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ABSTRACT

This paper studies the integration problem in differential fields that
may involve quantities reminiscent of the classical Weierstrass g
function, which are defined by a first-order nonlinear differential
equation. We extend the classical notion of special polynomials to
elements of Weierstrass-like extensions and present algorithms for
reduction in such extensions. As an application of these results, we
derive some new formulae for integrals of powers of .
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1 INTRODUCTION

Modern algorithms for symbolic integration are primarily governed
by two complementary approaches. One approach uses annihilating
linear operators to describe functions, and performs computations
in operator algebras [15, 19, 35] in order to answer questions about
a given integral. The other approach uses differential fields to de-
scribe functions, and performs computations in these fields in order
to answer questions about a given integral [8, 26, 27]. The latter ap-
proach has proved particularly successful for so-called elementary
functions, but has also seen extensions to other types of functions,
see [25] and the references given there.
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Here we are concerned with integrals involving functions that
are defined by (possibly nonlinear) first-order differential equations,
i.e., functions y which satisfy Q(y,y’) = 0 for some bivariate poly-
nomial Q. A prototypical example for such a function is the classical
Weierstrass ¢ function [34], which satisfies

0 (2)% = 49(2)° - g29(2) — g3 1)

for certain constants g, g3 € C with gg - 27g§ # 0. The rational
functions of (z) which occur in the study of Feynman integrals
on elliptic curves [6] are recently investigated in [1, Example 5.4]
via algorithms from differential algebra.

In differential algebra, quantities satisfying this differential equa-
tion were already considered by Kolchin [20], who called them
Weierstrassian. Slightly generalizing by also allowing other poly-
nomials Q, we call the extensions generated by these functions
Weierstrass-like. There has been some recent work related to sym-
bolic integration with Weierstrassian elements. Variants of Liou-
ville’s theorem covering this case have been proposed by Kumb-
hakar and Srinivasan [22] and by Pila and Tsimerman [24].

From a more computational perspective, parallel integration has
been applied to integration problems involving functions defined
by nonlinear differential equations. Bronstein [9] gives an example
involving the Lambert W function, and Béttner [2] gives some
examples involving the Weierstrass g function. Apart from this,
not much is known about integration theory and algorithms when
the integrand involves g or similar functions. In fact, not too many
identities about integrals involving ¢ are available in the literature.

Our contribution in this paper consists of three aspects. On the
theoretical side, we propose an extension of the classical notion
of special polynomials to elements of Weierstrass-like extensions.
On the algorithmic side, we propose an algorithm for reduction
process, thereby continuing an ongoing trend in the development
of integration algorithms [3-5, 10-13, 16, 17, 32]. Finally, as an
application of these results, we obtain some new identities about
integrals of powers of g.

2 AN APPETIZER

We start our study from the integration problem of powers of the
Weierstrass @ function, i.e., the problem of computing the integral
I,(z) = f 0(z)"dz with n € Z. We will recall some classical
formulae from the book [34]. By differentiating both sides of the
differential equation (1), we obtain that p(z)? = %p’ "(z) + 11—2 92,
which implies that

1 1
/ 9(2)%dz = ggo'(z) + 1592% +C, Cisaconstant.
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In the following, we will always omit C if no confusion arises. So the
integral I5(z) is in the field generated by ¢(z) and ¢’ (z) over C(z).
After developing the theory of integration in elementary terms in
this paper, we will show that the integral of p(z) is not elementary
over the field C(z)(g(z), ¢’ (z)). For this reason, we should intro-
duce some new functions, such as the Weierstrass zeta-function
{(z) satisfying the equation {’(z) = —¢(z) and the function o (z)
with {(z) = ¢’ (z)/o(z). In terms of these two new functions, we
can compute the integral
o(z—0)

1 1
/MdZ— N (log(g(z+v))+2{(u)z),

where v € C be such that g(v) = 0 and ¢’ (v) = 4/=g3. To compute
the general integral I,(z), we need the inverse function of ¢(z),
which is defined by the formula [34, p. 438]

o (2) = dt  with g(t) = 4> — gzt — gs.

© 1
/z Vg(2)
By using change of variables, we have
t"dt

Vo)

The integral ], (¢) satisfies a linear recurrence equation of the form

/ 0(2)" dz = Ju(9(2)),  with Ju(t) =

Tty = E= V52 (t)+( )93 (t)+— Vo),
8n—4 2
with initial values Jo(t) = p~ (), ]1(t) =-{(p~(t)) and
R = Y0 2oy

The above recurrence can be computed by creative telescoping
using the MATHEMATICA package HolonomicFunctions.m [21].
From the above recurrence for J,(#) and changing back the vari-
ables, we can obtain the integral

/ P2 dz = () (2) - ¢ () + L

and also the integral

[ otertaz= Locroers L 8 0y

We will revisit these integrals I,(z) with n € N in Section 7.

3 ALGEBRAIC FUNCTIONS

In this section, we recall some terminologies about fields of algebraic

functions of one variable from the book [14]. Let k be a field of
characteristic 0 and ¢ be transcendental over k. If m € k[t, X]

is an absolutely irreducible polynomial, i.e., m is irreducible over
the algebraic closure k of k, then k is algebraically closed in K :=

k(t)[X]/(m) by [31, Section 3, Thm 1]. Such K is called a field of
algebraic functions of one variable over k.

A subring O < K is called a valuation ring if O contains k, and
for any nonzero x € K, either x € O or x~! € O. A valuation ring is
a local ring with a principal maximal ideal. The maximal ideal of a
valuation ring is called a place. For a given place P, there is a unique
valuation ring Op of which P is the maximal ideal. The residue field
Op/P is denoted by Zp. It is a finite algebraic extension of k.

Assume P = uOp. The order function of K at P is amap vp: K —
Z U {+c0} defined by vp(x) = max{n € Z | x € u"Op}. One can
prove that vp is well-defined and has the following properties:
(i) vp(x) = +oo if and only if x = 0;
(i) vp(xy) = vp(x) +vp(y) forall x,y € K;
(i) vp(x +y) > min{vp(x),vp(y)} for all x,y € K and equality
holds if vp(x) # vp(y)

In fact, Op := {x € K | vp(x) = 0}, and each element of P have
strictly positive order at P.

