, 9, 16, 20]. The termination of these
algorithms relies on the existence of telescopers. The question for which input
functions the algorithms will terminate has been answered in [1, 2, 11, 21, 47]
for several classes of functions such as rational functions and hypergeometric
functions as well as others. The algorithmic framework for creative telescoping
is now called the Wilf-Zeilberger theory.

Most algorithms for creative telescoping focus on the case of one bivariate
function as input. There are only a few algorithms which deal with multivariate
case (see, for example, [10, 12, 14, 28]). It is still a challenge to develop the
multivariate analogue of the existing algorithms (see Section 5 of [15]). In the
language of differential forms (with m variables and one parameter), the results
in [12] and [28] dealt with the cases of differential 1-forms and differential m-
forms respectively. On the other hand, in the applications to other domains
such as mirror symmetry (see [31, 34, 35]), one needs to deal with the case of
differential p-forms with 1 < p < m. Below is an example.

Example 1. Consider the following one-parameter family of the quintic poly-
nomials

1
W(t) = g(l‘? + l‘g + J?g + l‘i + l‘g) — tx1x9T324X5



where t is a parameter. Set
" (_l)iflxi
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To obtain the Picard-Fuchs equation for the mirror quintic, the geometers want

to compute a fourth order linear differential operator L in t and 0y such that
L(w) = dn for some differential 3-form n. Here one has that

5
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Set 0, = t0/0t. Then
- 11
L=—gls= 0y — 5t(50; + 1)(50; + 2)(50; + 3) (50, + 4)

and the equation Ii(y) = 0 s the required Picard-Fuchs equation.

We call the operator L appearing in the above example a telescoper for the
differential form w (see Definition 4). In this paper, we study the telescopers for
differential forms with D-finite function coefficients. Instead of the geometric
method used in [31, 34, 35], we provide an algebraic treatment. We give a
sufficient and necessary condition guaranteeing the existence of telescopers and
describe a method to compute them if they exist. In addition, we also present
algorithms to verify this condition.

The rest of this paper is organized as follows. In Section 2, we recall dif-
ferential forms with D-finite function coefficients and introduce the notion of
telescopers for differential forms. In Section 3, we give a sufficient and neces-
sary condition for the existence of telescopers, which can be considered as a
parametrized version of Poincaré’s lemma on differential manifolds. In Section
4, we give two algorithms for verifying the condition presented in Section 3.

Throughout this paper, we assume the following notations:

e 0, = %, the usual derivation with respect to ¢;

¢ 0, = 8%1’ the usual derivation with respect to x;;
e x={x1,..., 2, };

¢ Ox ={0uy,---,0u,}

The following formulas will also be frequently used:

(1)

agxuz Z/(V—1)-~-(V—/.L—|—1).’L‘V_“—|—Paw’ VZ/J/
Po,, v<p

h o = {(_1W(M —)(pmv D+ 0P p > (2)

§ 0, P, w<v

where P € k(zx,0;).



2 D-finite elements and differential forms

Throughout this paper, let & be an algebraically closed field of characteris-
tic zero and let K be the differential field k(¢,x1,...,x,) with the derivations
O, 0z, y ..., 0z,. Let © = K (0, Ox) be the ring of linear differential operators
with coefficients in K. For S C {t,x, 0, Ox}, denote by k(S) the subalgebra
over k of © generated by S. For brevity, we denote k(t,x,0;, 0x) by 20. Let U
be the universal differential extension of K in which every algebraic differential
equation having a solution in an extension of U/ has a solution in U (see page
133 of [24] for more precise description).

Definition 2. An element f € U is said to be D-finite over K if for every § €
{04,004y, ..,0x, }, there is a nonzero operator Ls € K(J) such that Ls(f) = 0.

Denote by R the ring of D-finite elements over K, and by M a free R-module
of rank n with base {ay,...,a,}. Define a map ® x M — M given by

(L, Z fia,») — L (Z fz-ai> = ZL(fl)aZ
=1 =1 =1

This map endows M with a left ®-module structure. Let
A
AM=DA M)
i=0

be the exterior algebra of M, where A\*(M) denotes the i-th homogeneous part
of A(M) as a graded R-algebra. We call an element in A*(M) an i-form. Note
that A(M) inherites a left ®-module structure from M. In fact, for L € © and
W= for 0,05 Ao Aag, € N'(M), one can define

L<w) = ZL(fs1,...,Si>u81 JARRRNAY PF

and for w =), w; with w; € A (M), define L(w) = > L(w;). Letd: R — M
be a map defined as

df = 6901 (f)al +oF 8z71(f)an

for any f € R. Then d is a derivation over k. Note that for each i = 1,...,n one
has that dz; = a;. Hence in the rest of this paper we shall use {dxy,...,dz,}
instead of {a1,...,a,}. The map d can be extended to a derivation on A(M)
which is defined recursively as

d(w1 A\ WQ) =dwy; ANwsy + (—1)1@)1 A dws

for any w1 € A\"(M) and we € A/(M). For detailed definitions on exterior
algebra and differential forms, we refer the readers to Chapter 19 of [30] and
Chapter 1 of [44] respectively. As the usual differential forms, we introduce the
following definition.



Definition 3. Let w € A\(M) be a form.

(1) w is said to be closed if dw = 0, and ezxact if there is n € N(M) such that
w = dn.

(2) w is said to be Oy-closed (resp. O¢-exact) if there is a nonzero L € k(t)(0)
such that L(w) is closed (resp. exact).

