










12型 Differential primitive ElementThen
Theorem413 let lk.SI be a nonconstant differentialfieldofdar o
Ift Pin is differential algebraic over K then
⺕论kp.i ipnst.kp.in p 1 沙

key Lemma

Inna Wonvanishingof differential polynomials
letck.SI be a moonshotdifferentialfieldof dare If GEKH.is烑
then⺕ g 别 EKit.GG 别⽼ In particular if GEN烑
and 纵 纰 then⺕ Coin Cs GodGD constants ofkst.GCCotc.EC纤 ⼀⼗ Cs们 to

42 Digtid transcendence base
⽐ 12 be a differential ring Elements n_n in a differentialowning
Sof Rare cdddifiatidlydgebodydgde_owRifthereexis.amnzeo GERH.irn3st.GAiiitn o.Othisea 2nWedd
differentiallyalgebraic independent over R Asubsetof S is called
8 algebraically independent overR if all itssubsetsare 8dgdnog
independent over R

Def421 let KEL be an extensionof fields and AEL
An element bEL is called 8 algebraically dependent on A Coverk
if b is 8algebraic over KA A subset Bof L is called
8 algebraically dependent on A coverK if every elt f B is
8algebraically dependent on A
Note Sine K is onebasefield forsimplicity weusuallyomit ie K
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1 1 1 n 1 1
lemma422 Let KEL be an extensionof fields AELand bEL
Then b is 8algebraically dependent on A if andonly if ⼆ fkdy.i.int
and a anEAsudthdfaiian.tl oandfca ianbF0proof.Assumebis8dgdep on A Thenbydefinition b is fdg
over KM so ⺕anonwogcKA7Hst.gcbko.ltla an了EA be the subset appearingeffectively inthecoefficientsof g

Aftermultiplying gby appropriatedtfomklai.at we canassume
gtkla.inan到 Thus thisg satisfies the desired property
The course is obvious ⽬

lemma423 let KEL be an extension of fields and A
be a subset of L which is 8algebraically independent over K
let bEL If A bare8algebraicallydependent over K then
b is 8algebraic over KAT
proof sina.A.ba sdgdraidy dependent over K then

⺕ OtfEKH.iihzfst.flaiianbkofsomeai.at
Sineea an are 8dgindqzoverkflai.cn 班
Thus his Sdg.co KA 图

lemma424 Transitivityof Sdgebocdepdenedletck.DEL Dad A.B CEL If A is fdg depended

on Band B is s dgdep.onc.hn A issdgdep.me
proof Bytheassumption KB A is 8将 over KB and
KC 137 is 8 dgowKD.Bylemma4 GKC.BAisSdgooerKc7 duseah elfofA is 8dgouerkcs.la
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dg of dg 7
lemna42.5CTheexdangeprpetpn

nletaiia.hnbeds from a 8 extension fieldof K
If his 8 algebraically dependent on a anbut not onai.am
then an is 8 algebraicallydependent on a an b
proof since biss dg.dep.onaiian.by lemma422
the existsgEKH h.zsst.gl a cnn.ZHoandglaiian.hn

Regard gas a univariate 8 pdyinhwidaefiiedsfnkly.it
and let g gmEKH.i.hn到 be all thenonzero coefficient
Then⺕ igicai.am EH for otherwisegcaiiannan.ZFO.sinee b is not fdg dependent on a angicai.am吽
So gla iann.hn oadcongentGanis8dgdependent on
a i am b 图

prop426 Let KEL be an extensionof 8 fed and Hani
Bibi 的 be too subsetsof L AssumethatDA is 8algebraically
independent over K and DA is Sdg dependent on B
Then n Em

proof let HANBl If in then we are done

Now assume rn and write 13 a ar.hn ⼀ bm

sina.am is 8dg dependent on a anbn.hn butnot on
a ⼀ ar therewill be a bjlrtkkmlst.am is 8dg.dep.cn
a an hi bj but not 8 dg.dep.onaiiar.brnbji.BYthe exchange propertylemma425bjisfdgdeponanar.tnbji.am and thus 8 dgdeponBFLBH.NU lai
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Therefore B is SdgdeponB.sinee A is Sdg dependent on B
byLemma424 A iss dgdeponB.NotethdlB.fm
and IMB.FM Continuing in this way wewill eventuallyarrive
at rn i.e.AE B so n Em 图

时427 Let 1481 ECL.SI A subset A of L is called
a 8 transcendencebasis of LIK if DA is 8 algebraically indep

over Kandi L is 8 algebraic over KAT

Bythe sizeof a set we mean its cardinalityof theset is
finite and so otherwise

true Let lk.SE 481 Then every generatingsetof
Lak contains a 8 transcendence basis of UK In particular
thereexists as transcendence basisof Lk Moreover
any two 8 transcendence bases of Lk are ofthesame size
proof Let M be a Sgenerdgsetoflk.ie KKM7
lt V KEMlSisSdgindepoverkI.ThndENtol

Clearly theunionofeverychainofelements in N is again in N
So by Zorn's lemma there exists a maximal et Ain N
dg A is a 8 transcendence basisof Lk