ExaAMPLE 1. Let k be a field of characteristic 0 and k(t) be the field
of rational functions over k. A place of k(t) is generated by either
t=1 or an irreducible polynomial p € k[t] in their valuation ring
O or Oy, respectively. We denote the respective order functions by
Voo and vp. Let a,b € k[t] withab # 0, and f = a/b € k(t). Then
Voo (f) = deg, b — deg, a. If we write f = p™ag/by wheren € Z,
ged(ag, bo) = 1 and p 1 agbo, then vy (f) = n. In fact,

Oco = {g | deg, a< degtb} and 0, = {g | ged(a,b)=1, p + b}.

Let Joo be the residue field of O and X, be that of Op. It is
straightforward to check that Yo = k, and 3 is isomorphic to k(f),
where f € k is a root of p.

For convenience, we also use O;-1 to refer to Oco.

According to [7, page 119], for a place P of K, either there exists
a unique irreducible polynomial p such that p € P, in which case
P will be called a finite place, or t~1 € P, in which case P will be
called an infinite place.

Let g be either ¢t =1 or an irreducible polynomial of k[t].If g € P,
then we say that P lies above g, or equivalently, q lies below P. In fact,
q lies below at least one place of K but not below infinitely many
places. Now assume that q lies below P. Let D be the valuation ring
of P. Then O := D N k(t) is the valuation ring in k(¢) of the place
Q := PN O, which is generated by g. Since Q is the contraction of
P in O, one can identify Spasa subfield of X p.

Let vg be the order function of k() at Q and vp be that of K at P.
Since vp(k(t) \ {0}) forms an additive subgroup of Z and contains
nonzero integers, it is generated by a positive integer rp, which is
called the ramification index of P. It is clear that

¥ x € k(t) \ {0}, vp(x) = rpvo(x). 2)

In particular, vp(q) = rp.

An element x € K is said to be integral at q if the order of x is
nonnegative at each place of K lying above q. The set of all elements
integral at g is a free Og-module of rank [K : k(t)]. A basis of this
module is called a local integral basis at q. If x is integral at each
irreducible polynomial in k[t], we say that x is integral over k[¢].
This is equivalent to saying that the monic minimal polynomial
of x belongs to k[t,X]. The set of all integral elements is a free
k[t]-module of rank [K : k(¢)], and a basis of this module is called
an integral basis of K. Several algorithms are known for computing
an integral basis for K [28, 31, 33].

The following conventions will be used throughout this paper.
Let v € k[t] be squarefree and let S be the set of all irreducible
factors of v. By “integral at v” we mean “integral at each p € S”,
and similarly, by “local integral basis at v” we mean “local integral



basis at each p € S ”. Denote Oy = (\pes5 Op. All the elements in K,
that are integral at v, form a free O,-module of rank [K : k(#)].

4 SPECIAL POLYNOMIALS AND PLACES

In the rest of this paper, we let (k, ’) be a differential field of char-
acteristic 0, C. be its subfield of constants and k” := {a’ | a € k}
be the set of the derivatives in k. Let E be a differential exten-
sion of k. Kolchin in [20, page 803] defines that an element t € E
is called Weierstrassian over k if t is not a constant and (#')? =
a®(4t3 — gat — g3), where a € k, g2, 93 € Cy and 27g§ - gg #0.In
this section, we consider a more general situation.

DEFINITION 2. Suppose thatt € E is transcendental over k and
t' e W is integral over k[t]. Let m(t,X) € k[t,X] be the monic
absolutely irreducible minimal polynomial of t’. Then K := k(t,t")
is a field of algebraic functions of one variable, and a differential
extension of (k, ). We call K a Weierstrass-like extension of k.

If t is transcendental and Weierstrassian over k, then k(t,t") is
a Weierstrass-like extension. Definition 2 also generalizes Bron-
stein’s notion of monomial extensions [8, Section 3.4]. A monomial
extension is a Weierstrass-like extension with m(t,X) = X — s(t)
for some s € k[t]. In a monomial extension, a polynomial p € k[¢]
is called special if p | p’. Being special is closely related to K having
more constants than k, and with differentiation affecting orders in
a different way than the usual derivation % That is why special
polynomials need special attention. Similar phenomena also appear
in Weierstrass-like extensions.

ExaMmpLE 3. Let K = Q(t,t") be a Weierstrass-like extension of

7\’ 34042
" N2 _ 43 t _ 4ot
Q with (') = t°. One can calculate that (m) = e The
differentiation increases the multiplicity of denominator t + 1, which
follows the usual derivation of rational functions. However, we have
’
t/

(7) = %t, the denominator t disappears after differentiation.

In Weierstrass-like, we have nontrivial algebraic extensions, so
p’ need not be a polynomial even if p is. We therefore need to refine
the concept of being special for Weierstrass-like extensions.

DEFINITION 4. Let B € k. We call f a special point of m if
m(p, p’) = 0. For an irreducible polynomial p € k[t], we say that p is
special (w.r.t. m) if it admits a root that is a special point. Otherwise,
p is called normal.

By [8, Thm 3.2.4], a k-automorphism of any algebraic extension
of k commutes with derivation. Hence conjugation preserves the
specialness. Therefore, if one of the roots of an irreducible polyno-
mial p is a special point, then all roots of p are special points. The
definition of special points corresponds to [8, Thm 3.4.3].

For q € k[t], we let k(q) be the polynomial obtained by differ-
entiating the coefficients of ¢, and 9;(q) = %(q) be the formal
derivative of g with respect to t. The operations k and 9; are both
derivations on k[¢], and ¢’ = k(q) + 9;(q)t’. One can see that ¢’ is
integral over k[¢] since t’ is.

THEOREM 5. Let p € k[t] be irreducible. Then p is special if and
only if there exists a place P of K lying above p such that vp(p") > 0.

