Introduction

What is differential algebra? Roughly speaking, it is the subject studying algebraic differential
equations from the algebraic standpoint.

Examples of algebraic differential equations:

(1) 42— Ly

(x) = 0 (linear ordinary differential equation).

(2) ( %)2 — 4y = 0 (nonlinear ordinary differential equation).

(3) Heat Equation: % = ’y(% + giyg + %) (linear partial differential equation).

(4) KDV Equation: % - % - 6u% = 0 (nonlinear partial differential equation).

In differential algebra, we are not interested in “solving”. In fact, it is very hard to solve differential
equations in closed form solutions and in general impossible. Our perspective is rather to study the
solutions and their properties from an abstract, purely algebraic point of view. This subject enjoys
many analogies with commutative algebra and algebraic geometry. Since polynomial equations are
algebraic differential equations of order 0, differential algebra could be regarded as a generalization
of classical algebraic geometry.

The main focus of this course is to study the set of solutions of a general system of differential
polynomials in finitely many differential variables over a differential field. These solution sets are
called differential varieties.

We address questions like:

(1) Can we replace an infinite system of algebraic differential equations by a finite system without
changing the solutions? (Ritt-Raudenbush basis theorem)

(2) Give a criterion to test whether a system of differential equations have a solution or not?
( Differential Hilbert’s Nullstellensatz)

(3) Develop constructive methods in the elimination theory of algebraic differential equations;
Decompose a system of algebraic differential equations into finitely many “irreducible” system.
(Wu-Ritt characteristic set methods)

(4) Provide coherence conditions or integrability conditions for algebraic partial differential equa-
tions. (Rosenfeld Lemma)

References:
(1) An Introduction to Differential Algebra by I. Kaplansky, 1957.
(2) Differential Algebra by J. F. Ritt, 1950.
(3) Differential Algebra and Algebraic Groups by E. R. Kolchin, 1973.

Lecture notes will be uploaded to the website of the course every Tuesday after class:
http://mmrc.iss.ac.cn/"weili/DA2022.html
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Chapter 1

Basic Notions of Differential Algebra

In this chapter, we introduce the very basic definitions and constructions of differential algebra and
establish some first theorems concerning differential ideals.

1.1 Differential rings

All rings in this course are assumed to be commutative rings with unity 1.
Definition 1.1.1. A derivation on a ring R is a map 6 : R — R s.t. forVa,b € R,
1) 6(a+b) =d(a)+0(b);
2) (Leibniz rule) 6(ab) = 6(a)b + ad(b).

Example 1. Let R =7Z. What are the possible derivations on R?
Note that (1) 6(0) = (04 0) = 26(0) = 6(0) = 0;
(2) 8(1) = 6(12) = 25(1) = 6(1) =0 = Vn € Z,5(n) = 0;
(3)0(0) =01+ (—-1))=0(1)+(—1) = 0(—1) =0=Vn € Z<y,0(—n) = nd(—1) = 0.
Thus, the only possible derivation on Z is the zero derivation (i.e., Vn € Z,d(n) = 0.)

Example 2. Let R = Q. What are the possible derivations on R?

vb e Z\{0}, 6(1) = 6(b- 1) = bo(L) + Lo(b) =0 = §(1) = -2 =

For each ¢ € Q, 6(%) = d(a- %) =0, i.e., the only possible derivation on Q is the zero derivation.

More generally, we have the following result:

Lemma 1.1.2. Let R be an integral domain and 6 a derivation on R. Then § has a unique extension
to the quotient field Frac(R).

Proof. To show Existence. Define for each § € Frac(R), §(3) = W and show ¢ : Frac(R) —
Frac(R) is (D) well-defined and (2) it is a derivation.

(D Suppose § = § = ad = bc and 6(a)d+ad(d) = §(b)c+bd(c). Show §(§) = M =6(5) =

d(c)d—cé(d)
d? ’
2 Show 0(%+ <) =0(%)+6(5) and 6(¢ - 5) =d(9)S + ¢6(5)
Uniqueness. V¢ € Frac(R),d(a) = 6(¢ -b) = d(§)b+ $6(b) = (%) = bé(a)b}a‘;(b)
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Suppose 9 is a derivation on R. For a € R, the element d(a) is called the derivative of a, and we
denote §(a),d2(a),...,8"(a) for the successive derivatives.

Exercse 1. By induction on n, we can prove the following:

1) Forall a € R and n > 1, §(a™) = na"'6(a).

2) Forall a,b € Rand n > 1, 6"(ab) = > (})6"*(a)d" (b).
i=0
Definition 1.1.3. A differential ring is a commutative ring R with unity 1 together with a finite
set A ={01,...,0m} of mutually commuting derivation operators(i.e.,Ya € R,5;(0;(a)) = 6;(6;(a))),
denoted by (R, A).

o [f card(A) = 1(i.e., A = {6}), (R,0) is called an ordinary differential ring.
o [f card(A) > 1, (R,A) is called a partial differential ring.

If R is also a field, (R, A) is called a differential field.

Example 3.

1) Let R be a commutative ring with unity. Define § : R — R by d(a) = 0 for Va € R. Then
(R,9) is a differential ring. The rings Z, Q, Z,, have no other derivation operators than the
zero derivation.

