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Abstract

The Shift Equivalence Testing (SET) of polynomials is deciding whether two polynomials
p(x1,...,2m) and g(x1,...,T,y) satisfy the relation p(z1 + a1,...,Tm + am) = ¢(z1,. .., Tm)
for some a,...,a,, in the coefficient field. The SET problem is one of the basic computational
problems in computer algebra and algebraic complexity theory, which was reduced by Dvir,
Oliveira and Shpilka in 2014 to the Polynomial Identity Testing (PIT) problem. This paper
presents a general scheme for designing algorithms to solve the SET problem which includes
Dvir-Oliveira-Shpilka’s algorithm as a special case. With the algorithms for the SET problem
over integers, we give complete solutions to two challenging problems in symbolic summation
of multivariate rational functions, namely the rational summability problem and the existence
problem of telescopers for multivariate rational functions. Our approach is based on the structure
of isotropy groups of polynomials introduced by Sato in 1960s. Our results can be used to detect
the applicability of the Wilf-Zeilberger method to multivariate rational functions.
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1 Introduction

Symbolic summation is a classical and active research topic in symbolic computation, whose central
problem is evaluating and simplifying different types of sums arising from combinatorics and theo-
retical physics [13,70] and other areas. For a given sequence in a certain specific class, the indefinite
summation problem (in the univariate case) is to determine whether the given sequence is the dif-
ference of another sequence in the same class, which is a discrete analogue of indefinite integration
problem. For instance, —1/(n? + n) is the difference of 1/n, but 1/n is not the difference of any
rational sequence. The definite summation problem is to find a closed form for the sum Z?;; f@@)
assuming that the function f(x) is well-defined in the interval [a, b]. The two summation problems
are connected by the discrete Leibniz—Newton formula. Since the early 1970s, efficient algorithms
have been developed for symbolic summation [78, Chapter 23]. Abramov’s algorithm [1-3] solves the
indefinite summation problem for univariate rational functions. A Hermite-like reduction algorithm
for rational summation was developed by Paule via greatest factorial factorizations in [10,56,60,65].
The indefinite summation problem for hypergeometric terms is handled by Gosper’s algorithm [36].
For sequences in a general difference field, the corresponding problem is studied by Karr in [46,47]
with significant improvements by Schneider [69] and recent fruitful applications in quantum field
theory [13,72]. Most of existing complete algorithms are mainly applicable to the summation prob-
lem with univariate inputs. A long-term project in symbolic computation is to develop theories,
algorithms and software for symbolic summation of multivariate functions. Along this way, some
algorithms were developed to deal with doubles sums [30] and binomial multiple sums [15]. In this
paper, we will present a first algorithm for symbolic summation of multivariate rational functions.

In the multivariate case, the stimulating problem was first raised by Andrews and Paule in [8]:
“is it possible to provide any algorithmic device for reducing multiple sums to single sums?”In order
to address the problem of Andrews and Paule, a first try is to solve the summability problem. For
a multiple sum of the form

b1 b
F = Z Z f(l‘l,..-,xm)a

Tr1=ai Tm=Qm
one would try to detect whether f is summable, i.e., whether f can be written as

m

fx1,...,zm) = Zg($17---,$i—1,$i + 1, %1, Tm) — 9(T1, -, Tn)
i=1

for some functions g;’s. If so, the m multiple sum can be reduced to several m — 1 multiple sums:

b bin
F= Z Z gbr + 1,29, ..., 2m) —glar, xa, ..., Tm) + -

To=as T =0m
b1 bm—1
+ E E g(:):l,...,:vn_l,bm—i-l)—g($1,.--,$m—1,am)-
Tr1=ai ITm—1=Am—1

If the above summands are summable again (with respect to m — 1 variables), one can similarly
reduce the m — 1 multiple sums to several simpler sums. Finally, one may succeed in finding a
closed form of the multiple sum.

From now on, we will focus on the symbolic-summation problems of multivariate rational func-
tions. To this end, we assume that F is a computational field of characteristic zero and let F(x)



denote the field of rational functions in variables x = {x1,..., 2y} over F. We define the shift
operator o, with respect to z; by

Jmi(f(l‘l, ey .’L'm)) = f(l'l, ey i1, T+ L, . ,xm)
for all f € F(x). The summability problem for multivariate rational functions is as follows.

(1) Rational Summability Problem: Given a rational function f(x) € F(x), decide whether
there exist rational functions gi(x), ..., gm(x) € F(x) such that

f=02(91) =91+ + 02, (9m) — 9m-

If such g¢;’s exist, we say that f is (04,...,04,, )-summable in F(x) and the g;’s are the
certificates of f.

When m = 1, Abramov [2] introduced the notion of dispersion in rational summation. The
Abramov’s dispersion of a univariate polynomial is defined as the maximal integer distance among
all its roots. There are several summation algorithms [2, 4,10, 56,60, 65]. The common idea is to
decompose f(x1) = o4, (9(z1)) — g(x1) + r(z1) such that the dispersion of the denominator of r
is zero. Then f is o,,-summable in F(x1) if and only if r = 0. When m = 2, by exploring the
summability of algebraic functions in F(z2)(x1), a summability criterion for rational functions in
F(z1,22) was given by Chen and Singer [28]. Later it was adapted by Hou and Wang [44] into a
practical bivariate rational summation algorithm without algebraic extensions. In more than two
variables, there is no complete algorithm for deciding the summability of rational functions.

Let K be a subfield of F. If F = K(¢) for some transcendental ¢ € F over K, let o; be the shift
operator with respect to t. For a multiple sum of the form

m

by b
F(t)= Z Z flt,yze, .. xm),

T1=ai Tm=0am

if f is not summable, one may try the method of creative telescoping [83] to find a recurrence relation
of F(t). To do this, we shall ask the following existence problem of telescopers for multivariate
rational functions.

(2) Existence Problem of Telescopers: Given a rational function f(t,x) € F(x) with F =
K(t), decide whether there exists a nonzero linear recurrence operator L = Y ;_ {;0; with
¢; € F such that

L(f) = 04,(91) =91+ -+ + 02,,(9m) — gm for some g1,...,gm € F(x).

If such an operator L exists, then L is called a telescoper for f of type (o4;04,,...,04, ) and
the g;’s are called the certificates of L.

We say that Problems (1) and (2) can be decided constructively if the g;’s in (1), or L and the g;’s
in (2), can be computed explicitly. For example, using our Algorithm 6.13, one can find that the
following rational function

2y —t)(2z —t)(2z — t)
Wttt (—2t+y— D@ttt (—2+z— Dzttt )(—2+z—1)

f(t)x7yvz) =



has a telescoper L = o; — 1 of type (0t; 04, 0y,0,) with the certificates (u,v,w) € K(¢,z,y,2)? in
explicit expressions. This can be used to show

because F'(t) satisfies the recurrence relation F(t + 1) — F'(t) = 0 with the initial value F(0) = 0.
See more details in Example 6.16.

Creative telescoping is the core of the Wilf-Zeilberger theory of computer-generated proofs
of combinatorial identities [61,80,81]. The existence problem of telescopers is equivalent to the
termination of Zeilberger’s algorithm [82,83] and can be used to detect the hypertranscendence
and algebraic dependency of functions defined by indefinite sums or integrals [42,71]. A sufficient
condition, namely holonomicity, on the existence of telescopers was first given by Zeilberger in
1990 using Bernstein’s theory of holonomic D-modules [11]. Wilf and Zeilberger in [81] proved that
telescopers exist for proper hypergeometric terms. However, holonomicity and properness are only
sufficient conditions. Abramov and Le [6] solved the existence problem of telescopers for rational
functions in two discrete variables. This work was soon extended to the hypergeometric case by
Abramov [5], the g-hypergeometric case in [29], and the mixed rational and hypergeometric case
in [20,27]. The criteria on the existence of telescopers for rational functions in three variables were
given in [21,22,24]. In arbitrary number of variables, there is no available algorithm for deciding
the existence of telescopers for rational functions.

In this paper we will solve algorithmically the summability problem and the existence problem
of telescopers for general rational functions in several discrete variables. From the univariate case
to the multivariate case, especially when m > 2, it becomes difficult to find the structure of all
solutions (g1, ...,9m) € F(x)™ of the following difference equation:

When m = 2, the structure theorem was discovered in [19] using the summability criterion for
univariate rational functions. The dimension of its solution space over F becomes infinite if m > 1.
For example, if m = 3, then for every f € F(z1,x2,23), (A, Any(f), =282, Ass (), Az, Agy (f))

is a solution of (1.1), where A, = o0, — 1. In the process of deciding the summability of a
rational function f, we avoid finding all possible tuples of the certificates, but focus on finding
one tuple (gi,...,gm) of the certificates if f is summable. In this direction, we will explore some

shift-invariant properties and shift-invariant subspaces of F(x).

Similar to the cases in smaller variables [24,28,44], we need a generalized version of a partial
fraction decomposition (taking into account the shift operators o,,). This requires to compute the
dispersion set of multivariate polynomials. The latter is equivalent to solving the shift equivalence
testing problem (SET) of polynomials, see its definition in the next section.

Different from the cases in smaller variables, we use the notion of isotropy group under shift
operations to formulate our criteria for summability and existence of telescopers. The isotropy
group of a non-constant polynomial in m variables forms a free abelian group whose rank is less
than m. This property helps us to reduce the summability problem in m variables to that in fewer
variables. An algorithm for solving the SET problem can be used to compute this rank.

1.1 The SET problem on multivariate polynomials

Polynomials are basic arithmetic structures in mathematics and computer sciences. Efficient algo-
rithms have been developed for manipulating polynomials in computer algebra [35,51,78,85] with



extensive complexity studies in [18,75,77]. Let F[x]| be the ring of polynomials in m variables
X = T1,...,T,m over F. One can ask several basic computational questions on polynomials: Given
p,q € F[x] and P, Q € F[x]",

(1) Polynomial Identity Testing (PIT): Is p(x) identically zero?

(2) Fast Evaluation and Interpolation (FEI): How fast can we evaluate p(x) at many points
and interpolate it from values at many points?

(3) Fast Multiplication and Factorization (FMF): How fast can we multiply p(x) by ¢(x)
and factor p(x) into a product of irreducible polynomials over F?

(4) Polynomial Equivalence Testing (PET): Decide whether there exists some invertible
matrix A € GL,,(F) such that p(x) = ¢(x - A).

(5) Shift Equivalence Testing (SET): Decide whether there exists some vector b € F™ such
that ¢(x) = p(x + b).

(6) Isomorphism of Polynomials (IP): Decide whether there exists a pair (A, B) € GL,(F) x
GL,(F) such that Q =P(x- A) - B.

(7) Affine Projection of Polynomials (APP): Decide whether there exists a polynomial r in
n < m variables such that p(x) = r(x- A+ b) for some n x m matrix A over F and some
vector b € F™.

The answers to these questions may depend on the way in which how we model polynomials.
A randomized polynomial-time algorithm for PIT was given independently by Schwartz [73] and
Zippel [84], whose derandomization is still a long-standing open problem in algebraic complexity
theory with impressive progress in the last three decades (see surveys [67,68,74]). When polynomials
are modelled as arithmetic circuits, partial derivatives of polynomials are used extensively and
essentially in most of the above questions (see the comprehensive survey [31]). Kayal presented
a deterministic algorithm for the first question in the case where the input circuit is a sum of
powers of sums of univariate polynomials and a randomized polynomial-time algorithm for some
special cases of the fourth question in [49]. Fast algorithms for the second and third questions
are fundamental for solving many computational problems in computer algebra [78,85]. The fifth
question was originally motivated by sparse interpolation of polynomials [37,38,53,54] and answered
in several works [32,33,39,40,48] with different methods. The sixth question was first introduced by
Patarin [59] and has rich applications in multivariate cryptography [12,16,34,41]. In 2012, Kayal
proved that the seventh question is NP-hard in general but admits randomized polynomial-time
algorithms for special classes of polynomials including permanent and determinant polynomials [31,
50]. Beside the above-mentioned results, research and extensive work on these questions have been
done by combing tools from symbolic computation and algebraic complexity theory. The above
seven dwarfs build an exchanging bridge between mathematics and computer science.

In this paper, we will show that the SET problem plays a crucial role in symbolic summation
of multivariate rational functions and present a general scheme for designing algorithms to solve
the SET problem which includes Dvir-Oliveira-Shpilka’s algorithm in [32,33] as a special case.

1.2 The main results

We now present our main results on the SET problem, rational summability problem, and existence
problem of telescopers for rational functions in several variables.



1.2.1 Algorithms for the SET problem

Let N be the set of non-negative integers and NT be the set of positive integers. Given two
polynomials p, ¢ € F[x|, we say that p is shift equivalent to q over I if there exist s1,...,8, € F
such that

p(x1+ 81, s T + Sm) = q(x1, ..., Tm).

We call the set {s € F" | p(x +s) = ¢(x)} the dispersion set of p and g over F, denoted by Fj ,.
The Shift Equivalence Testing (SET) problem is to decide whether the dispersion set F), ; is empty
or not. Introducing m new variables a = a1, ..., a,, in this section, we consider the polynomial
p(x +a) — q(x) in Fla,x] and write it as p(x +a) — ¢(x) = >_,c Ca(a)x® with A being a finite
subset of N™. In general, the coefficients cq(a) are polynomials in F[a] that may not be linear. So
it seems that we need to solve a polynomial system in order to determine the set F), ,. However,
Grigoriev (G) in [39,40] proved that F), , is actually a linear variety and he also gave a recursive
algorithm for determining this variety using the following relation

Fpq= (ﬂ Fami(p)vaZi(q)> N{s € F™ | p(s) = q(0)},
i=1

where 0., denotes the partial derivative with respect to z;. Since partial derivations decrease the
degree of polynomials, the SET problem boils down to solving a linear system. Another way to
derive the linear system that defines F), , was given by Kauers and Schneider (KS) in [48] with
applications in solving linear partial difference equations. The idea is to compute the radical of
the ideal I generated by the set {cq(a)}aca in F[a] via Grobner basis method. A more efficient
algorithm was given by Dvir, Oliveira and Shpilka (DOS) in [32,33]. They reduced the SET problem
to the PIT problem, then solved the latter one by randomized algorithms. Inspired by the DOS
algorithm, we now present a general scheme for designing algorithms to solve the SET problem.

Let a = (a1, 9,...,4,) and B = (B1,P2,...,Bm) be two vectors in N". We say a« > 3 if
a; > f; for all 1 < ¢ < m and we denote the sum > ;" | o; by |a|. Let Supp,(p) denote the support
of p consisting of all monomials x* whose corresponding coefficients in p are nonzero.

Definition 1.1 (Admissible cover). Let Sp, = {ca(a) | x* € Suppy(p(x+a) —¢(x))} C Fla]. A
collection {So, S1,...,Sk} of subsets is called a cover of Sp 4 if Spq is the union of Sp,S1,...,Sk.
Such a cover {So, S1,...,Sk} is called an admissible cover of Sy, if it satisfies the following two
conditions:

(1) All polynomials in Sy are of degree in a at most one.

(2) For all ¢ =1,2,...,k, if ca(a) € Sy, then cg(a) € Uf;éSi for all B € N™ with 8 > o and
X8 € Suppy (p(x + a) — g(x)).

Without loss of generality, we may assume that the two given polynomials p and ¢ in the SET
problem are of the same degree d in x.

Definition 1.2 (Linearization). Let p = po + p1 + -+ + paq be the homogeneous decomposition of
p € F[x] in x. For a vector s € F™, we call the linear polynomial po(x) + p1(x) + Zfzz pi(s) the
linearization of p at s, denoted by Lx—s(p). Note that Lx—s(p) =p if d < 1.

For a polynomial set P C F[x]|, we let Lx—s(P) = {Lx=s(p) | p € P} and Vp(P) = {s € I |
p(s) = 0 for all p € P}. Our first main result says that any admissible cover of S, , leads to an
algorithm for solving the polynomial system .S;, ; which only requires solving several linear systems.



Theorem 1.3. Let Sp, = {ca(a) | x* € Suppy(p(x + a) — ¢(x))}. If {So0,S51,..., Sk} is an
admissible cover of Spq, then for all ¢ =1,... k, we have either Vg (Uf;é SZ-) = or

14 14 -1
Vg (U Sl-) = Vg (U La:S(SZ-)> for any s € Vg <U S)
1=0 1=0

=0
In particular, the covers {SOD, SP...., SdD} and {Sé{, SH ..., Sf} of Sp,q are admissible, where
SP = {cal(a) € Spq | degq(cala)) =i} and Sf' = {cala) € Spq || =d—i}.

We call the above two typical admissible covers a-degree cover and x-homogeneous cover of S 4
respectively. The former one will lead to a new algorithm called ADC in Section 8 and the latter
one corresponds to the DOS algorithm. We illustrate these two admissible covers via a concrete
example.

Example 1.4. Let p = z* + 23y + 2y® + 22 and ¢ = p(z,y + 1,2 + 2) + 2y. By collecting the
coefficients of p(x + a,y + b,z + ¢) — q(z,y, z) with respect to the variables x,y, z, we get the set
Sp,q- Then the a-degree cover and x-homogeneous cover of Sy 4 are

Sp.q at +adb+ab®+c2 -4 S4D
40 4+ 3a%b+ 0> —1 |
| S3D
a® + 2ab :
I
6a + 3ab | !
| | sy
3a% +2b—3 } |
[ |
da+b—1 | ! !
| a | 2¢c—4 : sp
3a : I I
| | L
| | |
| | |
1 | | S7
| | |
st st st sH

1.2.2 Reduction for rational summability

The rational summability problem has been solved in the univariate and bivariate cases [1,2,28,44].
In order to address the problem in the general multivariate case, it suffices to provide a method
that reduces the problem in m variables to that in fewer variables. The reduction method relies on
the theory of isotropy groups of polynomials introduced by Sato in 1960s [66]. The computation of
isotropy groups needs solving the SET problem over integers, for which we can use polynomial-time
algorithms for computing the Hermite normal forms of an integer matrix [45].

Let G = (04,,...,04,,) be the free abelian multiplicative group generated by the shift operators
Oz, -,0z, that acts on F(x). For any 7 € G, define the difference operator A;(g) = 7(g) — g for
any g € F(x). Let f € F[x] and H be a subgroup of G. The set

[l :=A{o(f) | o€ H}



is called the H-orbit at f. The isotropy group Hy of f in H is defined as

Hy = {o € H|o(f) = f}.

Note that Hy is a free abelian group and the quotient group H/Hy is also free by [66, Lemma
A-3]. The isotropy groups of polynomials will play an important role in the reduction for rational
summability. We will show in Section 4.1 that a basis of the isotropy group of a polynomial can be
computed.

Similar to the bivariate case, we also use Abramov’s reduction [2, 3] repeatedly to decompose
f € F(x) into the form

I J
' ai
f:A011(U1>+"'+Agzm(um)+TW1thT:ZZﬁ, (12)
i=1 j=1 %
where uy, ..., un € F(x), a;; € F(X1)[z1] with X1 = {z2,..., 2}, di € F[x] with deg,, (a;;) <
deg,, (d;) and the d;’s are monic irreducible polynomials in distinct (05, ..., 0,,)-orbits. We will

explain in Section 5.1 how to obtain the decomposition (1.2) in details. The following lemma
reduces the rational summability problem from general rational functions to simple fractions.

Lemma 1.5. Let f be as in (1.2). Then f is summable in F(x) if and only if each am-/dg is
summable in F(x).

We now only need to study the rational summability problem for rational functions of the form

a

f = 57
where j € N*, a € F(%x1)[z1] and d € F[x] is irreducible with deg, (a) < deg,, (d). The following
theorem further reduces the problem in m variables to another similar problem in r variables, where
r is the rank of the isotropy group that is strictly less than m.

(1.3)

Theorem 1.6 (Summability criterion). Let f = a/d’ € F(x) be of the form (1.3). Let {r;}7_;(1 <
r < m) be a basis of the free group Gy (take 71 =1, if Gg = {1}). Then f is summable in F(x) if
and only if

a = An(bl) +--- 4+ ATT(br)

for some b; € F(x1)[z1] and deg,, (b;) < deg,,(d) for all1 <i <.

Note that the above reduced problem is related to the operators 7p,...,7, in the isotropy
group Gg4. In order to turn back to the usual shifts, using Proposition 5.12, we can construct an
F-automorphism ¢ of F(x) such that a is (71,...,7,)-summable in F(x) if and only if each ¢(a)
is (0z,,...,0z,)-summable in F(x). So the rational summability problem in m variables can be
completely reduced to the same problem in fewer variables. Combining the existing methods in
the univariate case, we now obtain a complete solution to the rational summability problem for
multivariate rational functions.

1.2.3 Reduction for the existence of telescopers

The existence problem of telescoper can be viewed as a parameterization of the rational summability
problem. The latter problem is equivalent to testing whether the identity operator is a telescoper or
not. Similar to the strategy used in the rational summability problem, we shall provide a method
for reducing the existence problem of telescoper in m + 1 variables to that in fewer variables.