PRrOOF. Let § € k be aroot of p. Assume that p = (- f)p, where
p € k(p)[t] and p(p) # 0. Then

k(p)=—p'p+(t—Px(p) and o (p) =p+ (t = pa:(p). (3)

Recall that t’ is integral over k[¢]. For any place P lying above
p, passing to the residue field Ep yields

P =xp)+ap)t.

Since 3, defined in Example 1 can be considered as a subfield of
Ip, through %) = k() it follows that

P =pA( - F).
Hence vp(p’) > 0 if and only if t” = f/ € Sp.

At first, assume that vp(p’) > 0 for some place P lying above p.
Then # = f’. Since m(t, t') = 0, taking images into the residue field
yields m(%,1’) = 0, hence m(f, f’) = 0, i.e., p is special.

Conversely, we assume that p is special. Then m(f, ') = 0, so
B’ is a root of m(B, X). Assume m(B,X) = (X — f)° m(X), where
m(X) € k(B)[X] and m(p’) # 0.By [30, Thm 3.3.7], there is a place
P of K lying above p such that ' = §’ € Sp. Thus vp(p’) > 0. m

This theorem indicates that Definition 4 generalizes the notion
of special polynomials in [8, Section 3.4].

DEFINITION 6. A polynomial q € k[t] is called normal if q is
squarefree and all irreducible factors of q are normal.

PROPOSITION 7. Let g € k[t] be a normal polynomial and p be
an irreducible factor of q. Then vp(q') = 0 for every place P lying
above p.

ProoF. Write ¢ = pg with ged(p,§) = 1. Then ¢’ = p’G + pq’.
For any place P of K lying above p, vp(p’) = 0 by Theorem 5. So
vp(p’§) = 0. Note that vp(pg’) > 0 since ¢’ is integral over k[t].
Hence vp(q¢’) =0. m

We now introduce the notion of special places in K.

DEFINITION 8. Let P be a finite place of K lying above p € k[t].
We call P a special place if vp(p”) > 0, and special of the zeroth
kind if 0 < vp(p”) < vp(p). We say that P is normal if vp(p”) = 0.

Extending Bronstein’s theory of special polynomials in [8], we
encounter places of the zeroth kind, which cannot appear in mono-
mial extensions. The name “the zeroth kind ” is in contrast to
Bronstein’s first-kind case vp(p’) = vp(p), because the zeroth-kind
case corresponds to vp(p”) < vp(p). Places of the zeroth kind allow
effective control of orders after differentiation and are the only ones
involved in the special reduction to be developed in Section 6. If P
is a special place lying above p, then p is also special by Theorem 5.

PROPOSITION 9. Let P be a finite place of K lying above p € k[t],
and let r be the ramification index of P. Then, for any f € K \ {0}:

() Ifvp(f) = 0, then vp(f") > min{0, vp(p') —r + 1},
(i) Ifvp(f) # 0, then vp(f’) = min{vp(f), vp(f) +vp(p’) =1},
and equality holds if P is normal or special of the zeroth kind.

Proor. Note that vp(p) = r by (2). Let v = vp(f). Assume that
f admits a local expansion of the form f = bopg + blpu%1 +ee,



where b; € k and by # 0. Differentiating f yields that

otl-r

f’:b6p3+b1p%l+'-‘+p/ bopr +—b1p R

(i) If v = 0, then the order of f’ is no less than the respective
orders of p® and p’pl%r,

(i) If v i 0, then the order of f’ is no less than the respective
orders of p7 and p’p 7 . Hence vp(f’) > min{v,0+vp(p’) —r}.If
P is normal or special of the zeroth kind, then vp(p”) < r. Therefore,
p’p? dominates the order of f’, because its order is strictly less
thanpg. Thusvp(f') =o+vp(p’)—r. =

CoRroLLARY 10. If all special places of K are of the zeroth kind,
then the field of constants of K coincides with Cy.

ProoF. Let ¢ € K be a constant, i.e., ¢’ = 0. Assume ¢ ¢ k.Then
there is a place P of K such that vp(c) < 0 by [14, page 9, Corollary
3]. Note that P is either normal or special of the zeroth kind. It
follows from Proposition 9 that vp(0) = vp(c’) is a finite number,
a contradiction. m

We also need an analogue of Proposition 9 at infinite places as a
preparation for studying elementary integrability in Section 6.

PRroPosITION 11. Let P be an infinite place of K with ramification
indexr. Then, for any f € K \ {0}:

@) Ifvp(f) =0, then vp(f’) = min{0, vp(¢’') +r + 1}.
(i) Ifvp(f) # 0, then vp(f’) = min{vp(f), vp(f) + vp(t') +r}.

ProoF. We have vp(t) = —r by (2). Let v = Vp(f) Assume f

admits a local expansion at infinity: f = bot o+ blt R R
where b; € k and by # 0. Differentiating f yields that

—0-1 —v-l-r
gt r +)
r

from which one can derive assertions (i) and (ii) by an order argu-
ment similar to that in the proof of Proposition 9. =

- —u-1 — —v-r
f=bjtT +bjtr +~--+t’(—“b0t o+
r

5 HERMITE REDUCTION

A core algorithmic technique in symbolic integration is Hermite re-
duction, which decomposes an integrand as the sum of an integrable
part and a remainder with controlled poles. It is extended from ra-
tional functions [18, 23] to transcendental elementary functions by
Risch [7, 8, 26], and to algebraic functions by Trager [7, 31] via inte-
gral bases. More recently, Hermite reduction has been generalized
to D-finite functions [5, 11, 13, 32].

Throughout this section, let K = k(t,t’) be a Weierstrass-like
extension over k, and let m € k[t, X] be the monic minimal polyno-
mial of ¢’ with degree n in X. Let {w1, ..., ®,} be an integral basis
of K. Then an element f € K can be written as f = >, %wi for
some D, f; € k[t] with ged(D, fi, ..., fn) = 1. Such D is unique up
to a nonzero multiplicative element of k. We call D the denominator
of f wrt. {w1,...,wn}. Write D = DNy Dg, where all the irreducible
factors of Dy are normal and those of Dg are special. Note that Dy
and Dg are coprime. See Appendix A for an algorithm to compute
Dy and Dg without irreducible factorization.

