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Zeilberger’'s method

In the early 1990s, Zeilberger developed an algorithmic theory for
proving identities in combinatorics and special functions.
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Telescoping

Problem. For a sequence f(k) in some class &(k), decide whether
there exists g(k) € &(k) s.t.

f(k) =g(k+1)—g(k)
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Telescoping
Problem. For a sequence f(k) in some class &(k), decide whether
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Creative telescoping

Problem. For a sequence f(n,k) in some class &(n,k), find a linear
recurrence operator L € K[n,S,] and g € &(n,k) s.t.

L(n,S,) (f) = Aclg)
—

Telescoper

Call g the certificate for L.
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=2 () -

)

5/30



Proving identities

Fn) = z () =)

» Creative telescoping for f = (’Z)Z: L(f) = Ar(g), where

(2k—3n—3)k2 (1)
(k—n—1)2

L=(n+1)S,—4n—2 and g=

5/30



Proving identities

Fn) = z () =)

» Creative telescoping for f = (’Z)Z: L(f) = Ar(g), where

(2k—3n—3)k2 (1)

L=(n+1)S,—4n—2 and g= Gn_1)7

» Since f(n,k) =0 when k <0 or k > n, we have

> () -5 ()

k=—00 k=0

5/30



Proving identities

Fn) = z () =)

» Creative telescoping for f = (’Z)Z: L(f) = Ar(g), where

(2k—3n—3)k2 (1)
(k—n—1)2

=(n+1)S,—4n—2 and g=

» Since f(n,k) =0 when k <0 or k > n, we have

S0

» Taking sums on both sides of L(f) = Ax(g):
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Proving identities
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» Creative telescoping for f = (’Z)Z: L(f) = Ar(g), where
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Proving identities
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» Creative telescoping for f = (’Z)Z: L(f) = Ar(g), where
(2k—3n—3)k2 (1)
(k—n—1)2
b Since f(n,k) =0 when k < 0 or k > n, we have
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b Verify the initial condition:
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Handbooks of identities
Dixon's identity

2 wfa+b\ (b+c\ (cta) (a+b+c)!
21 <a—|—k) <b+k> <c+k> ~ alble!
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Fundamental problems

Creative telescoping

L(I’L,Sl’l) (f(nak)) = Ak(g(nvk))
——

Telescoper
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Algorithms for creative telescoping

Four generations:
1. Elimination in operator algebras (since ~ 1947)
2. Zeilberger's algorithm and its generalizations (since ~ 1990)
3. The Apagodu-Zeilberger ansatz (since ~ 2005)

4. Reduction based methods (since ~ 2010)
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(n+k)!(2n—k)!(2n—2k)!
(n+2k)!?

Example: f(n,k) = (n+k)2"(—1)
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Gosper’s algorithm

In 1978, Gosper solved the telescoping problem
for hypergeometric terms.

Proc. Natl. Acad. Sci. USA
Vol. 75, No. 1, pp. 40-42, January 1978
Mathematics

Decision procedure for indefinite hypergeometric summation

fficient identiti f boli

R. WILLIAM GOSPER, JR.
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i=0

» Call Gosper's algorithm on L,(H) to check

Petkovsek, Wilf & Zeilberger
whether 3 ¢g,...,c, € K[n] s.t.
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Variants of Zeilberger’s algorithm

Analogous algorithms have been formulated for

» g-hypergeometric terms (Wilf-Zeilberger)
b hyperexponential terms (Almkvist-Zeilberger)
» holonomic functions (Takayama, Chyzak)

» IIX-expressions (Schneider)
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» g-hypergeometric terms (Wilf-Zeilberger)
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» IIX-expressions (Schneider)

Common feature:

Telescopers and their certificates are computed at the same time!

15/30



Telescoper

Example.
klO
T +k

The telescoper of minimal order L for H is

L=n"8,—(n+1)"
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Certificate

——(2100k3n% — 84n> — 68460k°n* — 840n* — 372017 + 140700k*n® —9480n° —
35200n 140 | " " e " "

1502417 —10500k2n8 — 1480818 —8400n° —79590n2k” 4-284235n*k> — 143640n°k> 4+-210nk® —
2625013k 4- 1330351 k* — 3570007 k2 + 252k + 18900k%n — 213780k n® 4- 368340k 1> —
110460k3n” — 210010 4+ 1890k — 17647 + 1260k — 378k> — 1260k'® — 294 nk? 4 700nk* —
588 kS +63504 k' n® + 52920k n* 430240k 3 + 11340k 0?2 — 2940 n%k> — 1308013 k> —
33780n*k? —551161°k> — 57348 %k — 17360 k> n* — 48860 k3 n> — 94920 k3n* —

