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1. Let R be a ring without identity and set S = Z x R. We define the addition and

multiplication in S as follows
(m,a) + (n,b) = (m+mn,a+b) and (m,a)-(n,b) = (mn,mb+ na+ ab)

for all m,n € Z and a,b € R. Show that

(1) (S,+, ) forms a ring with identity (1, 0);

(2) The map ¢ : R — S defined by ¢(r) = (0,r) for r € R is a injective homomorphism
(R AIE);

(3) Let R be a ring with identity € and  : R — R be a ring homomorphism. Then
7 : S — R defined by 7((m, a)) = mé + n(a) is also a ring homomorphism.

2. Let M be an R-module and let Hompg(R, M) be the abelian group of all R-module
homomorphisms from R to M. Define the action of R on Homg(R, M) by

(a- f)(r) = f(ra) for f € Homg(R, M) and a,r € R.

Define the map n : Homg(R, M) — M by n(f) = f(1) for f € Homg(R, M). Show that
Hompg(R, M) is an R-module and 7 is an R-module isomorphism (R-f[F]#4).

3. Let V be the linear space of all smooth functions (Y&I# %L, B JC 5 IR AT TR %) over
(0,400) and D : V — V be the derivation (‘£4{) on V. Then V is a R[z]-module via the
action p(z) - f(z) = p(D)(f(x)) for p € R[z] and f(z) € V.

(1) Describe the submodule generated by sin(x) and the annihilator of sin(z);

(2) Describe the submodule generated by 1/ and show that the annihilator of 1/ is (0).

4. Let M and M’ be two Z-modules. Show that M and M’ are isomorphic ([F]#4) as

Z-modules if they are isomorphic as abelian groups.

5. Let M be a finite abelian group and M # 0. Can M be a left -module ?



