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Abstract

It has been shown that the chain of thought (CoT) can enhance the power of large
language models (LLMs) to solve certain mathematical reasoning problems. How-
ever, the capacity of CoT is still not fully explored. As an important instance, the
following basic question has not yet been answered: Does CoT expand the capa-
bility of transformers across all reasoning tasks? We demonstrate that reasoning
with transformers is essentially a memorization problem for reasoning datasets.
Thus, examining the power of CoT across all reasoning tasks amounts to analyzing
the memorization capabilities of CoT transformers. In this paper, we give a com-
plete description of the memorization capabilities of fixed-precision transformers
with or without CoT and give a negative answer to the above-mentioned question.
Precisely, we first give necessary and sufficient conditions for fixed-precision trans-
formers with and without CoT to memorize a finite reasoning dataset and show
that these two conditions do not imply each other. Then, we give lower and upper
bounds for the number of parameters needed for transformers with or without
CoT to memorize a finite reasoning dataset with IV elements, which are ©(N) in
all cases. This implies that there exist reasoning tasks for which CoT does not
enhance the reasoning power of transformers, leading to a negative answer to the
above-mentioned question. Finally, we give the first results on memorizing infinite
reasoning datasets by CoT transformers and show that some simple infinite datasets
cannot be memorized by transformers with or without CoT.

1 Introduction

Transformer-based LLMs [Vaswani et al.,|2017]] are the most powerful models in natural language
processing, and autoregressive transformer-based models [Radford et al., 2019, [Brown et al., [2020|
Rae et al.,|2021} |[Le Scao et al.| 2023} Zhang et al., [2022] are the predominantly used forms, which
can solve a huge number of tasks by turning them into a sequence generation problem.

It has been shown that CoT [Wei et al., [2022] allows LLMs to generate a step-by-step “thinking”
process, thus improving the mathematical reasoning power of LLMs. Theoretical studies reached the
same conclusion. Merrill and Sabharwal| [[2023a]] showed that log-precision transformers without CoT
can only solve problem class TC", but log-precision transformers with CoT can solve any P problem
[Merrill and Sabharwal, [2023b]]. [Feng et al.|[2023]] showed that transformers with CoT can solve
arithmetic problems and dynamic programming problems which cannot be solved for transformers
without CoT. [Li et al.|[2023]], [Feng et al.|[2024] further showed that CoT also enhances the reasoning
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power of constant precision transformers. These findings clearly illustrate the advantages of CoT in
boosting the capability of transformers to simulate some algorithms by constructing transformers
step by step according to the algorithm.

However, the capability of CoT is still not fully explored. First, many problems may not have an
explicit algorithm, such as the decision of whether an algebraic differential equation has a rational
solution [Winkler, 2019]. Even if algorithms exist, they may be too complicated for constructing a
simulating transformer, such as symbolic integration [Bronstein, 2005]]. For these types of problems,
the earlier method of incrementally building transformers following the algorithm appears ineffective.
Whether CoT enhances the capability of transformers to solve such problems is not known. Second,
experimental studies indicate that CoT has limited scalability, even worse performance compared to
direct prompting in planning problems [Stechly et al.|[2024] and pattern-based in-context learning
problems [Zheng et al} 2025]]. So we raise the following natural and basic question:

Question 1. Does CoT expand the capability of transformers across all reasoning tasks?

Since mathematical reasoning demands exact results, a key observation of this paper is that reasoning
with LLMs is essentially a memorization problem. Following previous work, we formulate a reasoning
task as a function y = R(x). For a sample set S = {(z,y):y = R(z)}zep of R over a given
domain D, the so-called memorization problem asks whether there exists a transformer J such that
y = F(x) for every (z,y) € S. In the previous work on LLMs reasoning, memorizing reasoning
datasets permits using information from the algorithm R. For example, the arithmetic problems
considered in [Feng et al.,|2023|| can be viewed as the memorization of the reasoning dataset Zy, ,.

As a capacity measure of neural networks, memorization was widely studied [Huang and Huang),
1990, [Hardt and Ma, 2016} [Nguyen and Hein| 2018} [Zhang et al., 2021} |Vardi et al.,|2021]]. Recently,
optimal memorization capacities of transformers have been established for both the general dataset
[Madden et al.||2024]] and the dataset that satisfies a separability condition [Kajitsuka and Sato|, |2025]].
However, in these works, the autoregressive transformers that can generate intermediate steps or
CoT were not considered. Furthermore, the precision of their model parameters depends on the
input and/or model parameters, and the more realistic case of fixed-precision parameters was not
considered.

In light of the above observations on the interplay between reasoning and memorization, alongside
the limitation on existing research on memorization, we can rephrase Question 1 as follows:

Question 2. Does CoT expand the memorization capability of transformers for all reasoning datasets?

In this paper, we give a complete description of the memorization capabilities of fixed-precision
transformers with or without CoT for general datasets and give a negative answer to Questions 1 and
2. Our main conclusions and contributions are as follows:

1. Necessary and sufficient conditions for fixed-precision transformers with and without CoT
to memorize a finite reasoning dataset are given. It is shown that these two conditions do not
imply each other. We further show that by using position embedding (adding more basic symbols),
transformers without CoT (with CoT) can memorize all finite datasets.

2. Lower and upper bounds for the number of parameters needed for fixed-precision trans-
formers with or without CoT to memorize a finite reasoning dataset S are given. Let S have N
elements. Then all these bounds are ©(N'), when omitting some smaller quantities. This implies that
both CoT transformer and no-CoT transformer need exactly © (V) parameters to memorize certain
reasoning datasets.

As a consequence of the above results, we know that although CoT can enhance performance on
some tasks, there exist reasoning tasks for which CoT does not enhance the reasoning power of
transformers, leading to a negative answer to Questions 1 and 2.

3. We give the first results on memorizing infinite datasets by CoT-transformers. We show
that both transformers with or without CoT cannot memorize some simple infinite datasets and
arithmetic tasks in Z,, cannot be memorized by any CoT-transformer with positive confidence (refer
to Proposition 5.7 for precise meaning).

In conclusion, our results provide not only new theoretical insights into the capabilities of CoT but
also practical guidance. The tight bound for the number of parameters of memorization transformers
and the effects of the position encoding and more symbols (Section.3)) may serve as useful guidance



for practitioners. Even the negative results, such as “CoT does not help general memorization” are
useful in practice: when solving difficult problems or problems with no explicit algorithms, CoT
probably has no effect, which is aligned with the experimental results in [Stechly et al.| 2024, Zheng
et al.,2025].

2 Related work

Memorization. It was shown that feedforward neural networks (FNNs) with O(N') parameters and
various activation functions can memorize any dataset with N elements [Huang and Huang| 1990}
Sartori and Antsaklis, [1991} [Hardt and Ma, [2016, Nguyen and Heinl, |2018| [ Zhang et al.,[2021], and
O(N) parameters are also necessary for memorization [[Sontag, |1997]. [Park et al.| [2021] showed that
a network with O(N?/3) parameters can memorize a dataset satisfying certain separation conditions.
Vardi et al.| [2021] further showed that O(v/N) parameters are enough. Since the VC dimension of
FNNs with NV parameters and ReLU activation function is at most O (N 2) [Bartlett et al., 2019], the
result of |Vardi et al.|[2021] is optimal. Robust memorization networks were constructed in [Li et al.,
2022, |Yu et al.| [2024a]), which require essentially more parameters than memorization. It was shown
that memorization FNNs are not generalizable [Li et al., [2022} |Yu et al., |2024b]).