Definition 4. Assume that w € A(M). A nonzero L € k(t)(0;) is called a
telescoper for w if L(w) is ezact.

3 Parametrized Poincaré’s lemma

The famous Poincaré lemma states that if B is an open ball in R™, any smooth
closed i-form w defined on B is exact, for any integer i with 1 < ¢ < n. In
this section, we shall prove the following lemma which can be viewed as a
parametrized analogue of Poincaré’s lemma for A(M).

Lemma 5 (Parameterized Poincaré’s lemma). Let w € AP(M). If w is O;-
closed then it is O¢-exact.

To prove the above lemma, we need some lemmas. Note that the annihilated
ideal of a D-finite element in the Weyl algebra k{t,x1,...,2n,0¢, Opyy- .-, 0x,)
is holonomic, as demonstrated in [19] (or refer to [5, 23] for the proofs). Using a
dimension argument, the holonomic property implies the existence of a specific
operator L in the annihilated ideal. However, the proofs of two lemmas below
are constructive, providing algorithms for computing L.

Lemma 6 (Lipshitz’s lemma, see Lemma 3 of [33]). Assume that f is a D-

finite element over k(x). For eachi=1,3,4,...,n, there is a nonzero operator
L€ k(xy,xs,...,20){(08,,0x,) such that L(f) = 0.

The following lemma is a generalization of Lipshitz’s lemma.

Lemma 7. Assume that f1,..., fm are D-finite elements over k(x,t) and
Sc{t,xr,...,2n,0¢,00,,...,04,}

with |S| > n+1. Then one can compute a nonzero operator L in k{(S) such that
L(fi))=0 foralli=1,...,m.

Proof. For each § € {0,04,,...,05, yand i =1,...,m, let T; 5 be a nonzero op-
erator in K (0) such that T; s(f;) = 0. Set Ts to be the least common left multiple
ofThs,...,Tms. ThenTs(f;) =0foralli=1,...,mand § € {0,0%,,...,04, }
The lemma then follows from an argument similar to that in the proof of Lip-
shitz’s lemma. O

Remark 8. Lemma 7 originally appears in [48] (see Lemma 4.1), where Zeil-
berger proves the existence of the operator L in the setting of Weyl algebra and
gives an algorithm to compute L in the case of two variables. Furthermore, there
1s a Mathematica package called HolonomicFunctions developed by Koutschan
which allows one to compute L (see [25]).



Lemma 9. Assume that f1,..., fm are D-finite over k(x,t), I,J C {1,...,n}
and I NJ = 0. Assume further that V. C {x;,0,]i € {1,...,n} \ (I U J)} with
|[V|=n—|I| — |J|. Then one can compute an operator P of the form

L+ 0:,M;+» N;o.,

iel jeJ

such that P(f;) = 0 for alll = 1,...,m, where L is a nonzero operator in
k{({t,0,} UV}), M;,N; € 20 and Nj is free of z; for alli € I and j € J.

Proof. Without loss of generality, we assume that I = {1,...,r} and J =
{r+1,...,7+ s} where r = |I] and s = |J|. Let

S = {ta 8t} U {aL

teltU{z;lj=r+1,...,r+stUV.

Then |S| =n+2 > n+ 1. By Lemma 7, one can compute a T' € k(S) \ {0} such
that T'(f;) =0 for all i =1,...,m. Write

T = Y oh. 9T,
d=(ds,...,d,)€l

where Ty € k({t,0, Try1, .., Zri s} UV}) \ {0} and Ty is a finite subset of Z".
Let d = (dy,...,d;) be the minimal element of I'y with respect to the lex order

on Z". Multiplying T by [],_, mfh on the left and using the formula (2) yield
that

(H xf) T=oT5+ Z 0, T (3)
i=1 i=1
where o is a nonzero integer and T; € k(S U {x;]i € I}). Write

I, €1 e
T3 = E Lex . w2
e=(e1,...,es)€l2

where Lo € k{{t,0;}UV)\{0} and T is a finite subset of Z°. Let € = (é1,...,€s)
be the maximal element of I'y with respect to the lex order on Z°. Multiplying
Ty by [[;—, 0%, on the left and using the formula (1) yield that

<H ailﬁ—z) Tq=PLe+ Z Eja$j (4)

i=1 jeJ
where L; € k({t, 0,41, ... Ty Ozyysev oy O, } UV) and B is a nonzero
integer. Combining (3) with (4) yields the required operator P. O

Corollary 10. Assume that f1,..., fm are D-finite over k(x,t), J is a subset
of {1,...,n} and V C {x;,04,]i € {1,...,n} \ J} with |V| =n — |J|. Assume
further that 0,,(f1) = 0 for all j € J and 1 =1,...,m. Then one can compute
a nonzero L € k{({t,0:} UV) such that L(f;) =0 for alll =1,...,m.




Proof. In Lemma 9, set I = (). O

The main result of this section is the following theorem which can be viewed
as a generalization of Corollary 10 to differential forms. To describe and prove
this theorem, let us recall some notation from the first chapter of [44]. For any
f € R, we define dy(f) =0 and

dS(f) = aan(f)dxl + o+ Oy, (f)dms

for s € {1,2,...,n}. We can extend ds to the module A(M) in a natural way.
Precisely, let w = Y_" | f;m; where m; is a monomial in dx1,...,dz,. Then
do(w) =0 and

de(w) =D 0, (fi)day Amy =Y daj A Dy, (w).
j=1

i=1j=1
By definition, one sees that
ds(u A dag) =ds—1(u) Adas and ds(u) = ds—1(u) + dzs A Oy, (u).