For a rational function f(¢,x) € F(x) with F = K(¢), the existence problem of telescopers for f
can also be reduced to simple fractions of the form a/d’ as in (1.3). The second reduction of the
number of variables also relies on the structure of isotropy groups. Let Gy = (o, 04,,...,04,,) be
the group generated by oy, 04, ..., 04, and G 4 be the isotropy group of d in G;. Then the quotient
group Gy q/Gq is still a free abelian group with rank(G; 4/Gq) < 1. If rank(Gy,q/G4) = 0, then we
show that f has a telescoper of type (o4;04,,...,04,,) if and only if f is (04,..., 0z, )-sSummable
in F(x). So in this case, the existence problem of telescopers for f is equivalent to the rational
summability problem. If rank(G¢ 4/Gq4) = 1, we have the following existence criterion.

Theorem 1.7 (Existence criterion). Let f = a/d’ € K(t,x) as above with rank(Gyq/Gq) = 1. Let
{10, 71,..., 7} (1 < r <m) be a basis of Gy q such that Gy q/Gq = (To) and let {71,..., 7} be a basis
of Gq (take 1 =1, if Gg = {1}). Then f has a telescoper of type (04;04,,...,04,,) if and only if
there exists a nonzero operator L =Y 7_ ;74 with ¢; € K(t) such that

L(a) = Ary (b1) + - -+ + A, (br)
for some b; € K(t,x1)[z1] and deg,, (b;) < deg,, (d) for 1 <i<r.

Similar to the summability problem, after a suitable transformation of rational functions, the
existence problem of telescopers in m -+ 1 variables can also be reduced to that in fewer variables.
Since the bivariate case has been solved in [6], we now have a complete solution to the existence
problem of telescopers for rational functions in several discrete variables.

1.2.4 Complexity results

We also provide the detailed complexity analysis of the algorithms for the SET problem and the
summability problem and creative telescoping for multivariate rational functions. We show that
the complexity of all of these algorithms is polynoamial in the output size (for the details, see
Theorems 3.8, 5.14 and 6.14).

1.3 An example

We now show an example to illustrate the main steps of deciding the rational summability problem
with the help of algorithms for the SET problem over integers.
Let f be a rational function in Q(z,y, z) of the form

—22+x T —y—2z 22ty

f:$2+2xy+22+x2+2xy+z2+2x+x2+2xy+z2—|—8x+2y—2z+8

n T+ 2 n n z 1 1
(x —3y)2(y+2) +1 YT o1 Pt (x+2y+2)%

Let G = (04, 0y,0:) be the free abelian group generated by the shift operators o,,0,,0,. In order
to decide whether f is (0,0y,0.)-summable in Q(z,y, 2), the first step is the so-called orbital
decomposition, where we first compute the irreducible partial fraction decomposition of f with
respect to & and then classify all irreducible factors of the denominator of f according to the
shift equivalence relation. Applying algorithms for the partial fraction decomposition and the SET
problem over integers, we obtain the orbital decomposition f = f1 + fo + f3, where

2

T—2° T—y—22 y + 22 T+ 2z < z 1 ) 1
= + + , = and = + — —
h di oy(dr) J$030;1(d1) f2 da fs Y v2+z2—1 y2+z d%

10



with di = 22 + 22y + 22, do = (v — 3y)?(y + 2) + 1 and d3 = = + 2y + 2. Here fi, fo, f3 are
three orbital components of f, since any two elements of di,ds,ds are not shift equivalent. By
Lemma 1.5, we have that f is (04, 0y, 0;)-summable in Q(z,y, 2) if and only if each f; is summable.
The second step is using Abramov’s reduction to reduce the summability problem from a general
rational function to simple fractions. Since f3, f3 are already simple fractions, we only need to reduce
f1. For any a,d € F(z,y, 2) and any integer k € Z, Abramov’s reduction decomposes a/c*(b) as

O —o(h)—h+ U_];(“),

Whereh:()ifk::(),h:Zf:_Olgaz(b(;) if k>0and h=-3% " k= l%a()) if k < 0. Applying the

reduction formula to f1 with o = o, 0y, 0. successively yields
20 — 1
dy

fi=Ap(u1) + Ay(vi) + Az (wi) + 71 with r =

y—3+22
oz (d)”

y+2°2 _ = y+1 2z y+£—=3+2° 3422
1, U1 = + =
ngl(dl)’ 1 Zé 0 Z 1(d)

and only if ry is (o4, oy, UZ)—summable.

The third step is using the summability criterion to reduce the summability problem into few
variables. For r1, the isotropy group of d; in G is G4, = {1}. By Theorem 1.6, 1 is summable if
and only if its numerator is zero. Hence r is not (o, 0y, 0,)-summable and neither are f; and f.
For fa, the isotropy group of d2 in G is Gy, = {7} with 7 = 030,40, !. By Theorem 1.6, we see
that fy is summable in Q(z, y, z) if and only if as = = + z is (7)-summable in Q(z,y, z). Since
a = x+ 2z = A-(b) with b = (l‘ — 3)(2z + 3z2), so ag is (7)-summable, which implies that fo is
(02,0y,0)-summable. Since f2 AT(E)’ its certificates can be obtained by Abramov’s reduction:

fo = Ag(u2) + Ay(v2) + AL (w2),

where w1 = and w; = — Then f; is summable if

where up = Zgzo oloyor! (d%)? vy = o1 (%) and wy = —o ! (d—b?). For f3, a basis of the

isotropy group Gy, is {71, 72}, where 7 = o020, 1 Finally, we construct a Q-

automorphism ¢3 of Q(x,y, z) as follows

¢3(h(z,y,2)) = h(2x +y, —, —y + 2),

for any h € Q(x,y, 2). It can be checked that ¢307 = 0, 0¢3 and ¢30Ts = oy 0¢3. So az = f3d3 is
(11, 72)-summable in Q(x,y, z) if and only if ¢3(as3) is (04, 0y)-summable in Q(x,y, z). This reduces
the summability problem in three variables to the summability problem in two variables. By
induction it follows that ¢3(a3) is not (o, oy )-summable. Therefore f3 is not (o, 0y, 0, )-summable.
In this case, f3 can be decomposed into the sum of a summable part and a non-summable one:

Y and o = o0,

z
=A, A A, —_—
f3 (uz) + Ay(vs) + Az(ws) + R
where ug = Zz 0060_1 (%) +ot (Z—é), vz = —ay_l (Z—é), wy = —o; ! (é) with by = (y—|— 1)
and by = ;2':12.

1.4 Organization

The rest of this paper is organized as follows. In Section 2, we define the existence problem of
telescopers and the summability problem precisely and recall some basic complexity estimates for
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later use. We present a general scheme for designing algorithms to solve the shift equivalence
testing problem in Section 3, and compare our new algorithms with the other known algorithms
in Appendix. In Section 4, we first recall the notion of isotropy groups of polynomials and their
basic properties, and then introduce orbital decompositions for rational functions. We apply or-
bital decompositions in Section 5 to reduce the rational summability problem for general rational
functions to that for simple fractions. After this, we present a criterion on the summability of such
simple fractions. We not only decide the summability of a rational function but can also derive it
explicitly. In Section 6, we again use the structure of isotropy groups and orbital decompositions
to derive a criterion for the existence of telescopers for rational functions in variables ¢ and x.
Moreover, we present an algorithm for computing a telescoper if it exists.

2 Preliminaries

In this section, we will recall some basic terminologies of symbolic summation and creative tele-
scoping and overview some complexity results for later use.

2.1 Telescopers and summability of rational functions

Through out the paper, let K be a field of characteristic zero and K(t,x) be the field of rational
functions in ¢ and x = {z1,...,2,} over K. For each v € v = {t,z1,...,2m}, the shift operator
o, with respect to v is defined as the K-automorphism of K(v) such that

oy(v) =v+1 and o,(w) = w for all w € v\ {v}.

Let R := K(v)(St, Szy,---,5%,,) denote the ring of linear recurrence operators over K(v), in
which S, Sy, = Sy; Sy, for all v;,v; € vand S, f = a,(f)S, for any f € K(v) and v € v. The action
of an operator L = >, . . Qigyitsonnsim S0 SEL -+ - Sim € R on a rational function f € K(v) is
defined as ‘

L= > g, in0l 20l -l (f).
10,15-++4m 20
For each v € v, the difference operator A, with respect to v is defined by A, = S, — 1, where 1
stands for the identity map on K(v).
We now introduce the notion of telescopers for rational functions in K(¢, x).

Definition 2.1 (Telescoper). Let n be a positive integer such that 1 < n < m and let f € K(¢,x)
be a rational function. A nonzero linear recurrence operator L € K(t)(S;) is called a telescoper of
type (04041, ..,04,) for [ if there exist g1, ..., g, € K(t,x) such that

L(f) = A:m (gl) +eet A:Jcn(gn)

The rational functions g1,..., g, are called the certificates of L.

Problem 2.2 (Existence Problem of Telescopers). Given a rational function f € K(t,x) and an
integer n with 1 < n < m, decide whether or not f has a telescoper of type (04;04%,,...,04,). If so,
find a telescoper L and its certificates gi,...,gn.

In order to decide the existence of telescopers for f € K(¢,x), one may first use the shortcut to
decide whether L = 1 is a telescoper for f. This is equivalent to the following summability problem
of f in F(x) with F = K(¢).
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Definition 2.3 (Summability). Let F be a field of characteristic zero and n be a positive integer
such that 1 < n < m. A rational function f € F(x) is called (04,,...,04,)-summable in F(x) if
there exist g1, ..., gn € F(x) such that

f=28z(91) -+ Az, (gn)

The rational functions g1, ..., gy, if they exists, are called the certificates of f.

Problem 2.4 (Rational Summability Problem). Given a rational function f € F(x) and an inte-
ger n with 1 < n < m, decide whether or not f is (0g,,...,04,)-summable in F(x). If so, find a
tuple (g1, ...,9n) such that the g;’s are the certificates of f.

In practice, the certificate tends to be much larger than the telescoper and we might only focus
on the evaluation of the certificate. So we output the certificate as a sum of the products of several
rational functions applied by shift operations and difference isomorphisms (see definition below).
Such a certificate is called an unnormalised certificate.

The main idea of solving the summability problem is using mathematical induction to reduce the
number of difference operators in this problem. To say explicitly, we shall reduce the (o4,,...,04,)-
summability problem for f € F(x) to the (o4, ..., 0, )-summability problem for another rational
function a € F(x), where r is smaller than n and the base field F(x) in the summability problem is
unchanged. Similarly, we shall reduce the existence problem of telescopers of type (o¢; 04y, ..,04,)
for f € K(t,x) to the existence problem of telescopers of type (o4;04,,...,04,) for some rational
function a € K(¢,x).

We introduce below a general definition of the summability problem and existence problem of
telescopers, which plays a central role to set up the reduction process for solving Problems 2.4
and 2.2. Let Gy = (04,04,,...,04,) be the group generated by the shift operators oy, 04,,...,04,
under the operation of composition of functions. Then G} is a free abelian group. For any 7 € Gy,
the difference operator A, is defined by

— glo Qi1 i : _ do, 41 i
Ay =88} S —1 itr=000 0.

x1 Tn
For short, we use A, to denote A, for each v € v. A finite subset {71,..., 7.} of G; is said to be
Z-linearly independent if for all aq,...,a, € Z, we have
et =1 = a=a=--=a=0.

Let G = (04y,-..,04,) be the subgroup of G; generated by shift operators oy, ,...,04,. Let

{r1,...,7}(1 <r <n) be a family of Z-linearly independent elements in G. In general, a rational
function f € F(x) is called (7, ..., 7 )-summable in F(x) if

f = ATl (gl) + ATT(QT)

for some g1, ...,g, € F(x). Choose an element 79 = Jfoalﬁ e a’afz € G} such that kg is nonzero.
Then 79, 71,...,7- are Z-linearly independent in G;. Let Ty = SfOSE "‘S];f; € R be the oper-
ator corresponding to 7p. We say that a nonzero operator L € K(t)(Tp) is a telescoper of type
(r0;71,...,7r) for f € K(¢,x) if L(f) is (71,...,7y)-summable in K(t, x).

Let R be a ring and 0: R — R be a ring automorphism of R. The pair (R, o) is called a
difference ring. If R is a field, we call the pair (R, o) a difference field. Let (R1,01) and (R, 02)
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be two difference rings and ¢: R; — Ry be a ring homomorphism. If ¢ satisfies the property that
¢ o001 = 09 0 ¢, that means the following diagram

Ry LRQ

Ry — Ry

commutes, then ¢ is called a difference homomorphism. If in addition ¢ is a bijection, then its inverse
¢! is also a difference homomorphism. In this case, we call ¢ a difference isomorphism. The notion
of difference isomorphisms will be used to state our summability criteria and the existence criteria
of telescopers.

An operator L € K(t)(S;) is called a common left multiple of operators Ly, ..., L, € K(t)(S) if
there exist Ry, ..., R, € K(t)(S;) such that

L=RLi=--=R.L,.

Since K(t)(S) is a left Euclidean domain, such an operator L always exists. Among all of such
multiples, the monic one of smallest degree in S; is called the least common left multiple (LCLM).
Efficient algorithms for computing LCLM have been developed in [7,14,17].

Remark 2.5. Let f = f1 +---+ f, with f; € K(¢,x). If each f; has a telescoper L; of type
(04;00yy---,0g,) for i = 1,...,r, then the LCLM of L;’s is a telescoper of the same type for
f. This fact follows from the commutativity between operators in K(t)(S;) and the difference
operators Ag,’s.

2.2 Complexity estimates

All complexity estimates of the algorithms in this paper are in terms of arithmetical operations in K,
denoted by “ops”. The notation O indicates the complexity estimates with hidden polylogarithmic
factors.

Let y = {y1,92,...,yr} be a subset of v = {t,x1,...,2n} and d = (di1,ds,...,d;) be a vector
in N". Let K[y]q denote the set of polynomials in K[y] whose degrees in y; are no more than d; for

i=1,2,...,r. Let K(y)q denote the set of rational functions in K(y) with numerators and denomi-
nators in K[y]q. In particular, we denote K[ylq (resp. K(y)a) by K[y]q (resp. K(y)q) for simplicity
if di =dy =--- =d, = d. For a rational function f(y) = p(y)/q(y) € K(y), where p(y) and ¢(y)

are coprime polynomials, the degree of f(y) in y; is defined as max{deg,, (p(y)), deg,, (¢(y))}.
We first recall some complexity estimates of the basic operations on univatiate polynomials and
rational functions (see the books [18,78] for their proofs).

Fact 2.6. Let d be an integer in N. The following operations can be performed in O(d) ops in K:
(1) addition, multiplication and differentiation of elements in K[x]y and K(x)q;
(2) computing the greatest common divisor of two elements in Kx]4;

(3) partial fraction decomposition of an element in K(x)q with a given factorization of its denom-
inator.

Efficient algorithms for basic operations on multivariate polynomials have been developed in [58,
76]. We summarize the needed results as follows.
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Fact 2.7. For a vector d = (di,...,dn) € N™, the following operations can be performed in

O(md; - - -dy,) ops in K:
(1) multipoint evaluation and interpolation in K[x]q from the given values on O(dy - - - dy,) points
which form an m-dimensional tensor product grid;

(2) expansion of f(x +s) into the form f(x+s) =", cax® for f(x) € K[x]q and s € K™.
The following result about factorization of multivariate polynomials is from [55, Theorem 3.26].

Fact 2.8. For a vector d = (di,...,dy) € N, a polynomial in Q[x]a can be factored into the
product of irreducible factors in O((min(d))™ 1(dy ---dn)%) ops in Q.

Let w € (2, 3] be a feasible exponent of matrix multiplication in K, i.e., two square matrices of
order r can be multiplied using O(r*) ops. Solving a system of linear equations is almost as hard
as multiplying two matrices, see [18] for more details.

Fact 2.9. A K-linear system of equations of size r can be solved in O(r*) ops in K.
The complexity estimates of computing LCLM can be found in [14].

Fact 2.10. (See [14, Theorem 1]) Let L1, ..., Ly be operators in K[t](S;) whose bidegrees in (t,S;)
are at most (d,r). Then the LCLM of Ly, ..., Ly has bidegree at most (dk(kr —r+1),kr) in (t,S),
and it can be computed in O(k**r“d) ops in K.

3 Shift equivalence testing of polynomials

In this section, we first state the problem of Shift Equivalence Testing (SET) and give an overview
of our algorithm for solving SET problem in Section 3.1. The idea of our algorithm is inspired by
the DOS algorithm [32,33]. Then we develop a general scheme for designing algorithms to solve
the SET problem, whose proof is given in Section 3.2. More precisely, we introduce admissible
covers of the associated polynomial system with the SET problem and prove that every admissible
cover corresponds to an algorithm for solving the SET problem. In Section 3.3, we give two special
admissible covers in practice, one of which corresponds to the DOS algorithm.

3.1 Overview of the general algorithm

Let F be a field of characteristic zero and let F[x]| be the ring of polynomials in x = {z1,...,2,}
over F. Two polynomials p, ¢ € F[x] are said to be shift equivalent if there exist sq,..., s, € F such
that

p(x1+ 81, 20+ 8p) = q(x1, ..., Tp).

The set {s € F" | p(x +s) = q(x)} is called the dispersion set of p and q over I, denoted by F, ,.
Recall basic properties of the dispersion set in [32].

Lemma 3.1. (See [32, Observation 4.2 and Lemma 4.4]) Let p,q € F[x]. Then
(1) Fp,p is a linear subspace of F™ over F.
(2) Fpq=s+Fpp foranys € F,q if Fpq # 9.

The problem of Shift Equivalence Testing can be stated as follows.

15



Problem 3.2 (Shift Equivalence Testing Problem). Given p,q € Flz1,...,x,], decide whether
there exists s = (s1,...,8n) € F™ such that

p(x+s) = q(x).

If such a vector s exists, compute the dispersion set Iy, of p and q over F. In this case, by
Lemma 3.1, it suffices to find a special solution s in F, , and a basis of F},, over IF.

A related problem is testing the shift equivalence over integers, i.e. deciding whether there
exists a vector s € Z™ such that p(x +s) = ¢(x). We denote the set {s € Z" | p(x +s) = q¢(x)}
by Z, 4. The computation of Z,, will play an important role in the next sections where we study
the rational summability problem and the existence problem of telescopers. By Lemma 3.1, we
know F}, 4 is a linear variety over F. Once the computation of F,, boils down to solving linear
systems, we can also compute Z,, by combining the same methods for the SET problem over F
and any algorithm for computing integer solutions of linear systems.

In the univariate case, the SET problem was solved by computing the resultant of two polyno-
mials [1]. In the multivariate case, there are three different methods for solving the SET problem
in the literature. In 1996, Grigoriev first gave a recursive algorithm (G) for the SET problem
in [39,40]. In 2010, motivated by solving linear partial difference equations, another algorithm
(KS) for computing Z, , via the Grobner basis method was given by Kauers and Schneider in [48].
In 2014, a new algorithm with better complexity was given by Dvir, Oliveira and Shpilka (DOS)
in [32,33]. We have implemented all of the three algorithms in Maple and the experimental com-
parison is tabulated in the appendix. The timings indicate that the DOS algorithm is the most
efficient one among the three methods in practice.

In this section, we introduce n new variables a = {aq,...,a,}. The SET problem is equivalent
to finding the zeros of the polynomial p(x + a) — ¢(x) € F[a,x] with respect to a. Collecting its
coefficients in x, we obtain a polynomial system. A direct approach to the SET problem is solving
this polynomial system. Without exploring the hidden structure of the polynomial system, this
naive approach could be very in-efficient. The common idea of the above three methods is to find
the defining linear system of F}, ;, which avoids solving the polynomial system directly. To do this,
the DOS algorithm finds an appropriate finite cover of the polynomial system. Then it reduces
the SET problem to solving several linear systems successively by evaluating the non-linear part
of polynomials. This kind of evaluation is called the linearization of polynomials, whose definition
will be strictly stated below.

We first introduce some notations for later use. For any two vectors a = (a1, 2,..., ), 8 =
(B1,B82,---,0n) € N* we say a > (3 if and only if a; > ; for all 1 < ¢ < n. This defines a
partial order on N”. For a subset y = {y1,%2,...,ym} of x = {x1,29,...,2,} with y := x\ y,
let f(x) = ,ca(y)y* € Fly]ly]. Let H;‘f (f(x)) denote the homogeneous component of f(x)
of degree d in y and let Suppy(f) denote the set {y® | ca(y) # 0}, which consists of nonzero
monomials of f(x). For simplicity, when y = x, we write H}(f(x)) as H*(f(x)) and Suppy(f) as
Supp(f). For a subset S C F[x], let Vg(S) be the zero set {s € F" | f(s) =0, Vf € S}.