For memorization of general dataset using transformers, O(N) parameters are also enough and
optimal [Madden et al.| 2024, Mahdavi et al.,|2023} |Kajitsuka and Sato, [2023|]. Based on the work
[Kim et al., [2022], Kajitsuka and Sato| [2025]] showed that O(\/N ) parameters are optimal for
memorization with transformers for datasets satisfying certain separation conditions. [Dana et al.
[2024] studied the memorization of attention-only transformers.

Our results are new in that autoregressive transformers are used and the parameters have fixed
precision. For instance, in order to achieve O(v/N) parameters [Kajitsuka and Sato} 2025]], it
inevitably leads to an unbounded parameter precision.

Reasoning with CoT. CoT is a key method to enhance the reasoning capabilities of LLMs [Wei et al.|
2022]). Recent studies have explored various aspects of CoT, including its theoretical foundation and
practical applications. For the theoretical foundation, [Pérez et al.|[2021]] showed that transformers
are Turing complete when infinite precision is allowed. The log-precision transformer without CoT
can only solve problems within the complexity class TCY [Merrill and Sabharwal, [2023a]. With CoT,
the log-precision transformers can solve any P problem [Merrill and Sabharwall, [2023b]. [Li et al.
[2023]], Feng et al.|[2024] further showed that CoT also enhances the reasoning power of constant
precision transformers. The mutual expression relationship between Turing machines and LLMs was
further studied in [Nowak et al., 2024, |Chiang et al.| 2023]]. CoT has proven to be highly effective in
solving traditional mathematical problems such as arithmetic and dynamic programming [Feng et al.,
2023]]. For practical applications, a series of works have further improved the inference accuracy of
transformers using CoTs [Wang et al., 2022} [Zhou et al.| 2022] Madaan et al.| 2023]]. However, some
works show that CoT also has certain limitations [Wang et al.,|2024} Xu and Mal [2024].

It is important to note that these theoretical findings, such as [Feng et al.| [ 2023| |Merrill and Sabharwall
2023b], neither conflict with nor imply our results. They showed that CoT can enhance the ability
of transformers to solve polynomial-time problems, by simulating a known algorithm. We show
that there exist reasoning problems for which CoT does not increase the power of transformers, by
establishing memorization capabilities.

3 Prerequisite

In this paper, we use O(A) to mean a value not greater than cA for some constant ¢, and O to mean
that small quantities, such as logarithms, are omitted. We use §2(A) to mean a value not less than cA

for some constant ¢, and Q or O to mean that small quantities are omitted.

Data. LetI' = {7}/, be a set of basic symbols. We call the sequence (v;;)%_, a length-k

sentence and use 2! to denote the set of all such sentences. For a sentence , let len(x) be its length
and typ(z) C T be the set of all the distinct symbols in x. Moreover, let o be the stop symbol that
does not appear in the sentence or label, which is only used to stop the transformer. In this paper, we
consider the following kind of data.



Definition 3.1. A subset S = {(z;, ;) }iea C 2" x T'is called a language based on symbols T, if
Yi 35 Yj 1mphes xT; # Xj.

Here is a language used throughout the paper.

Example 3.2. Let Arith, be the arithmetic in Z,, where p is a given prime number. We have
I ={v}L,, whereT =p+7,andy; =i—1fori € [p], ypi1 t0 Ypi7 are =,+,—, X, /,(,),
respectively. (z,y) is in Arith,, if and only if x is an arithmetic expression in Z,, and y is the result
of z. Further, let Arith, ,, = {(z,y) € Arith, :len(z) < n} be the set of arithmetic expressions
with length not greater than n. Clearly, Arith,, is an infinite set and Arith,, ,, is a finite set.
Remark 3.3. In Sections [ and[5] only finite languages are considered, which can clearly be described
by a Turing machine. The infinite languages considered in Section [6]are also computable by a Turing
machine. So all languages considered in this paper can be computed by a Turing machine and thus
are reasoning datasets.

Remark 3.4. As a first step of our study, only single-token labels are considered in this paper.
Please note that even the single-token label case includes many meaningful tasks, such as language
recognition and other single-token classification tasks, mathematical multiple-choice questions and
other multiple-choice questions, single-token mathematical computation and other single-token
generation problems.

Autoregressive Transformer. An autoregressive transformer F has three parts:

Part One: Embedding. The transformer first embeds each basic symbol ; into a vector v; € R?,
where v; serves as an adjustable parameter in the transformer based on different tasks and d is called
the embedding length. Then the given sentence z = (7;,)}_; € 21" is embedded into a matrix with
n-rows and d-columns. See appendix [A]for details.

Remark 3.5. We do not use position encoding in the embedding layer in most of our result, see
appendix [A] for details.

Part Two: Hidden layer. Firstly, we define the feedforward layer and the attention layer. For
an input z € R"*<, the feedforward layer with width W is FNN(z) = Relu(zE; @ b)E2, where
E; € RW b e RUW By € RV*W are the parameters, and xF; & b means adding the vector
b to each row of xE;. For an input z € R"*9, the attention-layer with width W and head H is
ATT(z) = Zfil softmax(zQ; K;z' + M)xV;, where Q; € R>*W K, ¢ RW>d V, € R>*W are
parameters. M € {—o00,0}"*" is a causal mask defined as M; ; = —oo if and only if j > 1.
M can ensure that i-th row can only attend to j-th row where j < ¢, which is commonly used in
autoregressive generation.

Let 2% be the output of the i-th layer and x° the input. Then the i-th hidden layer of the transformer is
ot =7 Wiy + ATT; (27 ) + FNN; (2" ' W,_y + ATT (27 1)),

where ATT; and FNN; are the i-th feedforward and attention layers defined above, W; is a residual
matrix. It is easy to see that 2°~! and 2* have the same number of rows.

Remark 3.6. The residual matrix W; cannot improve the power of the transformer, which helps the
transformer to use fewer parameters to express the target. Details can be found in Appendix

Part three: OQutput layer. The output layer performs a linear transformation for the last row of the
output of the last hidden layer, that is, F(z) = leLen(x) +b e RT*HL, where leen(I) is the last row

of 2. Write the classification result of F(z) as F(z). Let the number of a transformer with depth
D, width W and head H be para(W, D, H, T'). Moreover, the transformer is said to have precision
q € Z if every parameter of the transformer is a g-digit decimal real number whose absolute value
is not more than 109. If we say ¢ = oo, means the transformer without precision limitation. See
appendix [A] for detail.

Transformers with or without CoT. For any sentence z, its label can be predicted using a
transformer F by employing two methods:

~

1. No CoT Transformer. Just like FNN, use y = F(z) as the prediction label of z. For conve-
nience,we refer to this type of transformers as no-CoT-transformers.

