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ABSTRACT

Consider formal power series fi,..., fr € Q[[z]] that are defined
as the solutions of a system of polynomial differential equations
together with a sufficient number of initial conditions. Given P €
Q[Fy, ..., Ft], several algorithms have been proposed in order to
test whether P(fi,..., fi) = 0. In this paper, we present such an
algorithm for the case where f1,..., fi are so-called transseries
instead of power series.
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1 Introduction

Standard mathematical notation exists for many special functions
such as exp, log, sin, erf, Si, g, ¢, etc. But how to decide whether
an expression like e**Y —e*eY actually represents the zero func-
tion?

One popular approach is to rely on differential algebra [25, 20,
2], by defining exp as a symbolic solution of the equation f’ = f.
However, this only allows one to define exp up to a multiplicative
constant, which is insufficient to conclude that e* Y =eXe?.

Another approach is to define f =exp as the unique solution of
f’ = f with £(0)=1. This can be made more precise by restricting
our attention to D-algebraic power series. Let K be an effec-
tive field. We say that f € K[[z]] is D-algebraic if it satisfies an

equation P(f, f,... ,f(r)) =0 for some differential polynomial P €

K[F,F,.. .,F(r)] \ K. In that case, f is actually uniquely deter-
mined by P and a sufficient number of initial conditions. Given D-
algebraic series f,..., fi and a differential polynomial Qin Fy,..., F,
the zero-test problem now consists of deciding whether Q(fi, ...,
fi)=0. Many solutions have been proposed for this problem [24,
5, 6, 19, 26, 27, 22, 17, 15] and we refer to [12] for a brief overview
of existing approaches.
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However, one problem with ordinary power series is that they
do not form a field. So-called transseries are a far reaching gener-
alization of power series, by closing off K[[z]] under exponentia-
tion, logarithms, and infinite summation [4, 8, 7, 14]. An example
of a transseries at infinity (x — o0) is
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The transseries with real coefficients form a field T that is closed
under differentiation, composition and the resolution of many dif-
ferential equations. A transseries f is again said to be D-algebraic
if P(f,f’,...,f(r)) =0 for some P € K[F, F',H.,F<r)] \ K. For
example, the transseries (1) is D-algebraic.

Given D-algebraic transseries fi,..., f; and a differential poly-
nomial Q in Fy,..., F, our main result is an algorithm for deciding
whether Q(fi,..., fi) =0. In fact, we reduce this problem to the
case k=1, but at the same time generalize it to the case where the
coefficients of Q and the differential polynomial P with P(f;) =0
are taken in an effective differential subfield of T for which we
already have a zero-test.

A substantial part of the paper is devoted to recalling required
theoretical results about transseries from [14, 11, 1]. From an
effective point of view, computations with transseries are most
conveniently carried out with respect to a so-called transbasis B =
(b1,...,bp). This allows one to consider general transseries as
power series in by ! with real exponents, and whose coefficients
can recursively be expanded with respect to the transbasis (b1, ...,
b,_1). For instance, for x — oo, the transseries 1/(1-x~1-e¥)isa
series in e~ with coefficients in R [[x~1]]. Along with our survey,
we present a precise framework, much in the vein of [23, 10].

Having carried out the necessary preparations, our main algo-
rithm turns out to be a natural extension of the zero-test from [15]
for formal power series. This algorithm essentially relies on two
results: the existence of a root of a given differential polynomial Q
which is sufficiently close to a given D-algebraic series f when-
ever Q(f) is sufficiently close to zero, and an upper bound on the
number of terms required to uniquely determine the root f of P.
Our main contribution is to extend these two results to the setting
of transseries. In particular, using a theorem from [11], we were
also able to further sharpen the bound on the required expansion
order. As an illustration of our algorithm, we will first define the
Lambert function as the unique transseries solution to a suitable
asymptotic differential equation and then verify that it satisfies

the equation W(x) WOy
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2 Generalized power series

2.1 Grid-based series

Let T be a totally ordered abelian group. A subset SCT is said to be
grid-based if there exist ay,..., ap €T~ :={y€T: y>0} and BT with
SC Naj+--+Nag+p = {ijay+---+igap+p:ig,....ir e N}
Given a field K, consider a formal power series f =3 . faz%
with fy € K and such that the support supp f:={a € R: fy # 0} is
grid-based. Then we call f a grid-based power series (with coef-
ficients in K and exponents in I') and we denote the set of such
series by K[[zr]]gb or simply by K[[Z1]].

In [14, Section 2.2] it is shown that K [[zr]] forms a field. It actu-
ally forms a valued field for the valuation v: K[[z]] > Tu{+}
defined by v(f):=minsupp f (and v(0):=+o0). If fe K[[z1]] is
non-zero, then we call 2"Y) the dominant monomial of f. fK
is an ordered field, then so is K[[z]]], by setting f>0 = fup>
0. In that case, we will write K[[z ]]> for the subset of strictly
positive elements.

Example 1. We have f=1/(1-z-zT)e Q[[ZR]] with supp f =
N+ N.

Example 2. If x:=1/zis a “formal infinitely large variable”, then

we define xT:= 2l and K[[x~T]]:=K[[2!]].