By a partial fraction decomposition, one can uniquely decompose

fas N(f) + S(f), where
n b X
N(f) = =L o, and S(f) = —Lw;
f Zl D f Zl D

for some a;, b; € k[t] with deg(a;) < deg(Dn). We call N(f) and
S(f) the normal and special parts of f, respectively. We say that
N(f) +S(f) is the canonical representation of f w.rt. {w1,...,wn}.
Both N and S can be regarded as k-linear operators on K.

The idea of Hermite reduction is to decrease the multiplicity of
factors of Dy modulo derivatives. We begin with a technical lemma
analogous to a result in [31, Section 4.2]. It will be used later to
guarantee the correctness of Hermite reduction.

LEMMA 12. Leto € k[t] be a normal polynomial and i > 1 be an
integer. Set ; = v”(vl_”w,—)' withi=1,...,n. Then {y1,...,Yn} is
a local integral basis at v.

PRrOOF. Let p be an arbitrary irreducible factor of v, and let Q
be a place of K lying above p with ramification index rp. Then Q
is normal. Since each w; is integral over k[t], vo(w]) > —rg by
Proposition 9. Note that v is normal. Then vg(v”) = 0 by Propo-
sition 7. Therefore, vo(i/;) = 0 because ; = vw] — (4 — 1)0" w;.
Consequently, ¢; is integral at p. It follows that ; is integral at v.

There are two ways how {{1,...,¥,} can fail to be a local
integral basis at v: (i) ¢1,...,¥n are Oy-linearly dependent; (ii)
Y1, ..., Yn are Op-linearly independent, but there exists an element
integral at v which is not a O,-linear combination of 1, ..., . In
both cases, thereisan F € K, integral at v, such that F = % Z?:] civi,
where c1,...,cn € k[t] are not all zero and v 1 ¢; for some j. We
will derive a contradiction from the existence of such element F.

Let G = 37, cjw;. Note that c] is integral over k[t] since each
ci belongs to k[¢], so is G. Moreover,

n

n
F+G=o/! Z(Ci(vl‘”wi)' + C;le_‘uwi) = v”_IZ(civl_”wi)'.

i=1 i=1
4)
LetH= Y7, civ I=pyy; = 02 DY ga)l Then H # 0. Note that
v 1 cj, so some irreducible factor p of v appears in the denominator
of X1, %wi. Then there exists a place P of K lying above p such
that vp(H) < vp (vz_”), where vp denotes the order function at P.
Let rp be the ramification index of P. Then vp(H) < (2 — p)rp < 0
by g > 1. Then vp(H’) < (1 — p)rp = vp(0!™#) by Proposition 9.
However, H' = o' “#(F + G) by (4), which yields a contradiction
since F + G is integral atv. m

We now describe the Hermite reduction in K. For convenience,
assume that f = N(f) = gwi € K. Then all irreducible
factors of D are normal.

Let D = uo#, where p > 1isan integer, v is squarefree, ged(u, v) =
1 and all irreducible factors of u have multiplicities less than p. Set
f := fD, which is integral over k[t], and define ¢; := (vl_”wi)/D.
By Lemma 12, {{, ..., ¥n} is a local integral basis at v. Let us de-
crease the multiplicity of . We compute cy, ..., ¢, € k(t) such that
f = Y%, cityi. Then ¢; € Oy. For each i, we can find r; € k[¢] such
that deg, r; < deg, v and r; = ¢; mod v. Set§ = X7, riy);. Then

n
i=1



f — g =oR for some R € K which is integral at v. Hence

~+ R n
AL SRS

D . uok=1"
i=1
Using integration by parts, we derive that
n n ’
_ ri ¢ R Ty
f_;(v,u—lwl) +_ul):”_1 _; vﬂ—lwl' ©)

Letg= X7, %wi. Since r; is integral over k[¢], the denominator
of f — ¢’ wrt. {w1, ..., wn} has multiplicity less than y at v by (5).

However, the derivative ¢’ may introduce new factors of the
denominator since ; does not need to be integral over k[¢]. Denote
& = (w1,...,0n)", where (-)” denotes the transpose of a vector.

Lete € k[t] and M = (ml-,j);’j:1 € k[t]™ " be such that
ed’ = Md

with ged(e, my,1,...,mpn) = 1. Then e is unique up to a nonzero

multiplicative element of k. We call e the differential denominator

of {w1,...,wp}. Denote ¥ = (ry,...,rp)". Then g = % A direct

calculation shows that

, (?T)’(f) (1 =-wo'7F"d FTMd
= + + ,

oH=1 ot eoH1

O

A

in which e may introduce new factors to the denominator.

LEmMA 13. The differential denominatore € k[t] of {w1,...,wn}
is squarefree.

PROOF. Let p be an irreducible factor of e and write e = egp. Then
pw; = ;?:1 r%’jwj. By Proposition 9, vp(pw;) > 0 for any place P
of K lying abov'::l_p, i.e.,pwl’. is integral at p. Since {w1, ..., wn} is an
integral basis, # € Op. Then p 1 e by ged(e, my1, ..., Mupn) = 1.
Hence, e is squarefree. =

REMARK 14. The differential denominator e may have special irre-
ducible factors. For example, let K = Q(t,t') with (t')3 = t. Then 0 is
a special point of X> — t, and hence t is special. Since t’”’ = (t')%/(3t),
the differential denominator of {1,t',1"} is divisible by t.

The above reduction does not introduce higher multiplicities.
The remaining difficulty lies in the possible appearance of new
special factors. In general, special poles of integrands are hard
to handle. Fortunately, newly-introduced special factors can be
removed by an additional modification as follows.