2. CoT Transformer. The result is obtained as follows: Let cot = ().



(1) Let 2’ be the concatenation of x and cot, let y = F (2); (2) If y # 7o, insert y as the last element
of cot, and return to (1); (3) If y = 7o, let the last element of cot be the prediction label of x and be
denoted as ﬁcot(x) which is said to be obtained with CoT-transformers.

Remark 3.7. For the CoT-transformer, we require that the transformer terminates in a finite number
of steps, and at termination, CoT is not empty.

Clearly, CoT-transformers are autoregressive transformers, where cot can be regarded as the inter-
mediate stages in achieving the final result. See appendix |A|for the example. We give the following
definition.

Definition 3.8. Let H{fV’ D.H (H 3[/7 D.H.cot) be the hypothesis space of no-CoT (CoT) transformers
with width W, depth D, head H, and parameter precision q.

4 Memorization expressive ability of transformers

In this section, we give necessary and sufficient conditions for CoT- and no-CoT-transformers to
memorize a finite language and give upper bounds for the number of parameters of the memorization
transformer. We further compare the expressive powers of CoT- and no-CoT-transformers. Proofs are
given in the Appendix.

4.1 Memorization using no-CoT-transformer

A no-CoT-transformer (CoT-transformer) F is said to be a memorization of a language S if F (x)=vy

(Feot () = y) for any (z,y) € S. We have the following general memorization theorem for
no-CoT-transformers.

Theorem 4.1. Let S be a finite language of basic symbols T = {v;}I_,, N = |S|, L =

max(, yesilen(z)}, and ¢ € Zy. Then S can be memorized by a no-CoT-transformer if and
only if (x1,y1), (x2,y2) € S and typ(x1) = typ(x2) = {7} for some k € [T] imply y1 = yo.

Furthermore, if the above condition is satisfied, then there exists a no-CoT memorization transformer

F for S in Hg(T),O(NLT(LZ 1n2(NLT)/q]),0(T) and F can be computed in polynomial time about

N, T, L,q. This gives an upper bound para(F) = O(NLT*[L?In*(NLT)/q)) for the number of
parameters needed to memorize S.

Theorem [4.T] gives a necessary and sufficient condition for a language to be memorized by a no-
CoT-transformer and the required transformer size. It is clear that most commonly used languages
satisfy the condition in Theorem For example, the language Arith,, ,, satisfies this condition
and thus can be memorized by a non-CoT-transformer. This theorem indicates that even without CoT
and position embedding, transformers have the power to memorize most languages. If the sentence
lengths are uniform in the language, then the condition in Theorem [4.1]is inherently met. Thus, we
obtain:

Corollary 4.2. If a finite language S satisfies len(z) = L for all (x,y) € S, then there exists a

no-CoT memorization transformer F for S in Hg(T) O(NLT[L2 n®(NLT)/q]),0(T)"

The following result gives the reason behind the condition in Theorem 4.1}
Proposition 4.3. Given x1, 79 € 2U such that typ(x1) = typ(z2) = {y&} for a certain k € [T), it
follows that F (x1) = F(x2) for any no-CoT-transformer F.

4.2 Memorization using CoT-transformer

In this section, the memorization capacity of CoT-transformers will be discussed. We first introduce
several notations. For a sentence x, let x[i] be the i-th symbol of 2 and x[,,; be the sentence composed
of the first n symbols of . For example, if x = (71,72, 73), then 2[2] = v5 and 2[5 = (71, 72). For
any language S and (x,7) € S, we define a set S, C 2T as follows: z € S if and only if

(1) 2[ten(2)] = z and z[len(z)] = y;
2 |typ(z[len(x)+l])‘ > 1; and



(3) forany (z1,y1) € S, if len(x1) > len(x) and 2{jen (2, )] = 1. then y; = y.

Furthermore, let S. = {z[len(z) + 1]: 2z € S, }. We have the following result.

Theorem 4.4. Let S be a finite language of T symbols, N = |S|, L = max, ,yes{len(x)}, and q €
Z.. Then S can be memorized by a CoT transformer if and only if (1): |Sz| > 0 for any (z,y) € S
and (2): Nz y)es,typ(e)={~,} ¢ 7 O for any j € [T satisfying {(x,y) € S:typ(x) = {v;}} # 0.

Furthermore, if the above condition is satisfied, then there exists a CoT memorization transformer F

for S'in H(q)(T),O(NL2T]'L2 1n2(NLT)/q]),0(T) cot’ which can be computed in polynomial time about

N, T, L,q. This gives an upper bound para(F) = O(NL*T*[L? n*(NLT)/q)) for the number of
parameters needed to memorize S.

Theorem [4.4] gives a necessary and sufficient condition for a language to be memorized by a CoT
transformer and estimates the required transformer size. But the necessary and sufficient condition in
Theorem [4.4]is not intuitive, and we give several easy-to-check sufficient conditions below.

Proposition 4.5. Let S be a finite language of symbol set I'. Then each of the following conditions is
sufficient for S to be memorized by a CoT-transformer.

1. The set of the last elements of all sentences in S is a proper subset of T, that is,
{z[len(zx)]: (z,y) € S} g .

2. All sentences in S have the same length, that is, len(x) = L for all (x,y) € S.

By Proposition.5] most commonly used languages representing algorithms satisfy this condition.
For example, by Condition 1 of Proposition {f.5] the language Arith,, ,, defined in Example

satisfies this condition because the four arithmetic operators ‘+°, *-*, “x’, /> cannot be the last symbol
of an arithmetic expression.

4.3 CoT and no-CoT-transformers: comparison and more results

This section will address the distinctions between the two types of transformers. In particular, we
will show that their memorization powers are different.

The memorization powers for no-CoT-transformer and CoT-transformer are different. From
Theorems [4.1] and f.4] the conditions for languages that can be memorized by no-CoT or CoT-
transformers are rather stringent. While the memorization powers of CoT- and no-CoT-transformers
are both strong enough to memorize most languages, the languages that can be memorized by CoT-
and no-CoT-transformers are different, as shown by Proposition[4.7] We first define a language.
Example 4.6. For any basic symbol set I' = {v;}7_,, we define the language of length calculation
problem LCP: (z,y) € LCP if and only if = is a sentence and the label of = is y = 7;(,), where
t(z) =len(x) mod T and mod is definedas (i + k7T) mod T =ifor0<i<Tandk € Z,.
In addition, let LCP,, = {(z,y) € LCP:len(z) < n}, LCP;! = {(x,y) € LCP,, : |typ(z)| = 1},
and LCP.! = {(x,y) € LCP,, : [typ(z)| > 1}.

This is a simple language that counts the length of sentences. We have the following result.

Proposition 4.7. For any symbol set T" such that |T'| > 2 and n > 2, and precision q € Z.., we have
(1) LCP,, cannot be memorized by any no-CoT or CoT-transformer.

(2) LCP;, Y can be memorized by a CoT-transformer, but cannot be memorized by any no-CoT-
transformer.

(3) LCP; Y can be memorized by a no-CoT-transformer, but cannot be memorized by any CoT-
transformer.

