
12型 Let 以81be a differentialfieldofhero
RiltscomponentlyletAEKH.iithkbeirredueible.hn
⺕ 13 BetEKH.ii.lk w fredi ordBiKordAland A involve
a properderivativeof theleaderof Bi underanyranking and that

1胙 sdtAlnsatcB.in ASalt则
is the minimal prime decompositionof M

ExteneionsofdffienlteletkEl.be fieldsof duo Thenany
derivation

on k couldbe extended to a derivation on Ln This extra
unique if L is algebraic overK.deproof shows呲 if AL is algebraic over KS then SHE KA
Read 的1 飇然 if 陫戴必 is the minimal polyof twerk

婴仔
And if ⼦ is dg over the constant field of KD then 8⽇1

吐 Let LKSIECL.SI andrEL.tisdddofdgebaicouerkifotpMEKMst.PHFO Otherwise ⼦is said to be
differentially transcendental oven

lem letkELbehghdfddeofdaromdrd.tnrisdfdgebiuiowkttidegkskc.co
Remark D If risdfdgwerkandfcyitoisadofp.ly ofminimal
orderwhichvanishes at then tr.bg1 ⼦⽔adf.lianple k lRM 到 likes 𡶐 卦

华鑫笓蕊nl遗⼏亿讻 sink exand sincxlarefdgwerktndegka.in炏 1
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21Theresult is false in the patiddofrdidcaelk.si 的
where tidegknkmightbe infinitybutthedifferentialtype fk is Emi
differentialtype is the degreeofdifferential dimension polyof珀

We say LIK is diffalgebraic or K if each dad is

diffalgebraic over K Notethat everydoffedextensionwithfinite
transcendence degree is diff algebraicoverK Buttheconversedoesn'thold

lemma45 Let lik be a difffieldextension and a bEL whodare
doffalgebraic over K Then atb.ch 和 and in we 8 algebraic
over K In particular a fieldextensiongeneratedby falgebraic elements
is 8algebraic over Kandthe setofall elements in L whodare
SdgehraocowkisasdgebaicSfddextena.in of K
proof sineetr.degkakaoadtr.bgKb⽔⼼ we have

tr.dgka.bz k tidegkaskttr.dgKaKbYKa 图

Lemma46 let KE L EM be 8fields Then M is 8algebraicover
K Miss algebraic owl and Lis 8algebraicwerk

proof Valid by definition
Forany aEM.aiss dghi.ae L so IT ELM

st pcako Denote the coefficientsetofPMtobefbii.btKL.hntr.bg Khiibt a从⼆ tr.degkhiih.ieKttidgKdiibtKakhibtas
co for a 8

dglkhibt7Thus.tidegkc.azKcoadaisfdgehraocoverK 国
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4.1 Differential prime hem
It is a wellknown theoremof ia that a finite algebraic extension
of a fieldKofdendritic o has a primitive element w

Kla ⼀ an K 4
In thissedan we treat analogous problem forordinary
dfadidfddofdadeistico.Notethtan.es

is a finitely god differentialextensionfield

of Q 81班8leko clearly Q㐳 e 丰⼼⼼ forany cocaine
So to derive an analogofprimitive element theorem in deferential algebra
we needsome restrictions Forthe ordinary dfdidfodds.tkmild
condition is that KS contains a nonconstant element ie 王gtkst悧

We need two lemmas for preparation tostatethemain theorem
Throughoutthis sdiu.lk 81 is a fixedShieldofherocontaining a noncontact
A setof elements gigs of K is called linearlydependent
if there exists a relation

Ggt ⼗Csy⼆ 0
where the cis are constant elements in K not all zero
The wronghim determinant of gigs is defined as

wnniil.i.ithi ni
lemma411 Let g ⼀ ys be elements in k.hn
y.i.gs we linearly dependent wrgi F0 ie

piiii jgf0 at
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proof Spy are linearly dependent Then 㺨 s
constantsof K not all zero st.cgt tsy.no
Differentiate the relations1 times we get a systemoflinearequations

tifiiii has a nonzero solution

ciilt tc.si 0

So holds
这 Suppose we have H wenowshow gigs are lonely dependent
by induction on s