Using notation in (6), we assume gcd(e,0) = d and e = e1d.
Then e; is coprime with v since e is squarefree. By the extended
Euclidean algorithm, we can find @* = (ay, ...,an)" € k[t]" such
that deg, a; < deg, v and v#~13% + 77 = e1b” for some b7 € k[t]".
Set gq = @*®. Then
(F7 + oM@ ) MB b"M&

=B+ ,
eyl dop—1

/7 -

g +g,=A+ (@) s+

™)

where A is given in (6) and B = A + (@7)’&. Since v is normal, so

is d. Then B has no special factor in the denominator. Hence we
eliminate the special poles of ¢’ by adding g/,. The denominator
of g/, is a factor of e, which is squarefree. Then by (5) and (7), the

denominator of f — (g + g4)’ is a product of normal irreducible
factors, each of which has the multiplicity less than y at v.

Repeating the reduction process until the integrand has a square-
free denominator, we arrive at:

THEOREM 15. Let f € K. Then there exist g € K, fy € K with
a normal denominator dividing e, and h = 31| g—iwi where D, is

normal and coprime with e, deg h; < deg D, such that

N() =g +fo+h
Moreover, h is unique, and h =0 if f € K'.

Proor. By the preceding discussion, one can find g € K such
that w = N (f)—g’ has a normal denominator. Write w = 37, wjw;
where w; € k(t), then applying a partial fraction decomposition to
wj yields the desired decomposition w = fy + h. It remains to prove
the uniqueness of h and verify h = 0 if f € K’. In fact, it suffices to
show that h = 0 if either h + fj or h + fy + S(f) belongs to K’.

Let F € K be such that F = h+ fy + a, where @ = 0 or @ = S(f).
For any normal irreducible p € k[t], let P be any place of K lying
above p with ramification index rp. Then vp(F) > 0. For, otherwise,
vp(F’) < —rp by Proposition 9, i.e., vp(pF’) < 0, which would
contradict the fact that the multiplicity of p in the denominator of
F’ is at most one.

The conclusion vp(F) > 0 implies N(F) = 0. Then F can be
written as pTTw where p* € k[t]", & = (w1, ...,wn)" and H € k[t]
has only irreducible special factors. Then

! -

(F)o _ HFs  pus

H H? eH
Since H’ and all entries of (ﬁ’)/ are integral over k|[t], the denomi-
nator of F” has no irreducible factor that is both normal and coprime
with e. Hence, h=0. m

F =

We call the element A in Theorem 15 the Hermite remainder
of f (wrt. {w1,...,wn}). The Hermite reduction described above
naturally translates into an algorithm for computing g, fo and h in
Theorem 15. The result depends on the choice of the integral basis.

ExampLE 16. Let k = C(z) equipped with’ = d/dz. Let k(t,t’)
be a Weierstrass-like extension over k, where (t’)2 =413 - got — g3,
g2 = 0 and g3 = —4. We compute the integral of the function

(Pt -4+ Qz+ )t + (42 +2)10 —dzt? — 4t
f= (t + 1) ’
Let {1,¢"} be the chosen integral basis of k(t,t"). One can check that 0
is not a special point but —1 is. Hence t is normal and t+1 is special. By
applying the partial fraction decomposition, we obtain the canonical

representation of f wr.t. {1,t'}: f = N(f) + S(f), where

-4t 22+ D2 +202z+ 1)t —dz+ 1’
N =TTE S - — .

To reduce the multiplicities of t in the denominator of N'(f), we set
Y1 = t2(t7YY = —t and Y = t2(+71t')" = 2t3 — 4. By Lemma 12,
{Y1,¥2} is a local integral basis at t. We can findciy = 1 and ca =
- th_4 such that the numerator of N (f) is c1y1 + c2y2. Then we
can compute ry = 1 and ro = 1 such that deg, r; < deg,t and
ri =c¢; mod t. Setg = %rzt" we have N (f) = g’ — 2t. Hence the
Hermite remainder of f is 0. The special part S(f) will be handled in
Example 22.




6 SPECIAL AND POLYNOMIAL REDUCTIONS

In this section, let K = k(t,t’) be a Weierstrass-like extension of k
and m € k[t, X] be the monic minimal polynomial of ¢’. We assume
that m = X2 — q, where q € k[t] is squarefree and deg, g > 3.
In such K, one can model extensions generated by transcendental
Weierstrassian elements over k.

For f € K, Theorem 15 decomposes its normal part as the sum of
a Hermite remainder h, an in-field integrable part g’ and an obstacle
fo that admits no in-field integrability. Since such an obstacle may
occur, Hermite reduction serves merely as a preprocessor for the
normal part. Moreover, the special part of f is not addressed.

The goal of this section is to control these untreated parts by
two further reductions, which will be called special reduction and
polynomial reduction, respectively.

At first, we reduce the special part. In general, it is difficult to
determine all special points of m, which is equivalent to finding
all algebraic solutions of a first-order differential equation. In or-
der to circumvent this difficulty, we make a technical assumption
throughout this section:

HypoTHESIS 17. Every special point of m is a constant in k.

By the above hypothesis, g(f) = 0 if § is a special point of m.
Thus the special points of m are constant roots of gq.

REMARK 18. The hypothesis holds when k is a Liouvillian extension
of Cy and q € Cy[t] by [29, Proposition 3.2 ].

LEMMA 19. Let f € k and f/ = 0. If p € k[t] is the monic
minimal polynomial of B, then p € Cy[t]. In particular, if p € k[t] is
irreducible and special, then p is a factor of g with constant coefficients.

Proor. Differentiating both sides of p(f) = 0, we see that
k(p)(B) + B’ a:(p)(P) = 0. Hence x(p)(f) = 0, i.e., p | k(p). Since
p is monic, we have that deg, x(p) < deg, p. So k(p) =0, i.e., all
coefficients of p are constants. m

LEMMA 20. Let p € k[t] be irreducible and special. Then there
exists exactly one place P of K lying above p. In particular, vp(p) = 2,
vp(p’) =1andvp(t') = 1.

