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What is differential algebra It isthesubjectstudying algebraic differential
equations fromthealgebraic standpoint
Examplesof algebraicdfrdidglions.tl感嗤 5 linearordinarydifferentialequation
2 4㤈 nonlinear ordinary differential thin
3 Heat Eaton毙⼆二⽔水器器⼗十器器 器器 linearpahddfqah.in
4 KDVEquation 㼦⼀一器器 6㗎 0 Cnonlinwpatoddoffgh.int

In differential algebra we are not interested in solving In fad it is
veryhard tosolvedifferentialequations in

closedformsolutionsandingeneral
impossible Our perspective is rather to studythesolutionsandtheirproperties
from an abstract purely algebraic pointofview Thissubjectenjoysmany
analogieswith commutative algebraandalgebraicgeometry since polynomial
equations are algebraicdifferential goonsoforder differential algebra

couldbe regarded as a generalizationof classical algebraicgeometry

The main focusofthis course is tostudythesetofsolutionsof a
generalsystemof differential polynomials infinitelymanydifferential variables
over a differentialfed These solutionsets arecalled differential varieties
We address questions like
D Can we replace an infinitesystemofalgebraicdeferentialequationsby a fit
systemwithout changing thesolutions CRitRaudenbudb.is then

2 Decompose a systemofalgebraicdeferentialglans intofinitelymany㳹鬰可 Give a criterion to testwhether a systemofdifferential equation
have a solution ornot Differential Hilbert'sNudstden.dz
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chapter Basic notions of differential algebra
In this chapter we introducethevery basicdefineandconstituteof

differential algebra and establish some fist theoremsoneeiwngffenhdideds.liDifferential rings
Allrigs in this course are assumed to be commutativeringswithunity1
Def1.1 A derivation on a ringR is a map 8 R Rst.fr tabER

D flatb 8 at Scb

4 Leibnizde 8𠴕 hot ash
In thiscase theelement gal is called the hide of a Denote抝 8刻
Pal forthe suave derivatives by induction on n we obtain

thiamine Sidi 歌叫siaificbideatyivae R.cn nang
2 8Ofhot 2810 1 86 0

811 812 2811 811 0 V ncz.hn 0

引 If GER 8 1 8 aákfaiátaaáko 8lay i
Lemma1.2 Let R be an integral domain and 8 a derivation on R
Then 8 has a unique extension to thequotientfield Fran

Proof To showExists Define foreach告EFradN.gg⼆二 sit and show 8 Fran Field is
welldefined and 20 it is a derivation

Suppose告注⼆二 adisc said taltsnctbs.cc
Show 8𠇁 8岎𠱃⾮非8我 不不

皉然

show 皓 秋 皓 18我 8倍钋 8䧻 ⼗十台𠵯
Uni_ USEFraud 8⺮皓以 81㣍𡌃妙于𠵯 i 图
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Def B A differential ring is a commutativering R withunity1together
with a finiteset ⼼心乐 品了了of mutuallycommutingderivationoperators
lie VaER 8iS kSjlSiaD.denoled by R

If cardoH lie ⼼心纼 128 isadd an ordinarydifferentialring
If Cardo 1 12 isadd a partialdifferential ring
If R is also a fdd.IR⼼心 is called a diffntod field

EXPLet R be a commutativeringwithunityDefine 8 R R.by8作0forUaa
Then R 8 is a differential ring
Therings Z.ca 不不 have no otherderivationoperators than that denim

2 Let RiQIN 8㖄 For any ao a anEQ

flat axt tax 8Golf Slant ⼗十Scan划

atzaxt tnax.IR 8 is a deferentialring
3 Let Fbe a fieldofmeromorphic functionsof n complex variables x Xn
in a regionof a Then 下 绿 录了了 is a differential field
升 If 8 is anordinarydifferential ringand Rs的 thenforan arbitrary
ftp Sif turns R into a differential ring
But thisnotionofarbitrarilydefiningderivationdoesn'tworkforthepartialcase
NonExample 12岖了了 let 8悱1 Six Sine 8仙⼆二件的咋0 你们

is not a differentialring

In this course we focuson theordinarydifferentialcaseand forsimplicity we
sometimes use 5 instead of differential Denote 8仳们
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Definition 1.4 letCR81be a differential ringand RoERbe a subgofR
If 8RokRo then Ro Sk is a deferentialring In thiscase wesayRo a
deferentialshingofRand sayRadofidid overringofRo
If SER thereexists a smallest differentialdoingof R containing all
the dts of Roads denoted by RM and s issadtobe aset
of generatorsofthedifferential ringRid over R Rid coincides as a

rig withthering Rousisks.nl A differentialwiringof adeferential
ringRo is said tobe finitely gendedoverRo if ithas a finiteSetof
generators over Ro If both RoandRare differential fields Roissad
to be a differential shieldofRand R is saidtobe a differentialfed
edenton ofRo
Let L be a differentialfieldextensionofK and SEL Denoteby
KID KIS KID and KL thesmallestring thsmallest
differential ring thesmallestfield thesmallestdfienhdfoddohomngKandsLdGf8cDliEN.sESI.den 幽冰匠们 kGKN.Lissaid to befinitdygenhdifzafnitesubsetlaiianlELst.liKaia in