Theorem 11. Assume that 0 < s <n,V C{xsy1,..., 20,00 1>+, 00, with
V| =n—-s and w € N\"(M). If dsw = 0, then one can compute a nonzero
Lek{{t,0,}UV) and p € N\*~'(M) such that L(w) = d.p.

Remark 12. 1. If p=0, thenw=f € R and dsf =0 if and only if s =0
or 0y, (f) =0 for all 1 < i < s ifs > 0. Therefore Corollary 10 is a
special case of Theorem 11.

2. Note that the parametrized Poincaré’s lemma is just the special case of
Theorem 11 when s = n.

Proof. We proceed by induction on s. Assume that s = 0 and write

m
w=>_ fm
i=1

where m; a monomial in dzy,dxs,...,dx, and f; € R. By Corollary 10 with
I = (), one can compute a nonzero L € k({t,d;} UV) such that L(f;) =0 for all
i =1,...,m. Then one has that

m

L(w) = 3 L(f)m; = 0.

i=1

This proves the base case. Now assume that the theorem holds for s < ¢ and
consider the case s = £. Write

w=uANdzy+v



where both v and v do not involve dzy. Then the assumption dyw = 0 implies
that
de—qu Adag + dpv = dg—yu A day + dp—qv + dzg A O, (v) = 0.

Since all of dg—qu,d¢—1v, 0%, (v) do not involve dzy, one has that dy_1v = 0 and
de—1(u) — 0z, (v) = 0. By the induction hypothesis, one can compute a nonzero
L e k{{t,z4,8,} UV) and i € AP~ (M) such that

L(v) = des (). (5)
We claim that L can be chosen to be free of z,. Write
) d
L=> N
§=0
where N; € k({t,0;} UV) and Ny # 0. Multiplying L by d¢, on the left and
using the formula (2) yield that
04,L = N;o},x) = aNg+ No, (6)
§=0

where « is a nonzero integer and N € k({t,z¢,d;,,,} UV). The equalities (5)
and (6) together with 0., (v) = de—1(a) yield that Ny(v) = dg—1(m) for some
7€ AP (M). This proves the claim. Now one has that

i(w) = f/(u) ANdxzy + dg_l(ﬂ) = i(u) ANdxy 4+ day A Oy, (ﬂ) + dg(ﬂ)
Since L is free of a1, ...,x¢, Ldy = d,L. This implies that
0= L(dg(w)) = de(L(w)) = dg_1(L(u)) Adzy 4 dzp A dg_1 (s, (1))
=dy 1 i/(u) - aw ([1’)) A dzg.

Note that ji can always be chosen to be free of dz,. Hence one has that
do—1(L(u) — 95, (f)) = 0. By the induction hypothesis, one can compute a
nonzero L € k({t,d,,,8,} UV) and i € AP~ (M) such that

L (L) = 02, () = de-a () ™)

Write

where M; € k({t,0;} UV) and M., # 0. Multiplying L by x;* on the left and
using the formula (2) yield that

2 L = BM,, + 0y, M



where § is a nonzero integer and M € k({t,d;,d,,,x¢} UV). Hence applying
xy' to the equality (7), one gets that

BMe, (L(w) = 02, (7)) = de-a(a )+ 0o, (31 (Lw) = 02, (0)) )
Set L = SM,, L. Then one has that

L(w) = BMe, ((L(u) = 0r, (7)) A dvg + do(70) )
= (80, (L(w) = 02, () ) A dae + de(BM,, (7))
= dy_1 (22 i) A dg + Oy, M (i(u) — 8, (,1)) A dze + de(BM., (1))
= do (2 i+ M (L(w) = 00, (7)) + BM., (7))
The last equality holds because
deor (81 (Ew) ~ 00, () ) ) = Nrdey (E(w) — 02, () = 0.

O

Remark 13. Lemma 5 can be derived from the finiteness of the de Rham co-
homology groups of D-modules in the Bernstein class. To see this, let w be a
differential s-form with coefficients in R and let M be the D-module generated
by all coefficients of w and all derivatives of these coefficients with respect to
0¢. By Proposition 5.2 on page 12 of [6], M is a D-module in the Bernstein
class. Assume that w is closed. Then 0] (w) € Hj (M), the s-th de Rham co-
homology group of M, for all nonnegative integers j. By Theorem 6.1 on page
16 of [6], H} (M) is of finite dimension over k(t). This implies that there are
ag, ..., am € k(t) such that Z;nzo a;0) (W) = 0 in Hyp(M), i.ec. Z;nzo ;0] (w)
is exact. This proves the existence of telescopers for the O-closed differential
forms. However the proof of Theorem 11 is constructive and it provides a method
to compute a telescoper if it exists.

The proof of Theorem 11 can be summarized as the following algorithm.
Algorithm 14. Input: w € A\*(M) and V C {x;,0,,|i = s+1,...,n} satisfying
that ds(w) =0 and |[V|=n—s
Output: a nonzero L € k{{t,0:} UV) such that L(w) = ds(p).

1. Ifw € R, then by Corollary 10, compute a nonzero L € k{{t,0:} UV such
that L(w) = 0. Return L.

2. Write w = u A dxs + v with u,v not involving dz.
8. Call Algorithm 14 with v and V U {xs} as inputs and let L be the output.

(a) Write L =1 Njxl with N; € k{{t,8,} UV) and Ny # 0.



(b) Compute a i € NP~ (M) such that Na(v) = de_1(fi).
4. Write Na(w) = (Na(u) — 0z, (1)) A dzs + ds(2).

