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Separability problem

Problem. Decide whether f(z,x1,...,x,) satisfies
L(1,9,)(f) =0, where L € F(r)(d;)\{0}.
If L exists, say f is d;-separable.

Example. f =+/t(x*+ 1)+ 1 is D,-separable since
L(f) =0, where L=2¢-D?+D;.
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Applications.
b Separation of variables in PDE:
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dy % dy

c = S
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b Picard—Fuchs equations for differential forms;
» Holonomic polynomial sequences;

» Creative telescoping.
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Creative telescoping

Problem. Given f(z,x1,...,x,) €T, find L € F(¢)(d;) \ {0} s.t.
L(t,0,)(f Z&xl gi), where g; €F.

If L exists, call L a telescoper of type (9, dy,,...,d,,) for f.
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Problem. Given f(z,x1,...,x,) €T, find L € F(¢)(d;) \ {0} s.t.
L(t,0,)(f Z&xl gi), where g; €F.

If L exists, call L a telescoper of type (9, dy,,...,d,,) for f.

Example. Let f(n,k) = (!)?. Then L(n,S,)(f) = Ac(g) with

(2k—3n—3)k2 ()

L=(n+1)S,—4n—2 and g= n 12

The WZ method uses (L, g) to prove

> (1) =)
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Existence problem of telescopers

Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of
type (aha/\q IR 7ax,l)?
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Existence problem of telescopers

Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of
type (aham IR 7ax,l)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

1990: Telescopers exist for holonomic functions

@ Doron Zeilberger. A holonomic systems approach to special
functions identities. Journal of Computational and Applied
Mathematics., 32: 321-368, 1990.
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Existence problem of telescopers

Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of
type (aham IR 7ax,l)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

1992: Telescopers exist for proper hypergeometric terms

@ Herbert S. Wilf, Doron Zeilberger. An algorithmic proof theory for
hypergeometric (ordinary and “¢") multisum/integral identities.
Inventiones Mathematicae, 108: 575-633, 1992.
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Existence problem of telescopers

Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of
type (aham IR 7axn)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

2002: The bivariate rational discrete case
@ Sergei A. Abramov, Ha Q.Le. A criterion for the applicability of

Zeilberger's algorithm to rational functions. Discrete Mathematics,
259: 1-17, 2002.
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Existence problem of telescopers

Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of
type (aham IR 7axn)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020
)
s

2003: The bivariate hypergeometric case

@ Sergei A. Abramov. When does Zeilberger's algorithm succeed?
Advances in Applied Mathematics, 30: 424—441, 2003.
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Existence problem of telescopers
Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of

type (atvaxw' . 7axn)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

2005: The bivariate g-hypergeometric case

@ William Y. C.Chen, Qing-Hu Hou and Yan-Ping Mu. Applicability of
the g-analogue of Zeilberger's algorithm. Journal of Symbolic
Computation, 39: 155-170, 2005.
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Existence problem of telescopers
Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of

type (atvaxw' . 7axn)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

2012: All of 9 bivariate rational cases
@ Shaoshi Chen, and Michael F. Singer. Residues and telescopers for

bivariate rational functions. Advances in Applied Mathematics, 49:
111-133, 2012.
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Existence problem of telescopers

Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of
type (aham IR 7axn)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

2015: 6 bivariate mixed hypergeometric cases

@ Shaoshi Chen, Frédéric Chyzak, Ruyong Feng, Guofeng Fu and
Ziming Li. On the existence of telescopers for mixed hypergeometric
terms. Journal of Symbolic Computation, 68: 1-26, 2015.
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Existence problem of telescopers
Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of

type (atvaxw' . 7axn)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

2016: Trivariate rational discrete case

@ Shaoshi Chen, Qing-Hu Hou, and George Labahn and Rong-Hua
Wang. Existence problem of telescopers: beyond the bivariate case.
ISSAC 16, 167-174, 2016.

L(x, Sy) (f) = Ay(g) +Az(h)
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Existence problem of telescopers
Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of

type (atvaxw' . 7axn)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

2019: 4 trivariate rational mixed cases
@ Shaoshi Chen, Lixin Du and Chaochao Zhu. Existence problem of

telescopers for rational functions in three variables: the mixed cases.
ISSAC’'19, 82-89, 2019.
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Existence problem of telescopers

Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of
type (aham IR 7axn)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

2020: All 18 trivariate rational cases
@ Shaoshi Chen, Lixin Du, Ronghua Wang and Chaochao Zhu. On the

existence of telescopers for rational functions in three variables.
Journal of Symbolic Computation, 104: 494-522, 2021.
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Existence problem of telescopers

Problem. Decide whether f(z,x1,...,x,) € § has a telescoper of
type (aham IR 7ax,l)?

1990 1992 2002 2003 2005 2012 2015 2016 2019 2020

2020: All 18 trivariate rational cases

@ Shaoshi Chen, Lixin Du, Ronghua Wang and Chaochao Zhu. On the
existence of telescopers for rational functions in three variables.
Journal of Symbolic Computation, 104: 494-522, 2021.

Only one case is not solved!