Definition 3.3 (Linearization, Definition 1.2, restated). Let f(x) = Hy(f)(y)+ Hy(f)(y)+---+
H;f(f)(y) be the homogeneous decomposition of f € F[x| = F[y|[y]. For a vector s € F™, we call

the linear polynomial Hg(f)(y) + Hsl,(f)(y) + Z?:Q H;,(f)(s) the linearization of f ats with respect
to 'y, denoted by Ly—s(f). Note that Ly_s(f) = f if d < 1. For a polynomial set S C F[x], let
Ly—s(S) :={Ly=s(f) | f € S} be the linearization of S.

In the following we will present the main idea how our new algorithm works. In order to
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compute Fj, ,, we first write

plx+a) —qlx) = 3 cala)x®,

acA

where cq(a) € Fla] and A is a finite subset of N". Let
S :={ca(a) € Fla] | ca(a) is a nonzero coefficient of x* in p(x +a) — ¢(x)}. (3.1)

Then F,, = Vp(S) is the zero set of S in F". First, we classify all polynomials in S according to
their total degrees in a and write S = S§ U--- U SL, where d’' = deg,(p(x + a) — ¢(x)) and

SP = {ca(a) € § | degy(ca(a)) =i}

for i = 0,...,d. Then Vg(S) = VF(U?/ZOSZ-D). We may assume that SP = @, otherwise p, ¢ are
not shift equivalent and return F,, = @. If SP U SP has no solution in F*, return F,, = @.
Otherwise take an arbitrary solution s(0) ¢ Vr(SP USP). Note that all polynomials in S§ USP are
linear and thus such an element s can be computed straightforwardly. We shall prove that the
nonlinear system S§ U SP U SP has the same solutions as its linearization S USP U L,_ ) (SP)
at the point s(9. If the latter linear system has no solution, return Fj, , = @. Otherwise, take an
arbitrary solution s e Vr(SP USP U L,_0)(SP)) by solving the linear system. Then consider
the linearization of U3_,SP at s and we shall prove that Vr(Uio SP) = V(U2 Lo_sy (SP)).
Continuing the above process, we will finally find an equivalent linear system of the polynomial
system S = Ugl/:OSiD by linearization.

Example 3.4. Let p = 22 + 2xy + y> + 22 + 6y and q = 22 + 2zy + 3% + 4o + Sy + 11 be two
polynomials in Q[x,y]. Decide whether p,q are shift equivalent with respect to x,y. Since

p(z+a,y+b) —q(z,y) = (2a+2b—2) -z + (2a +2b — 2) - y + (a® + 2ab + b* + 2a + 6b — 11),

we have S = SP USSP where SP = {2a + 2b — 2} and SP = {a® + 2ab + b* + 2a + 6b — 11}. Take
an arbitrary solution (a,b) = (1,0) of SP. The linearization of SY at (1,0) is

Liapy=(1,0)(SP) = {12 +2-1-0+ 0% + 2a + 6b — 11} = {2a + 6 — 10}.

In this example, the linear system SII)UL(M):(LO)(SQD) is indeed equivalent to the polynomial system
SPUSPY. So Fpg=Vr(SP U Lwp=01)(53)) = {(-1,2)}.

Since shift operations do not change the total degree in x, the homogeneous components of
both sides of p(x + a) = ¢(x) with respect to x must be equal. The homogeneous decomposition of
p(x+a)—q(x) yields another cover {S&, S, ... S} of S, where d = max{deg, (p(x)), degy(¢(x))}
and

SH .= {cq(a) € S| cala) is the coefficient of x* in HY (p(x +a)) — HI ¥ (q(x))}

3 .

for i =0,1,...,d. In the DOS algorithm, they first introduced the above method of linearization
to solve the polynomial system S = SH U SH U... U Sf and proved the correctness of their
algorithm by using formal partial derivatives. In Example 3.4, S = Sfj U 5’2D = SH U SIT) where
SH = 8P for i = 1,2. In general, these two covers are different, see Example 1.4. A natural
question is for which cover, we can use the method of linearization to compute the dispersion set.
One answer is the admissible cover defined below. In fact, the above two covers {S’, SP, ..., Scjl:,)
and {Sé{, S{I, cee Sf}, called by a-degree cover and x-homogeneous cover respectively, are both
admissible, which will be proved in Section 3.3.
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Definition 3.5 (Admissible cover, Definition 1.1, restated). Let S C F[a] be as in (3.1). A
collection {So,S1,...,Sm} of subsets is called a cover of S if S is the union of So,Si,...,Sm.
Such a cover {Sp, S1,...,S5m} is called an admissible cover of S if it satisfies the following two
conditions:

(1) All polynomials in Sy are of degree at most one in a.

(2) For every £ =1,2,...,m, if ca(a) € Sy, then cg(a) € UZLS; for all B € N* with 8 > a and
% € Supp, (p(x + a) - g(x)).

A general algorithm for solving the SET problem via the method of linearization is as follows.
This algorithm inherits one feature of the DOS algorithm: it could be early terminated when p, g
are not shift equivalent. If two nonzero polynomials p(x) and ¢(x) are shift equivalent, then they
have the same degree d in  and H%(p(x)) = H%(q(x)), which means deg(p(x) —q(x)) < deg(p(x)).
Therefore, we can check the degree condition at the beginning of the algorithm for better efficiency.

Algorithm 3.6 (Shift Equivalence Testing). ShiftEquivalent(p, ¢, [z1,...,2y]).
INPUT: two multivariate polynomials p,q € F[x];
OUTPUT: a special solution of F,, and an F-basis of F,, if p and q are shift equivalent; {}
otherwise.
if p(x) = q(x) =0, return F”.
if deg(p(x) — ¢(x)) > deg(p(x)), return {}.
set S := Coefficients(p(x + a) — ¢(x),x) C Fla].
let {So,S1,...,Sm} be an admissible cover of S.
set s .= 0.
for /=0,...,m do
set LY = Uf:(] L,_.0 (S:).
solve the linear system in a defined by LY.

© 0 N D G W~

if the linear system L) has no solution, return {}.

~
=

else there is a special solution s’ € F" by evaluating each free variable at 0, set st1) =g’ |

return st and an F-basis of the solution space of the homogeneous linear equations induced
by L),

~
~

The correctness of Algorithm 3.6 is guaranteed by the following theorem.

Theorem 3.7 (Theorem 1.3, restated). If the cover {Sy,S1,...,Sm} of S is admissible, then for
all £ =0,1,...,m, we have either Vg <Uf;é Si> =g or

L L (-1
Vi <U Si> = Vg <U La:S(e)(Si)> fO’I“ any S(z) € Vg (U S,’) .
=0

i=0 i=0
The proof of Theorem 3.7 will be given in the next subsection.

Theorem 3.8. For a vector d € N", let p(x) and q(x) be two multivariate polynomials in F[x]q.
Then Algorithm 3.6 can test whether p and q are shift equivalent and output a special solution of
F, 4 with an F-basis of Fy,, if F, ¢ # @ using O(d{’ ---dY) ops in F.

Proof. The first three steps take O(an% ---d?) ops by Fact 2.7. Since both a-degree cover and
x-homogeneous cover can be obtained by traversing elements in S, Step 4 can be performed in
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O(d% ---d?) ops. By the definitions of a-degree cover and x-homogeneous cover, we have that m
is of the size O(dl + ---+d,). Note that by Lemma 3.16 below, in each iteration of the loop in
Step 6, Step 7 can be replaced by setting L) to be the union of L~ and L,_0(Se)if ¢ > 1,
and hence the size of the linear system in Step 8 is no more than |Sy| + n. As a result, the cost of
Step 7 is O((|S¢| +n)nd; - - - d,,) ops and that of Step 8 is O((|S¢| +n)*) ops in each iteration. This
implies that the loop costs no more than O(M ) ops, where

NE

M=) ((ISel+n)* +(ISel +n)ndy -+ - dn) < (i(lse! +n)> + (i(!sd +n)> ndy - --dy,

=0 =0
= (|S| +mn)* + (|S| + mn)nd; - - - dy,.
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Since |S| is no more than dids - - - d,, the loop needs O(d{ ---d¥) ops that dominates the whole

n

costs. This completes the proof. |

From the above complexity analysis, we can not distinguish the algorithms with a-degree cover
and x-homogeneous cover. In Section 8, we have implemented both algorithms to compare the
practical efficiency. The experiments show that our ADC algorithm is more efficient than the DOS
algorithm for sparse polynomials.

3.2 Proof of correctness of Theorem 3.7

Before proving Theorem 3.7, we need several lemmas to explore the inner structure of polynomials
co(a) in S. First we give an explicit expression of the non-constant homogeneous components of
co(a) and find a recurrence relation among the homogeneous components. Then we explain the
role of the admissible cover and the magic of linearization in Algorithm 3.6. Finally, we prove
Theorem 3.7 by induction on £.

For a vector a = (a1, a2,...,a,) € N, let |a| := > | a; and (|g|) = % Let O,
denote the partial derivative with respect to z; and 0% denote (0z,)*'(0,)** -+ (0, )*". For n
variables a = {a1, as,...,a,}, we use Dy, to denote the directional derivative in the direction of a,
ie. Dy = 1 ;0. Fors = (s1,...,8,) € F", the notation Ds means Da|a=s. Then for any
ke NT,

Df = (Da)f = > (E)a~o”
|a|=k
by the multinomial theorem since d,; and 9, commute.

By the directional derivative and Taylor’s expansion, the homogeneous components of polyno-

mials in Sf can be expressed as follows.

Lemma 3.9. (See [32, Lemma 3.5]) Let d := max{degy(p(x)), degx(q(x))}. For any k € N and
¢e{0,1,...,d}, we have

J4
HE (ol +a)) = () = - 504 (HE 5 060)) - S (aGx) (32)
and

. _ D8 (He " (0(x)) ifk>1,
() = 1 00) = 4 B (Eo<x>>—H“ <3<X>> Fh=0.

(3.3)

Moreover, for any cq(a) € S and k > 1, HY(cq(a)) is the coefficient of x* in DX <H,|(a|+k (p))
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Proof. Note that cq(a) is exactly the coefficient of x* in jadal (p(x+a)) — Jaial (¢ (x)), so it is
sufficient to prove Equations (3.2) and (3.3). By Taylor’s expansion, we have

d 1 d d 1

i=0 i=0 ]:0

Note that if D (Hz(p)) is not equal to zero, then it is homogeneous of degree j—i in x. Consequently,
we obtain Equation (3.2). Moreover, note that DZ(HZ=*%(p))(x) is homogeneous of degree i with
respect to a. So we get Equation (3.3), which completes the proof. |

Since
1

LDk () = 11 3 (B)a?o? () )

18]=
dropping the terms except H*(cq(a)) - x* in the above polynomial, we can get
1 k
HE (ca()) - x% = — 3 (§)aP0 () (p()) - x+7) (3.4)
|B8|=Fk

where [x**8](p(x)) denotes the coefficient of x**# in p(x). Therefore, for any f(x) € F[x], we can
write DE (f(x)) := 2181k ( )aP 8P ([x*P)(f(x)) - x**#) and use Df, to denote D% for
s € ™. The following lemma is derived straightforward.

O ‘a:s

Lemma 3.10. Let k € NT and cq(a) € S. Then we have H*(cq(a)) - x* = %D;a(p(x)).

For the directional derivative, we know D¥(f(x)) = (DL1)*(f(x)). However Diia(f(x)) may be
different from (D;a)k( f(x)), as the following example shows.

Example 3.11. LetF = Q, p(z,y), q(z,y) € Qlz,y] with p(z,y) = 2*+y* and q(z,y) = p(z,y)+1.
Ezxpanding p(x + a,y +b) — q(x,y), we have p(x + a,y +b) — q(x,y) = 3a- 2% +3b-y* + 3a® - x
3b? -y + (a® 4 b* — 1). Then we have c(1 py(a,b) = 3a?,

Dl oy ®00)) = 3 ()t - 003 ([ ) (pla, ) - 21+ H)
itj=1

=(o)a 2 ([22)(p(x.y)) - 22) + ((o')b - By (zw) (Pl y)) - ) =0,

D}y 0 P) = 37 ((2))aitd - 0005 ([ 41y (p(z, y) - 2+ H)
i+j=2

=(20)a” - 92 (12", 9)) - ) + (7)) ab - 020y ([2*y](p(, y)) - 27)
+ (020 0} (2?)(p(z, ) - 29?)

2
and (D(la b).(1, 0)> (p(x)) = D(la b),(1,0) (0) = 0. Therefore, we can check that H* (c(10)(a,b)) - @ is
equal to k,DE“ b),(1,0) (p(xz,y)) for k=1,2, but D%a,b),(l,()) (p(x)) is not equal to (D(la7b),(170))2(p(x)).

Now we rewrite the expression of Dl;’a( f) and derive a recurrence relation for Dg’a( f).
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Lemma 3.12. Let « € N, k, 0 € NT and f € F[x|. Let e; € N" denote a unit vector with the i-th
component being one and others being zero. Then we have:

(1) DEalf(0)) = Sy - Sy @ @i o (x| () - xH2iren ).

j1=1

(2) DEH(F)) = Lipe (5)a°0P (Dk o p(F()) ) -
Proof. (1): note that for any 3 € N™ with |3| = k, 3 can be expressed as a sum of k unit vectors.
Moreover, there are (g) different k-tuples (j1, jo, ..., jx) such that 8 = Zle ej,. Then combining
the definition of D% . (f(x)), we can get (1).
(2): applying (1) twice, we have

Dy (f(x))

n n n n
k k+e k k40
— E ... E E .. E azizl eji+zi:k+1 €j; 3Zi=1 ej¢+2i:k+1 €j;

Jji=1 Je=1jr+1=1 Jr+e=1

< |:xa+2?:1 eji+zfilf+1 eji:| (f(x)) . xa+2?:1 eji+Zfo+1 en)

n n
k40 ) k+e )
— E .. E azi:k+1 €j; 6Zi:k+1 €j;
Jk+1=1 Jk+0=1

n n
Z .. Z aZle €j; 82?:1 €j; ( [XO"“E?:l eji+2filf+1 eji] (f(X)) . X"“"Z?:l eji+2filf+1 eji)

a=1 jr=1

Z Z a i= k+1 €j; 621 k+1 €j; ( anrZ’L ey e, (f(X))> ‘

Je+1=1  Jrye=1
Then as the proof of (1), we can finally obtain (2) by set 3 = Zf+lf+1 €j,. 1
Example 3.13. LetF = Q and p = z*+2%y+1y° € Qlx,y]. After expanding, we get p(x+a,y+b) =
rt4da- 23+ 22y + 93 + (60 +b) - 22+ 2a -y +3b-y? + (40> 4 2ab) -z + (a® +30?) -y + (a* + a’b+ 1?).
All terms of p(x + a,y + b) are listed in the following figure.

HO (@t a4 b)) 1

Taking q(z,y) = 0 in Lemma 5.10, we get Dé“ayb)v(m)(p(x, y)) = k!H(]“mb)([a:"yj](p(x +a,y+0b)))-
xlyl for all k > 1. So we can read off Dé“a b),(i.f) (p(z,y)) from the above figure. For instance,

DZ, 00y (P(@9)) =21+ (a® +36%) -y, Doy 11y (p(w,9)) = 2a-wy and D,y o0 (p(w,y)) = 3b- 4.
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Taking k = ¢ =1 in Lemma 5.12 (2), we obtain a recurrence relation among these three terms:
1\ ipjai i
Duy o ®(@:9)) = 3 ((5)a050] (Dlasy .45 0:0)))
i+j=1
= (,))ad. (D} (p(z,9))) + (o) 00y (D} (p(z,9))

(1,0) z (a,b),(1,1) \P\ T, Y (0,1)) 9% (a,b),(0,2) \P\T, Y .
This implies

2(a® + 3b%)y = ad, (2azy) + b9, (3by?) . (3.5)
By the definition of D . (p) and Lemma 5.10, we get

2(a* + 3b*)y = a*9%(x%y) + 2abd,0,(0 - xy?*) + 623§(y3). (3.6)

Note that the term z* does not involve in the above two equations (3.5) and (3.6) because y t x4
In this example, the term z* only affects all terms in the blue branch, such as 3!-4a3x = a393(x*).

Without introducing the notation Dlg,a, by Lemma 3.9 (or Lemma 3.5 in [32]) we only get
“global” relations, such as

2 1Y,y (Hly 0 +a,y + ) = Dy (HE2 (0(.9)
This implies two relations among the rows (instead of the points) in the figure:

2(2abx + a’y + 3b%y) = (ady + bdy)*(z%y + 0 - 2y* + °)
= (a0, + b9y (bx* + 2azxy + 3by?).

From Observation 3.4 in [32], we know if D}(f(x)) = Di(f(x)), then DE(f(x)) = Df(f(x)) for
all k > 1. Now we show that D ,(f(x)) can be determined by D,Cllﬁ(f(x)) for all B € N" with
B > acand |B] = |a| + k — 1. This is why we introduce the second condition in the definition of an
admissible cover.

Lemma 3.14. Letr,s € F", a € N*, k € NT and f(x) € F[x]. If Diﬁ(f(x)) = D;ﬁ(f(x)) for all
B € N" with 3 > a and |B| = |a| + k — 1, then we have D ,(f(x)) = D ,(f(x)).

Proof. The proof is by induction on k. It is clear to see that the lemma is true for k¥ = 1. Now
assume the equality holds for k. For k + 1, assume that Diﬂ(f(x)) = D;ﬁ(f(x)) for all B € N”
with B > a and 8] = | + (k+ 1) — 1. We have DS (f(x)) = S0y 190 (DE o o, () by
Lemma 3.12 (2). Note that for all v € N" with v > a + e; and |y| = | + €;| + k — 1, we have
¥ > a and |y| = |a| + (k+ 1) — 1. Thus by assumption we have Dy (f(x)) = D, (f(x)). It
follows from the inductive hypothesis that Dﬁa te, (f(X)) = Dé,a te; (f(%)). So

DEEN(F(x)) = 3010 (D e, (F(x)))
=1

= Z r& §e Z (i@/)s“/a‘)’ ([Xa+ei+-y]<f(x)) ) Xa+ei+‘7)

|v|=Fk

SPOCET P )

Ivl=k i=1
= (1707 D; s (F(%)).
lv|=k
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Because oo+ > a and |a+7| = |a|+|y| = |a|+(k+1)—1, we have Dy o, (f(x)) = Dg o (f(x))

by assumption. Applying Lemma 3.12 (2) again, the proof is completed.
Combining Lemma 3.10 and the above lemma, we get the following lemma immediately.

Lemma 3.15. Let cq(a) € S, k € N with k > 2 and r,s € F*. If
H'(cg)(r) = H'(cg)(s) for all B € N" with B > c and |B| = |a| + k — 1,

then we have
Hk(ca)(r) = Hk(ca)(s).

Now we are ready to show that for an admissible cover, the linearization does not change the
zero set of the polynomial system S.

Lemma 3.16. Let {Sp, S1,...,Sm} be an admissible cover of S and ¢ € {0,1,...,m}. If there
exist r,s € VF(Uf;éSi), then for all cq(a) € Uf_yS; we have

La=r(ca)(a) = La=s(ca)(a). (3.7)
Furthermore, we have cq(r) = La—s(ca)(r).

Proof. Since cq(r) = La=r(ca)(r), it is sufficient to prove Equation (3.7) by induction on .

For ¢ = 0, we have deg(cq(a)) < 1 by Definition 3.5, 0 La—r(ca)(a) = co(a) = La—s(ca)(a).

For ¢ > 0, suppose the lemma holds for smaller £. Then it is sufficient to show that H*(cq)(r) =
HF*(cy)(s) for all k € N with & > 2. By Lemma 3.15, we know the proof is completed by showing
that H'(cg)(r) = H'(cg)(s) for B € N" with B > «a and || = |a| + k — 1. Because |8 >
la|+2—1 > |a|, we have B > a.. Then we get either cg(a) € U/} S; or cg(a) = 0 by Definition 3.5.
For{ —k+1<{—2+1</—1, wehaver,s € Vp(U'Z}S;) C Vp(U/ZFTS;). This means r and s
are zeros of all polynomials cg(a) € Sy_g4+1. Then we have

La—r(cg)(r) =cg(r) =0 and La—s(cg)(s) =0. (3.8)

On the other hand, r,s € V]F(Ugi_okﬂ)_lsi) because Vg(UZEtLS;) C VH:(UEZ:_O]CH)_ISZ-). By the
inductive hypothesis with ¢ — k + 1, we get La—r(cg)(a) = La=s(cg)(a). So
H°(La=r(cg)) = H"(La=s(cg))- (3.9)
Note that H'(cg)(a) = H'(Lazr(cg))(a) = H'(Lazs(cg))(a). Combining the equations (3.8)
and (3.9), we have
Hl(cg)(r) = Hl(La=r(Cl3))(r) = _HO(La=r(Cﬁ))
= —H"(La=s(cp)) = H'(La=s(cp))(s) = H'(cp)(s),

which completes the proof. |

Proof of Theorem 3.7. We shall prove the theorem by induction on £.