5. Call Algorithm 14 with Ng(u) — 0., (ft) and V. U{9,,} as inputs and let L
be the output.

6. Write L=3>_ 85 M; with M; € k({t,0,} UV) and M., # 0.

j=e1

7. Return M., Ng.

4 The existence of telescopers

It is easy to see that if a differential form is d;-exact then it is 9;-closed. There-
fore Lemma 5 implies that given an w € A”(M), to decide whether it has a
telescoper, it suffices to decide whether there is a nonzero L € k(t, d;) such that
L(dw) = 0. Suppose that

dw = E iy, ip+1dxi1 Tt deJrlv iy ,.ovapia € U.

1<y < <ipyr1<n

Then L(dw) = 0 if and only if L(a;,,...4,,,) =0 forall 1 <i; <--- <ipp1 <n.
So the existence problem of telescopers can be reduced to the following problem.

Problem 15. Given an element f € R and its minimal annihilating operator
P € K(0,), decide whether there exists a nonzero L € k(t,d;) such that L(f) =
0.

Example 16. Let W (t) be as in Example 1. Then W (t) € R since it is rational
inxy,...,x5,t. Its minimal annihilating operator in K{(0;) is

T1X2X3T4T5

P=0+ .
" L@ 4 2 + o + ) + af) — trzaasmas

Set L =02. Then L is a nonzero operator in k(t,0;) such that L(W(t)) = 0.

Note that f is annihilated by a nonzero L € k(t)(d;) if and only if P is a
right-hand factor of L, i.e. L = QP for some @ € K(9;). For convenience, we
introduce the following definition.

Definition 17. An operator P € K(0;) is called (x,t)-separable if there is a
nonzero L € k(t)(0) such that L = QP for some Q € K(0).

Problem 15 then is reduced to the following one.
Problem 18. Given a P € K(9;) \ {0}, decide whether P is (x,t)-separable.

The above problem was called the separability problem in [13] that investi-
gates the possibility of eliminating the parameters x (not ¢) by left-multiplying
the operator P by a specific operator. Many special cases of the separability

10



problem had been studied in [13] and we will address the general D-finite case
in this section. A similar idea has been successfully applied in the desingu-
larization of linear differential operators. In this process, multiplying P by an
operator on the left enables the removal of factors of the leading coefficient of
P that correspond to the removable singularities, see for example [17, 18]. It
is important to note that desingularization focuses on removing factors (in t)
within the leading coefficient, whereas in our case, the objective is to eliminate
the parameters x present in all coefficients. The rest of this paper is aimed at
developing an algorithm to solve the above problem. Let us first investigate the
solutions of (x, t)-separable operators.

Notation 19.
Cpi={c €U | d(c) =0}, Cxi={c€U|Va € x,0,(c) = 0} .

Assume that L € k(t)(d;) \ {0}. By Corollary 1.2.12 of [39], the solution
space of L = 0 in U is a Cy-vector space of dimension ord(L). Moreover we have
the following lemma.

Lemma 20. If L € k(t){0:) \ {0}, then the solution space of L =0 inU has a
basis in Cx.

Proof. Let Ay be the companion matrix of L(y) = 0, i.e.

0 1
0 1
Ay = .
0 1
—ayg —G1 —G2 ... —Qpm-1

where m = ord(L) and L = 9" + am,la;"* 4+ -4+ ag. Set A; = 0 for all
i=1,...,n. Let 0y = 0;,0; = O, for i = 1,...,n. Then the system
W(Y) =AY, 01(Y) =AY, ..., 0,(Y)=A,Y
satisfies the integrability condition:
0i(A;) — 0;(A;) = AjA; — AjA;

for all 0 < i < j < n. Therefore there is a solution V' in GL,, (). Let v be
the first row of V. Note that det(V') is the Wronskian determinant of v and
det(V) # 0. These imply that v is a basis of the solution space of L(y) = 0.
Since 9;(v) = 0 for all 1 <14 <n, v has entries in Cyx. O

As a consequence, we have the following corollary.

Corollary 21. Assume that P € K(0;)\ {0}. Then P is (x,t)-separable if and
only if the solutions of P(y) =0 in U are of the form

Y gihi, 9i € Cihy € Cn {f €U | Q(f) = 0} 8)

i=1

for some Q € K(0).

11



Proof. The “only if” part is a direct consequence of Lemma 20. For the “if” part,
one only need to prove that if h € CxN{f € U | Q(f) = 0} then h is annihilated
by a nonzero operator in k(t){(J;). Suppose that h € Cx N {f e U | Q(f) = 0}.
Let L be the monic operator in K(9;)\{0} which annihilates h and is of minimal
order. Write

-1
L= 8f+Zai8ti,ai € K.
i=0
Then for every j € {1,...,n}
-1 ‘ -1 ‘
0= 8y, (L(h)) =D 0u,(a:)0}(h) + LDy, () = D D, (as) 0 (h).
i=0 i=0

The last equality holds because h € Cx. By the minimality of L, one sees that
Oz;(a;) =0 foralli=0,...,f —1andall j =1,...,n. Hence a; € k(t) for all
i. In other words, L € k(t)(0y). O

For convention, we introduce the following definition.

Definition 22. (1) We say f € U is split if it can be written in the form
f = gh where g € Cy and h € Cx, and say f is semisplit if it is the sum
of finitely many split elements.

(2) We say a nonzero operator P € K(0) is semisplit if it is monic and all
its coefficients are semisplit.

The semisplit operators have the following property.