L(t,D;)(f) = Ac(g) +Dy(h) = SP on algebraic functions
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Existence problem: bivariate rational case

Problem. Given f € F(z,x), decide whether 3 L € F(¢)(S;) \ {0} s.t.

L(1,5))(f) = Dx(g)  for g € F(z,x).

1 By the Ostrogradsky—Hermite reduction,

a
f:Dx(h)+Ea

where h € F(t,x) and a,b € F(7)[x] with deg,(a) < deg,(b),
gcd(a,b) =1, and b squarefree in x.

2 Theorem (ChenSinger2012).
f has a telescoper of type (S,,Dy) < a/bis S;i-separable.
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Existence problem: bivariate rational case

Problem. Given f € F(z,x), decide whether 3 L € F(¢)(D;) \ {0} s.t.

L(2,D;)(f) = Ac(g)  for g € F(z,x).

1 By Abramov'’s reduction,

a
f:AX(h)—{_E,

where h € F(t,x) and a,b € F(7)[x] with deg,(a) < deg,(b),
gcd(a,b) =1, and b shift-free in x.

2 Theorem (ChenSinger2012).
f has a telescoper of type (D;,A,) & a/bis D,-separable.
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Separability problem: bivariate rational case

Definition. f(t,x) is split if f = a(7) - b(x).

Theorem. Let f = P/Q with P,Q € Flt,x] and gcd(P,Q) = 1. Then
f is d;-separable

)
Q is split

;

f=> ailt)-bix), a;€F(r) and b; € F(x).
i=1
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Separability problem: hypergeometric case

Definition. A term H(n,k) is hypergeometric over F(n, k) if

Sa(H)  Si(H)
H' ' H

cF(n,k).
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Separability problem: hypergeometric case

Definition. A term H(n,k) is hypergeometric over F(n, k) if

Sa(H)  Si(H)
H' ' H

e F(nk).

Theorem (LeLi2004). Let H be hypergeom. over F(n,k). Then

H is S,-separable

)
Snl(_IH) _ Sn;P) r, P€ F(k)[n] and r € F(”)
)

n
H= Za,-(n) -bi(k),  a;, b; hypergeom. resp..
i=1
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Separability problem: hyperexponential case

Definition. H(t,x) is hyperexponential over F(z,x) if

Di(H)  Di(H)

F .
L S €F(LY)
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Separability problem: hyperexponential case

Definition. H(t,x) is hyperexponential over F(z,x) if

Dy(H)  Di(H)

F .
L S €F(LY)

Theorem (LeLi2004). Let H be hyperexp. over F(#,x). Then

H is D;-separable

T
DII({H) :D,;P)H, PeF(x)lf and r € F(1).
T

n
H= Zal-(t) -bi(x),  aj,b; hyperexp. resp..
i=1
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Existence problem: trivariate rational case

Problem. Given f € F(z,x,y), decide whether 3 L € F(¢)(D,) \ {0}
s.t.
L(1,D,)(f) = Ac(g) + Dy(h),  for g,h € F(t,x,y).

1 Additive decomposition:

a.
l (X[,BiEF(t,x)-

f=Ac(u)+Dy(v) + ;
y i_Zly_Bi
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Existence problem: trivariate rational case

Problem. Given f € F(z,x,y), decide whether 3 L € F(¢)(D,) \ {0}
s.t.
L(#,D,)(f) = A:(g) +Dy(h), for g,h € F(1,x,y).

1 Additive decomposition:

a.
l (X,’,BiEF([,X)-

f=Ac(u)+Dy(v) + ;
y i_Zly_Bi

2 Theorem (ChenDuZhu2019).

f has a telescoper of type (D;, A, Dy)

T

either o; € F(¢,x) is D;-separable
or B € F(t) and oy has a telescoper of type (Dy,A,).
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Separability problem: bivariate algebraic case

Problem. Given f € F(z,x), decide whether 3 L € F(¢)(D,) \{0} s.t.

L(1.D)(f) =0.

Lemma. If f,g € F(z,x) are conjugate, then

f is Di-separable & g is D;-separable.

Definition. The discriminant of {By,...,B,} of a finite separable
extension E/F is

disc({B1, ..., Ba}) :==det((Trg/r(Bi- Bi))1<i<j<n),

where Trg/p: E — F is the trace map.
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Separability criteria

Theorem. Let f € F(z,x) with the minimal polynomial
d
P(t,x,Y) =) AY €FItxY].
i=0
Then f is D,-separable iff

» Ag=p(x)-q(t) with p € Flx] and ¢ € F[1];
» JaecF(x), BeF(1)st. Fr,x, o, f) =F(t,x,ct, ) and
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» Ag=p(x)-q(t) with p € Flx] and ¢ € F[1];
» JaecF(x), BeF(1)st. Fr,x, o, f) =F(t,x,ct, ) and

1 /-1 .
f:q(t)l)(t)gai.ﬁ’

where q; € F(x,a)[r] and D =disc({1,B,...,87"}) e F(1).
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Separability criteria

Theorem. Let f € F(z,x) with the minimal polynomial
d
P(t,x,Y) =) AY €FItxY].
i=0
Then f is D,-separable iff

» Ag=p(x)-q(t) with p € Flx] and ¢ € F[1];
» JaecF(x), BeF(1)st. Fr,x, o, f) =F(t,x,ct, ) and

f= Za, Bi( where a; € F(x) and B; € F(1).