For ¢ = 0, we know that any cq(a) in Sy satisfies deg(cq(a)) < 1 by Definition 3.5. Thus we
have La:S(o)(So) = So and VIF(S()) = VF(La:S(o)(So)).

For ¢ > 0, assume the theorem holds for £/ —1, i.e., VF(Uf;é S;) = VF(Uf;éLa:S@_l) (S;)). Taking
r,s =sl=D s ¢ V]F(Uf;gSi) in Lemma 3.16, we know that the linearizations of cg(a) at s() and
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s(=1) are equal for all cg(a) € Uf;éSi. This means Uf;éLa:S(z)(Si) = Uf;(l)La:S(g,U(Si). Then we
have

Vr (Uf:oLa:sw)(Si)) C Vg (Uf;éLa:s(é)(Si)> =Vr (Uf;éLa:s(eA)(Si)) = Vp (Uf;ési) ;

where the last equality follows from the inductive hypothesis. Note that V]F(UfZOSZ-) is also a subset
of VF(Uf;éSi). So we only need to prove that for all r € V(UiZ3S;),

re Ve (ufzosi) if and only if r € Vi (UfZOLa:Su) (SZ-)) . (3.10)

Because s\ € VF(Uf;éSZ-), we have cq(r) = L,_s0(ca)(r) for all cq(a) € U;_yS; by Lemma 3.16.
Then the claim (3.10) follows immediately. 1

The main distinction between the reasoning of our general scheme and the DOS algorithm can be
shown in Lemma 3.15. In [32], Lemma 3.5 proves Equation (3.2) which we extend to Lemmas 3.9
and 3.10. Observation 3.4 in [32] is generalized by Lemma 3.14. The subsequent proof for the
correctness of the DOS algorithm can be summarized by the lemma below. Then the remaining
steps for proving Theorem 3.7 and the correctness of the DOS algorithm are similar.

Lemma 3.17. Let d := max{deg,(p(x)), degy(q(x))}, i € {0,1,....d}, k € N with k > 2 and
r,s € F". If

H'(cp)(r) = H'(cg)(s) for all cg(a) € S{Lipy,

then we have

H*(co)(r) = HY(ca)(s)  for all cq(a) € SH.

Given two points r and s in F", we use diagrams to explain how Lemma 3.15 makes the
statement more precise than this lemma for the case where d = deg, (p) = deg,(¢) =4 and n = 2.
Let p(z + a,y +b) — q(2,y) = X (4 en Ca.) (@, b)x*yB. For the k-th homogeneous component
of ¢(a,p), if its values at r and s are equal, we draw a point at position («,3,k) in the space.
Furthermore, if H*(c(o4))(r) = H*(c(a,5))(s) for all (a, ) € N? such that the sum of o and 8 is a
fixed constant ¢, which means there are points («, 3, k) on the same line, then we draw a segment
to connect them to each other. Note that the degree of any polynomial in Sﬁ ;, 1s no more than
1, which will be proved exactly in Lemma 3.19. Lemma 3.17 implies that the dark green segment
on one triangle face can conclude all the segments on this face with £k > 2 in Figure 3.1. More
precisely, Lemma 3.15 tells us that in Figure 3.2, on one triangle face, every point with k£ > 2 can
be deduced from the part of dark green segment which is cut out by two dotted line from this point.
For example, Point A can be inferred from Segment /.

3.3 Two special admissible covers

By Theorem 3.7, we see that any admissible cover of the polynomial system S corresponds to an
algorithm for solving the SET problem via linear system solving. We now present two special
admissible covers. The first admissible cover defined below is classifying the polynomial system S
according to their degree in a, which is called the a-degree cover.

Theorem 3.18 (a-degree cover, Theorem 1.3, restated). Let d' be the degree of p(x + a) — q(x)
with respect to a. Let SP = {cq(a) € S | deg(ca(a)) = i}. Then the cover {SF,SP,..., 52} of S
is admissible.
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Figure 3.1: Graph for Lemma 3.17 Figure 3.2: Graph for Lemma 3.15

Proof. We will check that this cover satisfies the two conditions mentioned in Definition 3.5. The
condition (1) can be checked directly by definition. As for (2), assume that co(a) € SP and
B is an arbitrary vector in N” with 8 > a and x? € Supp, (p(x + a) — ¢(x)). We will argue by
contradiction that deg(ca(a)) > deg(cg(a)). By assumption, we know that deg(cq(a)) = ¢. If there
is a monomial a7 € Supp(cg(a)) with |y| > ¢, then by Equation (3.4), we have xY*# € Supp(p(x)).
Since |y 4+ B8 — a| > |8| — |a| > 0, we obtain a8~ ¢ Supp(HI"*B=<l(c,(a))) € Supp(ca(a)) by
Equation (3.4). However, note that 3 > « implies |3| > |a|, so |y + 8 — | = |v| + |8] — |a| > ¢,
which leads to a contradiction to the fact that ¢ is the degree of cq(a). 1

Note that 3 > o« implies |3| > |a|. This inspires the second admissible cover called the
x-homogeneous cover. Before we prove it, we first present a useful lemma.

Lemma 3.19. Letd := deg,(p(x)). For any o € N" with co(a) € S, we have deg,(ca(a)) < d—|a].

Proof. Note that [x*8](p(x)) # 0 yields |a+ 8| < d, so k = |3| < d — |a| in Equation (3.4). That
is to say, H*(cq(a)) - x* =0 if k > d — |a|. Then the conclusion follows. 1

Theorem 3.20 (x-homogeneous cover, Theorem 1.3, restated). Let d be the maximal degree of p(x)
and q(x). Let SH := {cq(a) € S| |a| =d—i} fori=0,1,...,d. Then the cover {SH,SH, ... SH}

of S is admissible.

Proof. We first show that {S({I JSH O Sf } is exactly a cover of S. It is sufficient to show that S
is a subset of UL ,SH . This is true because we have x* € Supp, (p(x + a) — ¢(x)) € Supp(p(x)) U
Supp(g(x)) for arbitrary cq(a) € S and then 0 < |a| < d.

Then we check this cover is admissible. If there exists co(a) € ST with a nonlinear monomial
aP, then we have x*™# ¢ Supp(p(x)) by Equation (3.4). For || > 2, there is a unit vector
e; € N" such that e; < a + 3. Thus a®x*™8~¢i ¢ Suppan(D;’aJrﬁ_ej (p(x))). By Lemma 3.10,
x®+P=¢j ¢ Supp, (p(x +a) — q(x)). However, |« + 3 —e;| = |a| +|8| — |ej| > d+2—1 > d, which
leads to a contradiction to the fact that deg, (p(x+a)—¢(x)) < max{deg,(p(x))), deg,(q(x))} = d.
So the condition (1) in Definition 3.5 is satisfied. Finally, for any ¢ = 1,2,...,d, let cq(a) € Sf.
Then for all 3 € N with 8 > a and x? € Supp, (p(x + a) — ¢(x)), we have |B| > |a| = d — ¢, so
cg(a) € Sg—\ﬂl C Uf;éSzﬂ. Therefore, SI, SH ..., SH also satisfy the condition (2) in Definition 3.5
and the proof is complete. |
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This is the cover defined in the DOS algorithm and we call it x-homogeneous cover. As a conse-
quence, we reproved the correctness of the DOS algorithm in our general framework of admissible
covers.

After introducing two special admissible covers, we would like to compare them and explain
their connection. For simplicity, we always assume HZ(p(x + a)) = HZ(q(x)) with deg(p(x)) =
deg(q(x)) = d in the following discussion. For this special case, ST = @. We get deg, (p(x + a) —
q(x)) = d by Equation (3.4). Lemma 3.19 yields S# C Uf_ SP. Hence the connection between two
different covers is like the following figure.

S Sb
|
|
|
; l
|
1 | Sy
T
1 1 | SP
T
| | |
l l l S5’
st syt Sy

Now we give some examples to illustrate our two algorithms induced by our two elaborated
admissible covers.

Example 3.21. LetF = Qy pi(xayaz)aq1($aya Z) € Q[xayaz]a 1= 172 withpl(xayaz) = $4+$2y+y2,
QI(x7yaz> :p2($7y+1az+2)+27 pg(-’IJ,y, Z) = $4+I‘3y+$y2+22 and Q2(5U7Z/>Z) ng(x,y—i—l,z—i—
2) + xy.

(1) Compute F, 4. We expand pi1(x +a,y +b,z+c) —qi(z,y, 2) and get that

pl(:E-l-a,y—l-b,Z—i-C)—q1(937y,2)
=(4a-2%) + ((6a* +b—1) - 2 + 2a - zy)
+ ((4a® 4 2ab) -z 4 (> +2b— 2) -y — 2) + (a* + a®b + B> — 1).

Then we can separate the coefficients of p1(z + a,y + b,z + ¢) — q1(x,y, z) with respect to x,
y and z in two different methods as following.

26



S at+a?b+v? -1 SP
4a3 + 2ab i Sgl?
6a%+b—1 i a® +2b — 2 3 SP
4a : 2a i 3 sp
-1 Sy

SH sH sH St

So we can get Fp, ., = & at once if we use the a-degree cover, while by the x-homogeneous
cover, we will calculate until we get Sg"' .

(2) Compute Fp, 4,. We expand pa(x + a,y+ b,z +¢) — q2(x,y, 2) and get that

pe(x+a,y+b,z+c)— qlz,y,z)
=((4a+b—1) 23+ 3a - 2°%y)

+ ((6a® + 3ab) - 2° + (3a* +2b— 3) - 2y + a - y?)

+((4a® +3a®b + 6> — 1) -z + (a® + 2ab) -y + (2c — 4) - 2)

+ (a* + a®b+ ab® + * — 4).

Then we can separate the coefficients of pa(z + a,y + b,z + ¢) — qa(x, y, z) with respect to x,
y and z in two different methods as following.

S at+adb+ab:+c2 -4 54?
4a® +3a%b+ 0% — 1 :
| SP
a® + 2ab |
T
6a® + 3ab | !
| } SP
302 +2b—3 | |
1 |
da+b—1 | ! !
: a | 2c—4 | sp
3a : : [
1
i | |
! | | D
|
! | ; S
| | |
st st st st

So we can get F, 4, = D if we use x-homogeneous cover and calculate S{I, while by a-degree
cover, we have to solve 2¢ — 4 = 0 needlessly.
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4 Isotropy groups and orbital decompositions

In this section, we first recall the notion of isotropy groups under shifts, which plays a central role
in the summability criteria and existence criteria of telescopers. Then we present different types
of partial fraction decompositions of F(x) with respect to different orbital factorizations as in [21].
These decompositions can be computed via algorithms for the SET problem over integers and
will be used in the next sections for reducing the rational summability problem and the existence
problem of telescopers to simpler cases.

4.1 Isotropy groups

Let G = (04,,...,04,) be the free abelian group generated by shift operators oy,,...,04, and A
be a subgroup of G. Let p be a multivariate polynomial in F[x]. The set

[pla:={o(p) | o € A}

is called the A-orbit of p. Two polynomials p,q € F[x] are said to be A-shift equivalent or A-
equivalent if [p|a = [¢]a, denoted by p ~4 ¢q. The relation ~ 4 is an equivalence relation.

Definition 4.1 (Sato’s Isotropy Group [66]). Let A and p be defined as above. The set
Ap:={oecAl|o(p) =p}
is a subgroup of A, called the isotropy group of p in A.

If two polynomials p, ¢ in F[x| are A-shift equivalent, then A, = A,. The following remark says
that we can test the A-equivalence of polynomials and compute a basis of A, by algorithms for the
SET problem over integers in Section 3.

Remark 4.2. (1) Two polynomials p,q € F[x]| are G-equivalent if and only if there exists a
o € G such that o(p) = q. Therefore, the G-equivalence relation of p,q can be obtained via
the computation of Z, 4 in Section 5. When p = q, the group Gy, is isomorphic to Z,,. Both
of them are free abelian groups and a basis of G, can be given by a basis of Z,,.

(2) When A= {(04,...,04,) with 1 <r <n, we can view p,q as polynomials in x1,...,x, and
the other variables are parameters. Then the A-equivalence relation of p,q and a basis of the
isotropy group A, are also available by algorithms in Section 5.

(3) In general, let A= (71,...,7), where {T1,..., 7. }(1 <r < n) are Z-linearly independent. We
will utilize Proposition 5.12 below to construct a difference isomorphism between (F(x),7;)
and (F(x),04,) such that ¢ o1y = oz, 0¢ for 1 < i <r. Let B = (04,,...,0z,). Then p
and q are A-equivalent if and only if ¢(p) and ¢(q) are B-equivalent. Furthermore, we have
't min € Ay if and only if o3y -0 € By for any ay, ..., ar € Z.

A structure property of the quotient group G/G), is given by Sato [66, Lemma A-3] as follows.
Lemma 4.3. G/G, is a free abelian group.

If p € F[x] \ F is a non-constant polynomial, then G, is a proper subgroup of G. By Lemma
4.3, we have rank(G,) < rank(G), where rank(G) denotes the rank of the free abelian group G.
This property about the rank of isotropy groups plays a key rule in the reduction method of solving
rational summability problem and the existence problem of telescopers.
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Ifn>1,let H= (0g,...,0gz, ,) be the subgroup of G generated by os,,...,04, ,. The
isotropy group of p in H is H, = {r € H | 7(p) = p}. By Lemma 4.3, both G/G, and H/H, are
free abelian groups. So the rank of G}, and H, are strictly less than that of G and H respectively
if p has positive degree in x.

Lemma 4.4. G,/H, is a free abelian group of rank(G,/Hp) < 1.

Proof. Define a group homomorphism ¢ : Gp/H,, — Z by

k1

Ot 'O’l;:Hp — k.

It can be verified that ¢ is well-defined. For any 71,7 € G, if they are in the same coset of H,
in Gp, then 77, ' € H,. This implies 77, ' € H and hence ¢(m H,) = p(r2H,). Moreover, the
converse is true since G, N H = Hp,. So ¢ is injective. Then we have G),/H), = im ¢ = kZ for some
integer k € Z. So Gp/H, is a free abelian group generated by ¢~ 1(k). |

Remark 4.5. Let p be a polynomial in F[x]. By Remark 4.2.(1), one can compute a basis
{r,m,...,7} of Gp. If ; € H for alli =1,...,r, then G, = H, and G,/H, = {1}. So
rank(Gp/Hp) = 0 and {11,72,...,7} is a basis of H,. If 7, ¢ H for some ¢ € {1,...,7},
then rank(G,/Hp) = 1. Write 7, = ai@*--aii;" with b;; € Z for each i = 1,...,r. Let
B = (bj;) € Z"™™. Since 7, ¢ H, we have by,, # 0. Using unimodular row reduction, one
can compute a unimodular matric U € Z™" such that C = UB, where C = (¢; ;) € Z"™" satisfies
c1n = ged(bin, b2y brn) #0 and ¢ipy, =0 for alli =2,...,r. Let 0; = ogt - o™ for each
i=1,...,7. Then {o1,...,0.} is another basis of G), because U is an invertible matriz over Z.
Moreover, G,/H, = (1) and {o2,...,0.} is a basis of Hp.

Example 4.6. Consider polynomials in Q[z,y,z]. Let G = (04,0y,0.) and H = (04,0y).
(1) For p = x? + 2xy + 2%, we have G, = H, = {1}.

(2) For p = (z — 3y)%(y + 2) + 1, we have G, = (t) and H, = {1}, where 7 = o30y0.'. So
Gp/Hy, = (T), where T = TH), denotes the coset in Gp/H), represented by T € Gy.

o, and oy = ‘7920‘73;1-

(3) Letp = x+2y+z, we have G, = (71, 72) and Hy = (72), where 1 = 0,0,

So Gy/H, = (71).

4.2 Orbital decompositions

A polynomial p € F[x] is said to be monic if the leading coefficient of p is 1 under a fix monomial
order. Let Xx; denote the m — 1 variables xo, ..., z,,. For any subgroup A of G = (04,,...,04,)
and any polynomial @ in F(%x;)[z1], one can classify all of the monic irreducible factors in x1 of @
into distinct A-orbits which leads to a factorization

I J;
Q=c-[[1Ims@),

i=1j=1

where ¢ € F(x1), I, J;,e;j € N, 7 ; € A, d; € F[x] being monic irreducible polynomials in distinct A-
orbits, and for each 4, 7; j(d;) # 7 j7(d;) if 1 < j # j' < J;. With respect to this fixed representation,
we have the unique irreducible partial fraction decomposition for a rational function f = P/Q €
F(x) of the form

Ji €ij

I P
F=pr 33 (4.1)

i=1 j=1¢=1 “I\"
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where p,a;;, € F(x1)[z1] with deg, (a;;¢) < deg, (d;) for all ,j,£. Note that the representa-
tion in (4.1) depends on the choice of representatives d; in distinct A-orbits. However, the sum
Zj;l Tiaf&f)g only depends on the multiplicity ¢ and the orbit [d;] 4 instead of its representative d;.
Based 0;1 this fact, we shall formulate a unique decomposition of a rational function with respect
to the group A. In this sense, we can decompose F(x) as a vector space over E = [F(xy).

Given an irreducible polynomial d € F[x] with deg, (d) > 0 and j € NT, we define a subspace

of F(x)

a
Vig.,; = Spang { W a € E[z1],7 € A,deg,, (a) < degxl(d)} . (4.2)
For any fraction in Vjg), ;, the irreducible factors of its denominator are in the same A-orbit as
d. Let Vo = E[z1] denote the set of all polynomials in ;. By the irreducible partial fraction
decomposition, any rational function f € F(x) can be uniquely written in the form

F=Fo+ > fians (4.3)

J ldla

where fo € Vo and fig), ; are in distinct Vg, ; spaces. Let T4 be the set of all distinct A-orbits of
monic irreducible polynomials in F[x], whose degrees with respect to x; are positive. Then F(x)
has the following direct sum decomposition

Fx) =V | P DB Viaai |- (4.4)

JENT [d]4a€TA

Definition 4.7. The decomposition (4.4) of F(x) is called the orbital decomposition of F(x) with
respect to the variable x1 and the group A. If f is written in the form (4.3), we call fo and fiq, ;
orbital components of f with respect to x1 and A.

A key feature of subspaces V|q), ; is the A-invariant property. In the field of univariate rational
functions, the orbital decomposition of F(z1) with respect to the group A = (o,,) was first given
in [46] by Karr.

Lemma 4.8. If f € Vg, ; and P € F(x1)[A], then P(f) € Vig, ;-

Proof. Let f =Y a;/7(d)? and P = p,0 with p, € F(%X;) and o € A. For any o € A, we have
that o7; is still in A, because A is a group. Since the shift operators do not change the degree and
multiplicity of a polynomial, we have deg,, (o(a;)) < deg,, (d) and then 2 (‘f((c‘;)"))j is in Vig, ;- So

P(f) € Vig,,; by the linearity of the space. 1

Example 4.9. Let F = Q, E = Q(y, 2) and G = (04,0y,0,). Consider the rational function fi in
Q(z,y, 2z) of the form

x — 22 T—y—2z Y+ 22
hi=— 7t 3 3t 3 2 ‘
x4+ 2xy + 2 x4+ 2xy+2x+ 2 x4+ 2xy+8xr+2y+ 27— 2248
d1:=d1,1 d172 d1,3

If A= (0,), then the orbital partial fraction decomposition of fi is

2
. xr—z r—y—2z
fi=fir+ fig + fiz with fi1 = L fiz = TV nd fi3=

d12 d13 ’

) )

30



where f1; € Vig, a1 fori=1,2,3 and d1,d2,d1 3 are in distinct (0)-orbits. If A= (oy,0y), then
the orbital partial fraction decomposition of fi is
— 22 x—y—2z y+ 22

. x y
= th = d =
f1=fi1+ fi2 with fi,1 a + oo (@) and f12 s

where f1,1 € Viga15 J1,2 € Viay 5141 and di,dy3 are in distinct (02, 0y)-orbits. If A= (04,0y,0),
then f1 € Vig,),,1 i one component in the orbital decomposition because

r—22 r—y—22 Y+ 22
fi= + TP YR
dy oy(dr) oz0p0; (d1)

Example 4.10. Let F = Q and G = (04,0y,0). Consider the rational function f = fi + fo+ f3
in Q(z,y, z) with fi given in Example 4.9,

fo = T4z cmdf—( n z 1 ) 1
a1 BT T ) ey o)

d

do 3

If A = @G, then the orbital partial fraction decomposition of f is

f=h+fa+fs with fi € Vig),1 fori=1,2 and f3 € Vigy); 2,

where dy,da, ds are in distinct (o4, 0y, 0,)-orbits.

5 The rational summability problem

In this section, we solve the rational summability problem for multivariate rational functions and
design an algorithm for rational summability testing. In Section 5.1 we use a special orbital de-
composition in Section 4.2 to reduce the summability problem of a general rational function to its
orbital components and then further to simple fractions by Abramov’s reduction. In Section 5.2, we
use the structure of isotropy groups to reduce the number of variables in the summability problem
inductively.