From Proposition CoT- and no-CoT-transformers can solve different parts of LCP,,, which
confirms their different expressive abilities and demonstrates that using CoT can change the range
of languages that transformers can memorize, but it is not strictly superior to those without
CoT. But transformers with CoT or without CoT cannot memorize LCP,,. In fact, it is not hard
for transformers to memorize LCP,,. From Corollaries .9 and .12] given below, (CoT) no-CoT-
transformers can memorize LCP,, by (adding new symbols) using position embedding.



Position embedding is important for no-CoT-transformer, but not for CoT-transformer. Theo-
rem shows that no-CoT-transformers without position embedding can memorize almost every
language but cannot memorize certain special languages. This limitation arises because the no-CoT-
transformer cannot completely leverage the length information, which leads to Proposition [d.3] If
position encoding is added, then there will be no such limitation, as shown below.

Proposition 4.8. Let S be a finite language of T symbols, N elements, L =

max, yesilen(z)}, and ¢ € Z,. Then S can be memorized by a no-CoT-transformer F in
Hg(THn(L)),O(NLT(L? 12(NLT)/q]),0(T) which uses position encoding for the first L positions.

As a consequence, we have

Corollary 4.9. For any given q € Z., every finite language can be memorized by a no-CoT-
transformer with precision q and position encoding.

On the other hand, position encoding is not as useful for CoT-transformers, as shown below.

Proposition 4.10. Let S be a finite language and |typ(x)| > 1 for any (z,y) € S. If S cannot
be memorized by a CoT-transformer, then it also cannot be memorized by a CoT-transformer with
position encoding.

Position embedding can help memorize sentences z satisfying [typ(x)| = 1, which is a weakness
for the no-CoT-transformer. But based on the conditions in Theorem 4.4 and Proposition [4.5] the
CoT-transformer is capable of managing these types of sentences in the majority of cases; thus,
position embedding holds limited significance for CoT-transformers.

Remark 4.11. In most results in this paper, we do not use position encoding. Results just proved show
that position encoding is important for transformers without CoT, but has no effect for transformers
with CoT, which increases our understanding of positional encoding. See Appendix |A] for more
details.

More basic symbols are important for CoT-transformer, but not for no-CoT-transformer. By
condition 1 of Proposition[4.5] adding a few new symbols to I" enables CoT-transformers to memorize
all finite languages, as illustrated below.

Corollary 4.12. A finite language S can be memorized by a CoT-transformer if Ui, ,yestyp() is a
proper subset of T'.

Corollary f.12]is not applicable to non-CoT-transformers, highlighting the benefit of CoT’s ability to
exploit the basic symbols entirely. We will give additional clariﬁcation on this phenomenon. Let S

be a language based on T' = {7;}* 1™ and typ(z) C {’yi v, for any (z,y) € S. Then when we

classify S by a no-CoT-transformer, the symbols {77}1 N 1 are useless; but when we classify .S

by a CoT-transformer, {; f” ]*V]L are useful because they can appear in the CoT. For example, in

mathematical proofs, logical symbols like ., “-”, “—” are often used in the proof, but are not
commonly used in the problem description. So if we do not use CoTs, such logical symbols are
useless for generating proofs; but if we use the CoTs, these symbols are useful in generating the
proofs, so adding more symbols to the basic symbols can better help the transformer generate a CoT.

5 Necessary conditions for memorization with transformers

In this section, we give some necessary conditions for memorization with CoT- and no-CoT-
transformers, and show that, from the perspective of necessary conditions, CoT may not provide
particularly significant assistance in some situations.

5.1 O(N) parameters are necessary and sufficient for memorization

We show that O(N) parameters are necessary for both no-CoT-transformer and CoT-transformer to
memorize some languages with N elements, as shown below.

Theorem 5.1. For any q, N,T > 3 and basic symbols {v}I_,, there exists a finite language S
that satisfies the condition in Theorem(Theorem.) 4.4) and max ;e g len(z) < O(In(N)), such

that for any given W, D, H, if para(W, D, H,T) < O( qunT) then S cannot be memorized by any
transformer F € HWD y(F e HgV,D,H,cot)'



This theorem establishes a lower bound for the number of parameters of a transformer to memorize
finite languages, even if 7, L < N, Q(IV) parameters are required for some languages, and the lower
bounds for two kinds of transformers are essentially the same, which implies CoT cannot effectively
reduce the number of parameters required for memorization for some languages.

Remark 5.2. From Theorems [4.1] #.4] and [5.1] we see that there exists a gap between the lower
bound and the upper bound for the number of parameters for memorization transformers. But when
q, T are constants and N > L, as shown in the Theorems @ we can only consider N as in most
existing works. Then (V) parameters are necessary and sufficient for both CoT- and no-CoT-
transformers to memorize a language of size IV, giving the optimal memorization capacity for
both CoT- and no-CoT-transformers. Note that in most cases, we have N > L, and in the actual
situation, g and 7" are always constants, so the above discussion is meaningful.

5.2 The length of sentences affects memorization

In this section, we will show how the length of sentences affects memorization. Firstly, in Theorems
and the memorization transformer depends on the sentence length L, which is due to the
limitation on the parameter precisions (i.e. ¢ € Z,). Without limitation (i.e. ¢ = 00) on the parameter
precision, the structure of the transformer does not need to depend on L, as shown below; the proofs
are given in the Appendix [G.2.T]for no-CoT-transformer and Appendix [G.2.2]for CoT-transformer.

Proposition 5.3. Let S be a finite language with N elements, for T basic symbols, and satisfy the
condition in Theorem 1| (Theorem[d.4)). Then there exists a no-CoT-transformer (CoT-transformer)
F e HBO(T),O(N%O(T)(}" € H&T),O(N%,O(T),cot) which can memorize S.

But when the precision is limited, the increase in length will bring more difficulties to memorization
for transformers, and CoT cannot help to eliminate this difficulty. We can show that if the precision
of transformers is limited, the number of parameters of the memorization transformer must depend
on the length for some language, as shown below.

Theorem 5.4. For any P € Z and precision q € Z, there exists an € Z., a basic symbol set T’
such that |T'| < 5 and a sub-language S C LCP,, with |S| < 10, such that S satisfies the condition
in TheoremW.1|(Theorem , but S cannot be memorized by any F € Hp, p p (F € Hp p p o)-

The above theorem shows that as the length n increases, any fixed structure transformer is not
sufficient to memorize certain languages which just contain O(1) sentences and O(1) basic symbols.
Although we do not know how to accurately calculate the dependence of parameters on sentence
length, the above theorem actually implies that both types of transformers will face difficulties with
languages with unbounded sentence lengths.

6 Memorization of infinite language is hard

In the preceding sections, we only considered finite languages. This section will explore the challenge
transformers face in memorizing infinite languages, illustrated through two specific languages. If a
transformer can memorize an infinite language like Arith,,, then we can say that transformers truly
have the ability to simulate an algorithm. For the expressive power of CoT-transformers, all results
are for finite languages. For instance, Arith,, ,, is considered in [Feng et al., 2023|| and input with
finite length is considered in [Merrill and Sabharwall,|2023b]].