PRrOOF. Since p is irreducible and special, we have that p | g and
p € C[t]. Let P be a special place lying above p with ramification
index rp and set v = vp(¢'). As p’ = t9;(p) and ged(p, 9 (p)) = 1,
we have vp(p’) = 0. Since (t')? = g and q is squarefree, it follows
that 20 = rp. Then rp > 2. By [14, page 52, Theorem 1], P is the
only place lying above p and rp = [K : k(¢)] = 2. Hence,v =1. =

All special places of K are of the zeroth kind by the above lemma.
Then Cy is the field of constants of K by Corollary 10.

By [31, page 31], {1, ¢’} is an integral basis of K. Write g = gn¢s,
where gn € k[t] isnormal, gs € k[t] is monic and all its irreducible
factors are special. Then gs € Ci[t], and

¢ = K(qN) v+ M
29N 2
Hence gy is the differential denominator of {1,¢'}. Denote by Ix
the set of elements in K that are integral over k[¢]. Under the basis
{1,t'}, Hermite reduction simplifies the normal parts of integrands.
We now describe a special reduction, which decreases the mul-
tiplicities of factors in the denominator of special parts modulo

derivatives. Assume that f € K with the special part S(f) = A+TBt,,
where A, B,D € k[t], D is monic and gcd(A, B,D) = 1. Assume
that D = uv* where p > 0, v is squarefree and coprime with u,
and all factors of u have multiplicity less than p. By Hypothesis 17,
u,v € Ci[t] and v divides q. Set g, = q/v € k[t]. For a,b € k(t]
and A € N\ {0}, a direct calculation shows that

a\  x(a)+o(a)t’ Aad(v)t
Al T o2 T ®)
and
bt'\" bt b 1—21)bqy9,
(7) _ b - ,121 LS )/1% ¢ (0) )
v gNv [ 20

for some by, by € k[t]. It proceeds as follows:

(i) If 4 = 1, we compute b € k[t] such that deg, b < deg, v and
(1 -2p)ubqyd;(v) = 2A mod v.

Such b can be found since g, 9 (v) and u are coprime with v.
It follows from (9) that

" '\ A B

f_S(f)_(z)_/J) = woh—1 +W+R (10)
for some A, B € k[t] and R € ;—I:T

(if) If g in (10) is greater than or equal to 2, then we compute
a € k[t] such that deg; a < deg, v and

(4 = VDuad;(v) =B mod 0.

Such a can be found since both u and 9J;(v) are coprime
~ ’

with v. By (8), f + (U,ﬁl ) has a denominator, in which the

multiplicity of v is at most y — 1.

Repeating (i) and (ii) to S(f), we have

THEOREM 21. Let f € K. Then there existg € K, f1 € ;—’; and

s = )Q/t’, where y € k[t] is squarefree with only irreducible special
factors, 0 € k[t] and deg, 0 < deg, y, such that

S(f)=g +fi+s.

Moreover, s is unique ands = 0 if f € K.

Proor. By (i) and (ii) given above, there exists g € K such that
S(f)-¢4 = '?—y”t’ +r,wherey, 6y € k[t],r € ;—f] and y is squarefree
with merely special factors. Dividing 6y by y yields the desired 6
and f;. Similar to the proof of Theorem 15, it suffices to prove that
s=0if i +s+a € K/, where a =0 or « = N(f).

Assume s # 0 and let F € K satisfy F/ = fj +s + a. Let p be
an irreducible factor of y and P be the place lying above p. By
Lemma 20, vp(p) = 2 and vp(p’) = vp(¢') = 1.

We claim that vp(F) > 0. Otherwise, vp(F’) = vp(F) =1 < -2
by Proposition 9. On the other hand, y is squarefree, and thus,
vp(s) = Vp(%) = —1. Accordingly, vp(F") > —1 since fj and « are
integral at p, a contradiction. The claim holds.

Again by Proposition 9, vp(F) > 0 implies vp(F’) > 0. Since P is
the only place lying above p, F’ is integral at p, which contradicts
the fact that {1, ¢’} is an integral basis and F’ = fi + )Q/t’ +a. =



For a given f € K, the special reduction described above com-
putes g, fi and s in Theorem 21. We call s the special remainder
of f (wrt. {1,¢}). Now we show how to use special reduction to
integrate the S(f) in Example 16.

EXAMPLE 22. We haveq = 4(t3+1). Thenqn = 4 and qs = 3 +1.
Recall that S(f) = 2B where A = 2(z + 1)1? + 2(22 + 1)t — 4z,
B=1andD =t+1.Thenu =1, v =t+1, 4 =1andqy =
4(t? — t +1). One can find that b = z such that deg, b < deg, v and
(1-2p)ubgyd;(v) = 2A mod v. Then A =0,B =0 andR = 2t

in (10). Therefore, S(f) = (%) + 2t and the special remainder is 0.

Combining with the result in Example 16, we see that the obstacles
in N(f) and S(f) are canceled with each other. Hence f € K, i.e.,

1+t zt
/fdz: +

t t+1°

By Theorems 15 and 21, each element of K is decomposed as the

sum of its Hermite remainder, special remainder and an element
I
4N’
reduction to simplify the elements of ;iN

in To control the poles at infinity, we develop a polynomial

at+bt’
4qN

k[t] with deg, a and deg, b are less than deg, gn7. Then

For f € ;—’;’,we can write f = +w+rt’, where a,b, w,r €
a+bt
qN

Moreover, S(f) is integral over k[t]. Write r = rpt" + - - - 4+ rg, and
set Y(f) = %t”” + - +rot € k[t]. Then ;(Y(f)) = r. By a
direct calculation,

F=X) =f-x(X(f) =rt" = N(f) +w = x(X(f)).
So the special part of f — Y(f)’ is w — k(Y (f)), denoted by S*(f).

IK
qN "’

N(f) = and S(f) =w+rt’.

It belongs to k[t]. Moreover, S* is a k-linear operator on

LEMMA 23. Forany§ € k and A € N, we have (5t’1t')' € ;—’;’ and
S*((8t11")") is of degree A — 1+ deg, q with leading coefficient [(1)3,
where 1(2) = (2+ 252 1, (g).