5.1 Orbital reduction for summability

Let f be a rational function in F(x), where x = {z1,...,2z}. Recall that x; = {z2,..., 2 }.
Let n be an integer such that 1 < n < m. We consider the (0g,,..., 0y, )-summability problem
of fin F(x). Let G = (04y,...,04,). Taking E = F(X;) and A = G in equality (4.2), we get the

subspace Vg, ; of F(x)

Vids,j = Spang { a € Elz1],7 € G,deg,, (a) < degxl(d)} .

a
7(d)!
where j € N* and d € E[x] is irreducible with deg,, (d) > 0. According to Equation (4.3), f can

be decomposed into the form
F=Fo+>> faes (5.1)
J ldle

where fy € Vo = E[z;] and Jlde,; are in distinct Vi ; spaces. Then we obtain the orbital
decomposition (4.4) of F(x) with respect to the group A = G.
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Lemma 5.1. Let f € F(x). Then f is (0z,,...,0z,)-summable if and only if fo and each fiq,,
are (0zy,---,0z,)-summable for all [d]g € T and j € NT.

Proof. The sufficiency is due to the linearity of difference operators A,,. For the necessity, suppose
f=>" A (9") with g@) € F(x). By the orbital decomposition of rational functions (5.1), we
can write f, ¢ in the form

f:f0+ZZf[d}G7j and g —g0 +ZZg[d] j for 1 <i<n.

J lde

By the linearity of A,,, we see

f= ZAm COEDS (Z Az, (9@(;,])) '

J [dleg \+=1

By Lemma 4.8, it is another expression of f with respect to V] Such a decomposition is unique,

dlg.j-
so fo=>" 1 Ay, (g(()z)) and fg,,; = Yo Ay, (g[(;]) 3) which are (04,,...,0,,)-summable. ]

Using Lemma 5.1, we can reduce the summability problem of a rational function to its orbital
components. Note that polynomials in x; are always (0, )-summable. Thus Problem 2.4 can be
reduced to that for rational functions in Vi, ;, which are of the form

f= ZT: %, (5.2)

where 7 € G, a; € F(x1)[z1], d € F[x]| with deg,, (a-) < deg,, (d) and d is irreducible in z; over
F(x1).

Let o be an automorphism on F(x) and a,b € F(x). Then for any integer k € Z, we have the
reduction formula

—k
a o "(a)
——=o0(h)—h 5.3
iy — o =+ T, (53)
where h = 0 if k = 0, h = 35/ ";fb()‘” ifk>0and h = — Y b1 ;;7% if & < 0. For any
T= akl . -UI;Z € G, applying the reduction formula (5.3) with o = o, fori =1,...,n, we get
n —k —kn
a o o (a)
— oz, (hi) — h;) + L1 Ln , 5.4
where
0, if k; =0,
ki— —ki_ _
Z Onton o ogt ) ki >0
hi =< = ol Uxiﬁ . 052 (b)
—ki-1 o=k
_ Z M”% - %Z @ i <0,
Ox; szﬁ” oz, ()
for i =1,...,n. The equation (5.4) is called the (og,,..., 04, )-reduction formula. Rewriting every

fraction of f in (5.2) by the reduction formula (5.4), we get the following lemma.

32



Lemma 5.2. Let f € Vi, ; be in the form (5.2). Then we can decompose it into the form

n ' a
= Aslgi)+r withr = - (5.5)
=1

where g; € F(x), a = Y. 7 !(a,) with deg,,(a) < deg, (d). In particular, f is (0,,...,04,)-
summable if and only if r is (04, ..., 04, )-sSummable.

Example 5.3. Consider the rational function fi € Q(x,y,z) given in Example 4.9. Then f; €
Vidie,1 and it can be written as

xr—22 r—y—2z + 22
f= I Y Y
dy oy(dr) axa?’az (dy)’

where dy = 2% + 2zy + z2. By applying the (o, oy, 0z)-reduction formula, we have

2¢—1
dy

f1=Dp(u1) + Ay(vr) + Az (wr) + 11 with ry =

where

y + 22 _x—y+1—22+z2:y—|—€ 3+ 22 y—3+ 22

U _7 U1 = , W1 = — .
Y gdos Ydi) dy — gloil(d) “(dy)

Then fy is (o4, 0y, 0z)-summable if and only if r1 is (04, 0y, 0,)-summable.

The results in Lemmas 5.1 and 5.2 are summarized as follows. The following lemma reduces
the rational summability problem from general rational functions to simple fractions.

Corollary 5.4 (Lemma 1.5, restated). Let f € F(x). Then we can decompose f into the form

f= Z Ao, (gi) + 1 with r = Z Z ac;-j, (5.6)

=1 j=1

where g; € F(x), a;; € F(X1)[z1], di € F[x] with deg,, (a;;) < deg,, (d;) and the d;’s are monic
irreducible polynomials in distinct G-orbits. Furthermore, f is (04, ..., 04,)-summable if and only
if each a;;/d} is (Opy,- -, 0g,)-summable for all i,j with 1 <i<I and1<j<J,.

5.2 Summability criteria

By Corollary 5.4, we reduce the rational summability problem to that for simple fractions

a
where j € N*, a € F(x1)[z1] and d € F[x] is irreducible with deg, (a) < deg,, (d). In this section,
we shall present a criterion on the summability for such simple fractions.

For the univariate summability problem, we recall the following well known result in [2,4, 10,
56, 60, 65]. Since the univariate case is the base of our induction method, we give a proof for the

sake of completeness.
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Lemma 5.5. Let f € F(x) be of the form (5.7). Then f is (04, )-summable in F(x) if and only if
a=0.

Proof. The sufficiency is trivial since f = Az (0). To show the necessity, suppose f is (o4, )-
summable but a # 0. Since f = a/d’ € Vigjs.j» by the proof of Lemma 5.1 we can further assume

f=2A.(g) for some g € V; Write g in the form g = flzeo a; /ot (d)7 with agyas, # 0. Then

.-
l1+1 ELZ
[=2a(0) =
i=ly 1
where a; = 04, (ai—1) —a; for by +1 < i < 0y, ay, = —ay, and ap, 41 = 04, (ay, ). Note that ay,

and ag, 41 are nonzero. For any integer i € Z, 0;1 (d) is still an irreducible polynomial. However,
there is only one irreducible factor in the denominator of f = a/d’. So we must have o}, (d) = d
for some nonzero integer ¢. It implies that d is free of x1. This is a contradiction because d has
positive degree in x;. |

For the multivariate summability problem with n > 1, let G = (04,,...,04,) and H =
(0gyy---y0z,_1). The isotropy group of the polynomial d in G and H are denoted by G4 and
Hg, respectively, i.e.,

Gi={reG|7(d)=d} and Hg={re H|7(d) =d}.

By Lemma 4.4, we know either rank(G4/Hg) = 0 or rank(G4/Hy) = 1.
When rank(Gy/Hy) = 0, the summability problem in n variables can be reduced to that in
n — 1 variables.

Lemma 5.6. Let f = a/d’ € F(x) be of the form (5.7). If n > 1 and rank(Gq/Hy) = 0, then f is

(Ozyy- -, 0g,)-summable in F(x) if and only if f is (0z,,...,0z, ,)-summable in F(x).
Proof. The sufficiency is obvious by definition. For the necessity, suppose f is (04y,...,04,)-
summable but not (og,,...,04, ,)-summable. By the orbital decomposition of f in (5.1) and
Lemma 5.1, we get

f=28(01)+ -+ Az, (9n) (5.8)
with g1,...,gn in the same subspace Vg ; as f. As an analogue to (5.5) in n — 1 variables
T1,...,Tp_1, we can decompose g, as

n—1
gn = Ag(u) + ) Ae (5.9)

P
YA ’
i=1 =0 %7n ()

where u; € F(x), p € N, Ay € F(x1)[z1], p € F[x] with deg,, (\¢) < deg,,(d) and g is in the same
G-orbit as d.

Furthermore, we can assume Ag), # 0 and each nonzero Ag/cf ()7 is not (o4y,...,04, ,)-
summable. Substituting g, in (5.9) into (5.8), we get

p+1 N n—1

F+>° - A(éu)j =" A, (ha), (5.10)
=0 T

=1

where \g = Ao, 5\p+1 = —04,(\p), A= N\ — 0z, (Ae—1) for all 1 < ¢ < pand h; = g; + Ay, (u;) for
all1 <i<n-—1.
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Since rank(G4/Hq) = 0 and Gq = G, it follows that all of (p) with ¢ € Z are in distinct H-
orbits. In particular, [1s, [04, ()]s - . -, [067 ()] i are distinct H-orbits. On the other hand, the
left hand side of (5.10) is (0,,...,0p, ,)-summable, but Ag/u is not (o4,,...,0s, ,)-summable
according to the assumption. By Lemma 5.1 (in n — 1 variables), the only choice is that p ~p d.
Similarly, Jﬁjl(u) ~p d and hence p ~p U@jl(,u). This leads to a contradiction since p is a
non-negative integer. ]

Lemma 5.7. Let f € F(x) and K be a subgroup of G = (04,,...,04,) with rank r (1 < r < n).
If {o;}i_y and {1;}]_, are two bases of K, then f is (o1,...,0,)-summable if and only if f is
(T1,...,7)-summable.

To prove the basis change property of the summability problem in Lemma 5.7, we first show
the following lemma. It can be seen as a variant of the reduction formula (5.4). Since it is useful
in computation, we give a detailed proof by induction.

Lemma 5.8. Let 01,...,0, be elements in G and K = (01, ...,0,) be the subgroup of G generated
by o1,...,0.. Then for every T € K,

T—1=(o1—1)61+ -+ (0, — 1)&,,
for some &; € F[K].

Proof. We prove this lemma by induction on the number of ;. If r=1, then 7 = alfl for some
k1 € Z. We have a’fl —1 = (01 —1)p, where p = 0if ky = 0, p = Zf;al ol if k; > 0 and
= —Z;:k&_l a§+k1 if k1 < 0. If r > 2, assume that the conclusion holds for » — 1. Write

Tzalfl---afT for some k1,...,k, € Z. Then

T—1= (alfl—1)05”--0&—1—<a§2-~afr—1).

If 052 . --afr = 1, then we are done. Otherwise, by the inductive hypothesis, we get 7 — 1 =
(61 —1)61 + -+ + (0, — 1)5, for some 61,...,6, € FIK]. In fact, the above argument gives the

following explicit expression

0 if k; =0,
ki—1
D ST
i =3 ¢=0
—ki—1
— Z Uf+k"af_ﬁl ot if k<0,
\ =0
fori=1,...,r. |
Proof of Lemma 5.7. Suppose f is (71, ..., 7,)-summable. This means
f=A(h1)+ -+ A (hy), (5.11)
for some hi,...,h, € F(x). Foreachi=1,...,r, since 7; € (01,...,0,), it follows from Lemma 5.8

that ; — 1 = (61 — 1)6i1 + -+ + (0 — 1)5;, for some ;; € F[K] with K being the subgroup
generated by o1, ...,0,.. Applying this operator to h; yields that

Ar(hi) = Aoy (hit) + -+ + Ag, (hig), (5.12)
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where h; j = &; j(h;) for j =1,...,r. Combining Equations (5.11) and (5.12), we have

F=YAnh) =Y Ap(hij) =Y A, (Z hm’) ’
i=1 j=1 i=1

i=1 j=1

where the last equality follows from the linearity of A, . Thus f is (o1, ..., 0;)-summable. Similarly,
the other direction is also true. |

Theorem 5.9 (Theorem 1.6, restated). Let f = a/d’ € F(x) be of the form (5.7). Let {r;}7_;(1 <
r <n) be a basis of Gq (take 71 =1, if Gg ={1}). Then f is (04,,...,0g,)-summable if and only
if

a=Arn(b1)+ -+ A (br)

for some b; € F(x1)[x1] with deg, (b;) < deg, (d) for all1 <i <.

Proof. The sufficiency follows from the fact that f = >_'_ A, (b;/d’) and Lemma 5.8. For the
necessity, we proceed by induction on n. If n =1, then G is a trivial group and the univariate case
follows from Lemma 5.5. If n > 1, suppose the inductive hypothesis is true for n — 1 as follows.

If {0;}5_, is a basis of Hq, then f is (04, ..., 04, ,)-summable if and only if a = > Ny, (b;)
for some b; € F(x1)[z1] with deg,, (b;) < deg,, (d) for all1 <i<s.

Now we proceed by a case distinction according to the rank of Gy/Hy which is either 0 or 1 by
Lemma 4.4. If rank(G4/Hy) = 0, then Hy = G4. The conclusion follows from Lemma 5.6 and the
inductive hypothesis. If rank(Gg4/Hg) = 1, by Lemma 5.7, we may assume that {7;}/_, is a basis
of G4 such that Hy = (11,...,7.—1) and G4/Hy = (7). Here 7, represents the element 7, Hy with
7 € G4. Then we can choose 7. = a;lkl e U;nkff 10’22 such that k,, is a positive integer. Otherwise,
replace 7, by 7~ 1. Since 7, is a generator of G/ H,, we have that k, is the smallest positive integer
such that o (d) ~p d.

By the decomposition (4.4), we can assume f = Az, (g1) + -+ + Ay, (g9n) With g; € Vg, ;. In
here, using Lemma 5.2, g,, can be decomposed as

n—1 kn—1 >\[
=D Aa () + ) oL (@)
i=1 =0 ~*n

where u; € F(x) and Ay € F(X1)[x1] with deg, (A¢) < deg,, (d). Then we have

kn—1 n—1
f—Ag, (Z - A(zzd)j> =" Ag,(ha), (5.13)

(=0 ~In i=1

where h; = g;+ A, (u;). Note that ok~ (d) = okt ... aﬁfﬁj (d) and apply the reduction formula (5.4)
to simplify (5.13). We get

~ kn—1 5\@ n—1 ~
fi= ZZ:; ST (@ = ;A%(hi), (5.14)

where h; € F(x), Ao = at+Xo—og L. a;nkfflaxn (Ak,—1) and Ap = Ag—0,, (Ap—1) for 1 < £ < k,—1.
Note that [d]g, [0, (d)]H,- .., [0F»1(d)]g are distinct H-orbits due to the minimality of k,.

Tn

From the equation (5.14), f is (0g,,...,04, ,)-summable. So by Lemma 5.1, each O'ZAi(Zd)j is
(0zyy- -+, 0, ,)-summable for 0 < ¢ < k,, — 1. Let W denote the vector subspace of F(x)nover F

consisting of all elements in the form of Z:;ll Ar, (b;) with b; € F(X1)[z1] and deg,, (b;) < deg,, (d).
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(If r =1, take W = {0}.) If two rational functions g, h € F(x) satisfy the property that g —h € W,
we say ¢, h are congruent modulo W, denoted by ¢ = h (mod W). Since H; = Hag (d)» We apply
the inductive hypothesis to conclude that

0=a+ X\ —o, k- 'a;nkfflazn()\kn_l) (mod W)

1

0=\ — 04, (No) (mod W)

0= MXg,,—1 — 0z, ( Ak, —2) (mod W).

Since W is G-invariant, it follows from the equations that

a=o M ~--J_k”*10§2 (M) — A=A (Ng) (mod W).

1 Tn—1

This completes the proof. |

Remark 5.10. For the bivariate case with n = 2, Theorem 5.9 coincides with the known criterion
in [44, Theorem 8.3] and [28, Theorem 3.7]. In this case, rank(Gq) < 1 and Hy = {1}. If
rank (Gy) = 0, then a/d’ is (04,,04,)-summable in F(x) if and only if a = 0. If rank (G4) = 1 and

Gy is generated by T = Uﬁll 0;52 € G for some l3 # 0, then a/d’ is (04,0, )-summable if and only

ifa=0clo f2(b) — b for some b € F(X1)[z1] with deg,, (b) < deg,, (d).

Example 5.11. Let f = 1/(zf + -+ 2}) € Q(z1,...,2,) with s,n € N\ {0}. Let G4 be the
isotropy group of d = x5 4+ --- 4+ in G = (03,,...,05,). Then we can decide for all cases the
(Ouyy- -y 0, )-summability of f in Q(z1,...,xy).

(1) If s =1 and n > 1, then d is irreducible. The rank of G4 is n — 1 and one basis is given by
TlyenyTno1 With 7, = axicr;ifrl fori=1,...,n—1. Since 1 = 7 (1) — 1, it follows that f is
(Ozys- -0z, )-summable. In fact, we have

1 —x1 — 1
L A <f61> LA, (ffl) ,
Ty + -+, Ty + -+, T+ @y
This means f is (0z,,0z,)-summable, $o is (0, ..., 04, )-summable.

(2) If s > 1 and n = 1, then f = 1/xj. Since the isotropy group of x1 in (og,) is {1}, by
Theorem 5.9, we get that f is not (o4, )-summable.

(3) If s> 1 andn =2, then f = 1/(2{ +a3) = >_%_ a;/(x1 — Bjxa), where B;’s are distinct roots
of 2° = —1 and aj = 1/s(Bjx2)*"t. There exists j € {1,...,s} such that 3; & Z. Then for
dj = x1 — Bjr2, we have Gq; = {1}. So a;/d; is not (04, 04,)-summable in C(x1,x2) and by
Lemma 5.1, neither is f. Hence f is not (04, 0x,)-summable in Q(x1,x2). This result has
appeared in [28, Example 3.8].

(4) If s > 1 and n > 2, then d is irreducible. Since G4 = {1}, by Theorem 5.9, it follows that f
is not (oz,,...,04,)-summable.

Now we transfer the (71,...,7)-summability problem to the (o,,..., 0y, )-summability prob-
lem.

Proposition 5.12. Let {r;}/_;(1 < r < n) be a family of linearly independent elements in
G = (0gy,---,0z,). Then there exists an F-automorphism ¢ of F(x) such that ¢ is a difference
isomorphism between the difference fields (F(x),7;) and (F(x),04,) for alli=1,...,r. Therefore,
forany f € F(x), f is (11,...,7)-summable in F(x) if and only if ¢(f) is (0z,,...,0z,)-summable
in F(x).
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a;

Qa; . . . . .
Proof. Assume 7; = 00" -+ - 0,2™ with a;; = 0if j > n and write o; = (a1, .., a;m) € Z™ viewed

as a vector in Q™ for¢ =1,...,r. Then a,...,a, are linearly independent over Q. So we can find
the other vectors ay41, ..., ay, such that {ou, ..., o, } forms a basis of Q™. Let o = (ai1,- -, Gim)
fori=r+1,...,mand A = (a;;) € Q"*™. Then A is an invertible matrix. Thus we define an

F-automorphism ¢ : F(x) — F(x) by

(@(x1), - ¢(xm)) = (2150 ) A

Let uj := ¢(x;) = >t  a;jz; for all 1 < j < m. Then ¢ satisfies the relation ¢ o 7; = 0y, o ¢ for

all2=1,...,r, which means the following diagrams
F(x) —2> F(x) F(x) —> F(x)
Tll igl . e Tr lUT‘
¢ ®
F(x) —F(x) F(x) —F(x)
are commutative. This is true since for any f € F(z1,...,2,,), we have

o (ri(flzr,. .. zm)) =0 (f(x1+ain, .- Tm + aim))

= flur +ai1,.. ., um + aim)

and

0 (S(f (@15 2m)) = 0, (f (ur, - um))

:f(u1+a7;,1,...,um+ai7m).

It follows that

=1 =1

whenever f,g1,..., g, € F(x). This proves our assertion. |

Combining Theorem 5.9 and Proposition 5.12, the summability problem 2.4 in n variables
can be reduced to that in fewer variables. So we can design the following recursive algorithm for
testing (04, - . ., 0z, )-summability of multivariate rational functions. Furthermore, the (71,...,7,)-
summability problem can also be solved via the transformation in Proposition 5.12.

Algorithm 5.13 (Constructive Testing of the Rational Summability).

IsSummable(f, [z1,...,2,]).

INPUT: a multivariate rational function f € F(x) and a list [z1,...,zy,] of variable names;

OUTPUT: unnormalised certificates gi,...,gn for f if f is (0xy,...,04,)-summable in F(x); false

otherwise.

1 using shift equivalence testing and partial fraction decomposition, decompose f into f = fo +
> jent 2fdle Jidej s in Equation (5.1).