In this section, we discuss whether a transformer can memorize infinite languages which is an
important open problem, and give some negative results on this open problem. We demonstrate that
neither the no-CoT-transformer nor the CoT-transformer are able to memorize certain basic infinite
languages, suggesting that CoT might not genuinely aid transformers in resolving these issues.

Memorizing LCP with transformer. By Theorem [4.1(Theorem [.4)), for any S C LCP,, that
satisfies the condition in Theorem [.1] (Theorem [.4), there exists a no-CoT-transformer (CoT-
transformer) that memorizes S. But for the infinite language LCP, this is not true, as shown below,
which is a corollary of Theorem[5.4]

Proposition 6.1. There exists a basic symbol set I and an infinite sub-language S of LCP based on
T, such that S satisfies the condition in Theorem[d.1|(Theorem[@.4), but S cannot be memorized by

any no-CoT-transformer (CoT-transformer) with any precision q € Z4 U o.



This proposition shows that both types of transformers, even without precision limitations, cannot
memorize certain simple infinite languages, such as length counting.

Memorizing Arith, with transformer. Since Arith, is a very basic computation problem or
algorithm, it is an interesting open problem to show whether there exists a CoT-transformer that can
memorize Arith,. We will prove a negative answer to this problem under certain conditions.

We first define how to use transformers to solve problems in Arith,, , and Arith,. We say that a no-
CoT-transformer F can solve Arith,, ,, (Arith, ) if 7 can memorize Arith,, , (Arith,). We say
that a CoT-transformer F can solve Arith,, ,, (Arith,)if 7 can memorize Arith,, ,, (Arith,), and
for any (z,y) € Arith, ,(Arith,), F(z) outputs a CoT as follows: z = z1 = --- = zym = Y70,
where x; is a sentence in Arith,, ,(Arith,) obtained from x;_; (z = x¢) by performing several
accurate arithmetic computations. We introduce a notion below.

Definition 6.2. For a transformer F and a sentence x, define the confidence of F(x) to be F;(z) —
max,; F;(x) where i = arg max; Fj(x). We say that a no-CoT-transformer F can solve Arith,, ,
(Arith,) with confidence ¢ € Ry, if the confidence of F(x) is not smaller than ¢ for all (z,y) €
Arith,, ,(Arith,). We say that a CoT-transformer F can solve Arith,, ,,(Arith,) with confidence
¢, if the confidence of each step in CoT is not smaller than ¢ for all (z,y) € Arith,, , (Arith,).

We explain the motivation of the notion. In real computation on a computer, it is impossible to
achieve arbitrary precision, so to ensure that F produces an accurate output for the input x with a
positive certainty(the confidence level of the correct label should exceed the confidence level of the
incorrect labels), the confidence of F(x) must exceed a specific constant c. We will show that, in
such confidence assumption, the transformer cannot solve Arith,,.

Proposition 6.3. (1) For any ¢ > 0, precision q € Z4 U oo and n € Z., there exists a no-CoT-
transformer or a CoT-transformer with precision q that can solve Arithy,, ,, with confidence c.

(2) For any ¢ > 0 and any precision q € 7, U oo, there does not exist a no-CoT-transformer or a
CoT-transformer with precision q that can solve Arith,, with confidence c.

This theorem demonstrates that even without the precision limitation for the parameters of transform-
ers, just under the positive confidence assumption which is true for the real world, we cannot solve
arithmetic problems with infinite length, but can solve arithmetic problems with finite length. This
conclusion illustrates the difficulty of transformers in solving full arithmetic problems. Actually, we
have the following conjecture:

Conjecture 6.4. Arith, cannot be memorized by any fixed-precision CoT- or no-CoT-transformers.

7 Conclusion

In this work, from a memorization-capacity perspective, we theoretically analyze the impact of CoT
on autoregressive transformers. We have found and proven the necessary and sufficient conditions for
a finite language to be memorized by the CoT-transformer or no-CoT-transformer, and estimated the
number of parameters required for memorization from the perspective of upper and lower bounds.
Thus, the relationship between CoT-transformer and no-CoT-transformer was thoroughly studied.
Specifically, the languages that no-CoT-transformer and CoT-transformer can be memorized by
transformers are different, and no-CoT-transformer requires position embedding to enhance its
expressive power, but CoT-transformer needs only more basic symbols to enhance its expressive
power. Finally, we proved that CoT cannot help the transformer to solve some problems from the
perspective of necessity, such as memorizing infinite languages.

Limitation and Future Work. This paper only analyzes the power of CoT in memorization for
data with one token as the label, and ignores LayerNorm, in order to simplify the model for analysis.
Positional encoding is not considered in most results. Refer to Remark [4.11]for a detailed explanation
of this issue. Although no experiments are given, our results have some practical implications that
are explained in the last paragraph of Section 1. Finally, there still exist gaps in fully understanding
the power of CoT, such as Conjecture
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A Details about the setting

Embedding matrix. For a sentence z, the embedding matrix of x is z, = (v;,, vi,, ..., v;, )", which
will be the input of the first hidden layer in the transformer. We call n the input length. Unlike
feedforward neural networks, the input length of the transformer does not need to be fixed, and a
transformer can handle input sentences with any length.

About Position Encoding. With position encoding, the embedding of z is (v;, + E1,v;, +
Es,...,v;, + E,)7, where E; is the position encoding for the i-th position. The position en-
coding provides location information. However, the use of position encoding may limit the length of
the language that the transformer can process. In this paper, we aim for the transformer to handle
languages of arbitrary length and do not limit the length of CoT, so we did not employ position
encoding. For example, if we see position encoding as adjustable parameters, then encoding only the
first N positions will make the transformer only able to process input with a length of not more than
N; if we take position encoding as n for the n-th position, then, at the later positions, the position
encoding may exceed the precision limitation.

Number of parameters. A transformer F with depth D, width W, and head H means that F
has D hidden layers, and the embedding length, the width of both forward and attention layers has
width W, and the number of heads in each attention layer is H. The described transformer contains
paraW,D,H,T) = TW + (T + 1) (W + 1) + D((3H + 3)W?2 + W) = O(TW + DHW?)
parameters.

Classification result for transformer. Let j = arg max;c741)(F(z));. Then the classification

result of F(x), which is written as ]?(x), is v; when j < T'; and the classification result of F(x) is
Yo when j =T + 1.

An example for no-CoT and CoT. We also consider the Arith,, language, for the (3 + (2 — 1) x
5,8) € Arith,,. If we input 3 + (2 — 1) x 5 into a no-CoT-transformer, it directly gives the answer
8. If we input 3 4+ (2 — 1) x 5 into a CoT-transformer, it can get the answer step by step, such as:
=3+ 1 x5 =34 5= 8y, where 7 is the stop symbol.

B Preliminary results

We give two lemmas that will be used in the subsequent proofs.

Lemma B.1. For any sentences x and z, if the first n symbols in x and z are the same, then for any
transformer F and j € Z., the first n. rows in the outputs of j-th hidden layer of F(x) and F(z) are
the same.

Proof. Firstly, we prove that for the j-th hidden layer ]-'j_ of F,if z1 and z; satisfy that the first nn
rows in z; and z; are the same, then the first rows n of F7(z1) and F7(z;) are the same.