135156 k3 — 554403 n® — 13860k n° — 37803 n 4-7000n2k* 4311853 k* + 80850 n*k* +-
9009017 k* 4+27720n8k* + 57141 k30 4+ 155610 k3> 4 347886 k318 4238392 kn7 +
110880k°n8 +27720k7n° 4+ 12600k°n — 58801n2k0 — 11411417 k0 — 123816100 —
83160n7k6 —2772018k® — 379830k n* — 469128 k7n> — 411840k n® — 257400k n’ —
110880k"n8 —27720k7n° — 17640k” n+ 9405 n> k8 4-24750n*k® + 42075 > k8 4-47520n0k® +
3465017 k8 + 1386018k + 85085 k71> + 398475k n* +23100k%n° +480480k°n° +
924004%n® 4+235620k7n7 +227150kn3 + 404250 k°n° — 12628 k'%n — 13860 k'0n° —
152460k'0n% — 60060 k'n® — 267960 k'n* — 157080k'%n7 — 271656 k'%n® — 56980 k'n2 —
323400k'01° + 2520k n + 2520k 1® + 11340k 18 430240k 17 452920k 1)
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Telescoping without certificates

Problem. Can we compute the telescopers without also computing
the certifiates?

Reduction-based Algorithms: L(x,dx)(f(x,y)) = dy(g(x,y))
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Reduction-based Algorithms: L(x,dx)(f(x,y)) = dy(g(x,y))

Rational Functions
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Reduction: the rational differential case

Fact:

1 1 —1 1
— _ =D.| — —
CEN RS y(y+1)+y+1
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Reduction: the rational differential case

Fact:

1
+— |+
y+1

(y+1)s y+1 7\ (y+1)s! y+1

Ostrogradsky-Hermite reduction: For any f € F(y),
a
f = Dy (g) + B?

where g € F(y),deg,(a) < deg,(b) and b is squarefree.
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Reduction: the rational differential case

Fact:

1 —(s—1)71! —1 > 1

- b = — )+ —
(y+1)s y+1 y< (y+1)s-1 y+1 y+1

Ostrogradsky-Hermite reduction: For any f € F(y),
a
f = Dy (g) + B?
where g € F(y),deg,(a) < deg,(b) and b is squarefree.

Remark. The above reduction decomposes a rational integral as

Jf(y)dy = rational part + transcendental part.
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Reduction: the rational shift case

1 1\ 1
A= Z
k+1 k(k)+k

Fact:
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Reduction: the rational shift case

Fact:

AR SR AR
k+2 \k+1 k) Tk

22/30



Reduction: the rational shift case

Fact:
L, AT
kts  \kt+s—1 k) "k
Abramov's reduction: For any f € F(k),

£l = A(g)+ 5.

where f € F(k),deg;(a) < deg,(b) and b is shift-free, i.e., the
distance of any two roots of b is not integer.
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Reduction: the rational shift case
Fact:
L, S AU
kts  \kts—1 k) Tk
Abramov's reduction: For any f € F(k),

£l = A(g)+ 5.

where f € F(k),deg;(a) < deg,(b) and b is shift-free, i.e., the
distance of any two roots of b is not integer.

Remark. The decomposition above is not unique, e.g.

2%+1 1\ 2 1 2
— [1 —_ _—= Zﬁ _— —_
k(k+1) k(k>+k "( k)+k+1
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Reduction: the hyperexponential case

Let T be hyperexponential w.r.t. y with f =Dy(T)/T € F(y).

f:M+K s T=r-H Withl)ylgm:K,
,

where K = ¢/d satisfies ged(c —iDy(d),d) =1 for all i € Z
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Reduction: the hyperexponential case

Let T be hyperexponential w.r.t. y with f =Dy(T)/T € F(y).

f:M+K s T=r-H Withl)y[gm:K,
,

where K = ¢/d satisfies ged(c —iDy(d),d) =1 for all i € Z
Modified Geddes-Le-Li reduction:
— Do a_ Py,
T=Dy(-)+ (b+d) H,
where a,b,p € Fly| with deg,(a) < deg,(b), b square-free and p in a

f.d. vector space Vi over F.

Proposition.