2 apply the reduction to fo and each nonzero component f| such that

d]ij

I
. Qj j
=0z (1) + - +As,(gn)+7 wzthr:ZZ d;J’
i=1j=1 %

where ai,j/dg is the remainder of fla,.; described in Lemma 5.2.
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3 ifr=0, then return g1,...,9,.
4 fori=1,...,1do
5 by Remark 4.2, one can compute a basis 7;1,...,T;r, for the isotropy group Gq, of d;.
6 for j=1,...,J; do
7 ifn=1 or G4, = {1} then
8 return false if a; ; # 0.
9 else
10 find an F-automorphism ¢; of F(x) given in Proposition 5.12 such that ¢;0T; ¢ = 04,0 ¢;
fort=1,....r;
11 set CNLL]' = (ﬁi(ai’j).
12 ezecute IsSummable(a; j, [z1,...,zy,]).
18 if Gij i (0xy, ..., 0z, )-summable in F(x), let
iy = By (B7) + - A (B7):
return false otherwise.
14 applying gbi—l to the previous equation yields that
Q45 = AT¢,1 <b£,1])) +ot ATi,ri (b’gjdj?)) )
1 i —1,7(1 —1/7(r;
where (b, ... 07) = (671 B1)), .67 (7))
15 using Lemma 5.8, compute hg J), ol hg) € F(x) such that
w r; b(f) o
1,] _
3o () - T (149)
% /=1
16 updategg:gz—khz(? fort=1,....n
17 return g1,...,gn.

Recall that a map ¢ : F(x) — F(x) is called a Q-affine map if ¢(f(x)) = f(x- A+ b), where A
is an invertible matrix in GL,,(Q) and b is a vector in Q™. Note that the identity map, all shift
operations and all difference isomorphisms constructed in Proposition 5.12 are Q-affine maps. The
composition of two Q-affine maps is still a Q-affine map.

If fis (0g4y,-.-,0z,)-summable in F(x), Algorithm 5.13 will output unnormalised certificates
for f in the form

p Ky
=2 [ veatues)
=1 k=1

where u;, € F(x) and the v, ;’s are Q-affine maps. For each 1 < ¢ < p, the product HkK:‘fl U is
called a kernel of g.

For convenience, we analyse the complexity of Algorithm 5.13 for F = Q. The following theorem
shows that the rational summability problem can be solved in polynomial time.

Theorem 5.14. Let 0 be an integer in N and f(x) be a multivariate rational function in Q(x);s.
Then
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(1) If f is (0gy,--.,0g,)-summable in Q(x), then Algorithm 5.13 will output unnormalised cer-

tificates for f, whose kernels are in Q(x)o(p(sn)) with

— (ﬁ i?"‘l) 52" (5.15)
=1

(2) the total runtime of Algorithm 5.13 is O(C(m,d,n)) ops in Q, where

Proof.

m s, n (H 7.2 2m )57-2"—%1'

(1) Note that fp and all the fractions obtained by partial fraction decomposition at Step 1
are in Q(x)(0(s),0(6?),...,0(52)), and so are the g; and a;;’s obtained at Step 2. Furthermore,
for each iteration of the loops in Steps 4 and 6, we get a;; at Step 11, whose degree in x; is
no more than O(nd?) if i = 1,...,n and no more than O(4?) ifi =n+1,...,m.

We prove the result by induction on n. If n = 1, the degree bound is correct because the
algorithm outputs the g;’s obtained at Step 2. If n > 1, assume that the degree bound is true
for n — 1. Since the degree in zj, of the product-term 1/d} at Step 15 is no more than 4, to
estimate the degree bound of the kernels of the output g;, it is sufficient to estimate that of

b") at Step 13, which is O(D(né%,n — 1)) = O(([[1! 27 ")(nd%)?" ™) = O(D(8,n)).

We first estimate the total cost of the first two steps. Step 1 includes three basic operations:
factorization of the denominator of f, shift equivalence testing for each pair of irreducible
factors (d;,d;) and partial fraction decomposition. By Fact 2.8 and Theorem 3.8, the first
two operations cost O(5™ 169" + §™(md)?) ops. Since the partial fraction decomposition
is performed in Q(%1)(z1), outputting fo and at most ¢ fractions in Q(x)0(s5),0(52),....0(52))s
it takes O(8(8((m — 1)020m=1D)) 4§ . §2m=1) . §2) ops in Q by multipoint evaluation and
interpolation. At Step 2, each a; ; is obtained by shift and expansion and the number of a; ;’s
is no more than 4, so the cost of Step 2 is O(5(md2(™=D+1)). So the total cost of Step 1 and
Step 2 is O(6™™ 1) ops.

The remaining part of the proof is completed by induction on n. For n = 1, the most
expensive steps are the first two steps, so the total cost of the algorithm is 0(57m_1) ops. If
n > 1, suppose the inductive hypothesis is true for n — 1. For each iteration of the loops in
Steps 4 and 6, recall that the degree of @; ; at Step 11 in x; is in O(nd?) for i =1,...,n and
in O(6%) for i =n+1,...,m. Thus Step 11 costs O(m(nd?)"62m—")) ops and Step 12 takes
O(C(m,nd?,n —1)) ops. Note that the number of the iteration is 3.1_, J; < 4, so the total
cost of the algorithm is

O (6™t + 6§ (mn"6*™ + C(m,nd?,n — 1)))

= O (57771—1 Ny ( n52m h 17 2i2m_1> n7'2n2m—157~2"1m—2>>
1

— O (57771—1 + mnn62m+1 (ﬁ Z7 21=2 > 67.2n1m_1>

=1

=0(C(m,d,n))

ops. This completes the proof.



Example 5.15. Let G = (04,0y,0.) and f = fi + fo + f3 € Q(z,y, 2) be the same as in Exam-
ple 4.10.

(1)

(2)

(3)

After the (04,0, 0,)-reduction for fi, see Example 5.3, we get

20— 1
di

f1= A0 (ur) + Ay(vr) + Ay (wy) + 71 with r = (5.16)
where uy,v1, w1 € Q(z,y, 2) and dy = x> + 22y + 22. By Example /.6 (1), the isotropy group
Gq, = {1} is trivial. By Theorem 5.9, we see ri is not (o4, 0y, 0.)-summable because its
numerator a1 = 2x — 1 is not zero. Hence f1 is not (0, 0y, 0)-summable.

For fo = az/ds with ay = x+ 2 and dy = (x — 3y)*(y + 2) + 1, we know from Ezample /.6 (2)
that a basis of G, is {o30y01}. For any {u,v} C {x,y,z}, since the isotropy group of ds in
(oOu, 00) is trivial, we get that fy is not (o,, 0y)-summable in Q(x,y, z). By Theorem 5.9, we
see that fa is (04, 0y, 0,)-summable in Q(z,y, 2) if and only if ay is (7)-summable in Q(z,y, 2)
with T = 030,01, Choose one Q-automorphism ¢o of Q(x,y, 2) given in Proposition 5.12 as
follows

¢2(h($7y7 Z)) = h(3$7x +y,—x+ 2)7

for any h € Q(z,y,2). Then ¢3 0T = 0,0 ¢2. Hence ag is (T7)-summable in Q(z,y, z) if and
only if ¢2(ag) is (0;)-summable in Q(x,y, z). Since

pa(ag) =2+ 2z = Ax((x — 1)(x + 2)) (5.17)

is (05)-summable, it follows that fo is (04,04, 0,)-summable. In fact, applying qﬁ;l to Equa-
tion (5.17) yields that

1
ag =x + z = A-(b) with b= §($ —3)(2z + 32).

By Lemma 5.8, we have

b
fo=A; (dg) = Aa;(’LLQ) + Ay(UQ) + Az(wg), (5.18)
where ug = 35_ oboyo ! (d%); vy =03" (%) and wy = —o;! (CTZ;)

For f3 = ag/d% withas =y +2/(y* +2—1) = 1/(y* + 2) and d3 = = + 2y + z, we know from
Ezample 4.6 (2) that a basis of Gay is {1, T2}, where 71 = aga; , To = og0, 1. To decide
the (o4, 0y, 02)-summability of f3, we construct a Q-automorphism ¢z of Q(z,y, z) such that
¢$30TL =0, 0¢3 and ¢p3 0Ty = 0y 0 @3 as follows

¢3(h(z,y,2)) = h(2z +y, -z, —y + 2),
for any h € Q(z,y, z). Then it remains to decide the (o4, 0y)-summability of

z—y 1

az) = —r + —
¢3( 3) xz—y—l—z—l wz_y_i_z

~~

oy(d) d

in Q(z,y,2). So we use the (04, 0y)-reduction to reduce ¢3(az) and obtain

¢ﬂa@::Ax(&)—%Ay<@)—%;5§if%;, (5.19)
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z—y+1

r2—y+z°
¢3(as) is not (04, 0y)-summable. Hence f3 is not (04,0y,0,)-summable. Even so, in this
case, using the above calculation, we can further decompose f3 into a summable part and a
remainder. Let us see how to do this. Starting from the decomposition (5.19) of ¢3(as) with
respect to the (04, 0y)-summability problem, we apply gbgl to both sides of this decomposition

to obtain that

where by = —%x(:z: —1) and by = Since the isotropy group of d in (02, 0y) is trivial,

z
az = A7—1 (bl) + Aq—z (bg) + m
where by = @3 (bo) = —y(y +1) and by = 637 (ba) = L. By Lemma 5.8 with 7 = 1,7,
we have
as b1 by z
= — = AT — —|— AT = + -
n=gg = (3) 2 (3)  rim
—_——
r3
= Agz(uz) + Ay(v3) + Az (w3) + 73, (5.20)
where ug =Y y_o ohoy! (c%) +o! (%>’ vy = =0y (%) and wy = —07 (%)

(4) For f = fi+ fa+ f3, from Exvample j.10 we know that f1, f2, f3 are in distinct Vi, ; spaces.
Since fi is not (04, 0y,0,)-summable, it follows from Lemma 5.1 that f is not (04,0y,0;)-
summable. Moreover, combining Equations (5.16), (5.18) and (5.20), we decompose f into

2¢—1 n z
dy (y2 +2)d3’

[ =Az(u)+Ay(v) + A (w) + 7 with r =

where u = Z?:l Uiy, V= 23:1 v; and w = Z?:l w; are rational functions in Q(x,y, z).

As we discussed in the above example, given a rational function f € F(x), we can compute
rational functions g1, ..., gn,r € F(x) such that

f=20(91)+ -+ A (gn) +7 (5.21)

satisfying the property that f is (o4,,...,0s,)-summable if and only if » = 0. This process can be
achieved by induction on n. However, this remainder r is not unique, which depends on the choice
of the difference isomorphisms ¢;. So how to choose a minimal remainder r is still an open problem.
Moreover, different choices of the isomorphism might also lead to more efficient reductions.

6 The existence problem of telescopers

Similar to the summability problem, there are mainly two steps of solving the existence problem 2.2
of telescopers. First we use the orbital decomposition and Abramov’s reduction to simplify the
existence problem in Section 6.1. Then in Section 6.2, we use the exponent separation introduced
in [24] to further reduce the existence problem to simple fractions and use the summability criteria
in Section 5.2 to derive the existence criteria.

6.1 Orbital reduction for existence of telescopers

Let f be a rational function in K(¢,x), where x = {x1,...,2,,}. Let n be an integer such that
1 < n < m. We consider the existence problem of telescopers of type (o¢;04,,...,04,) for the
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rational function f in K(¢,x). Let G¢ = (o¢,04,,...,04,) be the free abelian group generated by
the shift operators oy, 04, ...,04,. Taking E = K(¢,%1) and A = G; in Equality (4.2), we get

a
V[d]Gt,j = Spang { W a € E[z1], 7 € Gy, deg,, (a) < degzl(d)} ,

where j € NT and d € E[x] is irreducible with deg, (d) > 0. Then f can be decomposed as
F=h+Y_)" fae,. (6.1)
J lde,

where fo € Vo = E[z1] and fig G, are in distinet Vg G, SPaces. It induces the following orbital
decomposition of K(t,x) with respect to the group G

K(t,X) = VO@ @ @ V[d]ij

j€N+ [d}Gt ETGt

as a vector space over K(¢,%;). This orbital decomposition is G¢-invariant. Moreover for any L in
K()(St), if f € Vigg, 5> then L(f) € Vg, ;- Note that such an operator L commutes with the
difference operator A, for i = 1,...,n. So by Remark 2.5 and the similar argument as in the proof
of Lemma 5.1, we arrive at the following lemma.

Lemma 6.1. Let f € K(t,x). Then f has a telescoper of type (o4;04y,--.,04,) if and only if fo
and each f[d]c;t j have a telescoper of the same type for all [d]g, € T, and j € NT.

Since fo € Vo = K(t,%1)[x1] is always (0, )-summable, it follows that L = 1 is a telescoper
for fo. For f €V it can be written as

=% =Pt (6.2)

where 7 € Gy, a, € K(t,%1)[z1], d € K[t,x] with deg,, (a-) < deg,, (d) and d is irreducible in x;

dlg,?

over K(t,x1). Each 7 € G} is in the form of 7 = Ufoalﬁ . -U’;Z for some kg, k1,...,k, € Z. Using
the (04,...,04,)-reduction formula (5.4), we get the following decomposition.

Lemma 6.2. Let f € Vi, ; be in the form (6.2). Then we can decompose it into the form

n P
f:ZAm(gi)—kr wz’thrzz Eag -,

=1 /=0 o (lu)]

where p € N, g; € K(t,x), ay € K(t,%x1)[z1], p € K[t,x], deg,, (ar) < deg,, (d), p is in the same
Gy-orbit as d, and of(p), af/(u) are not G-equivalent for 0 < £ # ' < p. Therefore f has a
telescoper of type (0¢;04,,...,04,) if and only if r has a telescoper of the same type.

Example 6.3. Let K = Q, Gy = (04,04,0y,0,) and G = (04,0y,0).
(1) Consider the rational function f in Q(t,x,y, z) of the form

2z — 1 1

! d ot(d) + afoxayaz(d)
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where d = 2% 4+ 2xy + 22 +t. Then f € V[d]c,,l and applying (o, 0y, 0,)-reduction formula to

f yields
20 — 1 Y 1
— A$ A AZ 9 .
= Be0) + By u0) + Au(un) + =7+ o s (63
where
1 1 dw 1
Uy = ————=, V9= = and wyg = ———.
apoyo(d) o}o.(d) o} (d)

Since there is no nonzero integer s such that o;(d) and d are G-equivalent, the equation (6.3)
gives a required decomposition for f in Lemma 6.2.

(2) Consider the rational function f in Q(t,x,y, z) of the form

Fo 1 y+z-1 y+z
S t(t+y+22)d  (t+32)0u(d)  (t+3z)00302(d)’

where d = 3y + (x + 2)? +t. Then f € V[d]ct,l and applying (o4, 0y, 02)-reduction formula to
f yields that

1 1

— A, A A, , 6.4
f = Baluo) + Ay (v0) + A:wo) + oo =5 S0+ G 30 @) (6:4)
where ) .
y+z y+l—-242
1o % (t + 3z)or0to2(d)’ v ZZ; (t + 3z)ov0f(d) and wo =0

Since the isotropy group of d in Gy is G q = <a§ay o207 %), the minimal positive integer s
such that o7 (d) and d are G-equivalent is s = 3. So d and o¢(d) are not G-equivalent. Thus
the equation (6.4) gives a required decomposition for f in Lemma 6.2.

6.2 Criteria on the existence of telescopers

Combining Lemmas 6.1 and 6.2, we reduce the existence problem (2.2) to that for rational functions
in the form

I
a;

f ;#W, (6.5)
where j € NT, a; € K(¢,%1)[x1],d € K[t,x], deg,, (a;) < deg,,(d) and d is irreducible such that
oi(d) and 0! (d) are not G-equivalent for 0 < i # i’ < 1.

Let Gy = (04,04,,...,0%,) and G = (04,,...,04,) be a subgroup of G;. Let G4 and G 4 be the
isotropy groups of the polynomial d in G and Gy, respectively. By Lemma 4.4, the quotient group
G',4/Gq is free and of rank 0 or 1.

In the case of rank(G:4/Gq) = 0, the existence problem of telescopers is equivalent to the
summability problem.

Lemma 6.4. Let f € K(t,x) be in the form (6.5). If rank(G:q/Gq) = 0, then f has a telescoper
of type (04;04,,...,04,) if and only if each a;/oi(d) is (04,,...,04,)-summable in K(t,x) for
0<i < I
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Proof. Suppose that each a;/ai(d)’ is (04, ...,0.,)-summable for 0 < i < I. By the linearity of
the difference operators A, , we see that L = 1 is a telescoper for f. Conversely, assume that
L = Y7 _,ecSf with e, € K(t) is a telescoper of type (04;04,,...,05,) for f. Without loss of
generality, we may suppose that ey # 0. Then we have

L(f)= ega(iZ): i=0 €iTt(@—i
ez—% i=0 "\oi(d) éz_g ol(d)I
is (04, ,0z,)-summable where ey = 0 if £ > p and a; = 0 if i > I. Since rank(Gyq/Ga) = 0,

all of(d) with £ € Z are in distinct G-orbits. By Lemma 5.1, for any ¢ with 0 < ¢ < p, there exist
9o, -5 9en € K(t,x) such that

Sioeioi(ar—;)
of(d)’

— Axl (gﬁ,l) + -+ A:L“n (gé,n)- (66)

To show that each a;/ci(d)’ is (04,,.. ., 0x,)-summable for 0 < i < I, we proceed by induction.
For i = 0, substituting ¢ = 0 into (6.6), we get ap/d’ = Ay, (go.1/€0) + -+ + As, (go.n/€0). Suppose
we have a;/oi(d)’ is (04,...,0,)-summable for i = 0,...,s — 1 with s < I. Taking ¢/ = s in
Equation (6.6) yields that

as Ggs,1 9sn 1 u ; Qs—j
RN A N £ B oy =
ot (d) <0) (o> o 24 <ofl(d)ﬂ>

i=1
By the inductive hypothesis, we have as_;/of *(d)? is (04, ..,04,)-summable for 1 < i < s.
Note that e; € K(t) is free of x. Due to the commutativity between oy and o, for i = 1,...,n,
we get % Mo eiot (USG_T(;)J is (04, -.,04,)-summable. Hence as/of(d)’ is also (o4, ..., 0z, )-
t
summable. |

Example 6.5. We continue the Ezample 6.5 (1) and write f € Q(t,x,y, z) as

- . _2z-1 Y 1
J = Baluo) + By(vo) + Aslwo) + 1 with r = —7—+ iy + S5

where ug, vy, wo € Q(t, z,y, 2) and d = x> +2xy+ 22 +t. Note that the isotropy groups Gia=Gq =
{1} are trivial. The first term (2z — 1)/d of r is not (04, 0y, 0;)-summable in Q(t,x,y,z) by the
similar reason as in Example 5.15 (1). Since rank(Gyq/Gq) = 0, we know from Lemma 6.4 that r
does not have any telescoper of type (o¢;04,0y,0;) and neither does f.

Lemma 6.6. Let f = Zf:l ai/oi(d)? € K(t,x) be in the form (6.5). If rank(Gtq/Gq) = 1, then f
has a telescoper of type (04; 0y, - - -, 0z,) if and only if each a;/oi(d)? has a telescoper of the same
type for 0 <¢ < I.

Proof. Sufficiency follows from Remark 2.5. The proof of necessity is a natural generalization from
the trivariate case [24, lemma 5.3] to the multivariate case. Suppose L = Zf:o eS¢ € K(t)(S;)
is a telescoper for f. Since rank(G;q/Gq) = 1, there is a minimal positive integer ko such that
ot (d) = oki...ghn(d) for some integers ki, ..., k. In the expression (6.5), we require that o}(d)
and aél(d) are not G-equivalent for any 0 < i # ¢/ < I. By the minimality of ky, we may assume
f= Zfial a;/ci(d)?. The ko-exponent separation of L (see [24, Section 4]) is defined as follows

L=Lo+Li+-+ Lyg,—1,
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where L; = Zﬁ:o ejkOHStjkOH and e; = 0 if ¢ > £. Since L(f) is (0g,,--.,0z,)-summable, by
Lemma 5.1 each orbital component of L(f) is summable. So we have

( a ai Qkg—1

0
Lo— + Ly, — -4+ [/ =0
07 + L, 1at(d)ﬂ + -+ 1050_1(d)ﬂ'
aop a Ay —1 _
L2y L T .. e N
L 0oi(d)i 2 k=1 )i (6.7)
agp a Aky—1
Lo 120 gy Myl —
| ) Yoo (ap
where f = 0 means that f is (04,,...,0y,)-summable in K(¢,x). Taking
T
v % @ (ko —1

T d oAy g ayi |

then Equation (6.7) can be written as

Lko V= 0,
where ) )
Lo Lgy1 Lgy—2 - In
Ly Lo  Lgg—1 -+ Lo
L, = | L2 Ly Ly - L3
| Likg—1 Likg—2 Lgy—3 -+ Lo

According to [24, Proposition 4.3], there exist nonzero operators Ty, ...,Tx,—1 € K(¢)(S:) and a
matrix M over K(¢)(S;) such that

M- Lko = diag(TO, oo ,Tkofl).

For each 0 < i < kg — 1, we know that T} is a telescoper of type (o4;04,,...,04,) for a;/oi(d)7,
because the operators in T; € K(¢)(S;) commute with the difference operators Az, ..., Ay, .
]

Now we consider the existence problem of telescopers for simple fractions in the form
f=— (6.8)

where j € NT, a € K(t,%;)[z1], d € K[t,x], deg,, (a) < deg,, (d) and d is irreducible such that
rank(Gt q/Gq) = 1.