Lemma 23. Assume that P = @Q1Q2 where P,Q1,Q2 are monic operators
in K(0;). Assume further that Qo € k(t)[x,1/r](0:) where r € k[x,t]. Then
P € k(t)[x,1/r](0:) if and only if Q1 is also.

Proof. Comparing the coefficients on both sides of P = @1Q2 concludes the
proof. O

As a direct consequence, we have the following corollary.

Corollary 24. Assume that P = Q1Q2 where P,Q1,Q2 are monic operators
in K{0;). Assume further that Qo is semisplit. Then P is semisplit if and only
if Q1 is also.

4.1 The completely reducible case

In Proposition 10 of [12], we show that given a hyperexponential function h
over K, ann(h) Nk(t){(d:) # {0} if and only if there is a nonzero p € k(x)[t] and
r € k(t) such that

9(p)

a= +r,
p

12



where a = 9;(h)/h. Remark that a,p,r with p # 0 satisfy the above equality
if and only if %(@ —a) = (0 — r)%. Under the notion of (x,t)-separable and
the language of differential operators, Proposition 10 of [12] states that d; — a
is (x,t)-separable if and only if it is similar to a first order operator in k(t){d;)
by some 1/p with p being a nonzero polynomial in ¢. In this section, we shall
generalize Proposition 10 of [12] to the case of completely reducible operators.
We shall use lelm(Q1, Q2) to denote the monic operator of minimal order which
is divisible by both @7 and @2 on the right. We shall prove that if P is (x,t)-
separable and completely reducible then there is a nonzero L € k(t){(d;) such
that P is the transformation of L by some @) with semisplit coefficients. To this
end, we need to introduce some notations from [36].

Definition 25. Assume that P,Q € K () \ {0}.

1. We say P is the transformation of P by Q if P is the monic operator
satisfying that PQ = Aclm(P, Q) for some A € K.

2. We say P is similar to P (by Q) if there is an operator Q with gerd(P, Q) =
1 such that P is the transformation of P by Q, where gerd(P, Q) denotes
the greatest common right-hand factor of P and Q.

Definition 26. 1. We say P € K{(0;) is completely reducible if it is the lclm
of a family of irreducible operators in K{0;).

2. We say Q € K () is the mazimal completely reducible right-hand factor
of P € K(0) if Q 1is the lclm of all irreducible right-hand factors of P.

Given a P € K(0;), Theorem 7 of [36] or Theorem 1.1 on page 4 of [38]
implies that P has the following unique decomposition called Loewy decompo-
sition,

P=M)H.H._;...H;

where A € K and H; is the maximal completely reducible right-hand factor of
H,...H;. For an L € k(t)(0;), it has two Loewy decompositions viewed as an
operator in k(t){(9;) and an operator in K{9;) respectively. In the following, we
shall prove that these two decompositions coincide. For convenience, we shall
denote by P,,—., the operator obtained by replacing z; by ¢; € k in P.

Lemma 27. Assume that P,L are two monic operators in K(0;). Assume
further that P € k(t)[x,1/r]{(0;) with r € k[x,t], and L € k(t)(0;). Let ¢ € k™
be such that r(c) # 0.

1. If gerd(Px=c, L) = 1 then gerd(P, L) = 1.

2. Ifgerd(P, L) = 1 then there isa € k™ such that r(a) # 0 and gerd(Py—a, L)
1.

Proof. 1. We shall prove the lemma by induction on n = |x|. Assume thatn =1,
and gerd(P, L) # 1. Then there are M, N € k(t)[x1](0;) with ord(M) < ord(L)
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such that M P + NL = 0. Write

m—1 s
M = Z aiaf, N = Zbﬁ}
=0 =0

where m = ord(L). If the a;’s have a common factor ¢ in k(¢1)[z1], then one
sees that ¢ is a common factor of the b;’s. Thus we can cancel this factor
c. So without loss of generality, we may assume that the a;’s have no com-
mon factor. This implies that M, —., # 0 and My, —¢, Pyy=c, + Ng,=c, L = 0.
Since ord(My,=¢,) < ord(L), gerd(Pyy=¢,,L) # 1, a contradiction. For the
general case, set Q = Py —¢,. Then Qu,—c,.... 2, =c, = Px=c. This implies that
gerd(Quo=cs.,....wn=c,» L) = 1. By the induction hypothesis, gerd(Q, L) = 1. Fi-
nally, regarding P and L as operators with coefficients in k(¢, o, . .., x,)[21,1/7]
and by the induction hypothesis again, we get gerd(P, L) = 1.

2. Since gerd(P, L) = 1, there are M, N € K(0;) such that MP+ NL = 1.
Let a € k™ be such that r(a) # 0 and both My_, and Nyx_, are well-defined. For
such a, one has that My—_aPx—a + Nx=aL = 1 and then gerd(Pyx—a, L) = 1. O

Lemma 28. Let L € k(t){0;). The Loewy decompositions of L viewed as an
operator in k(t){0¢) and an operator in K(0;) respectively coincide.