2.2 Iterated series
Given variables z1,...,zpand a =(aq,..., an) €T, let z%:= z?l e zdn
We totally order I'" anti-lexicographically via

a<f < an<fn V (an=Pn N an—1<Pn-1)

Vo Vo(an=pn A A ar=pr)
and define the field of grid -based iterated series in zy,..., zp
by K[[zlf, ]] K[[zI"]]. We note that K[[zl,.. zlr:]] c

K[[z{]] [[zn]] and this inclusion is strict as soon as n>1: e.g.,

2 eN Al o zhe K[[zl NIE ]] \ K[[zl z ]] Note also that
F=1/(z1+22) € K[[21%: 25]] with supp f = N (-1, 1)+(—1,o).
We sometimes consider series f=3, ~ , fa,... a2 28
in K [[zl, zn]] jointly with respect to all variables z1,...,zpand
write vz(f) €T U{+ oo} for the valuation of f. On other occasions,
we expand f = Zanerfan zy" as a series in zp with coefficients

fun€K[[2]:...

in zp.

n

zg_ 1]] and write vz (f) €T U{+ oo} for its valuation

2.3 Asymptotic relations and the canonical
decomposition of a series

Given f,ge K [[2']], we will use the following traditional asymp-
totic notation:

f=0g = f<ge ) 2 v
f=og = f<ge ) > v
f =g vf) = vg)
f~g= vf-g > vg).
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For elements y, €T U{+oo} in the value group (or infinity), we
also write y = O(n) if |y| < n|n| for some integer n>1 and y = o(p) if
n|y|<|n| for all integers n>1. The following asymptotic relations
will also be useful:

O(v(g))
o(v(g))-

Any grid-based series f € K[[z!]] admits a unique canonical
decomposition

f=xge= W)=
f<xge= W)=

f=Bftfs
where f5.:=3 o faz% f<=fo, and f<:=3 . o faz% We define
K[z ={f e K[[z']]: f = £} and K[[z"]]<:={f e K[[2"

f=1<}

2.4 Computable series

A field K is said to be effective if we have algorithms for the field
operations and zero testing. An ordered field is effective if we also

have an algorithm for the ordering. Assume that K is effective
and that % is an effective ordered subfield of R.

Consider a power series f € K [[2%]] with supp f € S for some
grid-based set S. A lazy program for (f,S) is an algorithm that
takes void input and that produces either zero (if S= @) or f*: = =(fe,
e) with e:=min S and a lazy program f” for (f — foz% S\ {e}). We
say that f is (lazily) computable if there exists a lazy program for
(f,S), where supp f € S. We write K [[2%]]°°™ for the set of such
series.

In fact, K [[2%]]°°M forms a field and the lazy approach allows
us to implement the ring operations in an elegant way as follows:

given (c, 1) € K x#Z and non-zero f, g€ K [[2Z]]¢°™ with =
az%and gt = b2P, we set

(a+b)2% f*+g°) if a=p
(az“,fbig) if a<f
(b2 f+g") if a>p
(e N (M )P) = (caz®* A (c2h) f?)
(f2).(f0)) = (abz“*P (az)g"+ )

We also take f+0:= f, 0— f:=(—1) f, etc. Assuming that v(g)>0,
we invert 1 — g as follows

() () - (eeits)

com

(fre)f.(ftg)) =

Since any non-zero f € K[[z‘%]] can be written as f =
cz%(1-g) withce K#, ae#, and ge K [[2Z%]]°°™ with v(g) >0,

we may thus compute f_1 as ¢! z‘“ng_

The lazy approach is very convenient as long as we only need
amodest number of terms. For high order expansions, the relaxed
(or online) approach is more efficient [13].

2.5 Computable iterated series

Assume now that K is an effective field and that Z is an effective
ordered subfield of R. In the case of iterated series in K [[21%; o
z‘n%]] =K [[z‘% n]], the lazy approach raises the problem of infinite
cancellations: assume that we wish to subtract

. 1
1-2z1—-29 1-21

()
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using the lazy approach. Then the successive terms of the result
are (1-— l)z(l), (1-1) z%, (1-1) z%, .... Due to this infinite cancella-
tion, we never reach the first term z9 of the result.

In order to circumvent this difficulty, assume that we are
given an effective subﬁeld F of K[[zlg; R z‘n%]] such that
Ku{z%*:aeZ™" c.Z%. We will call .Z an ambient field if for
any f€.Z7n K[[zl ;.. z‘k%]] w1th 1< k< n, when regarding
f= Zae%fazk as a series in K[[zl = ,z‘k%il]][[z‘k%]] we have
fae F foralaeZ and fe F [[z ]]eem,

For the grid-based iterated series (2), we may then take .% :=
K(z1, z2), after which expansion with respect to zz yields

l_l_(1_1)+zz 23
I-z1-2z3 1-2z 1-z1 1-z (1—.7.1)2 (1—z1)3

1 1
T-zi T-z (1-zf (1- )3’
In particular, we may detect the infinite cancellation in the first
term using the zero test in .%.

and the coefficients are all in .

2.6 Beyond grid-based series

In this paper, we adopted the framework of grid-based series in
order to use some of the results from [14]. However, the results
from this book and the present paper can be adapted mutatis
mutandis to so called steady series.

We say that a subset S of R is steady if S is either finite or S=
{ag, a1,...} with ag < oty < -+ and lim;_, o @j= +co. It was shown by
Levi-Civita [21] that the set K[[ZR]]st of series f = ZaeRfaza
with steady support forms a field. An example of such a steady
series f that is not grid-based is f ={(-logz)=3%", -4 08 " where
{ is the Riemann ¢ function.

The field of iterated steady series is simply K [[Zl ;. R]]st =
K[[ziR]]s [[z§]]st. In fact, the framework of steady series
would have been slightly better for the present paper, since it is
the most natural setting for lazy power series expansions. Fur-
thermore, we have seen that a series in K[[le]]gb S [[z,]iR]]gb is
not necessarily grid-based, so extra efforts are sometimes required
to prove this, whenever this indeed is the case.