Assume that 7 can be written as: 77 (z) = waerH:l softmax(zQg Viz? + M)z Ky +FNN(zw+
ZkH:1 softmax(xQ Viz? + M)xK},).

In the residual layer, the calculations in this layer do not include the interactions between different
rows, just do the same transformation to each row. So when z; and z; satisfy that the first n rows in
x1 and z; are the same, z;w and z;w also satisfy that the first n symbols are the same.

In the attention layer, considering the definition of M, for any ¢ € Z,
we know that the i-th row of softmax(zQpViz? 4+ M) can be written as
(2:Qr Vit 2, Qi Viexl , 2,:Qx Vil ... 2;QrVixT,0,0,...,0), where z; is the i-th row of
z. So easy to see that, when x; and z; satisfy that the first n rows in 21 and z; are the same, the first
n rows of softmax(x1QxVix? + M)z and softmax(z1QxVi2T + M)z, are the same. Hence,
because the other parts in the attention layer do not include the interactions between different rows,
we have that the whole output of the attention also satisfies the first n symbols are the same when
input 1 and 2.

By the above result, we find that the first n rows of x;w + Zkl,{:l softmax(x QkaxF{ + M)z, K},
and zyw + ZkH:1 softmax(z; Qi Vi2! + M)z K}, are the same. Similarly to the residual layer, we
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know that the first n rows of FNN(zqw + Zle softmax(x1Qx VT + M)x1 K},) and FNN (21w +
Zle softmax(z; Qi V2! + M)z K},) are the same. Adding them, we can get the result.

Now, we can prove the lemma. We prove the situation for the first layer. If the first n symbols in z
and z are the same, then the first n rows of their embedding matrix are also the same. According to
the above result, we see that the first n rows in the output of the first hidden layer are the same when
input z and z.

If the first n rows in the output of the i-th hidden layer are the same, according to the above result
and the fact that the output of the i-th hidden layer is the input of the (¢ + 1)-th hidden layer, then
the first n rows in the output of the (¢ + 1)-th hidden layer are also the same. When input  and z to
the transformer, we have proved that ¢ = 1 is valid, so the result is valid for any 7, and we prove the
lemma. O

Lemma B.2. (/) Let F : RYX™ — R be an FNN network without an output layer, which has
depth D and width W. We can find a transformer F without an output layer such that for any
k € Zy and x € R**", it holds Fi(z) = (F¥(z1), F  (x2), FL (x3),..., F (x))T, where x; is
the i-th row of x. Hence, Fy has width O(W') and depth O(D), and has the same precision as F.

(2) Let F : RYX™ — RYX™ be an FNN network with depth D and width W . We can find a transformer
F1 such that for any k € Z.y and x € R¥*", it holds F(x) = F(x},), where xy, is the last row of .
Hence, Fy has width O(W') and depth O(D), and has the same precision as F.

Proof. Ttis easy to see that (2) can be obtained by (1), so we just need to prove (1). To prove (1), we
just need to show how to simulate an FNN layer by the transformer layer.

Let an FNN layer be written as Relu(zW + B) : R1*"™ — RX™ where W € R"*™ and B € R1*™,
Then we can use three transformer layers with width m 4+ n to simulate it, which directly proves the
lemma.

The first layer 7. Use z € R**™ to calculate the (z,0) € RF*("*+™)_ Just need to take the residual

layer in the transformer layer as zw, where w = (I,0) € R™*(+™) and [ is the identity matrix.
Other parameters in the attention layer and the FNN layer are all zero.

The second layer F2. Let the residual layer be = and the parameters in the attention layer be all 0.
Then the second layer can be written as: « + FNN(z) = z + Relu(zw; ® b)ws.

Then, we define w; € R(Tm)X(n+m) ag: the last m columns are w) = (W7,0)7 and the first n
columns are 0. We define b € 1 x (n + m) as: the last m columns equal to B and the first » columns
are 0. Then wy € R(T™)x(n+m) s an identity matrix.

It is easy to check that the k-th row of Relu(F!(z)w; @ b)ws is (0, Relu(zxW + B)), where x}, is
the k-th row of x and k € [n]. So the k-th row of F2(F(z)) is (zx,0) + (0, F(zx)) = (xk, F(zk)).

The third layer 3. This layer satisfies 73((zg, F(z))) = F(xy) for each k € [n]. We just need
to take the residual layer as zw where w = (0, 1)T € R("™)*™ and other parameters are 0.

We proved the lemma. O

C About the residual layer

In the definition of transformers, we use a transition matrix W,_; in the residual layer. In some other
works such as [Feng et al.| [2023|], W;_; = I is the identity matrix.

In fact, the functions that the transformer can express under these two definitions are the same, as
shown below. Firstly, we name the transformer defined by W,_; = I in each residual layer as F7.
Then we have the following.

Proposition C.1. For any given basic symbol set T', we have

(1) For any transformer Fi, there exists a transformer F with transition matrices such that F(x) =
Fi(z) for any x € 2.
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(2) For any transformer F with transition matrices, there is a transformer Fr such that Fr(x) =
F(x) for any x € 2F, and width(F;) < 2width(F), depth(F;) < 4depth(F) and head(F;) <
head(F).

Proof. (1) in the proposition is apparent: we just need to take the whole transition matrix in the
residual layer of F as I, and other parameters are the same as F7.

We now prove (2). We will show the following at first: for any hidden layer in F, it can be expressed
by a combination of four hidden layers whose transition matrix in the residual layer is I.

Let a hidden layer L of F with width m and head H be written as L(x) = aW+ATT(2)+FNN(zW +
ATT(z)), where ATT(z) = Zfil softmax(zQ; K;xt + M)xV; and FNN(z) = Relu(zw; @ b)ws.

Then we define four layers with width not more than 2m and head H whose transition matrix in the
residual layer is I as follows:

The first layer L also uses 2 € R™*™ to get (z,0) € R™*2™, which is similar to that in the proof in

LemmalB.2

The second layer is L1 (t) = t + Relu(t(WT, —WT)T)V where Vj ;ntj = 1, Vintjms; = —1 for
all j € [m] and the other weights are 0.

The third layer is Lo(t) = ¢t + ATTa(t) + FNNa(t + ATTy(¢)).

The attention layer is calculated as ATTy(t) = Zfil softmax(tQ.K/tT + M)tV]/, where Q' €
R2m*2m jg defined as: (j, k) weight is the same as the (j, k) weight of Q;, where j, k € [m], but
other weights are 0; K/ € R?™*2™ is defined as: (j, k) weight is the same as the (j, k) weight of
K; where j, k € [m], but other weights are 0; V; € R?™*2™ ig defined as: (j, k + m) weight is the
same as the (7, k) weight of V;, where j, k € [m], but other weights are 0.

The FNN layer is calculated as FNN (¢) = Relu(tw) @b’ )w). w}, w) are defined as: the (i+m, j+m)
weight is the same as the (4, j) weight of wy, where i, j € [m], and other weights are 0. b’ is defined
as: the (j + m)-th weight, where j € [m], is the same as the j-th weight of b but other weights are 0.