T=Dy(T') & a=0andp=0
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Reduction: the hypergeometric case

Let T be hypergeometric w.r.t. k with f = S(T)/T € F(k).

fe Skir) Sk(H)

where K = ¢/d satisfies ged(c,Si(d)) =1 for alli € Z

‘K ew T=r-H with =K,
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Reduction: the algebraic case

Let K be an algebraic extension over F(y) and W :={wy,...,®,} be
an integral basis of K w.r.t. y. Then any f € K is of the form

1 & _
f:D;aia),- with a;,D € F[yl.
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Telescoping via reductions

Consider |

T tay+1
Find nonzero L € K(x)(Dy) s.t. L(f) =D,(g) for g € K(x,y).
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Telescoping via reductions

Consider |

- P +xy+1
Find nonzero L € K(x)(Dy) s.t. L(f) =D,(g) for g € K(x,y).
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Telescoping via reductions

Consider |

T tay+1
Find nonzero L € K(x)(Dy) s.t. L(f) =D,(g) for g € K(x,y).

Therefore,

» the minimal telescoper for f is

L= (4x*4+27x%) - D? + (16x° +-27x) - D, + (8x* — 3)

27/30



Telescoping via reductions

Consider |

T tay+1
Find nonzero L € K(x)(Dy) s.t. L(f) =D,(g) for g € K(x,y).

Therefore,

» the minimal telescoper for f is
L= (4x*4+27x%) - D? + (16x° +-27x) - D, + (8x* — 3)
b the corresponding certificate is

G = (4x* +27x%) - g+ (16x> +27x) - g1 + (8x> —3) - go

27/30



Telescoping via reductions

Consider |

T tay+1
Find nonzero L € K(x)(Dy) s.t. L(f) =D,(g) for g € K(x,y).
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Telescoping via reductions
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1
T= k!
n+k

» A kernel K=k+1 and shell r=1/(n+k)
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Telescoping via reductions

Consider |
— k!
d n+k K
T = A( )+LH
= Akl80 Tk
1
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_ I/n 1
—aulen)+ (L D)
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1
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)
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Telescoping via reductions

Consider

=Ar(g1)+ <n1—/knk+,l1>H

Sﬁ(T):Ak(...)+<_1/(n+1)+ 1 >H

n+k+1 +1

:Ak(g2)+( —I—k rEsy

1 1 —1
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Telescoping via reductions
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( nlink - i)

1/(n(n+1)) n—1
( n+k +n(n—|—1)>

28/30



Telescoping via reductions

Consider

28/30



Telescoping via reductions

Consider

28/30



Telescoping via reductions

Consider |
T = k!
n+k

Therefore,

b the minimal telescoper for T w.r.t. k is

L=n+1)-82—(n—1)-S,—1

28/30



Telescoping via reductions

Consider |
T = k!
n+k

Therefore,

b the minimal telescoper for T w.r.t. k is
L=n+1)-82—(n—1)-S,—1

b the corresponding certificate is

G=(n+1)-go—(n—1)-g1—1-go

28/30



Telescoping via reductions

Consider |
T = k!
n+k

Therefore,

b the minimal telescoper for T w.r.t. k is
L=n+1)-82—(n—1)-S,—1

b the corresponding certificate is

G=(n+1)-g—(n—1)-g1—1-go
- K
 (n+k)(n+k+1)
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Timings (in seconds)

Let
f(n,k) I'2on+k)

T eintk)ga(2n+k) T(n+ ak)

with
» 8i(z) =pi(dpilz+A)pi(z+p), a,A,p €N,
b deg(py) =deg(p2) =m and deg(f) =n.

(m,n,o,A, ) | Zeilberger | RCT+cert RCT | order
(2,0,1,5,10) 354.46 58.01 4.93 4
(2,0,2,5,10) 576.31 363.25 | 53.15
(2,0,3,5,10) 2989.18 1076.50 | 197.75
(2,3,3,5,10) | 3074.08 | 1119.26 | 223.41
(3,0,1,5,10) | 18946.80 407.06 |  43.01
( )

( )

46681.30 2040.21 | 465.88
172939.00 5970.10 | 1949.71

3,0,2,5,10
3,0,3,5,10

©O© 00O N ~NO
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Summary
» Reduction-based algorithms for creative telescoping

Go beyond the bivariate case?

» Picard’s problem (1889):

Given a rational function f € C(x,y,z), decide whether
there exist u,v,w € C(x,y,z) such that

f = Dx(u) +Dy(v) +Dz(w)~
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Summary
» Reduction-based algorithms for creative telescoping

Go beyond the bivariate case?

» Picard’s problem (1889):

Given a rational function f € C(x,y,z), decide whether
there exist u,v,w € C(x,y,z) such that

J'=Dx(u)+Dy(v) +D:(w).

Thank youl
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