Proor. A direct calculation shows that

, 5o (q)th
(6t11) = 28qt* 1 + it (5’t" APLCL)) t‘) v
2 29N
—_—  —
I I
Hence (6t1t') € ;—i Furthermore, the polynomial I € k[t] is of
degree A — 1 + deg, q with leading coefficient [(1)4, I € k() and
S(Iz) is either 0 or of degree A. Set R := Y((6t*t’)’). Then 9; (R) =
S(Iz) and S*((Stlt’)’) =Tj — k(R). In particular, deg, R < A + 1.
From the assumption that deg, g > 3, we have
deg, k(R) < A+1< A—1+deg, q=deg,I.

Thus S*((Stlt’)’) has the same leading termasIj. =

Given f € ;—i we let d = deg, S*(f) and ¢ = lc;(S*(f)).

If d > deg, g — 1, then we take A and § in the above lemma as
d —deg, g+ 1and ¢/I(A), respectively. The same lemma implies the
leading term 0fS*((5t’1t’)’) is equal to S*(f).

Let f = f — (5t*#)’. Then the degree of S*(f) is less than d.
Repeating this process to f until deg, S* (f) < deg, q— 1, we find
b € k[t] such that S*(f — b’) has degree less than deg, g — 1. With
this degree-decreasing process, we have

THEOREM 24. Let f € ;—i. Then there existg € K, f € ;_I,f] with
S(f2) =0 and n € k[t] with deg, n < deg, q — 1, such that

f=g+fi+n
Moreover, f is unique, and f € K’ if and only if f, =0 andn € k’.
Our proof of Theorem 24 is based on the next lemma.

LEmMA 25. (i) Let P be an infinite place of K and let f = a+bt’
where a, b € k(t) are proper fractions. Then

vp(f) = vp(t') — vp(2).

(ii) Let F € K be integral over k[t] and a polynomial n € k[t]
with deg, n < deg, g — 1. If vp(F’ + 1) > vp(t') — vp(t) for
any infinite place P of K, then F € k.

PRrOOF. (i) Let rp be the ramification index of P. For any polyno-
mial w € k[t], we have vp(w) = —rp deg, w since vp(t) = —rp < 0.
Then vp(t’) < 0by (t')? = q. As a and b are proper,

vp(a) > rp > rp+vp(t') and vp(bt') > rp + vp(t’).

(ii) Since {1,#’} is an integral basis, write F = A + Bt’ with
A,B € k[t]. Then F’ = Ag + Bot’ + N (F’), where

Ao =k(A)+9:(B)g+ %Ba,(q), By = 9;(A) +x(B) +S (K(Z‘Z_N)B))

qN
and A, By € k[t]. By (i), vp (N (F")) = vp(t') — vp(t). Since

Ao +n+Bot' =F +n - N(F),
we have that vp(Ag + 1 + Bot’) is no less than vp(¢') — vp(t) for
any infinite place P. Set

t
C:= t—,(A0+17+Bot’)= t/+B()t.

(Ao +n)t
q
Then C is integral at t~!. By [31, page 30, Proposition], {1,#’} is

normal at 1. It follows from [12, Lemma 2] that %t’ and

Byt are integral at t 1. Accordingly, By = 0.

We claim that B = 0. Otherwise, By = 0 and B # 0 imply that
deg; 9;(A) < deg; B, i.e., deg, A < deg, B+ 1. Since deg, g > 3, we
have deg, k(A) < deg, A < deg, B+ 1 < deg, B + deg, g — 1. Note
that the degree of 9;(B)q + %Bat(q) is equal to deg, B+ deg, g — 1,
which is greater than deg, x(A), thus

deg, Ag = deg, B+deg, q— 1 > deg, 1.
It follows that
deg, (Ao + n)t = deg, Agt = deg, B+ deg, q > deg, q,
(A"f;'])t admits nonpositive order at t~1. Since ¢’ is not inte-
{Ao+n)t

hence

gral at t71, neither is t’, a contradiction. The claim holds.

Consequently, A € k by By = 0. It follows that Fe k. =



PrRoOF OoF THEOREM 24. Let b € k[t] be such that the degree of
S*(f —b’) is less than deg, g — 1. By the definition of S*, we have

f=b = (X(f=b)) =N -b)+S*(f-b).
Settingg =b+Y(f -b'), L =N(f-b")and n = S*(f — b’) leads
to the desired decomposition.

For the uniqueness of f; and in-field integrability condition for f,
it suffices to prove that f+n € K’ implies f, = 0 and y € k’. Assume
F’ = f+n for some F € K. By an order comparison similar to those
in the proofs of Theorems 15 and 21, F is integral over k[¢]. Let P be
an infinite place of K with ramification index rp. By Lemma 25 (i),

vp(f2) 2 vp(t') — vp(t). Hence vp(F’ — 1) = vp(t') — vp(t). By
Lemma 25 (ii), F € k. Thus fp =0andn = F' € k’. =

The polynomial reduction described above naturally translates
into an algorithm for computing g, f2 and 5 in Theorem 24. Com-
bining the Hermite, special and polynomial reductions, we have
the following theorem.

THEOREM 26. For f € K, we let h be the Hermite remainder and s
be the special remainder of f w.r.t. {1,t'} as in Theorems 15 and 21,
respectively. Then there exists g € K, a unique element | € é—’; with
no special part, and n € k[t] with deg, n < deg, g — 1 such that

f=g +h+s+l+n.
Moreover, f € K’ if and only if h, s and [ are all zero andn € k’.

Proor. The existence of g, [ and 7 follows from Theorems 15, 21
and 24.If f € K’ or f = 0, then [ + € K’. By Theorem 24, [ = 0,
which implies the uniqueness of [, andn € k’. =

Although 7 in Theorem 26 is not unique, it is determined up to
an element in k" additively. Hence the positive degree terms of i are
unique. We call such 7 a polynomial remainder of f (w.r.t. {1,t'}).

Theorem 26 is not only a criterion for in-field integrability in
Weierstrass-like extensions, but also leads to a necessary condition
for elementary integrability.