Then we have that, for any € R"*™, we can get ' = (z,0) € R"*?™ by the first layer Ly.
Then by the definition of L, we can calculate: Lq(z’) = (x,2W). Hence in the Lo, it holds
ATTs((z,2W))) = Zil softmax(zQ; K;xT + M) - (0,2V;) = (0, ATT(x)). In the FNN, we have
FNNy ((z, W)+ ATT((z,2W))) = FNNy((x, W + ATT(z))) = (0,FNN(zW + ATT(z))). So
we get Lo(2') = (x, zw + ATT(z) + FNN(zw + ATT(z)).

Let the last layer L; use (z, xw + ATT(x) + FNN(zw + ATT(z)) to get zw + ATT(z) + FNN(zw +
ATT(z).

So L(z) = aW + ATT(x) + FNN(zW + ATT(z)) is equal to L;(La(L1(Lo(x)))) =
Li(La(L1((2,0))) = Li(La((x,2W))) = =W + ATT(z) + FNN(zW + ATT(x)). And it is
easy to see that the width, heads of L, L1, Lo and L; are not more than 2m and H.

So by the above result, for an F with width W7, depth D and head H, for each hidden layer in the
transformer, we can construct four hidden layers as above; then use such layers and the output layer
which is the same as that in F to form a transformer 7, which has width 27, depth 4D, head H,
and F;(x) = F(z) for any = € 2I'. So we prove the result. O

D Proofs of results in Section 4.1]
In this section, we will give proofs for Theorem [4.1]and Proposition @.3]

D.1 Position value

For a given sequence s consisting of a and b, such as s = (a, a, b, a,b), let |s| be the length of s,
we define the position-a value of s as V.%(s, k) where a € Z, and k < |s|, which is calculated
as(similar for the position-b value of s as V,* (s, k)):

(1) Let ng(s, k) = Zle I(s; = a) be the number of «a in the first k& elements of s. Similarly, let
ny(s, k) = Zle I(s; = b), where s; is the i-th element of s.
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o _ ng(s,k)
(2) Let Qa (57 k) T oe*np(s,k)+ng(s,k) "
(3) Let Vo (s, k) = L 3% qo(s, ).

We call V.2 the position value. Easy to see that when |s1| = |s2| = n, then V% (s1,k) = V¥ (s2, k)
for any k € [n] if and only if s; = s2. So the position value can be used to distinguish the sequence
with the same length.

For the s; and sy with the different lengths, the position value can be used to distinguish them; we
have the following lemma.

LemmaD.1. Lera € Z and s1, s2 be sequences satisfying |s1| # |sal|. IfV.%(s1,]s1]), V% (s2,]|s2])
are not 0 and 1, then VX (s1, |s1]) # V2 (s2, |s2]).

Proof. Without loss of generality, we assume that |s1| < |s2|. Assume that V*(s1,|s1]) and
V. (82, |s2|) are not 0 and 1, and V,*(s1, |s1]) = V.*(s2, |s2|). We derive contradictions to prove the
lemma in three steps.

Step one:
We define two rational polynomials F, s, (x) = sl % and F, s, (z) =
ls%\ > L si|1 % , then we have the following result:

There are Fg, 5, (x) = Fy s, (x) forany x € R.

This is because F, s, (%) = VI (s1) = V.¥(s2) = Fo,s,(e%), and considering that e* is not an
algebraic number and F, s, (x) is a rational polynomial whose coefficients are rational numbers, we
thus have F, , () = F, s, (z) forall z € R.

Step two: Assume that P < |s5| is the maximum prime number not more than |so
following result: The first P elements of sq are the same.

, then we have the

If not, we have n,(sa, P) # 0 and ny(s2, P) # 0, so we consider that when 2 = —%(1 +€),
the value of F, ¢, (z) and F, s, (z).

Because P is the maximum prime smaller than |sa|, so P > |s2|/2. So, there are no Q € [|s2]|] and

Q@ # P such that —Zzgjjg; = —Zbgjg If not, there must be P|ny(s2,Q) + np(s2, Q), which

implies @ > 2P > |sq|, a contradiction with @ € [|s2]].

So, when z = —%(1 + €) and € — 0, at most one sub-rational formula in F, 5, and F, ,
tends to oo (i.e. the xnb(;‘}(ﬁ’:)(s. 7y)-
So if ny(s1, P) = ng(s2, P), there are F, 5, (x)/(‘%ll xnb(s,:ltlg()s-;:'ri)(si 77) tending to 1 when € — 0

fori = 1,2. Since |s1| < |s1| + 0.5 < |52
€ — 0, which is a contradiction to step one.

, we have F 5, (z) < (Ten(

m < Fys,(x) when

If ng(s1, P) # nq(sz, P), then F, ¢, (x) will not tend to oo when e — 0, which is also a contradiction
to step one. So we proved step two.

Step three: We now prove the lemma.

Because V% (s1,|s1]) and V.*(sz2, |s2|) are not 0 and 1, so there at least one a and at least one b in
the s and s,. By the Step two, without loss of generality, we assume that the first P elements in sg
are all a, and position of the first b in s5 is at mg + 1, easy to see that mg > P.

Then, we consider when x = 7%(1 + ¢€), the value of 7, s, (z) and F, , (z).
Firstly, we show that no other Q # mg + 1 and Q € [s2] such that —ZZE;;‘S; = —Z‘ZE:Z;SIB
Because mg > P > |s|/2 and np(s2, mg + 1) = 1, so if —Z:E:jgg = —Z:((::zgﬁ; , there must be

ng(s2,Q) > 2n4(s2, mg + 1) > 2mg > 2P > |sy|, which is a contradiction.

%(1 + ¢€) and € — 0, there are

Fas,(x) # Fy s, (x), which is a contradiction to step one, so we prove the lemma. O

Then, similar as before, we can prove that when z = —
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And we have the following result for sequences with the same length.

Lemma D.2. Let o € Z,. For any such sequences s1 and sy where len(s,) = len(sz) = n and
V& (s1,n) = V.*(s9,n). We have

(1) the number of k € [n] such that V& (s1,k) = 1 is equal to the number of k € [n] such that
V. (s, k) = 1; and

(2) the number of k € [n] such that V& (s1,k) = 0 is equal to the number of k € [n] such that
Vaa(82, k) =0.

Proof. We prove (1) first.

If V¥(s1,n) = V(s2,n) = 1, then we know that all elements in s; are all 1; if V.*(s1,n) =
V% (s2,n) = 0, then we know that all elements in s; are all 0, then we can get the result.

If V¥(s1,n) = V&(s2,n) # 0and V¥ (s1,n) = V¥ (s2,n) # 1. Now, we define two rational poly-

: _ [s1] na(s1,k — s2] Nals2,
nomials F, g, () = |T11\ p m and F, ,,(v) = |52| >kl m
then similar as shown in the proof of Lemma|D.1| we have the following result: F, s, () = F, s,(x)
for any x € R.