Even more generally, Hahn showed that the set K[[zr]]wo
of series f =3 rfaz® with well-ordered support also forms
a field. In this setting, we naturally have K[[ZRH]]WO =
K[[ziR]]WO [[zg{]]wo. An example of a well-ordered series that
is not steady is f:=z"1+2z71/24z71/44 ... which is a natural
solution of the equation f(z)=z"!+ f(z!/%). However, this kind
of series is more problematic from an algorithmic point of view,
since the order type of the support of g(2):= f(2)/(1 - z) is w?.
In particular, expressions like g(z) — f(z) give rise to infinite can-
cellations as in (2), but with no easy fix; see also [9].

3 Transseries

3.1 Transbases

Let x be a formal variable that we think of as being infinitely large.
Given ¢ € N, let log, :=log o % o log denote the ¢-fold iterated
logarithm. A transbasis is a tuple B =(b1,..., by) with the following
properties:

TB1. b =log,x for some ¢ € N.

TB2. bieepr[[bl_R;...; b,__]%]]; fori=2,...,n.

TB3. loghby < ---
In TB2, we understand that exp R[[be; e
of the multiplicative group of formal exponentials e? with ¢ €
]R[[bl_R;...;bi__ﬂi]]> and ¢ >0. Accordingly, in TB3, we have
written log b; for the series ¢; with b;=e?.

< log bn.

bi__]%] 2 consists

3

We may always insert further iterated logarithms into 3 when-
bp) with bg:=
log, .1 x is again a transbasis. In the extension R [[baR; bl_R; .
b_R 1]]Z , TB3 can be strengthened to

ever needed. More precisely, the tuple 3= (69,51,-.-,

1 < logby < -+- < loghbp. (3)

X +x2+x)

Example 3. The tuple B =(b1,b2,b3,b4):= (logx, x,x*,e

forms a transbasis, since x = elng, x* = exmgx with xlog x €

R[[(log x) " ®; x"R]]2, and x + x? + x € R[[(log ) R; xR,
e

Remark 4. Let N > 1 be a positive integer. Then

N 1
exp - 1~ exN+'“+xelfx_1
1-x~
—(x NixN-14. 4R
e R[[x"® 1}
NNy : :
where (x,e )15 a transbasis. If N is large, then the

N

expression x*' + --- + x becomes very large, which is not con-
venient. There are various other types of transbasis, for which
N

expx—7 may directly be included in the transbasis instead of
1-x71

N

N-1
ex +x

+*X 1In this paper, we will ignore such “optimiza-

tions” and refer to [14, Section 4.4] for more details on alternative
definitions.

3.2 Grid-based transseries

A grid-based transseries is an element of R[[bl_R; s bﬁR]] for
some transbasis B = (b1,..., by). It turns out that the grid-based
transseries form a field T (modulo natural identifications when
varying ®B). This is not directly obvious from our “definition”,
which depends on the underlying transbasis 3. Usually, one first
defines the field of transseries T in a more conceptual manner
and then proves that any transseries can be expanded with respect
to a transbasis: see [14, Chapter 4 and Section 4.4]. However, in
this paper, we will always manipulate transseries via transbasis,
so our more computational “definition” will be more direct and
convenient.

Grid-based transseries were first considered by Ecalle in [7].
For constructions of fields of transseries with well-ordered sup-
port, we refer to [1, Appendix A] or [4, 10].

3.3 Differentiation of transseries

Consider a transbasis B = (by,..., by) with by =log,x. Then we

have the natural derivation &7 := xlogx -- loggxi on R[[b] ]]

with 6 f = _ZaeRO‘fabl—a forall fe R[[6] ]] This derivation
extends by induction on n to B := R[[bIR' .
that we defined §; on R[[67 ;.. ;
compute 81 by /bp:=01logbpe R[[be; e b;]_Rl]] Now given

=3 er fabn®e R[0T R0, K110 R 11, we take

R[[o7 %50, 80000 R

5 bﬁR]]: assuming

b;lgl]], we can in particular

61bn
ouf = Y (oufumatlf e e
aeR
If fe R[[bl_R;‘..;b,_lR]], then it can be shown that & f €

R[[bl_R; s bﬁR]]. This is due to the fact that, for a suitable
notion of infinite summation, we have

b O1b - —
af == ¥ el vt )

aeR"
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with supp 81 f Csupp f + (Ui":l supp %) For details, see [14,
Sections 2.4 and 5.1]. l

Assuming that log,x,log,_1x,...,x all belong to ¥, it follows
that B is also closed under the usual differentiation with respect
to x. In addition, for i=2,...,n, we have the derivation &;:=(b;/
01 b;) 81 with §;b;="5;. Given f, g€ B, it is shown in [14, Sec-
tion 5.1] that

f<gng+l=6f <dg ®)
Applying this to Equation (3), we get

dibq Sibn
b < e < b, (6)

Given f e R[[be; el b,_lR]], the formula (4) implies vy(3; f) =
vn(81 f) 2 vn(f), since vu(b;/ 51 b;)=0. For any re N, it follows
that vp(8] f) > va(f). If f has dominant monomial b7 **--- b, %"
with ap, >0, this also yields viu(8;f) >0, whence §;f < 1. For all
r,k€ N, we thus obtain

f<1= GNHk<1 7)