2) Let R = Q[z],d(xz) = 1. For any ag, a1,...,a, € Q, §(ap+a1z+---+anx™) = 6(ap) +0(a1z) +
oo+ 6(ana™) = a1 + 2a9x + - - + na,z" L. (R,0) is a differential ring.

3) Let F be a field of meromorphic functions of n complex variables x1, ..., z, in a region of C".
Then (F, {8%1, ceey % ) is a differential field.

4) If (S,0) is an ordinary differential ring and R = S[z] ,then for any arbitrary f € R, 6(z) = f
turns R into a differential ring.
But this notion of arbitrarily defining derivation doesn’t work for the partial case.
Non-Exampe: R = Q[z]|. Let 01(x) = 1,02(z) = z. Since 61(d2(x)) = 1 # J2(d1(x)) = 0,
(R,{01,02}) is not a differential ring.

For A = {31,...,0m}, we denote © = {61 ---§im|i; € N}.

Definition 1.1.4. Let (R, A) be a differential ring and Ry C R be a subring of R. If 6;(Ro) C Ry
for each 6; € A, then (Ro, A|r,) is a differential ring. In this case, we say Ry a differential subring
of R and say R a differential overring of Ry.

If S C R, there exists a smallest differential subring of R containing all the elements of Ry and
S, denoted by Ro{S}, and S is said to be a set of generators of the differential ring Ro{S} over Ry.
Ro{S} coincides, as a ring, with the ring Ro[(0(s))ses,ocol. A differential overring of a differential
ring Rg is said to be finitely generated over Ry if it has a finite set of generators over Ry.

If both Ry and R are differential fields, Ry is said to be a differential subfield of R and R is said
to be a differential field extension of Ry.

Let L be a differential field extension of K and S C L. Denote by K[S], K{S}, K(S) and
K (S) the smallest ring, the smallest differential ring, the smallest field, the smallest differential field
containing K and S. Let ©(S) ={6(s)|s € S, 0 € ©}. Then K{S} = K[0(5)], K(S) = K(0(S)).
L is said to be finitely generated if 3 a finite subset {ai,...,an} C L s.t. L=K{ay,...,ay).
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1.2 Differential ideals

Definition 1.2.1. Let (R, A(= {01,...,0m})) be a differential ring. An ideal I QR is a differential
ideal if §;(1) C I holds for each i.

Example: Both I = (0) and I = R are differential ideals of R.

Proposition 1.2.2. Let I = (f1,...,fs) € (R,A) be the ideal in (R,A) generated by f1,..., fs.
Then I is a differential ideal <= Vi =1,...,m,j=1,...,s, §;(f;) € I.

Proof. “=" Trivial by definition.

“<” For each f € I, 3¢g1,...,9s € Rst. f=ag1fi+ -+ gsfs. So 6;(f) = Z;ths(gj)fj +
ijl §(fj)g; € I, for 6(f;) € I by hypothesis. Thus, d;(1) C I for each i. O

Notation: Let S C (R,A). We use [S] to denote the smallest differential ideal of R generated by
S. Clearly, [S] = (0(S)) = (0(s) : s € S,0 € O).

Example: Consider (Q[z],d) with §(x) = 1. Then [0] and Q[z] are the only differential ideals in
Q[z]. (Indeed, let [0] # I < Q[z] be a differential ideal. Then 30 # f € Q[z] s.t. I = (f). Since I is
a differential ideal, () = 2L € (f). If f ¢ Q, f 1 % So, f € Q\{0} and I = Q[z] follows.)

An ideal I < (R, A) is called a radical (resp. prime) differential ideal if
1) 6;(1) C I for each §; € A, and

2) I is a radical ideal (resp. prime ideal).

Notation: Given I <A R, let VI ={f € R|3n € Nst. f* €I}
Given S C (R, A), let {S}! be the smallest radical differential ideal containing S, and say {S}
is a radical differential ideal generated by S.

Now we turn to the construction of radical differnetial ideals. Normally, one may intuitively start
with S, consider [S] and then take its radical /[S]. However, this might not be sufficient.

Example: Let (R,d) with R = Zs[x,y],5(z) = y and 6(y) = 0. Consider I = [2?]. Since §(z?) =
0,1 = (z%). So VI = (z). But VT is not a differential ideal for 6(x) =y ¢ VI. So {x%} # \/[2?].

Exercise: Construct an example of an ideal I C (R,6) s.t. [V/I] is not radical.
(Let R = Clz,y], 6(z) =y and d(y) = 0. Let I = (zy). VI = (ay), [VI] = [zy] = (wy.y*). J = [V]]
is not radical for y> € J but y ¢ J.)

Example: A maximal differential ideal (i.e., a maximal element in the set of all proper differential
ideals) is not necessarily prime. For example, let R = Zs[x] with 6(z) = 1. Let J = [2?] = (2?).
Clearly, J is not prime but J is a maximal differential ideal. Indeed, if 37 < (R, d) with J ; 1 CR,
then 3x+bel. Butd(x+b)=1€1l,s0l=R.

However, if the ring R contains the rational field QQ, then the radical of a differential ideal is a radical
differential ideal (i.e., {S} = /[9])-

Theorem 1.2.3. Let (R,6) be a differential ring, Q C R and let I C (R, ) be a differential ideal.
Then, V1 is a radical differential ideal.

The proof will be given next class (March 8).

Tt will be clear in which context {-} denotes a radical differential ideal or a set.