Theorem 6.7 (Theorem 1.7, restated). Let f € K(¢,x) be as in (6.8). Let {1o,71,...,7}(1 <r <
n) be a basis of Gyq such that Gy q/Gq = (To) and {11,...,7.} is a basis of Gq (take 7 = 1, if
Gq={1}). Let 1o = Uf‘)a;lkl oy for some k; € 7 and set Ty = SfOSx_lkl -+ Skn_ Then f has
a telescoper of type (04; 04y, ..,04,) if and only if there exists a nonzero operator L € K(t)(Tp)
such that

L(a) = Az (b1) + - - Ar, (br)

for some b; € K(t,%x1)[x1] with deg,, (b;) < deg,, (d) for 1 <i<r.
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Proof. Firstly, suppose that Ly = >.7_, e,T§ € K(t)(Tp) is a nonzero operator such that Lo(a) =
S Ay (by) for some b; € K(t,%1)[x1] with deg,, (b;) < deg,, (d). Set L = Y0_, €sS;*. Then

p tko P tk
eo; () eo; " (a)
L(f) = Z gkto = T : Tk

1—0 Ot (d)] =0 Ox1 """ Oy (d)]
= Z Ay (g:) + iz €4t Ic}j %, (@) for some g¢; € K(t,x)
" Lo a
=3 8ala) dﬂ. ) (6.9)

T

= ZA:L«, 9i) Z (7s(bi) — bs))

i=1
A bi
= Z T; gl + Z T dj - d7
= Z Az, (gi + hi) for some h; € K(t, x). (6.10)

The last equality follows from Lemma 5.8.

Conversely, let L be a telescoper of type (o4;04,,...,04,) for f. By the ko-exponent sep-
aration (see [24, Section 4]) of L and Lemma 5.1, without loss of generality, we may assume
L=%0, erStF0 e K(t)(S;) is a telescoper for f. Then

14 lko n
a eeo, " (a) 1
L(— )= = E Ag,(hi) + —=h
(dj) -0 Ug’fl' aﬁﬁ"(d)] i=1 ( ) @’

for some hy, ..., h,, h € K(t,x) with

h = Zemgkﬂ Opy He _Zk Zeﬂo (6.11)

Since L(a/d’) is (04, ...,04,)-summable and {7y,...,7.} is a basis of G4, by Theorem 5.9 with
F =K(t) we get

h=An01)+ -+ A (br) (6.12)
for some b; € K(t,%1)[z1] with deg,, (b;) < deg,, (d) for 1 < i < r. Combining Equations (6.11)
and (6.12) yields that a has a telescoper Lo = > _, e/Ty of type (To; 71, -+, Tr). |

Proposition 6.8. Let 7 € Gy \ G and f = a/b with a,b € K[t,x] and gcd(a,b) = 1. Then there
exist eq, . .., ey € K(t), not all zero, such that Y., e;7'(f) = 0 if and only if b = biby with by € K]t]
and by € K[t, x| satisfying that T(be) = bs.

Proof. First we suppose b = b1by with by, by satisfying the above conditions. Then for any ¢ € N,

m(e) _ (@) _7'(a/b)

Tz(f) - Ti(blbg) o Ti(bl)bg - bg

(6.13)

Note that b; € K[t] and the total degrees of the polynomials 7/(a) in x are the same as that
of a. Thus all shifts of a/b; lie in a finite dimensional linear space over K(¢). So there exist
€o, €1, .-, e € K(t), not all zero, such that > \_;e;7%(a/by) = 0. This implies > \_, e;7°(f) = 0.
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Conversely, suppose Y ., e;7'(f) = 0. Let by and by be the content and primitive part of b as
a polynomial in x over K(¢). If bs € K, then we are done. Now we assume that bs ¢ K. Then all
of its irreducible factors have positive total degree in x. Assume that there exists an irreducible
polynomial p such that 7(p) # p. By Lemma 4.3, the quotient group G;/Gy, is free, so is torsion
free. So for any integer i # 0, 7¢(p) # p. Among all of such irreducible factors of by, we can find one
factor p such that 7¢(p) { by for any integer i < 0. Let s be the largest integer such that 75(p) | ba.
Then the irreducible polynomial 77+4(p) divides 77 (by), but 77+%(p) { 7¢(b2) for any 0 < i < r — 1.
Otherwise 777*7%(p) | bz, which contradicts the choice of s. Therefore we have Y ._, ;7' (f) # 0,
since p depends on x and the coefficients e; are in K(¢). This leads to a contradiction. So every
irreducible factor p of by satisfies the property that 7(p) = p. This implies that 7(by) = bo. |

Lemma 6.9. Let 7 € G; \ G and f = a/(bib2) with by € K[t], a,by € K[t,x]| and 7(b2) = bs.
Then we can compute e, ..., e, € K[t], not all zero, such that y_._,e;7'(f) = 0. Furthermore, if
f € K(t,%1)q(x1)a, with two positive integers d and dy, then the computation takes O(md™ ™ (do +
nd)"*1) ops in K with r being no more than dy + nd + 1 and e; € K[t]a(dy+nd)(dy+nd+1)2 for
1=0,1,...,r.

Proof. By Proposition 6.12 below, we can construct a difference isomorphism between (K(¢,x), 7)
and (K(t,x),04) such that ¢ o7 = 0y 0 ¢ and p(K[t]) C K[t]. Then o¢(¢(b2)) = @(7(b2)) = ¢(b2)
and for all e;(t) € K[t],

r

Satri(N=0 < S elp®)oilp(f) =0.
=0

1=0

So we only need to consider the case 7 = o,. Now suppose that f = a/(bibe) with by € K[¢],
a,by € K[t, x] and o4(b2) = by. It suffices to find a nonzero operator L € K[t](S;) such that L(f) = 0.
We write a = Y7, a;t' with a; € K[x]. For each 0 < i < s, let L; = t'oy(b1)S; — (t + 1)'b1. Then
L; is an operator in K[t](S;) such that L;(#'/b;) = 0. Since oy(b2) = by and oy(a;) = a;, we have
Li(a;t'/(bibe)) = (ai/b2)L;i(t'/b1) = 0. Let L € K[t](S;) be the LCLM of L; for all i =0,...,s and
write L = R;L; with R; € K[t](S;). Then L is a nonzero operator and

s aiti u aiti s aiti
L =L = L = R;L; =0
/) <§: b1b2> Z <b1b2> ; <5152>

1=0

Suppose f € K(t,%X1)a(x1)q,- Then the degree of ¢(f) in ¢ is no more than dy + nd, and that in
x; is no more than (n—1)d+dy if 1 <7 < n and no more than d if n+1 < i < m. The expansion of
©(f) takes O((m + 1)(do + nd)(do + (n — 1)d)"d"™ ™) = O(md™ "(do 4+ nd)"*') ops by multipoint
evaluation and interpolation. In addition, s is no more than do + nd and L; € K[t]y(gy4na)(St)1 for
0 <i < s. Applying Fact 2.10, we get

L € K[t]o(do+nd)(do+nd-+1)2 {(St) dg+nd-+1
to be the LCLM of the L;’s using O((dg + nd)***1) ops. 1

Remark 6.10. For the bivariate case with m = n = 1, our existence criterion coincides with the
known result in [6, Theorem 1] and [27, Theorem 4.11]. Let f = a/d’ € K(t,x), where j € NT,
a € K(t,%1)[z1], d € K[t,x], deg,, (a) < deg,,(d) and d is irreducible. Let Gy = (04;04,) and
G = (04,). Since the degree of d in x1 is positive, we have Gq = {1}. If rank(Gyq/Gq) = 0,
then by Lemma 6.4 and Theorem 5.9, f has a telescoper of type (o¢,04,) if and only if a = 0. If
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rank(Gyqa/Gq) = 1, then there exists T = ojok € Gyq with s > 0 such that Gy4/Gq = (7). By
Theorem 6.7 and Proposition 6.8, f has a telescoper of type (o4;04,) if and only if a = ¢/b with
c € K[t,x|, b € K[t,x1], ged(b,¢) = 1, where b can be written as b = biby with by € K[t] and
by € Klt,x1] such that T(bg) = by. Since m = n = 1, we have b € K[t] and hence f always has a

telescoper of type (0¢;04,).

Example 6.11. Let f = 1/(t* + 2] +--- +z)) € Q(t,z1,...,2,) with s,n € N\ {0}. Then
d=1t"+2xf{+ -+ is irreducible over Q if n > 1. Let Gy 4 and G4 be the isotropy group of d in
Gy = (01,04y,...,04,) and G = (04, ...,04,), respectively. Then we can decide the existence of
telescopers of type (04;0%,,...,04,) for all cases of f.

(1) If s = 1, then d is irreducible. Since Gyq = (1) with T = oo, and G4 = {1}, we have
Gta/Gq = (T) and rank(Gy q4/Gq) = 1. Observing that T—1 is an annihilator of the numerator
of f, by Theorem 6.7 we get f has a telescoper. Indeed L(f) = Ay, (f)+ A4, (0)+---+A, (0),
where L = S; — 1.

(2) If s> 1 andn =1, then f =1/(t* +x7) = >°_, a;/(t — Bjz1), where B;’s are distinct roots
of 2° = —1 and aj = 1/s(Bjx2)* 1. There exists j € {1,...,s} such that 37 ¢ Z. Then for
dj =t — Bjx1, we have Gyq, = Gg, = {1}. So aj/d; is not oy, -summable in C(t,r1) and
neither is f. By Lemma 6.4, we get that f does not have any telescoper of type (o1, 04,) in
C(t)(St). Hence f does not have any telescoper of the same type in Q(t)(St).

(8) If s > 1 and n > 1, then d is irreducible. Since Gq = {1}, by Theorem 5.9, it follows that f
is not (04, ...,04z,)-summable. Since Gyq = {1} and rank(G;q/Gq) =0, by Lemma 6.4, we
conclude that f does not have any telescoper.

Proposition 6.12. Let {79, 71,...,7}(1 < r < n) be a family of Z-linearly independent elements
in Gy such that 19 € Gy \ G and {71,...,7,} C G. Then there exists a K-automorphism ¢
of K(t,x) such that ¢ is a difference isomorphism between the difference fields (K(t,x), 1) and
(K(t,x),0¢), and simultaneously a difference isomorphism between (K(t,x),7;) and (K(t,x%),04,)
foralli=1,...,r. Furthermore, p(K(t)) C K(¢t) and hence for any f € K(t,x), f has a telescoper
of type (10371, ..., 1) if and only if p(f) has a telescoper of type (o4;00yy- -, 0x,)-

Proof. Let 7, = af“aii*l---ai;;’", where a;; = 0 if j > n. Define oy = (ai0,ai1,...,0im) €
Zm+ for ¢ = 0,1,...,r. Since ag, 0, ..., are linearly independent over Q, we can find vec-
tors ayy1,...,am;m € QM such that {ag,aq,...,qn,} is a basis of Q™! over Q. Write oy =
(@i0,ain,...,0im) for i =r+1,...,m. Since 19 € G¢ \ G and {ry,..., 7.} C G, we have ag9 # 0
and a;0 = 0 for i = 1,...,r. So we can further assume that a;o = 0 for i = r +1,...,m. Let
A = (a; ;) € QUHDX(mH+1) which is invertible. Let ¢ be a K-automorphism of K(,x) defined by

(P();p(@1), s p(Tm)) = (821, ) A

Then ¢(t) = app -t and ¢(z;) = aoj -t + Y g a;j-x; for 7 = 1,...,m. It can be checked
that pomg = oy opand poT; = 05, 0 for 1 <4 < r. This means the following diagrams are
commutative.

K(t,x) ——= K(t, x) K(t,x) ——= K(t, x)
K(t,x) ——= K(t, x) K(t,x) ——= K(t, x)
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Note that (K(t)) C K(t). It follows that

~
Il
<)
~
Il
<)
-
I
—_

whenever ey(t) € K(¢) and f, g; € K(¢,x). This completes our proof. 1

The way of constructing a difference isomorphism in Proposition 6.12 is almost the same as that
in Proposition 5.12. The only difference is that in Proposition 6.12, we require ¢(K(t)) C K(¢).

Let f = a/d’ be in the form (6.8) with rank(G;4/Gq) = 1. By Theorem 6.7, there are two
cases according to whether Gy is trivial or not. If G4 = {1}, then a/d’ has a telescoper of type
(0¢; 044, .,0z,) if and only if there exists a nonzero operator L € K(¢)(7p) such that L(a) = 0.
This problem is solved by Proposition 6.8. If (G4 is nontrivial, we can apply the transformation in
Proposition 6.12 to reduce the existence problem of telescopers to that of fewer variables. Moreover,
the general existence of telescopers of type (79; 71, . .., 7,) for rational functions has also been solved.

Algorithm 6.13 (Constructive Testing of the Existence of Telescopers).

IsTelescoperable(f, [z1,...,Zn], t).

INPUT: a multivariate rational function f € K(t,x), a set {x1,...,z,} of variable names and a

variable name t for telescoping;

OUTPUT: a telescoper L and its unnormalised certificates gi,...,gn if f has a telescoper of type

(0¢;02,,...,0%,); false otherwise.

1 wusing shift equivalence testing and irreducible partial fraction decomposition, decompose f into
f=fo+ ZJEN+ Z[d]gt f[d]c;t,j as in Equation (6.1).

2 apply the reduction to fo and each nonzero component f[d]cwj such that

z Si,j

I
F=08u (1) + -+ 25, (g0) +7 W’f’“"—zzz am

11]160

Si,j Qi e . . . . . >
where Y, T(dy7 S the remainder of f[di]GtJ described in Lemma 6.2.

3 ifr=0, thenreturn L =1 and g1,...,9n.
4 fori=1,...,1do
5 using Remark 4.5, one can find elements T;0,Ti1, - . ., Tiry € Grd, such that Gy q,/Ga, = (Tip)

and {T;1,...,Tir,} forms a basis for Gy, .
6 fOI‘jzl,...,Ji,le,...,SiJdO
7 if rank(Gyq,/Ga;) = 0 then
8 execute Algorithm 5.13 with IsSummable(r; j s, [z1,...,2y]), where r; 0 = a?(ig:
9 if Tije 15 (Oxys- -, Ox,)-summable in F(x), let

rige =By (W) -+ A, (07
and set L; j o = 1; return false otherwise.

10 if rank(Gyq4,/Ga,) = 1 then
11 choose T; o = Uf’ Umlkl oo U;nki’" with ki > 0.
12 set T o = Sfi’o x_lkz b Sﬁ;"
13 ifn=1 or G4, = {1} then
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14

15
16

17
18
19

20

21

22

23
24

using Proposition 6'.8i check whether there exists a nonzero operator I_/i,jyg(t,Ti,o) S
K(t)(T;,0) such that L;;(t, T;0)(aije) = 0 If so, use Lemma 6.9 to find such an

operator L; j o(t, Ty 0) and set L j o(t,S¢) = Li jo(t, S, i, *). By Equation (6.9) we obtain

i, Lz i
—_———

O¢
=0
return false otherwise.
else
find a K-automorphism ¢; of K(t,x) given in Proposition 6.12 such that @; o 7,9 =
o o@; and ;0T g = 0y, 0p; for £=1,...,7;.
set @ o = pi(aije)-
execute IsTelescoperable(a; j ¢, [T1,...,%r,],1).
if @i j.o has a telescoper of type (01;04,,...,04,.), let

I},Jg(t Se)( awé ZAJJA< ,J€>

return false otherwise.
apply <pi_1 to both sides of the previous equation to get

Lt T =3 e (1)

i0) = Zﬂg(t/klo, Tio) and b( )g = cp;l(l;g);)f) forallX=1,...,7;
set Li jo(t,St) = Ly jo(t, St“)) and by Equations (6.9) and (6.10) we obtain

i ) Lijo(aije)
2 (Uf(diV) — RES ot (d;)?

Amx (%336)

where I_/i,ﬂ(

NE

1

I
WE

>
Il

1

for some ug’\)f, hg)e € K(t,x).

let L € K(t)(S¢) be the LCLM of L; j ¢ for alli,j, € and write

L=R;;eLije

for some R; ; ;€ K(t)(Sy).

) Iy A
update gy = L(gy) + 31, E;];l S Ri,jyg(hg,j?e) forallA=1,...,n
return L and g1,...,gn.

If f has a telescoper of type (o404, ..,0%,), Algorithm 6.13 will output unnormalised certifi-

cates for f in the form



where vy, € F(t,x) and the ¢ ;’s are Q-affine maps. For each 1 < ¢ < p, the product HkK:‘fl v 1s
called a kernel of g.

Now we give the complexity of Algorithm 6.13 for K = @Q, which implies that the existence
problem of telescopers can be solved in polynomial time.

Theorem 6.14. Let § be an integer in N and f(t,x) be a multivariate rational function in Q(t,x)s
with coefficients whose denominators and numerators are in O(1).

(1) If f has a telescoper of type (0¢;04,,...,04,), Algorithm 6.13 will output a telescoper in
Qltlo(py(5,0)) (St)0(Da(8,n)) for f and a tuple of unnormalised certificates whose kernels are in
Q) oDy (5,n)) (X)0(Ds(5,n)), where

D1(6,n) = (Hi(2n+3)2i1+7j—n—l> senta2
=1
= (Hi2i1> 52n+1,1 and D3 (571 (H ) 2n+1‘
=1 pie

(2) The total runtime of Algorithm 5.13 is O(C'(m,8,n)) ops in Q, where

C (m,d,n) (Hz 27 tm ) §r2tm=1,

Proof. (1) Let D(d,n) be the function defined as in (5.15). By the similar argument in the proof
of Theorem 5.14, the g; and a; ;,’s obtained at Step 2 are in Q(, X)0(s2),0(5),0(52)....,0(52))»
and the number of iterations of the loops in Steps 4 and 6 is Z;’ 1 Zjl 1 8ij < 6. For each
iteration of the loops in Steps 4 and 6, we get the kernels of h( )z s in Q(t, X)o(p(s2,n)) if we

execute Step 9, and by Lemma 6.9, the kernels of hz(,j?e s in Q(t )O(n35e)( )o(s2) With
Li jo € Qtlomsse) (St)o(ns?)

if we execute Step 14. The rational function a; ;. obtained at Step 17 is of degree no more
than O(nd?) in t or z; if i = 1,...,n, and no more than O(6?) in z; if i =n +1,...,m. The
proof will be completed by induction on n.

If n = 1, we execute either Step 9 or Step 14 for each iteration. Therefore, the algorithm
outputs L whose bidegree in (¢, .S;) is no more than (O(6'°), 0(6%)) and g; whose kernels are
in Q(t)o(max{D(52,1),610})(X)o(D(52,1))- So the base case is true.

If n > 1, assume the degree bounds are true for n —1. We first estimate the bidegree bound of
the telescoper L. Note that in each iteration, the bidegrees of Iii,jyg’s in (t,S¢) at Step 19 are
(O(D1(né%,n—1)),0(D2(nd?,n—1))). After executing Step 22, by Fact 2.10, we obtain that
the bidegree bound of L in (¢, S;) is (O(D1(nd?,n —1)62Do(nd?,n — 1)), 0(8Da(nd?,n — 1))).
It is straightforward to compute that

n—1
§Dy(né*n—1) =4 (H ¢211> (no?)*"
i=1
n—1
_ (H Z-21'—1> n2t—152" -1
i=1
= D2(67 n)
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and

Dy(né%,n —1)6%Dy(né?,n — 1) = 6D1(nd?,n — 1) Dy (5, n)
i

n—1
_ ( . (2n+1)2i1+i—n)+(2i—1)> n2n_1 (n52)(2n+1)2”—1 52n+1
i=1
n—1
<H (2n+3)20 1 4i—n— 1) (2n+3)2n—1! —15(2n+3)2"
i=1
= Dl (5, n)

To estimate the degree bound of the kernels of g;’s, we first estimate that of h; ;,’s at Step 9
and that of b( )Z at Step 19. The kernels of h; ; ¢'s at Step 9 are in K(¢, x) p(52 ) and the kernels
of bz(‘,j?é at Step 19 are in K(t)o(p; (ns2,n—1))(X)0(Ds(ns2,n—1))- A direct computation yields that
D(6%,n) = (TT7, % )82""" is smaller than D3(né® n — 1) = ([['i2)(n62)?" = D3(6,n).
As a result, the kernels of g\’s at Step 23 are in K(t)o(p, (5,n)+D1(n6?,n—1)) (X)0(D3(5,0)) =
K(®)o(D: (5.1))(X)0(Ds(5,n))-

By the proof similar to that of Theorem 5.14, the total cost of the first three steps is O™ +9)
ops. For each iteration of the loops in Steps 4 and 6, Step 8 costs O(C(m, 6%, n)) ops by
Theorem 5.14 and Step 14 takes O(n"T1md%(m+1) ops by Lemma 6.9. By Fact 2.10, the cost

of the computation of the LCLM at Step 22 is O(6*16) ops for n = 1 and O(6%* D1 (né?,n —
1)(D2(né%,n — 1))¥) ops for n > 1. The proof will be completed by induction on n.