3.4 Computable transseries

Let # be an effective ordered subfield of R and let .# C
%[[bf%;...;bﬁ%]] be an ambient field. We call .# a differen-
tial ambient field if logbs,...,logbp€.% and .Z is effectively closed
under §;. Differentiation can be implemented in a lazy manner:
given a non-zero f € .% m%[[bf‘@; - b;‘@]] with f#=a b ”
(when regarded as a lazy series in b,;l), we may take

(OkNF. (kN = (Fra~aa)bi . 8f).
where Spa=0 if k=1 and S a can be expanded recursively as
(bj/ Og—1bg) O —1 a with respect to b];ll if k>1.
We already noted that B :=(bg, b1,...,bp) is a transbasis for bg:=
log b7. Moreover, F=F (bg ‘%) is again a differential ambient
field for 8y :=b¢ d1. Indeed, F U b(;% C.% and the lazy algorithms

for the field operations allow us to compute the iterated coeffi-
cients of any transseries in the field generated by .# U by

4 Linear differential equations

For the rest of this paper, let % be an effective ordered sub-
field of R, let B =(b1,...,bpn) be a transbasis, and let % C
Z[[67%;.. .57 %]] < B=R[[67 X:...:67R]] be a differential
ambient field. We denote by T the field of grid-based transseries.

4.1 Linear differential equations over transseries

Consider a linear differential operator L=L,8{ + -+ + Lo € B[51]
with L, #0. We define v(L):= min (v(Lg), ..., (Ly)) and Dy :=
L)y o1 + -+ + Lo)yry € R[&1].

Given € R"and b~ %:= bl_al -+ by *" we write Lyp-« for the
unique differential operator in B[§1] with Lyp-a(f)=L(b~%f) for
all f € B, and we let Lyp-a:=b%Lyp-«. We also denote by v, or
VL the integer such that Lyy-« = (Lyp-a)r 8] + -+ + (Lxp-)y, 61"
and (be’“)v[, #0.

THEOREM 5.

a) All transseries solutions of the equation Lf =0 in T are actu-
ally in B[logbq].

b) Iff € B[logb1] is a solution of Lf =0 with dominant mono-
mial (logb1)'b~%, then we have i< vy. Conversely, any a €
R "™ and i< vy give rise to such a solution.

¢) Given ge B[logb1], all solutions of Lf =g in T are actually
in Bllogbq].
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d) Moreover, there exists a unique solution to Lf = g in B[logb1]
with the property that, for any a € R™ and i< vy, the coef-
ficient of (logb1)'b~% in f vanishes.

PROOF. The statements are rephrasings of [14, Theorem 7.17]
and its corollaries. ]

In (d), the unique solution f is called the distinguished solu-
tion of Lf = g and we denote it by f:= L1 g. The operator L™!:
Bllogbi] — B[logb] is linear and even preserves infinite sum-
mation [14, Section 7.4].

4.2 Computing distinguished solutions

Given Le Z[61], let Br:={ge B: L1 g€ B} We say that % is
effectively linearly closed if L™1:. % n By — % for every L€ Z[5]
and if we have an algorithm to compute L™, In order to make
F effectively linearly closed, we need to consider sequences of
extensions .7 C.% (51N f) by distinguished solutions f of linear
differential equations. The main difficulty concerns the design of
a zero-test on such an extension .%# (51N f). In this subsection, we
will start by showing how to expand distinguished solutions with
respect to by, assuming that .77 :=.% N R[[bl_R;.‘.; b;]_Rﬁ]] is effec-
tively linearly closed.

So consider a linear differential operator L= L)+ -+ + Ly €
Z 8] with Ly # 0. Note that we regard L as an operator in Jy
instead of d1, for convenience. We define vy(L):=min (vy(Lg),...,
vn(Ly)), where vy stands for the valuation with respect to by L.

Now let g€ Z[logb]. If g=0, then L™1 g =0, so assume that
g#0andlet g# = (pb;ﬁ be the first term of its expansion in b7 L. In
order to compute the expansion of L™! g in by 1, we may assume
without loss of generality that v,(L) =0 and decompose L=H + T
with H € [6p) = 7 [6,—1] and T € .F [6y] with vuy(T)>0. We
may now expand L1 g in a lazy manner as follows:

@ gh @ g = (vonl L7 (g" - T(v5a7))). (®)
where ¥:= H»:bl’ﬂ(p' Here we note that Hyy-p€ H[6p—1], whence

€ .7 using our assumption that 77 is effectively linearly closed.

4.3 Indicial polynomials

We extend the classical notion of indicial polynomials [18] to
linear differential operators with transseries coefficients. Let L=
LySh+ -+ +Loe€ .F[6y] with Ly # 0 still be a linear differential
operator in 8. We define the indicial polynomial of L by If :=
(LV)V(L) (-N)"+---+ (LO)V(L) € Z[N]. (If n=1, then Dy =17(-67),
but this does not hold in general.)

PROPOSITION 6. Let e € R™ and L=L; 8} + -+ + Ly € F [ 5] with
Ly #0. Ifvp o>0, then an must be a root of the indicial polynomially.

PROOF. First note that Lypan can be obtained from L by substi-
tuting p — an for dn. In particular, I ., (N)=IL(N + an). Then

Writing Ly -an= Lrsh+--+Lg+ o(b V(L”’;a")), we have Lo=11 ().
Applying (6) to 6y gives 8,b;/b6;<Spbp/bp=1fori=1,...,n—1.