Proof. We first claim that an irreducible operator of k(t)(d;) is irreducible in
K(0;). Let P be a monic irreducible operator in k(¢)(0;) and assume that
@ is a monic right-hand factor of P in K(0;) with 1 < ord(Q) < ord(P).
Then P = QQ for some Q € K(8,). Suppose that Q € k(t)[x,1/r](d;). By
Lemma 23, Q belongs to k(t)[x,1/7](d;). Let ¢ € k" be such that r(c) # 0.
Then P = Qy—cQx—c and 1 < ord(Qy—) < ord(P). These imply that P is
reducible in k(t){(:), a contradiction. So P is irreducible in K(9;) and thus the
claim holds. Let L = AH,.H,_1 ... H; be the Loewy decomposition in k(t){0;).
The above claim implies that H; viewed as an operator in K (9;) is completely
reducible. Assume that H; is not the maximal completely reducible right-hand
factor of L in K(0;). Let M € K(J;) \ K be a monic irreducible right-hand
factor of L satisfying that gerd(M, Hy) = 1. Due to Lemma 27, there is a € k™
satisfying that gerd(Mx—a, H1) = 1. Note that Myx—, is a right-hand factor
of L. Therefore My—_, has some irreducible right-hand factor of L as a right-
hand factor. Such irreducible factor must be a right-hand factor of H; and thus
gerd(Mx—a, H1) # 1, a contradiction. Therefore H; is the maximal completely
reducible right-hand factor of L in K(9;). Using the induction on the order, one
sees that AH, H,_ ... Hy is the Loewy decomposition of L in K(d;). O

Lemma 29. Assume that P is monic, (X,t)-separable and completely reducible.
Assume further that P € k(t)[x,1/r](0y) with r € k[x,t]. Let ¢ € k™ be such
that r(c) # 0. Then Px—c is similar to P.

Proof. Let L be a nonzero monic operator in k(t)(d;) with P as a right-hand fac-
tor. Since P is completely reducible, by Theorem 8 of [36], P is a right-hand fac-
tor of the maximal completely reducible right-hand factor of L. By Lemma 28,
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the maximal completely reducible right-hand factor of L is in k(t)(d;). Hence
we may assume that L is completely reducible after replacing L by its max-
imal completely reducible right-hand factor. Assume that L = QP for some
Q € K(d;). By Lemma 23, Q € k(t)[x,1/7](d;). Then L = Qx—¢Px—c, i.c. Py—c
is a right-hand factor of L. We claim that for a right-hand factor T of L, there
is a right-hand factor L of L satisfying that gerd(T, L) = 1 and lclm(T, L) L.
We prove this claim by induction on s = ord(L) — ord(T"). When s = 0, there
is nothing to prove. Assume that s > 0. Then since L is completely reducible,
there is an irreducible right-hand factor L; of L such that gerd(T,L;) = 1.
Let N = lelm(T, L1). We have that ord(N) = ord(T) + ord(Ly). Therefore
ord(f/) —ord(NV) < s. By induction hypothesis, there is a right-hand factor Lo
of L such that gerd(N, Ly) = 1 and lelm(N, Ly) = L. Let L = lelm(Ly, Ly).
Then
L =lclm(N, Ly) = lelm(T, Ly, Ly) = lelm(T), L).

Taking the order of the operators in the above equality yields that
ord(lelm(T, L)) = ord(lclm(N, Ly)) = ord(N) + ord(Ls)
= ord(T') + ord(L;) 4+ ord(Ls).
On the other hand, we have
ord(lelm(7, L)) < ord(T) + ord(L) < ord(T') + ord(L;) + ord(Ls).

This implies that
ord(lelm(T, L)) = ord(T) + ord(L).

So gerd(T, L) = 1 and then L is a required operator. This proves the claim.
Now let L be a right-hand factor of L satisfying that gerd(Py—c, Lc) = 1 and
lelm(Px=c, Le) = L. Let M € k(t)(O:) be such that L = MLc. Then Py_. is
similar to M. It remains to show that P is also similar to M. Due to Lemma 27,
gerd(P, Le) = 1. Then

ord(lelm(P, L¢)) = ord(P) 4 ord(Le) = ord(Px—c) + ord(L.) = ord(L).

Note that lelm(P, L) is a right-hand factor of L. Hence lelm(P, L.) = L and
thus P is similar to M. O

For the general case, the above lemma is not true anymore as shown in the
following example.

Example 30. Lety = x1log(t + 1) + z2log(t — 1) and

(t =122+ (t+1)%2
(2 = 1)((t — oy + (¢t + 1))

P=0}+ »

Then P is (z,t)-separable since {1,y} is a basis of the solution space of P =0
inU. We claim that P is not similar to Px—c for any c € k*\ {(0,0)}. Suppose
on the contrary that P is similar to Px—c for some ¢ = (c1,c2) € k?\ {(0,0)},
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i.e. there are a,b € k(x,t), not all zero, such that gerd(ady + b, Px—c) = 1 and
P is the transformation of Px—c by adi+b. Denote Q = ads+b. As {1, yx=c} is
a basis of the solution space of Px—c, {Q(1), Q(yx=c)} is a basis of the solution
space of P =0. In other words, there is C € GLy(Ct) such that

C1 Co
x=c | — 17 .
(b,a(t+1+t_1>+by ) (1,y)C

Note that log(t + 1),log(t — 1), 1 are linearly independent over k(x1,xo,t). We
have that b € Cy \ {0} and bey = éx1,bey = éxo for some ¢ € Cy. This implies
that x1/xe = ¢1/ca € k, a contradiction.

When the given two operators are of length two, i.e. they are the products
of two irreducible operators, a criterion for the similarity is presented in [32].
For the general case, suppose that P is similar to Py—c by Q. Then the operator
Q is a solution of the following mixed differential equation

Pz=0 mod Py_e. 9)

An algorithm for computing all solutions of the above mixed differential equation
is developed in [42]. In the following, we shall show that if P is (x, t)-separable
then @ is an operator with semisplit coefficients. Note that @) can be chosen
to be of order less than ord(Px—.) and all solutions of the mixed differential
equation with order less than ord(Pyx—.) form a vector space over k(x) of finite
dimension. Furthermore @) induces an isomorphism from the solution space of
Py—c(y) = 0 to that of P(y) = 0.