If s 1 ⽇⼆0 ⽇ is lonely dependent
Suppose it is valid forthe case Est and we treatforthe cases
By ⼥ 王 a CmE K not all zero st

ajit ⼗ Csyi o 1 fjoi.is 1
If wrcnihkpiifjfo.by the induction hypothesisgipii.in
g 则 are linearly dependent so hi I are lonelydependenttoo

So it suffices to consider the case wrg.in则 to
Then in thiscase sto By dividing son bothsideswhen necessary
we can take cil.Forj oi.si differentiate 唎 and thensubtract
thegalion 1 corresponding to it then we have

cii tc.si㤕 0 f Fo 52

Sine wig 则 to we have ciofnili.si They
are linearly dependent 图
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Lemma41.2 If G is a nonzero differential polynomial in KH.inn3
there exist elements g.in in K suh that Gg 则⽆
proof It suffices to treat a differential polynomial in a singleindeterminatey
the case ni Take a nonconstant EEK Fixany VEIN
flame If GEKM is a nonzerodiffpolyof order Er there exists

y C tc.lt t GC
where all the cis are constants in K satisfying GgHo

Suppose the claim is falseand let itto be a nonzerodiffpolyof lowest
Yank which vanishes forevery dtcotcittGICCiweconstantsfmkletwdcH.yks.tnuser Introducealgebraicindeterminate air
with Zi 0 Then FHIZotz.lt ⼗百到EKE 到 is thezero
polynomial Take the partial derivativeof Tw.it Eois then

葬
歌 芈纤 ⼗ 𥻘Ǘ 磊 蕊区 㖄
芈红 歌幽 tl 诞

O 0

501点 听獻 爨㸉慨
螆

幽 巡
Thus
㑎巒惢 fwci.si 紃 0

a__

巡回以 逖
So ⺕ Gin Cs constantsof K not all zero st.ci an4 tcsko.ThenC什么纤 ⼀⼗Gsi C with Ga constant
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Thus E is algebraic over the constant fieldof K
By corollary 42 红 0 a contradiction to the hypothesis纤
So we can findsomey tcit tasiwlciconstdsst.GGto.lI.RemgDlemna4l2 is false without the restriction that KD contains

at least a nonconstant element A nonexample KQ.ci Y
2 Forthe pahiddfrenhidaeck.is 8𠮩 thecondition
that ⺕ EEkst.it should be replaced by

玹 EmEk St 㒞 蠿H
The lemma is called nonvanidongofdoffpdynowdi.siThis is the differential analogof thefollowing out in Agb
Let K be an infinitefield Then foranynonzeopdyfhi.in灯
⺕ a an EK st flan alto

Ihni4 nlDifferential primitive Element Theorem
Let lkslbeanu_ndantdofrdidfddofdaroliezbEK.ci
Assume ⼮⼦ 不7 is differential algebraic werk
Then ⼆ EE⼮⼦ ⼩7 St KA 后7 1 幻

In otherwords every finitely gended differential algebraic extension
fieldofck.SI is genhd by a single element
proof It suffices to show that if reps are differential
algebraic overK then ⺕ ⽐ Kst

keep ⼆ Keep
Introduce a new differential indeterminate t over Kdp and
consider ftp.EKtktP
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F B re
By lemma45 Http is differential algebraic over KD
considerthe prime differential ideal IG tps Kth
and supposeAMEKth is a hedonistic set of it tp
Then Alftp.kobutSAlttp o.AssmeordcAl s
Clearing denominators when necessary we can take AEKA B
and write Alt y for convenience

Now we have Act ftp.kobut.ctrttplto
Note that ⼩袋興 旨 管 forks

Take the partial derivativesof Act ftp.kow.r.tt wehav

器 it 扦制坏器ctihtpko.sinee 筘 ctnlttptobdongstokd.PHbylemna4i2IeEkst.sce.dtepto
The p 器幽

蕊 leap
E Keep

and Kk p 1 Ktep follows 图

6咝 Let Ck 81 be a nonconstant differential field Let
kg 别be a differential algebraic extension fieldof K

Then⺕ e.iienc kst.kgi iynFKeyt

tenys.fmah G.pogudnprwdthedofp.imthemforthecase侣
炎知

Theprimeelement theoremfordifferential fieldswith zero derivation
on thebasefield J Pure Appl Algebra40354041 ⽆分

64