Therefore, ba5nb_a=5n—(0{1 (Sgbl +--+ap 5;bn>:
1 n

and thus Lyp-«= b_aLKb—a =p~“ (iréﬁ FE iO) + O(bV(LXb_a)).
Then rewrite Lyp-a=: L= f,r51r +et io in &1. Applying (6) to 81
yields 1=561b1/b1<81bp/bp and thus~I: =6 %L+ O(bv(Lx[‘—a))‘
Hence once vy, >0, we must have b™%Lo=b"%I1(arp) =0. m]

Sn—an+o(1)

Combining Theorem 5 and Proposition 6, if fi and f> are two
distinct solutions to Lf = g in % [log b1], then vuy(f2 — f1) must be
a root of the indicial polynomial Iy.
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5 Quasi-linear differential equations

5.1 Differential equations over transseries

Consider a differential polynomial P e B[6]Y F] of order r
and total degree d in F,..., 5] . We may also write P =
Y. ieN P Flio ... (8] F)ir with P e B.

10,...,1
We define v(P) = min;  ;eN WPi,...) and Dp =

>

zo,...,i,eN(Pios---,ir)V(P)Flo"'
P=Pg)+ -+ + P[q}, where P[;] regroups all homogeneous terms
of total degree iin F,..., 8] F, for i=0,...,d.

Given g€ B, We write Py and qu, for the unique differential

polynomial in B [51 F] with Py o(f) = P(¢+ f) and Pxe(f) = P(¢f)
for all f € B, respectively. From (7), we get

050 - el

.....

(87 F)'. We may also decompose

¢ <1 = Piy = P+o(P). 9)

In other words, if ¢ <1, then v(P+y — P) > v(P), so in particular
DPW:DF If P= Pra)is homogeneous of degree d and ¢ #0, then
one also has

Vn(Pxg) = vn(P)+ dvn(e). (10)
For details about these elementary definitions and properties, see
[14, Sections 8.1, 8.2].
5.2 Quasi-linear differential equations
The equation
P(fy=0, f<1 (11)

is said to be quasi-linear if v(P)= v(P[l]) < v(P[O]). More generally,
if e R™ then

P(f) =0,

is said to be quasi-linear if Pyp- a(f) 0, f<1 is quasi-linear [14,
Section 8.5]. If £< 1 and (11) is quasi-linear, then so is the equation
Pie(f)=0, f<1,by (9)- Consequently, if e<b~ % and (12) is quasi-
linear, then so is Py ¢(f) =0, f <5~

f <@ (12)

Example 7. Let & =(x,e%), % := Q(x,e¥), and
_x-1 /1 1 1 x F& F 12
P g (et rer) W (- ) P
F[sN F).

The equation P(f) =0, f <1 is quasi-linear, since v(P) = v(P[1]) =
(0,0) <v(Po)) =(-1,2).

Assume that (12) has a solution f € B and let L € B[81] be such
that LF = (P, ¢)[1]- Then the solution f is said to be distinguished
if fy=0 for all @ € R™ with v 4> 0. For instance, f =0 is the
distinguished solution of the equation f’ =0, f < x, whereas f=1
is a non-distinguished solution.

THEOREM 8. Any quasi-linear differential equation (12) has a
unique distinguished solution in B =R [[B{R,,BEB]] where 3 =
(Bl,...,Bn+r):(logrPl,...,logbl,bl,...,
sists when replacing B by an even larger transbasis.

bp). The uniqueness per-

PROOF. This is a rephrasing of [14, Theorem 8.21]. m|

Remark 9. With the above notation, given another solution f
of (12) in B, the difference &:= f — f satisfies the quasi-linear equa-
tion Py ¢(¢) =0, e<b~% Then vy ,(;)> 0 since otherwise P(f) =
Py ¢(e) ~ Le # 0. By Proposition 6, the valuation vp(¢) must be a
root of the indicial polynomial of L, when regarding L as an oper-
ator in Jp. This remark even goes through for complex solutions
feB[i] of (12).

5.3 Computing distinguished solutions

Consider a normahzed quasi-linear differential equation (11),
where P [51 F] and v(P)=0. Assume that 3 and .7 have
been extended such that the distinguished solution f of (11) lies
in B. The aim of this subsection is to compute the expansion f =
Za e@fanbn nof f with respect to by L.

We first decompose P=H + T, where H € %[51 Fland Te
32[51 F] is such that vy(T) = min;, i va(Tjy,... ;) >0. It is

readily checked that fye R[[bl_R; o b,:]_Rﬁ]] is the distinguished
solution of the equation H(p)=0, ¢< 1. We will assume that we
already know how to compute this solution fp and that fye 7.
As in Section 4.2, we will also assume that J7 is effectively lin-
early closed.

Now consider P := =P, f, and decompose it as P=LF-g-R,
where L€ .7[6n], g €% with vy(g)>0 and Re 32[5” F] with
vn(R )> 0 and vp(R) > 0. Note that we now write L and R with
respect to dp instead of &1, which does not change their valua-
tion with respect to by 1. We already saw in Section 4.2 how to
compute L1, This allows us to lazily compute f =f — fo using
the formula

.....

f = LNg+R():
The dependency of the right-hand side on f is legit in the lazy
expansion paradigm, as long as the coefficient of b;% in L™ (g +
R(f)) only depends on coefficients of b;ﬂ in f with f< a. By con-
struction, this is the case here.

Example 10. Following from Example 7, let us compute the
expansion of the distinguished solution U to the quasi-linear equa-
tion P(f)=0, f < 1. Decomposing P=H + T, we have H=x"15; F+
F+x~1F§ F+ F2. The distinguished solution of H(f)=0, f <1
is Uy=0,s0 P=P, U, = P and vo(U)>0. We now write

P = (x-1)e 2X+(1-xe X+e X)) F+(1—xe X)F+F8yF + F

with respect to 8, and decompose it as P= LF — g — R, where
L=6y+1,g=(1-x)e ®¥ and R=(xe ¥ —e *) 5 F+ xe XF—
FSyF—F2.