12/16



Finding (x) and B(¢)

Let f € F(z,x) with the minimal polynomial
d .
P(t,x,Y) =) AY €Flt,x,Y].
i=0
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Finding a(x) and B(1)

Let f € F(z,x) with the minimal polynomial
d
P(t,x,Y) =) AY €Flt,x,Y].
i=0
Finding a(x): Choose (a,a) € F x F(x) be s.t.
JdP

Ad(d,X) #Oa P(Cl,x,a) :O*, (a X, (X) 7&0

oY

13/16



Finding (x) and B(¢)
Let f € F(z,x) with the minimal polynomial
d
P(t,x,Y) =) AY €Flt,x,Y].
i=0
Finding a(x): Choose (a,a) € F x F(x) be s.t.
JdP

Ad(d,X) #Oa P(Cl,x./a) :07 ﬁ(avxaa) 750

Finding B(z): Let Q := minpoly(a) € F(x)[Y] and K =F(x, o).
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Finding B(z): Let Q := minpoly(a) € F(x)[Y] and K =F(x, o).

» Compute irr. P€ K[t,Y] s.t. P|P and P(a,x, o) = 0;
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Finding (x) and B(¢)

Let f € F(z,x) with the minimal polynomial
d
P(t,x,Y) =) AY €Flt,x,Y].
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Finding a(x): Choose (a,a) € F x F(x) be s.t.
JdP

Ad(d,X) #Oa P(Cl,x./a) :07 ﬁ(avxva) 750

Finding B(z): Let Q := minpoly(a) € F(x)[Y] and K =F(x, o).

» Compute irr. P€ K[t,Y] s.t. P|P and P(a,x, o) = 0;
» Choose (¢,b) € F? s.t. Q(c,b) =0, D(z,¢)-Ic(P)(c) #0, where
D(t,x) = disc({af’ | 0 < i < degy(Q),0 < < degy(P)});

» Compute a zero B(¢) of P(t,c,Y) € F[t,Y].
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Verifying the separability criterion
Assume F(t,x,o,f) =F(t,x, 0, B) and

1 l—1 i
I = G bw 2P

Let Y=(1,f,....f% ") and Z=(1,B,...,B5"). Then

D,(Y)=A-Y and D,Z)=B-Z with A€eF(x,a)(t)", BeF()"™".
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Verifying the separability criterion

Assume F(t,x,o,f) =F(t,x, 0, B) and

1 l—1 i
I = G bw 2P

Let Y=(1,f,....f% ") and Z=(1,B,...,B5"). Then

D,(Y)=A-Y and D,Z)=B-Z with A€eF(x,a)(t)", BeF()"™".

Theorem. f is D,-separable < 3 invertible G € F(x, o) [1]*¢ s.t.
Di(G)—A-G=G-H,

where H = D’;fi:ll)D) I;—BeTF ().
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Example

Let f € C(t,x) be a zero of the polynomial
P(t,x,Y):=Y>—2(xt+1)Y + (xt+1)>—1.
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Example
Let f € C(t,x) be a zero of the polynomial

P(t,x,Y):=Y>—2(xt+ )Y+ (xt+1)>—

» Finding a € F(x) and B € C(r)

» Choose (a,a) = (1,x) with

P(l,x,x)=0 and %(l,x,x} =-2+#0.

Set K =C(x,a) =C(x).
» Since P is irreducible over K, take P = P;

» Set D(t,x):=disc({1,f}) =4, B=1, and Q:=Y —x. Then
(0,0) satisfies D(1,0)B»(0) # 0 and Q(0,0) =0.

» Set B =+/1+1, azeroof P(t,0,Y)=Y>—2Y+1—1.
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Example

Let f € C(t,x) be a zero of the polynomial
P(t,x,Y):=Y>—2(xt+1)Y + (xt+1)>—1.

» Finding G € C(x)[r)>*%:
» Set D(¢) :=disc({1,B}) =4¢ and

A—(xol ?) and B—(Ol ?)

27 T X

» Set Z=(z;) € C(x) [12*? and the system
D/(Z2)=AZ—Z(B—1/t-1,)

has a solution basis

o )0 (5 )

» Since det(c; Q1 +c20>) =cicat®> #0, y is D,-separable.
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Summary

Separability Problem. Decide whether f(7,xy,...,x,) satisfies
L(7,0,)(f) =0, where L € F(r)(d;) \{0}.

This talk.
b Rational, hypergeometric, and hyperexponential cases;

b Algebraic case
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Summary

Separability Problem. Decide whether f(7,xy,...,x,) satisfies
L(7,0,)(f) =0, where L € F(r)(d;) \{0}.

This talk.
b Rational, hypergeometric, and hyperexponential cases;

» Algebraic case = Existence problem of type (D;,A,,D,).

Ongoing work.
» Algorithms and implementations;

» D-finite (arXiv:2101.06576) and P-recursive cases.

Thank youl
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