Proposition 31. Assume that P is monic and completely reducible. Assume
further that P € k(t)[x,1/r](0:) with r € k[x,t]. Let ¢ € k™ be such that
r(c) # 0. Then P is (x,t)-separable if and only if P is similar to Px—c by an
operator Q with semisplit coefficients.

Proof. Denote m = ord(Px=c) = ord(P). Assume that {aj,...,a,} is a basis
of the solution space of Px—c(y) = 0 in Cx and P is similar to Px—. by Q). Write
Q=""" a0} where a; € K. Then

aq (6% . [67%%
ol o ol
(Qa1),...,Q(am)) = (ao, ..., am-1)
a(lm_l) ozgm_l) e aﬁ,’?_l)

and Q(a1),...,Q(am) form a basis of the solution space of P(y) = 0.

Now suppose that P is (x,t)-separable. Due to Lemma 29, P is similar to
Py—c by Q. By Corollary 21, the Q(«;) are semisplit. The above equalities then
imply that the a; are semisplit. Conversely, assume that P is similar to Px—.
by @ and the a; are semisplit. It is easy to see the Q(c;) are semisplit. By
Corollary 21 again, P is (x,t)-separable. O
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Using the algorithm developed in [42], we can compute a basis of the solution
space over k(x) of the equation (9). It is clear that the solutions with semisplit
entries form a subspace. We can compute a basis for this subspace as follows.
Suppose that {Q1,...,Q¢} is a basis of the solution space of the equation (9)
consisting of solutions with order less than ord(Px—c). We may identify Q; with
a vector g; € K™ under the basis 1,0, ..., . Let ¢ € k(x)[t] be a common
denominator of all entries of the g;. Write g; = p;/q for each i = 1,..., ¢, where
pi € k(x)[t]™. Write ¢ = ¢1q2 where ¢ is split but ¢; is not. Note that a rational
function in ¢ with coefficients in k(x) is semisplit if and only if its denominator
is split. For ¢q,..., ¢ € k(x), Zle ¢;g; is semisplit if and only if all entries of
Zle c;p; are divided by ¢1. Fori=1,... ¢, let h; be the vector whose entries
are the remainders of the corresponding entries of p; by ¢;. Then all entries of
Zle ¢;p; are divided by ¢ if and only if Zle c;h; = 0. Let cq,...,cs be abasis
of the solution space of Zle zih; = 0. Then {(Q1,...,Q¢)c; |i=1,...,s}is
the required basis. Consequently, the required basis can be computed by solving
the system of linear equations ) ., z;h; = 0.

In the following, for the sake of notations, we assume that {Q1,...,Q,} is a
basis of the solution space of the equation (9) consisting of solutions with semi-
split coefficients. By Proposition 31 and the definition of similarity, P is (x,t)-
separable if and only if there is a nonzero Q in the space spanned by Q1,...,Qy
such that gerd(Py—e, Q) = 1. Note that Q induces a homomorphism from the
solutions space of Px—c(y) = 0 to that of P(y) = 0. Moreover, one can easily see
that gerd(Py—e, Q) = 1 if and only if @ is an isomorphism i.e. Q(av), ..., Q(am)
form a basis of the solution space of P(y) = 0 where {a1,...,an} is a basis
of the solution space of Py—c(y) = 0. Assume that Q = 7" " ag ;0! with
ap,; € K. Using the relation Px—c(o;) = 0 with j = 1,...,m, one has that for
allj=1,...,m

m—1 4 m—1
oy = (S aef?) = S
i=0 =0

for some a;; € K. Repeating this process, we can compute a;; € K such that
forall j=1,...,mandl=1,...,m—1,

m—1
Qay)® = 3 aial?.
=0

Now suppose that Q = Zle ziQ; with z; € k(x). One sees that the a;; are

linear in z1,...,2. Set A(z) = (a;;)o<ij<m—1 With z = (21,...,2,). Then one
has that
a1 QU Q(ay) Qlam)
A(z) : : = : : (10)
am=1 gl Q(a)™ D . Qag) ™D
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It is well-known that Q(av), ..., Q(ay,) form a basis if and only if the right-hand
side of the above equality is a nonsingular matrix and thus if and only if A(z)
is nonsingular. In the sequel, one can reduce the problem of the existence of
Q satisfying gerd(Q, Py—c) = 1 to the problem of the existence of a € k(x)’ in
k(x) such that det(A(a)) # 0.

Suppose now we already have an operator () with semisplit coefficients such
that P is similar to Py—. by Q. Write Q = 2?51 b;0! where b; € K is semisplit.
Write further b; = >°_, h; ;8; where h;j € k(x) and f; € k(t) \ {0}. Let
Lo = Px—c and let L; be the transformation of L;_; by d; fori=1,...,m — 1.

()

Then L; annihilates o; forall j=1,...,m and Lié annihilates Blag-i) for all

l=1,...;,sand j=1,...,m. Set

1
Llclm({Li|iO,...,m1,l1,...,s}>.
Bi

Then L annihilates all Q(ai) and thus has P as a right-hand factor. We sum-
marize the previous discussion as the following algorithm.

Algorithm 32. Input: P € K{(0;) that is monic and completely reducible.

Output: a nonzero L € k(t)(0) which is divided by P on the right if it exists,
otherwise 0.