Then we compute U using U = L™(y), where y =g + R(U).
By (8), we have vo(U) = vo(y). Combining vo(R(U)) > vo(U), we
have vz(U) vz(g) 2 and y# —g1i qae_zx with ¢=1-x. Decom-
pose L=H+T with H=8,+1 and T=0. Then we have 1 :=

[,<672x§0— (82— 1)_ ¢ =x. Therefore,

(@I @y = (xe 2%, L7YH)).

Hence the first term of U is xe™2%. Repeating this process, we
obtain

2 ~
(@ 'ph ety = ((%—x)e-“,rl(f))

where y:=R(U).

s s 3 2 .
(@ pha i) = ((% - x)e““& L—l(f)),
where f:: )7b and ;:: fb. This leads to the expansion

2 3 2
U= 2(7)3(_3_)4

6 General algebraic differential equations

6.1 Existence of solutions
We first recall the basic notion of Newton degree and several

related properties. Consider the extension

= (Bl,---,5n+5) = (logsby,...,loghby,b1,...,bp)
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of B with s new logarithms. Let

B = R[[TR...;52R]]

with derivations S, with SlB, =b;fori=1,...,n+s. Then any Pe
B[SlN F] can be rewritten as an element P € B[51 F], which also
corresponds to the s-fold upward shifting from [14, Section 8.2.3];
see also [1, page 293]. By [14, Theorem 8.6] and its subsequent
remark, there exist a unique polynomial Q€ R[F] and integer ve
N such that Dp=Q- (61 F)Y forall sufficiently large s. We call Np=
Q- (61 F) the dlﬂerennal Newton polynomial for P. For a general
monomial b~%, the Newton degree of the asymptotic differential
equation

P(f) = 0,
is defined to be the largest possible degree of Nbe*/f

f <@ (13)

for all

B € R™such that @ < f. In fact, the equation (13) is quasi-linear
if and only if its Newton degree is one. The following theorem
shows that Newton degree plays a crucial role in determining a
lower bound on the number of the solutions to (13) in T[i].

THEOREM 11. [11, Theorem 35] If the asymptotic algebraic differ-
ential equation (13) is of Newton degree d, then (13) has at least d
solutions in B[i] when counting with multiplicities, provided that s
is sufficiently large.

Note that we can always assume that b~%=1 in the equation (13)
by replacing P with Pyp-«. In the sequel, we will therefore only
consider the equation

P(f) =0, f <1 (14)
We may then use the following simpler criterion for the existence

of solutions:

THEOREM 12. Let P B[6]" F] be such that (Dp)[o) = 0. Then the

asymptotic differential equation (14) has a solution in Bli], provided
that s is sufficiently large.

To show Theorem 12, it is sufficient to prove the following
lemma.

LEMMA 13. LetPe ]B[SlN F]. Then (Dp)(o] =
Newton degree of the equation (14) is non-zero.

0 if and only if the

PROOF. If (Dp)[o] # 0, then (7) implies that (14) cannot have
any solutions in T[i]. Theorem 11 then implies that the Newton
degree of (14) must vanish. Conversely, assume that (Dp) =0

and let Pe B[61 F] be s-fold upward shifting of P as above. Let b
and b stand for the dominant monomials of P and P, respectively.
On the one hand, since 61 = ¢ §1 for some invertible ¢ with § < b1,
one may verify that d /b < by, which means that b < 6% for any
a>0. On the other hand, since (Dp)[o] =0, we have P[O] <b bl_ﬁ
for some > 0. Consequently, taking @ = f/2 yields that }5[0] =
Poi< b bl_ﬁﬂ, whence (Dj)[o
that D5 € R[F] (51 F)N, it follows that deg N5=degNp>0. O

]1=0. Taking s sufficiently large such

6.2 From general to quasi-linear equations

At first sight, it may seem that the mere resolution of quasi-linear
differential equations is far off from solving general algebraic dif-
ferential equations. But in fact, it is key the to the resolution
of more general equations, due to the following consequence
of [14, Section 8.7]:

Shaoshi Chen, Hangian Fang, Joris van der Hoeven

THEOREM 14. Let % be a differential subfield of T for the deriva-
tiond/0x: fr f, in which any equation f' = ¢’ for f = ¢’/ ¢ with
@€ X has a non-zero solution in . Assume also that every quasi-
linear differential equation with coefficients in % has a solution
in . Then any root in T of a differential polynomial in [N F]
must be in .

The equations f'=¢’ f and f" = ¢’/ ¢ have ce? and log ¢+ c
as their general solutions, so in order to apply the theorem, it is
important that we know how to compute exponentials and loga-
rithms of elements in .% and %, respectively, while extending &
if necessary. For this, we will use the same technique as in [23],
but we actually only need to compute exponentials and logarithms
up to constant factors. Moreover, due to the second condition in
the theorem, we will assume that we know how to solve quasi-
linear equations.

6.2.1 Computing logarithms

Given g€ F with p=cb] *--- b, (1+¢) with c>0and e< 1, we

have

logp = —ajloghby—---—aplogbp+logc+log(l+e¢).