We now he theclaim Forany aEM a A are sdgdepouk
By lemma423 a is fdg over KAY so Miss gow KA
And by Lemma45 1 1 ⼼ is 8dgebocowKA7 yhus.AE
isas tianecendeneebasisofL K
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叶 1
Now suppose A and B are both 8 transcendence basesof

Hk By symmetry it suffices toshow that the size ofA
the sizeof B If A is an infiniteset it is automaticallyvalid
So we may assure A is finite Let B.be a finitesubsetof B
fine A is a Strandene basisof LK.edu of B is
S dgowk.LA andB is8 dgdeponA.Byprop4z6lB.klAlThus 1131兰州 四

Corollary429 let Ksk L81and L 1 ⼼ If A is a
maximal s dgindepsubsdofM.hn A is a 8transcendencebasisofLk

Theorem 428 guarantees we can make th followingdefinition
Dfinihmro.lt lk.DE 481 The sizeof a Stoneandene
basis of Hk is called the 8 transcendence degreeofLk
It is denoted by s tidegy4

Ghary4z.tl Let KSHL.SI and li Kai an Then

Stunk En andtheStrandene degreeof a fomtdy
generated 8field extension is finite
proof It is clear from Gi 429

Golly4.2.12 let KHE 481 If L contains n f independent
dts then rkfti.gl HInfad
Str.deglLM suplntlNkaianEL8algebraically indepwerkl
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proof let a and be 8dgindepwerk.lk can
enlarged ah to a s generating at B of LK Then
lai an了 is contained in a maximal 8dgindepsuhsetc.rs
By corollary429 A is as transcendence basisof LIK
Thus nastrdegyklanddsosuplnhstideglLN.dewere estimate is dear for as transcendence basis is
8dg indep over K 四

Thing Let KE L EM be 8field Then
stidegdkkstidgkltstr.bg 似

Here stay
proof Let A be a 8transcendence basisof Lk and Ba
stranscendence basis of MK
Claim AUB is a Strand ene basisof Mk

First sine B is SdgindepowKA7 CL AUB is
8 algebraically indep over K
It remains to show M is 8 dgoverKA.BZsina.eduofM is 8dgoverkB7andeahd ofl.is
Sdgover KAT Miss dg over KA B
The AUB is a Struandance basisof Mk and Any
impliesthat 8 trdegdkkstr.gluNtstidegcLk 四

Adjoining the differential primitiveelementtheorem we have
prop4214 Let li Kai an andsuppose K contains a
mandated in the case dftidegllkko
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deg

Then L is 8 generatedby nets See Resolved later
proof In the case do dos is thedif primitive element
theorem Assume do Then⺕ 绗 ESaiiaist.si Ed
is as transcendence basis of Lkanddenotetheothersby纵滋
Then 红 ⼮么 红 纵 幻

⼆ ⼮⺓ 纸 anita 幻 do 姙 幻 北⻔

43 Applications to differentialvaidiektk.SIbe 8 fieldof charoandlianiwdueiblefvwidyowk.hn㳁川区81afhdfddataoningk.SI
The coordinate sing of V is KNEKH 以仙以
Here KM is asdomainand we consider the 8 quotientfed

KVFFrae.lk MI
Naturally Kan is a Hd extension of K andcalledthe
8 fundoonfddoflideaiy.li 不1 Ekri is a

generic pointof V Given anyother genericpoint canal of
V wehave KVFKF.in不7 E Ka a 川 ⽆⼀ ai

In particular stibgkai.pk Stig Kai ask
Def43，1 Let VEN be an irreducible svaidywerk.de8 dimension of V is defined as the stranded degree

ofthe S fmdimfddofvoverk.tt is
Sdimlu str.bg Kuk

For an arbitrary Vwith irreducible components n_n
S dimNkmaxifdimN.cl
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Another equivalentdefinition of diff dimension in thelanguageof
differential ideals givenby Rit
Def 432 Let PEKH.in th be a prime 8id.AfvariablesubsdUEH.inthis called a8 independentsetmoddopifpnKNElo3lt parametric setof p is a maximalindependent
moduloP The dimensionofp or up is defined to bethe
cardinalnumberof its parametricset
Ex pleaseshow differentparade setsof a prime sidedhave
the same Cardinal number Andshow时431 andDef432 are
quiet forprimesideals or irreducible 8 wide

lemma 432 let V be a 8 variety and WE V
a fabvariety Then SdimlwkfdimM.ptof First assume w and U are both irreducible WE V implies
that 玭 ⼝正⼼ Suppose s dimlwkdandly.in
d3isaparamdicsetofINIdeadyIMNY炸 103 and 4 在
is a Sindependentset modulo IN whichcould be extended
to a paramedicsetof 𤤳 Thus shutdown d
Now let U and and W be arbitrary Let W.be an iida

componentofW with Sdimcwffdimlwt.hn W is contained

in an irreducible component V of V By the above
Sdimcwkfdmcw.kfdomcv.IE 8 him以 图

Exercise Let WE V be two irreducible Svaidiewithsdimcwl
S dimM.IS WN
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