1. Write

m—1
m i
P=09"+ Z —0;
=0
where a; € k(t)[x],r € k[x,t].
2. Pick ¢ € k™ such that r(c) # 0. By the algorithm in [42], compute a basis
of the solution space V' of the equation (9).

8. Compute a basis of the subspace of V' consisting of operators with semisplit
coefficients, say Q1,...,Qy.

4. Set Q = Zle 2Q; and using Q, compute the matriz A(z) as in (10).

5. If det(A(z)) = 0 then return 0 and the algorithm terminates. Otherwise
compute a = (ay,...,as) € k* such that det(A(a)) # 0.

6. Set b; to be the coefficient of 9} in Z§:1 a;Q; and write b; = Z§:1 hi jB;
where h;; € k(x) and B; € k(t). Let Ly = Px=c and for each i =
1,...,m —1 compute L;, the transformation of L;_1 by O;.

7. Return lclm ({Li%|i:O,...,m—l,j:l,...,s}).
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4.2 The general case

Assume that P is (x,t)-separable and P = Q1Q2 where Q1,Q2 € K(0;). Tt is
clear that Qs is also (x, t)-separable. One may wonder whether @, is also (x, ¢)-
separable. The following example shows that @)1 may not be (x,t)-separable.

Example 33. Let K = k(x,t) and let P = 0%. Then P is (x,t)-separable and

2 T oz
o = <at+:ct+1> (at xt+1>'

The operator Oy + x/(xt + 1) is not (x,t)-separable, because 1/(xt+ 1) is one of
its solutions and it is not semisplit.

On the other hand, the lemma below shows that if Q5 is semisplit then @
is also (x,t)-separable.

Lemma 34. (1) Assume that Q1,Q2 € K(0;) \ {0}, and Q2 is semisplit.
Then Q1Q2 is (x,t)-separable if and only if both Q1 and Q2 are (x,t)-
separable.

(2) Assume that P € K(0) \ {0} and L is a nonzero monic operator in
k(t){D:). Then P is (x,t)-separable if and only if the transformation of P
by L is also.

Proof. Note that the solution space of lelm(Py, P2)(y) = 0 is spanned by those
of Pi(y) =0 and Py(y) = 0. Hence lclm (P, Py) is (x,t)-separable if and only if
so are both P; and Ps.

(1) For the “only if” part, one only need to prove that @ is (x, ¢)-separable.
Assume that g is a solution of Q1 (y) = 0 in U. Let f be a solution of Q2(y) = g
in Y. Such f exists because U is the universal differential extension of K. Then
f is a solution of @1Q2(y) = 0 in U. By Corollary 21, f is semisplit. Since Q2
is semisplit, one sees that g = Q2(f) is semisplit. By Corollary 21 again, Q) is
(x,t)-separable.

Now assume that both Q; and Qy are (x,t)-separable. Let Q € K(d;) be
such that QQQ L where L € k(t){(9;) is monic. By Corollary 24 and the “only
if” part, Q is semisplit and (x, t)-separable. Thus lclm(Q1, Q) is (x, t)-separable.
Assume that lelm(Q1, Q) = NQ with N € K (9,). Since Q is semisplit, by the
“only if” part again, N is (x,t)-separable. Let M € K (8;) be such that M N is
a nonzero operator in k(t)(0;). We have that

Mlclm(Q1,Q)Q2 = MNQQs = MNL € k(t){0;).

On the other hand, Mlclm(Qy, Q)Qs = MMQ,Q, for some M € K (d,). Hence
P =(Q:1Q3 is (x,t)-separable.

(2) Since L is (x,t)-separable, we have that P is (x,t)-separable if and only
if Iclm(P, L) is also. Let P be the transformation of P by L. Then PL =
lelm(P, L). As L is semisplit, the assertion then follows from (1). O
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Assume that P is a nonzero operator in K{(0;). Let Py be an irreducible
right-hand factor of P. By Algorithm 32, we can decide whether Py is (x,t)-
separable or not. Now assume that P is (x, t)-separable. Then we can compute
a nonzero monic operator Ly € k(t)(0;) having Py as a right-hand factor. Let Py
be the transformation of P by Lo. Lemma 34 implies that P is (x, t)-separable
if and only if P; is also. Note that

ord(P;) = ord(lelm (P, L)) — ord(Lg)
< ord(P) + ord(Lg) — ord(Py) — ord(Lg) = ord(P) — ord(F).

In other words, ord(P;) < ord(P). Replacing P by P; and repeating the above
process yield an algorithm to decide whether P is (x, t)-separable.

Algorithm 35. Input: a nonzero monic P € K{(0).

Output: a nonzero L € k(t)(0;) which is divided by P on the right if it exists,
otherwise 0.

1. If P =1 then return 1 and the algorithm terminates.

2. Compute an irreducible right-hand factor Py of P by algorithms developed
in [4, 41, 43].

8. Apply Algorithm 32 to Py and let Lo be the output.

4. If Lo = 0 then return 0 and the algorithm terminates. Otherwise compute
the transformation of P by Lo, denoted by Py .

5. Apply Algorithm 35 to Py and let L1 be the output.
6. Return LiLg.

The termination of the algorithm is obvious. Assume that L; # 0. Then
Ly = @1 P, for some @ € K(9;). We have that P, Ly = lclm(P, Ly). Therefore

LiLo = Q1P Ly = Q1lclm(P, Ly) = Q1QoP

for some Qg € K(9;). This proves the correctness of the algorithm.
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