We have seen at the end of Section 3.4 how to extend & with
log b1 if a1 # 0, after which —ajlogby — -+ —aplogbpe #. If
¢ # 1, then this may require the extension of the constant field
Z with log c, but we may always assume c=1 if we just wish to
integrate ¢’/ ¢. Finally, the function g:=log (1 + ¢) is the distin-
guished (and actually unique) solution of the quasi-linear differen-
tial equation g'=¢"/(1+¢), g< 1.

6.2.2 Computing exponentials
Let p€.#. As long as ¢ =logb; for some i, we may write ¢ =

—ajlogb;+ ¢ and continue with @ in the role of ¢. This leads to a
decomposition

—agyrloghbpi g+ ¢,

where ap,..., a1 €%, Y€ F, and either k=0 and ¢ <log by,
or 1<k<nandlogby< y<logby,q, or k=nandloghb, <. If
Z 3 - #0, then similar arguments as in Section 3.4 show that
B = (by,.. bk el b b n) is again a transbasis and % :=

F ((e‘ "//>|) ) a differential ambient field that contains el¥~|. After
this extension (if necessary), we have

¢ = —anloghb,—

e? — el//x(eh/bl)tlb];ak...b;ane%

If = =0, then this may require the extension of the constant field
Z with ell/z, but we may assume = =0 if we just wish to compute
a non-zero solution of "= ¢’ f. We have el<=1+ g, where g
is the distinguished (and actually unique) solution of the quasi-

linear equation

= YL(1+g). g < 1L (15)

Example 15. Following Example 10, we will expand e? with
p=e*U+e”*—xe Q(x,e”). First decompose g as p=—x+ s + Y,
where s =e* and /< =e*U. Then extend the transbasis & to
(x.e%, e%). Since x~1 81 < =eXU +x~1e¥8; U, the equation (15)
becomes Q(f)=0, f <1, where

Q= ex<U+%51 U)(F+1)—%51F e Z(W)[sNF.

Denoting by V its distinguished solution, we have e¥<—1=vV=1+
xe X+ (x2—x)e %X 4 (x3 —%x2+x)e_3x+ . ande?=e"*e (V +

1).
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7 The new algorithm for zero testing

7.1 Ritt reduction

Consider the admissible ranking < on 51N Fwith 5{ F« 5{ F when-
ever j<j'. The leader of a differential polynomial P € B[(SlN FI\
B is the highest variable 6/ F occurring in P when regarding P as a
polynomial in F, §1 F,.... We will denote it by ¢p. Considering P as
a polynomial in ¢p, the leading coefficient Ip is called the initial of
P and Sp=0P/0¢p its separant; we also define Hp:=IpSp. If P has
degree d in ¢p, then the pair rank P := (¢p, d) is called the Ritt rank
of P and such pairs are ordered lexicographically. We understand
that rank P := — oo for polynomials P € B.

Given P,Qy,...,0s€ B [5N F]\ B, we say that P is reducible with
respect to Q1,..., Qs if there exists an i such that ¢p e 51N\{0} o,
or ¢=¢p=1¢p, and deg, P >deg, Qs. The process of Ritt reduc-
tion provides us with a relation of the form

Q1 IQSﬁl -SgiP:®1Q1+---+®st+R,

where a1..... a5, f1.... fs€N, O1.....05€ B[] F][61], Re B[S} F]
and where R is reduced with respect to Qy,..., Qs. We will denote
R=Prem Q=Prem(Qq,...,Qs).

7.2 Root separation bounds

Assume that we are given a grid-based transserles f €B such
that f <1 and a differential polynomial P € ]B[51 F]. Let Lpye
B[61] be such that Lp (F= (P+f) [1]- Note that we have Lp s#0
if Sp(f)# 0. We first present a criterion for the existence of a root
of P that is sufficiently close to f.

PROPOSITION 16. Let P € B[53Y F]\ B and f € B be such that
Lp r#0 and f < 1. Let 6> 0. If vu(P(f)) > Vn(Lp’f)‘l- o, then P has
a ro~otfin C[[(logsbl)_R;...;(logbl)_R; bl_R;...;bﬁR]] with
vn(f — f) > o, for some se N.

PROOF. Let 7 := vp(P(f)) — (vn(Lp f) +0)>0 and Q :=
(P+f) —o-nj2. We have vn(P(f)) = va((Ps £)[o]) and vn(Lp ¢) =
vn((P+f)[1 ). Using (10), we now get vn(Q[o ) - vn(Q[l]) =
va(P(f)) = (vn(Lp,f) + o+ n/2) =n/2>0. Hence (Dg)[g] =0, so
O has a root ¢ in (C[[(logsbl)_R . (logby) R, bl_R;..‘;bﬁR]]
with e<1 and s€ N, by Theorem 12. Then f = f + ebgg_”/z is
as required. O

Now assume that P(f) =0, f <1 is quasi-linear and let f be a
solution of it. Let Ip ¢ be the indicial polynomial of Lp r, con-
sidered as an operator with respect to 5. We define Zp, fto be
the largest root of Ip ¢ in R. If no such root exists, then we set
Zp, = ()

Let us show now that there always exists a threshold o > vu(f)
in R such that for any s€ N and any f in C[[(Iogsbl)_R,
(logby) Rib7 Ry b7 R]] with P(f) =0 and vy(f — f)> &, we have
f = f. The smallest such o will be denoted by op ¢ and we call it
the root separation of P at f.

PROPOSITION 17. Let P € B[SlN F]\ B such that P(f)=0, f<1is
quasi-linear. Assume that f € B is a solution of this equation. Then

op,f < max (va(f), Zp’f).