COROLLARY 27. Assume that Cy. is algebraically closed. Let f € K
andn be a polynomial remainder of f. If f has an elementary integral
deg, q

-1

= .

over K, then deg, n <

Proor. Write f = g’ + h+s+ [+ 1 as in Theorem 26 and set R =
f—¢’.1f f has an elementary integral over K, so does R. By [8, Thm
5.5.2], there exist F € K, ¢1,...,cp € C and uy,...,up € K\ {0}

such that R=F' + X7 | ciz—f.

Let P be a place of K with ramification index rp. If P is normal,
then "P(Z_i) > —rp by Proposition 9. Similar to the proof of The-
orem 15, one can show that F has no normal part. If P is special,
then vp( Z—f) > —1 by Proposition 9 and Lemma 20. Similar to the
proof of Theorem 21, one can show that F is integral over k[¢].

If P is an infinite place, then vp(t’) = —w# by (t')? = q,
which implies vp(t’') +rp = L;M < 0. Then

1

vp (Z_) 2 vp(t') +rp =vp(t') —vp(t)

by Proposition 11. Moreover, vp(h), v(s) and vp(l) are all greater

than or equal to vp(t’) — vp(#) by Lemma 25 (i). Hence we have

that vp(F’ — ) = vp(¢’) — vp(¢). Then F € k by of Lemma 25 (ii).
If deg, n > 0, then

vp(t") +rp =vp(t') —vp(t) < vp(F' =) = vp(n).

vp (1) vp(t') _ deg, g
—win) o ) g 8d g,

Hence deg, 1 = n

7 THE APPETIZER REVISITED

We now apply the polynomial reduction to compute the integrals
I,(z) = f ©(z)" dz with n € N in Section 2. Let k = C(z) be the
field of rational functions equipped with the derivation’ := d/dz.
Then the field of constants of k is C. Let K = k(t,t") be a Weierstrass-
like extension and m = X2 — g € k[t, X] be the minimal polynomial
of t', where g = 4t3 — got — g3 with g2, g3 € C and 27g§ —g% #0.In
this sense, ¢ satisfies the same differential equation as ¢(z). Then
{1, t'} is an integral basis of K.

Hypothesis 17 holds for our setting by Remark 18, i.e., any spe-
cial point of m is a constant in C. Then t itself is a polynomial
remainder. Since degT,q —1 < 1, t has no elementary integral over
K by Corollary 27. As in Section 2, {(z) stands for the integral of ¢.

Note that ¢ and (¢"t’) lie in k[¢t] for n € N. It follows that
S*(t") = " and S*((¢"t')) = (¢"t’)’. Applying the polynomial
reduction to t? yields that

1 ’
t? = (—t’) + 22

6 127
Hence a polynomial remainder of 2 is %, 2 e K, ie.,
1
/ Pdz=-t' +92;
6 12

Applying the polynomial reduction to 3, we find that

3 1\ 392, g3
P=|—=t] + L+ 2,
10 20 10

Then #> has a polynomial remainder %zt+ %. So t3 has no elemen-
tary integral over K by Corollary 27. Using {(z), we can represent
the integral as

1 3
/ Bdz= —tt - Ly By
10 20 10
Similarly, applying the polynomial reduction to t* yields that
1 5 ’ 5 2
oLy 2920 202, 95,
14 168 336 7
2
Then —g73t + % is a polynomial remainder of ¢, which implies

t* has no elementary integral over k. With the help of (z), the
integral of t* is represented as

2
1 5 5
/t4dz= Ly 2920, %%, 95,
14 168 336 7
In fact, for any n € N, t" admits the following decomposition:
- 1 =2y ’ + (n—2)gs M3y (2n—3)g2 2
4n -2 4n -2 8n—4 '

Substituting ¢ = ¢(z) into the identity and integrating w.r.t. z yields
the claimed recurrence for J,,(z) in Section 2.
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Appendix A SPLITTING FACTORIZATION

Let K = k(t,t’) be a Weierstrass-like extension over k and let
m € k[t,X] be the monic minimal polynomial of ¢’. For any D €
k|[t], there exist Dy, Ds € k[t] such that D = DxDg, where all
irreducible factors of Dy are normal and those of Dg are special.
This factorization is unique up to a nonzero multiplicative element
in k, and is called the splitting factorization of D (w.r.t. m). In this
section, an algorithm is presented to compute splitting factorization
by ged-computation and resultants.

LEMMA A.1. LetD € k[t] be squarefree and set Dy(t,y) = k(D) +
9¢(D)y, wherey is an indeterminate. Let R(t) € k[t] be the Sylvester
resultant of Do(t,y) and m(t,y) wr.t.y. If p € k is a root of D, then
B is a special point of m if and only if B is a root of R. Consequently,
D and gcd(R, D) have the same irreducible special factors.

ProOF. Let f8 € k be a root of D. Since D is squarefree, we have
9 (D) (p) # 0. As m(¢, y) is monic in y, the degrees (in y) of Do (S, )
and m(f, y) coincide with those of Dy (t, y) and m(t, y), respectively.
Then R(p) is the resultant of Do(f, y) and m(f, y) w.r.t. y.

Write D = (¢t — f)D. Then D(f) # 0. A calculation similar
to (3) yields k(D)(f) = —p'D(B) and 9;(D)(B) = D(f). Then
Do(B.) = D(B)(y — ). and resy (Do(B.y). m(B.y)) = 0 if and
only if m(8, ') =0, i.e., f is a special point of m. m

ALGORITHM A.2. SPLITTINGFACTORIZATION
InpuT: D € k[t] and m, the monic irreducible polynomial of t’.
OuTPUT: the splitting factorization of D w.r.t. m.
1. Compute the squarefree factorization D = Dfl ...DL" of D
2. DN «— 1, DS —1
2. FOR i FROM 1 TO n DO
Dy « k(D;) +9;(Dj)y, R « resultanty(Do(t, y), m(t,y))
G « gcd(R, Dj)
Ds « DgG", Dy « Dy (%)”
END DO
4. RETURN Dy, Dg

The correctness is guaranteed by Lemma A.1. As a by product,
we obtain the squarefree factorization of both Dy and Dg.
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