时15 Let R 81 be a differentialring And CER issadto be a
cong if Sio Thesetofall constantsofR is a differentialsubring
ofR called the ringofuk denotedby G If Rosa
differential field G is a field calledthefieldofconstantsofR
Examples D 作呕了了 SHHGEQ.DK不不妙 8昨1 Then GER
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Lemma 1.6 Let G 81be a differential fieldofduo and GET
Let LIF be a dòhhd field extensionand L bealgebraicoverF
Then Cc L
proof Let a EL Suppose pcxtanxtn taxtaoc.FI istheminimalpoly

of a Then 8侧 姿似Salt Ěgà ⼆二 蕊1 sako
fine dad作 贺⼭山北北 The flak 因

Remark Let LIF and aEL If a is algebraic overG thenSlain
Ze

l 2 Differential ideals

Def1.7 let CR 81 be a differentialring An ideal⼯工业 is a differential
ideal if 8红了了 EI
Example Both ⼆二⼼心 and ER are

dhhididsofR.piopl.siLet I cfiifHR.SI betheideal in R geneidedbyfi.fi
Then I is a differentialideal Vi 8fi EI
晽总 Trivial bydefinition

ForeadfEI g.i.gs ERst.fg.fttgsf.sofcfkflgilftflfilgiEI.fraftEI byhypothesis Thus 8四红 图

Notation Lets ECR⼼心 Weuse S todenotethesmallestdifferentialdeal

of R generatedby S Clearly Is ⾮非isisED.ExanpleiGdrinDwith8lxH.Then 的 and Q的 are theonly
differential ideals in 岖了了 Indeed Let it a岖了了beadfdid ideal
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Then⺕彐0tfEQS.li Elf Sire I is a deferentialdeal 8肧装Elf
If fcfQ.fi是 So fEdd and I 的follows

An ideal Ia R81 is called a radicalcreep prime 雌didideal

if 1 班1红 and
2 I is a radicalodd creep prime ideal

Notation Given Ia R 在⼆二 lfERIInENst.PEII
Given SEND Let M bethesmallest radialdifferentialideal

containing S andsay Hisardodbffidididgenerdedbys.ltwillbeclearindudcontext H denotes a idddofididideal wad

Now we turntothe constructionofradialdifferentialideals Normally onemay
intuitivelystartwiths consider Is andthentake itsradical厕 However

this mightnotbe sufficient
Example Let CR.SIwith12项区⻔门 我Hand go Consider⼆二 的

Sine 8们⼆二0 ⼆二化2 So左⼆二化 But E isnota differential idealfor
sixty 在 So 例例⼗十厢

Exercise construct an exampleof an ideal IELR.SI st 红了了isnotradical
Idk 妪⻔门 8州and go Let Ecxy 在⼆二例例 任上区⻔门州 炒

正红了了 is not radical for TEJbut yEID
Example Amaximal differentialideal lie a maximal at in thesetofall
properdifferentialideals is notnecessarily prime Forexample let
12区的 withSHH Let 正的⼆二 们 dearly J is notprime but
J is a maximal differential ideal Indeed if⺕彐 I 4RD with丁红ER
then⺕彐 xtbEI.BA SatbHEI so I 12
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However if the ring R contains therationalfedQ thenthe dod of
a differential ideal is a radicaldifferential ideallie 作品
Thing Let CRS be a differential ring QERadletICR.SIbe a
differential ideal Then 在 is a radicaldifferedideal
proof It suffices to show E is a differential ideal For thispurpose

fatalists aEN.GE

Ito_fow8laEE.daimFwedk4En.aiksn2k'EI点
做 婲 4inbyinhinak.TT EE willfollowbyallowing

bing T红⼆二 sil
If ki 8 knci8GEI.Sine QER.ci SGEI
Suppose ǎkg EI forsomeHen Then

flank 州 nklcigphtakczhngkj.GEI
Multiply theabove by Sal weget at HnEI.andwearedone图
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