PROOF. Consider a root fe C[[(logs bl)_R .5 (log bl)_R;
bl_R;...;PﬁR]] of P with f<1and f # f. Then Remark 9 implies
that vn(f - f) is a root of Ip ¢. Consequently op ¢ <max (va(f),
ZP,f)' O

7.3 The main algorithm

Consider a quasi-linear differential equation P(f)=0, f <1 with
PeZ [51N F] and assume that its distinguished solution f belongs
to B. Given Qy,...,Qs€ ﬂ[élN F], we will now present an algo-
rithm to check whether Qy, ..., Qs simultaneously Vamsh at f.
By induction, we suppose that a zero test on ¢ := (R [[bl A
ba5)] 0 F)(ar
whether the coefficients of f with respect to by ! are zero and

F) has been given. In particular, one can test

thus compute the valuation of f in by 1.

Algorithm ZeroTest(Q1,...,Qs)
INPUT: Q1,...,0s€ &7[51N F]\ {0}, ordered by non-decreasing Ritt
rank

OUTPUT: true if Q1(f)="--=Qs(f) =0 and false otherwise

1 If Q:= Q1 €.% then return false

2 If ZeroTest(Ip) then return ZeroTest(Ip, Q1. .-, Qs)

3 If ZeroTest(Sp) then return ZeroTest(Sp, Q1. .-, Os)

4If 37 €{02 ..., Qs P}, Jrem Q # 0 then return
ZeroTest(Jrem Q, O, ..., Qs)

5 Let o:=max (va(f). Zp, £ vaIo(f), va(So(f)))

6 Return the result of the test vy(Q(f)) > o + vn(LQ’ f)

PROOF. In steps 2, 3, and 4, the Ritt rank of the first argument
of ZeroTest always strictly decreases; this proves the termination
of the algorithm. Furthermore, if one of the tests in steps 2, 3, or 4
succeeds, then the algorithm is clearly correct. In step 1, note that
we assumed that Q7 # 0 as an element of &7[51 F]. Soif Q1€ .Z,
then Q1(f)= Q1 #0.

Assume now that we reach step 5. By construction, this means
that Ho(f) #0 and Jrem Q=0 for all 7€{Qs,..., Qs, P}. In partic-
ular, Ritt reduction of P by Q yields a relation

1hS§P = UpQ+-+ +Urs[Q. (16)
where j, ke N and U,..., U, € B[(SIN Fl. I w(Q(f)) <o+
vn(Lo, f), then we clearly have Q(f)# 0, so assume that v,(Q(f))>
o+ vn(Lg, f) Applying Proposition 16, we obtain a grid-based
transserlesfe (C[[(logsbl)_ ..;(logbq)~ R, b1 R,..., bZR]] such
that Q(f) =0 and vn(f - f)> o, for some s € N. Using (7), we get

vn(lg(f) = vallg(f)
va(So(f)) = va(So(f))

< o
<0
In particular, IQ(f )# 0 and SQ(); )#0. Hence evaluating (16) at f
yields P(f) 0. Applying Proposition 17 to f, we obtain op ¢<o.
Since vn(f — f)> o, we conclude that f = f. From Q(f) =0, Ritt

reduction of 7by Q also yields J(f)=0forall J€{Q»,....,Qn}. O

THEOREM 18. Let & C?][[bl - _‘%]] C T be a differential
ambient field (which comes with a zero test, by assumption). Let
Pe.Z[8NN FI\ 7 be a differential polynomial. IFP(f)=0, f<1isa
quasi-linear equation with a distinguished solution f e%[[b{‘@;...;
bﬁ‘%]], then ?(51Nf) Q%’[[bf‘%; o bﬁ‘%]] is again a differential
ambient field.

PROOEF. Our zero test on & [51 f] trivially extends to the quo-
tient field .7 (51 f) since a fraction vanishes if and only if its
numerator does. We may use the algorithms from Sectlons 24,
3.4, and 5.3 to compute expansions of elements in . (51 f) o
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7.4 A worked example: the Lambert W function

Following from Examples 7, 10 and 15, consider the distinguished
transseries solution U(x)=U of P(f)=0, f <1 and let

W(x) := logx-U(loglog x) + log x —loglog x.
We will use ZeroTest to show that W(x) satisfies
wx)eW® = x

ie., W= W(x) is a real branch of the Lambert W function at
infinity [3]. To this end, it is enough to verify that

X

(XU +e¥—x)et Ute™—x = ¢ (17)

In Example 15, we computed ¢ V€ =X =¢=X¢€" (V + 1). Then
the equality (17) is equivalent to Q(V) =0, where

Q= (U+1-xe X)(1+F)-1 € FU)[s} F.

Now we apply ZeroTest algorithm to Q, V and Q over .%. Since
Ip=S50=U+1-xe™*, wehave vo(Ip(V)) = vo(Sp(V)) = 0 and thus
the algorithm proceeds to step 4. Ritt reduction yields

15Q = —x"1Ipd; Q+e¥P(U) Q+e*P(V).
Since U is a root of P, we obtain Qrem Q =0, leading the algo-
rithm to step 5. Writing Lq yF=e* (U + x 18U F-x"18F=
e*(U + 89 U)F - 85 F, we have vo(Lo,v)=0,Ig v(N)=N, and thus

Zg,v=0. Hence, we take o:=1. Since Ly yF=IgF, we only need
to test whether v2(Q(V)) > 1 in the final step 6:

V)

(1-xe ™+ O(xe %) (1 + xe ™ + O(x?e~2%)) - 1
O(x2e=2x),

As a result, we finally obtain that V is a root of Q and thus show
that W is a real branch of the Lambert W function.
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