If n = 1, executing either Step 8 or Step 14 in each iteration, the most expensive steps are
the first three steps, Step 8 or Step 14 in each iteration, as well as Step 22. Thus the cost of
the algorithm is O(6™+6 + § max{C(m, 62,1), m§2(m+1)} 4 §4t6) = O(5t4m-1),

Ifn>1, suppose the result is true for n — 1. For each iteration of the loops in Steps 4 and 6,
Step 8 costs O(C(m,d2,n)) ops and Step 18 takes O(C’(m,né%,n — 1)) ops. As a result, the
total cost of the algorithm is

O (6 (C(m, 8%, n) + C'(m,né* n — 1)) + 6* Dy (né?, n — 1)(D2(nd*,n — 1))¥)

n n—1
-0 <<H i7-2i_2m1> §T2mm—1 4 (Hi7-2i—1m1> 5(n52)7-2"_1m71
i=1 i=1
n—1 w
452 ((H i(2n+1)2”+i—n> (n 52)(2n+1 )2n- 1) <<H ;2 —1) n62 2"—1> >
i=1

n n
~ 7ot —2, 5 LT 7ot—1,, 5 LT
:O<<HZ72 m 1)5727)’1 1+<HZ72 m 1)572m 1
i=1 i=1
n
Hl (2n+142w)2" " 1 ri—n—w §@nt1+2w)2n

=1

= O(C”(m, o,m))

ops in Q.
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Example 6.15. Let K = Q and f € Q(t,z,y,2). We will decide constructively the existence
of telescopers of type (o4;04,0y,02) for various cases of f. Let Gy = (04,04,04,0,) and G =
(02,0y,02).

(1) For [ = m with d = (t — 3y + z)2(t + y)(t + 2) + 1, we find a basis of the isotropy

(2)

(3)

group Gy q s {10}, where 1o = at0;40y_1021. Then Gy q/Gq = (To). Since rank(Gyq/Gq) =1
and Gq = {1} is a trivial group, we know from Theorem 6.7 that f has a telescoper of
type (04;04,0y,0z) if and only if there exists a nonzero operator Ly € Q(t)(Ty) with Ty =

StS;4S;15;1 such that

1

Lo(a) =0, where a = fd = S ETE)

Note that the prime part of the denominator b = (t + 1)(t + 22) of a with respect to the
variables {x,y,z} is b = t + 2z and 79(b2) # be. By Proposition 6.8, there does not exist
any operator Ly € Q(t)(To) such that Lo(a) = 0. So f does not have any telescoper of type
(04;02,0y,0).

For f = ﬁ with d being the same as in Ezample 6.15 (1), it is easy to check that for
_ 1

a = I+’

t+1

t+2’

where Ty = StS;‘lSy_lSz_l. So by Theorem 6.7, f has a telescoper L of type (o4;04,0y,02).

In fact, we can take L = Sy — % Then

Lo(a) =0 with Lo == To -

ofa) t+1 a_ oyfa) t+1 a
or(d) t+2 d oloyo.(d) t+2 d

= Au(u) + Ay (o) + Au(w) + 2@ = EFD/(E+2)a

L(f) =

d
—Lo(a)/d=0
= Ag(u) + Ay (v) + Az (w),
where u = 22’10#&)@, = Z:((?i))’ and w = Utu(la). Additionally, this is a non-trivial

example in two respects. Firstly, since Gg = {1}, this rational function f is not (o4,0y,0,)-
summable in Q(t,z,y,z). Secondly, for any {u,v} C {x,y,z}, since the isotropy group of d
in (0¢,0,,0,) is trivial and f is not (0,,0,)-summable, by Lemma 6.4, f does not have any
telescoper in Q(t)(Ss) of type (o4;0,,0,).

We continue the Example 6.3 (2) and write f in the form

[ =2Ax(uo) + Ay(vo) + Az(wo) + 71 + 12,

m with d = 3y + (x + 2)> + t.

1
where ug, vy, wy € Q(t,x,y,2) and ri = a2 =

(a) Forr = ai/d with ay = 1/(t(t +y + 22)), we find that a basis of Gy q is {10, 71}, where

To= af’ay L m =o,0;t. Then by Theorem 6.7, r1 has a telescoper of type (ot; 04,0y, 0%)
if and only if a1 has a telescoper of type (10;71). Choose one Q-automorphism ¢1 of
Q(t,x,y,2) given in Proposition 6.12 as follows

¢1(h(ta z,Y, Z)) = h(3t7 x, —t+ Yy, —x + Z)a

o4



(b)

(¢)

forany h € Q(x,y,z). Then ¢p1om9 = 0rop1 and ¢p10T1 = gz0¢1. So a; has a telescoper
of type (10;11) if and only if ¢1(a1) has a telescoper of type (o4;04). A direct calculation

yields that
1

(2t +y— 2z +22)

¢1(ar1) =

d

Again consider the isotropy group of d in (04, 04), which is generated by 7o = o02. Since
(To — H%)(%) = 0, by similar arguments used in Example 6.15 (2), we see that ¢1(ay)

has a telescoper Ly € Q(t)(S;) of type (ov;0.) and in particular we find
La(t, Si)(¢1(a1)) = Au(br) (6.14)

o F t i 1
with Ly = S — g1, b1 = T 3(t+1) (2tty—2a+2122)

L € Q(t)(St) of type (o4;04,0y,02). In fact, we can find an explicit expression for L.
Applying (bl_l to Equation (6.14) yields that
Li(t, To)(a1) = Ay (b1),

where TO = S?Sy_l, Ll(t,TO) = il(%,TO) = TO — H_%, bl = ¢1_1(51) = —W

So by Theorem 6.7, r1 has a telescoper

Let Li(t,S) = L1(t,S3) = S} — t—%?» Then we have
o} (a t a o}(a t a
) =2 - e T
op(d) t+3 d oy(d) t+3 d
L 3 5—1
= AI(O) + Ay(’l)l) + AZ(O) + liil) with v = w

and using Lemma 5.8 with T = 11, we get

d d
withu; = 0! (%) andwy = —o;* (%). Hence Ly is a telescoper of type (0¢; 04, 0y,02)
for r1 and
Ll(rl) = Am(ul) + Ay(’Ul) + Az(wl)
Similarly, forry = ag/oi(d) with as = 1/(t+3z), we apply the algorithm IsTelescoperable

to ro. The result is true and we obtain

La(r2) = Ag(uz) + Ay(v2) + Az (w2),

—1
where Ly = S} — 1, up = 07! (affd))’ vz = O?ZZ(d()@) and wy = —o3 (of(Qd)) with

- __ 1
by = t+32+3"

For r =ry 4+ 19, using the LCLM algorithm to compute the least common multiple L of
Ly, Ly in Q(t)(S;), we obtain
2(t+3) t
L=RiLi=RyLy =5} — Sy
= fade = 00 T o T

with Ry = Sp — 53 and Ry = S} — k5. Then

L(r) = Az(u) + Ay(v) + A (w),

95



where u =32 Ri(u;), v =37 Ri(v;) and u = Y2_, Ri(w;) are rational functions in
Q(t,z,y,z). Updating u =u+ L(ug), v =v+ L(vg) and w = w + L(wy), we get

L(f) = Ag(u) + Ay(v) + A (w).

So L is a telescoper of type (o¢;04,0y,0) for f.

6.3 Examples and applications

Creative telescoping is a powerful tool for proving combinatorial identities algorithmically [61]. The
following example shows an application of telescopers for multivariate rational functions.

Example 6.16. We show that

where

(2y — t)(2z — t)(2z — 1)

f(t,z,y,2) = (y+t+1)(2t+y—1)(z+t+1)(—2t+ax—1)(z+t+1)(-2t+2—-1)

Applying Algorithm 6.13 to f, we find that f has a telescoper L = Sy — 1 of type (04; 04, 0y, 05) with
certificates (u,v,w), where

- (=2y +t+1)(—2z +t+1)(8 — 2tx — 2% + 19t — 22 + 11)
S (Ht+ DRt -z +2)2t -z +3)(y+t+2) (2t —y+3) (2 +t+2)(2t —z+3)’

(—2z +t)(—2z 4+t + 1)(8t% — 2ty — y? + 19t — 2y + 11)
S+t D2t -+ Dy +t+ D)2t —y+2)2t —y+3)(z +t+2)(2t — 2+ 3)

and

_ (=22 +t)(—2y + ) (8t2 — 2tz — 22 + 19t — 22 + 11)
(z+t+1)2t—z+1)(y+t+1)2—y+1)(z+t+1)2t —2+2)(2t — 2+ 3)

Thus we have

Mﬁ
MN
Mﬁ

(f(t+ 17537:1/72) - f(tvwvya Z))

8

Il
o

<

=
=)

w

=
o

M-

(Az(u) + Ay(v) + A (w))

8
=)
I
I
=)

=
o
<

=

t t

(u(t,t+1,9,2) —u(t,0,y,2)) + > Y (v(t, 2, t+1,2) —v(t,2,0,2))

=0 2=0 =0 z=0

+ YO (wlt,z,y,t+ 1) —w(t,z,y,0)).

=0 y=0

@

56



Then applying L to F(t) yields

t t
=D (ult,t+ 1Ly, 2) —ult,0,y,2) + f(t+ 1,6+ 1,y,2))

g1

~+
~+

+Y Y bz t+1,2) —v(t,2,0,2) + f(t+ 1,2t + 1, 2))

=0 2=0

g2

t t
+ Y (wlt,z,y,t+1) —w(t,z,y,0) + f(t,z,y,t+ 1))

=0 y=0 g3
t t t

FY fE Lot Lt )+ Y fE+Lt+ Ly t+1)+ ) ft+Lt+1t+1.2)
=0 y=0 z=0

+ft+1,t+1,t+1,t4+1).

So we reduce the triple sum to the double sums and the single sums. One can check that g1 = 0.
By Algorithm 5.13, one can find that go is o-summable and g3 is (04, 0y)-summable. Similarly,
we further reduce the double sums to the single sums. Applying the Algorithm 5.13 (specialized to
the univariate case) again, we simplify the single sums and finally obtain that F(t+ 1) — F(t) = 0.
Since the initial value of F(t) is F(0) = f(0,0,0,0) = 0, we conclude that F(t) = 0. This completes
the proof.

Under some assumptions, there are several packages to compute the creative telescoping in more
than two variables. The Mathematica package “HolonomicFunctions” developed by Koutschan con-
tains two functions “CreativeTelescoping” and “FindCreativeTelescoping” to construct telescopers
for holonomic functions in different ways [52]. Another Mathematica function “FindRecurrence”,
the core of the Mathematica package “MultiSum” by Wegschaider, is designed to find telescopers
for proper hypergeometric functions [79]. For rational functions in three variables, an effective
algorithm has been presented in [23] to compute their minimal telescopers.

Experiments show that Algorithm 6.13 is more efficient to test the existence of telescopers and
construct one telescoper. For example, for the rational function

4t + 2

t =
J209) = 5 5 10y + 47) (450 5w & 10y + 2) (630 — 57 + 2y + 58) (63t — 50 + 2y —5)”

Algorithm 6.13 tells us that it has a telescoper of type (oy;04,0,) and outputs a telescoper and
its corresponding certificates within two seconds in Maple, while the algorithm in [23] takes about
three minutes and the other three functions in Mathematica packages use much more timings as
shown in [23]. Given a rational function, one could use our algorithm to pre-check the existence of
its telescopers and find a telescoper if such a telescoper exists. After that one may apply the other
efficient methods to find a telescoper with lower degree in S;.

7 Conclusion and future work

In this paper, we constructively solve the summability problem and the existence problem of tele-
scopers for multivariate rational functions, and present a new efficient algorithm for solving the
shift equivalence testing (SET) problem of multivariate polynomials.

o7



Our algorithm can compute a telescoper for a given multivariate rational function if the existence
of telescopers is guaranteed, but the computed telescoper may not be of minimal order. So a natural
question is how to compute the minimal telescoper (which is unique if it is monic) for multivariate
rational function if it exists. Similar to the trivariate case [23], we may first need an additive
decomposition to decompose a rational function f as a sum of a summable function and a remainder
r, as shown in Example 5.15, such that f is summable if and only if the remainder r is zero. Then
we need to deal with the problem that the sum of two remainders in the additive decomposition
may not be a remainder. The similar problem appears and has been solved in the case for trivariate
rational functions [23, Section 4] and the case for bivariate hypergeometric terms [25, Section 5.

For the efficiency, we may need to consider how to choose a “minimal” remainder, which may
depend on the choices of difference isomorphisms. Choosing a “good” admissible cover may help us
to discover a more efficient SET algorithm. In theory, we use an irreducible partial fraction decom-
position in summation algorithms, but in practice, an incomplete partial fraction decomposition
would be enough, like in the univariate case [9,60].

In the future research, we hope to explore more summation algorithms for other classes of
functions, like multivariate hypergeometric terms [79]. This would be an extension of Gosper’s
algorithm [36] which only works for the summation of univariate hypergeometric terms and has
many applications in proving combinatorial identities [61]. Some algorithms have been developed
for special bivariate hypergeometric terms [30] and for multiple binomial sums [15].

In the differential case, telescopers always exist for D-finite functions [82]. One interesting
problem is how to find a telescoper [15,26], especially the minimal one. Another problem is the
integrability problem proposed by Picard [62-64], which is a continuous analogue of the summability
problem. Given a rational function f € F(z1,...,x,,), the integrability problem is deciding whether
there exist rational functions g; € F(x1,...,x,,) such that

f=0:(01) + -+ 0s,,(gm),

where 0., is the usual partial derivative with respect to z;. When m = 1, it can be solved by
Ostrogradsky-Hermite reduction [43,57]. When m = 2, it was solved by Picard [63, p. 475-479].
In more than two variables, there is no complete algorithm for deciding the integrability of rational
functions. Under a regularity assumption, some related results are listed in [15].

8 Appendix: implementations and timings

We have implemented Algorithms 3.6, 5.13 and 6.13 in the computer algebra system Maple 2020. In
this section, we compare the efficiency of the algorithms for solving the SET problem and illustrate
the usage of our package “Rational WZ” by several examples. Our maple code and more examples
are available for download at

http://www.mmrc.iss.ac.cn/~schen/RationalWZ-2022.html

We have implemented the G algorithm, the KS algorithm, the DOS algorithm, and the algorithm
applying a-degree cover to Algorithm 3.6 (ADC) in Maple 2020 with F = Q.

Fixing one admissible cover, there are two methods to calculate it and then to implement
Algorithm 3.6. A direct method is expanding p(x + a) — ¢(x) with 2n variables to get the set of
its coefficients in x and then the admissible cover, while another is obtaining the members of the
admissible cover successively by computing partial derivatives dynamically. For a more efficient
implementation, the DOS algorithm and the ADC algorithm is realized by partial derivatives and
expansion respectively.


http://www.mmrc.iss.ac.cn/~schen/RationalWZ-2022.html

The test suite was generated as follows.

Let n,d,t,d € N and d < d. Let x = {z1,29,...,2,}. We first generated randomly a t-
term polynomial p(x) of degree d, as well as a polynomial dis(x) of degree d’. Then we generated
randomly a vector a = (ay,az,...,a,) € Z™ and let g(x) = p(x + a) + dis(x). Therefore, the
calculation is most likely to terminate after computing VF(Uf;&_d,SZH ). By setting 0 < a; < 99,
we can avoid the case where the memory is not enough to complete the computation.

Note that, in all the tests, the algorithms take the expanded forms of examples given above as
input. All timings are measured in seconds on a macOS Monterey (Version 12.0.1) MacBook Pro
with 32GB Memory and Apple M1 Pro Chip.

For a selection of random polynomials and vectors for different choices of n,t,d,d" as above, we
first tabulate the timings of the G algorithm, the KS algorithm, the DOS algorithm and the ADC
algorithm. Note that d = —oo means dis = 0, implying that p is shift equivalent to q.

t d d G KS DOS ADC
10 15 13 5.476 2.090 0.014 0.008
10 15 10 0.243 1.124  0.023 0.020
10 15 5 21.719 1.809  0.050 0.032
10 15 0 573.178 2576  0.068 0.039
10 15 —oo | 18.491 0.714 0.043 0.036
100 15 13 0.205 10.025 0.044 0.028
100 15 10 0.482 9.997 0.046 0.046
100 15 5 22.114  11.317 0.061 0.062
100 15 0 | 2152.378 19.470 0.083 0.069
100 15 —oo | 1200.473 13.640 0.085 0.068

W W W WWwWwwwww3

The experimental results illustrate that the DOS algorithm and the ADC algorithm outperform
the other two algorithms. Furthermore, we conducted experiments in more complicated cases.

t d d’ DOS ADC
100 40 35 | 199.177  59.889
100 40 30 | 24.684  90.159
100 40 20 | 379.835 95.761
100 40 10 | 681.189 665.885
100 40 0 | 182.671 67.261
100 40 —oo | 709.223  77.880

10000 20 18 2.724  122.744
10000 20 15 3.088  163.258
10000 20 10 5.290  139.685
10000 20 5 10.755  125.359
10000 20 O 23.949 151.010
10000 20 —oo | 24.562 136.187

Ut OU O O O O O Ot Ot Ot Ot O 3

The experimental results indicate that the ADC algorithm outperforms the other for most of
non-dense testing examples, while the DOS algorithm has a clear advantage for dense ones. It may
be because the timing of expansion grows fast with the number of terms in the input polynomial.
In conclusion, we present an algorithm, the ADC algorithm, which is complementary to the DOS
algorithm for solving the SET problem.

From the runtime comparison, we decided to use the ADC algorithm in the package Rational WZ.
In our setting, the base field F can be Q or the field of rational functions Q(u1, . .., us). The following
instructions show how to load the modules.



read "RationalWZ.mm";
with(ShiftEquivalenceTesting):
with(OrbitalDecomposition):
with(RationalReduction):
with(RationalSummation) :
with(RationalTelescoping) :

V V V V VvV V

Example 8.1. Compute the dispersion set (over Z,) of two polynomials.

(1) For p,q € Q[z,y] in Example 3./, we type

> ShiftEquivalent (72 + 2*x*y + y 2 + 2%T + 6%y, T 2 + 2%x*y + y 2 + f*¥T +
Sxy + 11, [z, y])

[_1>2]
which implies Z,, ; = {(—1,2)}. So p(x — 1,y +2) = q(x,y).
(2) Forp,q € Q|x,y, z] in Example 3.21 (1) , we type

> ShiftEquivalent(x ™4 + o7 3*%y + o*xy 2 + 272, €4 + c3*x(y + 1) + z*x(y + 1) 2
+ (2 +2)72 +zry, [z, y, 2])

[l

which implies Z, , = &. So p,q are not shift equivalent.

Example 8.2. Decide the (04, 0y,0,)-summability of a rational function f € Q(z,y,2). Let f3, r3
be the same as in Example 5.15 (3).
(1) Applying the function “IsSummable” to f = f3, we see that f is not (04,0, 0)-summable.
> IsSummable((y + 2/(y 2 + 2 - 1) - 1/(y 2 + 2))/(z + 2*xy + 2) 2, [z, y, z])
false
(2) Applying the function “IsSummable” to f = f3 —r3, we see that f is (0, 0y,0,)-summable
and its certificates are as follows:
> IsSummable((y + z/(y2 + 2 - 1) - 1/(y2 + 2))/(x + 2%y + 2) 2 - z/((y 2 +
z2)*(x + 2*xy + 2)72), [z, y, z])

true, |— y(y—1) _ y(y—1) + z y(y—1) _ 2

2 (z—2+2y+2)2 2 (z—14+2y+2)> (2 +2—1)(z—14+2y+2)? 2 (z—2+2y+2)2"  (y2+2—1)(z—1+2y+2)>

Example 8.3. Decide the existence of telescopers of type (o4;04,0y,0.) for a rational function

f E Q(t7 x? y? Z)'

(1) Applying the function “IsTelescoperable” to f in Example 6.15 (1), we see that f does not
have a telescoper in Q(t)(Sy) of type (04;04,0y,0).

> IsTelescoperable(1/((t + 1)*(t + 2*2)*((t - 3*y + x) 2%(t + y)*(t + z) +
1)), [z, y, z], t, 'St')

false



(2) Applying the function “IsTelescoperable” to f =11 in Ezample 6.15 (3), we see that f has a

telescoper L = —tJ%g + 83 of type (04; 04, oy,0z) and its certificates are as follows:

> IsTelescoperable(1/(t*(t + y + 2%2)%(3*y + (z + 2) 2 + t)), [z, y, 2], t,
IStI)

_ 1
6(L+4+2)(5+1)(a2+22(2— 1)+ (2—1)°+ t+3y)’

t 3
true, —gz + St?,

1 1
(t+3)(t+2+y+22)(@* +2 22422 +143Y) " 6(L+1) (5 +4+2) (22+22(2—1)+ (2—1)°+ t+3y)
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