Easy to see that when x — oo, % — 0 when np(s1, k) # 0, and if nyp(s1,k) = 0,

% = 1. So consider the F, s, () = F, s, (x) when  — oo, we know

that there must be the same number of 1 in {m} jen) and {m} jem

there must be

14 (81,5) 14 (81,%)
znp(81,5)+na(51,5) xny(s1,1)+na(s1,1)

So the same number of 1 in {%} jen) and {m} je[n) implies there are

the same number of k& € [|s1]] such that V.*(s1, k) = V.*(s2, k) = 1. Hence, we directly get the (1)
in the lemma.

Easy to see that = 1 equals to = 1 for any ¢ < j, similar for s5.

For (2) in the lemma, just need to consider that ¢3(sk,7) + g5 (sk,j) = 1 and V. (s, 7) +
Vi&(sk,j) = 1forany k € {0,1} and j < n. Similar to the proof of (1), we get the result. O

Then, we calculate the following value:

minsl ,s2,len(s1)<L,len(s2) <L,V (s1,]s1])#V. > (s2,]s2]) |Vvaoé (81 ’ ‘81 |) - Vaa (82? |82 |) | .
Firstly, we have the following lemma:
Lemma D.3. If f is a nonzero integral coefficient polynomial whose coefficients have absolute values
not more than A, then for any s € Z,. satisfying e* > A + 1, we have |f(e®)| > 1.

ns+s

Proof. Because e® > A+ 1,50 ", Ae'® = Ae———1 _1 < ensts 1,

So, letting L = deg(f), we have | f(e®)| > e*L — ZL ! Aeis = esL — Ae —L > et —(ef-1) =
1, this is what we want. O

LemmaD4. Ife® > L2112 1 1, then

1

min V*(s1,]|s1]) — V¥(sa,|s > .
51,82,len(sl)SLxlen(Sz)SLl7Va”(51,\51I)#Vaa(SmISz\)| @ (51 [s1)) @ (52, |s2))] = e2al [2L+4

Proof. Firstly, without loss of generality, let V.*(s1) > V,%*(s2), we have that:

Vi (s1, [s1]) = Vi (s, |s2])
= ﬁz‘;l'lqa(sl, >—|T;2L32&qa<82,k>

_ Z\Sll na(s1,k) Z\Szl na(s2,k)
- |51| k=1 e“ny(s1,k)+nq(s1,k) |32| k=1 e“ny(s2,k)+nq(s2,k)
1 Fs(e®) 1 Fsy(e”
[s1] Hsl(ea) ls2| Ha, (e*)
[s2|Fsy (e®)Hsy (e¥)—[s1|Fsy () Hs,y (%)
[si][s2[Hs, (e¥)Hs, (e®) :
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Here H;, (z) = H‘Sl| 1 (84, k)z+ng(s;, k)) is an integral coefficient polynomial, whose coefficients
are not more than H|751|1(nb(3“ k) 4 nq(si, k) < L Fo, () = S0 *r—m

gral coefficient polynomial, whose coefficients are not more than Fj, (z) < le"l N (s, K)LF~1 <

LL+1

is an inte-

So, we have that |so|Fy, (z)Hs,(x) and |s1|Fs,(x)Hs, (z) are two positive integral coefficient
polynomials, so |sa|Fy, (z)Hs, (x) — |s1|Fs, (z) Hs, () is an integral coefficient polynomial whose
absolute value of coefficients are not more than L x LE¥+! x LY = L2L+2  Consider Lemma
and e® > L2L+2 4 1, we can prove that |so| F, (e®) Hy, (e®) — |s1|Fs, (e®) Hy, (e%) > 1.

Hence, we have that |s;||so| H, (€®)Hy, (e®) < L?(L x L¥e*F)? = [2L+4¢22L then we prove the
result. O

D.2 A lemma for FNN classification

For FNN, we have the following result:

Lemma D.5. Let f(z) = Relu((Az + B)/10%) where A, B, C are integers. Then f(z) can be
expressed as a network with width 6 and depth O([In(max{|A|, |B|})/q] + [C/q]) and precision q.

Proof. Firstly, we define a function h;(m) for any integer m, when m > 0, there are h;(m) =
[m/10%] — 109[m/109%%]); When m < 0, h;(m) = —h;(—m). Then we have that: m =
ZEZ%M m/q] O’thz( ) Hence, let Hj( ) = Zglo?ﬁ)ogﬁ/:i]/q] 10(1""] [logqg m/‘]])Qh ( ) when
J < [log;om/q]. Easy to see that H{iog,, m/q)(m) = m. When j > [log;om/q], let H;(m) = m.

Then, we can calculate Relu(Ax + B) as follows:
The first layer has width 6:

Use « to calculate Relu(z), Relu(—x), Relu(Hy(A)z), Relu(— Hy(A)x), Relu(Hy(B)), Relu(— Hy(B)).
Because Hy(A) and Hy(B) are g-precision, so such layer just needs g-precision.

The n-th layer has width 6:

If n — 2 < [logyy A/ql, considering that H,,_;(A)x = 109H,,_2(A)x + hjiog,, m/q)—n+1(A)T
and H, o(A)z = Relu(H,_2(A)z) — Relu(—H,_2(A)z), * = Relu(z) — Relu(—x),
we can use a layer with g-precision to calculate Relu(H,_;(A)z),Relu(—H,_1(A)z) by
Relu(H,,_3(A)x),Relu(—H, _2(A)z) and Relu(z),Relu(—=z). If there is n — 2 > [log;, A/q],
then just need to keep H,,—1(A) = H,,_2(A). Similar for calculating H,,_1(B).

So we can use
Relu(z),Relu(—xz),Relu(H,,_2(A)x),Relu(—H,,_2(A)zx),Relu(H,_2(B)),Relu(—H,_2(B))
to calculate the following values in the ¢ precision:
Relu(z),Relu(—z),Relu(H,,—1 (A)z),Relu(—H,,—1(A)z),Relu(H,_1(B)),Relu(—H,_1(B)).

At the T’ = [log,, max{ A, B}/q] + 2 layer, calculate Relu(Az + B).

To be confident, let [log,, max{A, B}/q] + 2 = T. Because T' — 2 > [log;, A/q] and T — 2 >
[log,, B/q], so Hr(A) = Aand Hr(B) = B.

In this layer, we use
Relu(z),Relu(—x),Relu(Hr(A)zx), Relu(—Hr(A)x),Relu(Hr(B)), Relu(—Hr(B))

to calculate Relu(Ax + B), just use Hr(A) = A, Hp(B) = B and Relu(Az + B)
Relu(Relu(Ax) — Relu(—Az) + Relu(B) — Relu(—B)). We can get the result.

Final, in the next [C'/q| layers, we just need to divide Relu(Axz + B) by 107 in each layer, and in the
last layer, divide it by 10°~9(¢/4], then we get Relu((Az + B)/10¢) and prove the lemma. O

Lemma D.6. For any given 0 < x1 < x5 < --+ < xy where x; < C and |x; — :Ej\ > ¢, any given
Yi € [m), there is a network f with precision q, width O(1) and depth O(N[%D that can
satisfy | f(z;) — yi| < 0.2.
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Proof. Firstly, we prove the situation for the no-precision limited situation. In such a situation, we
need depth O(N) and width O(1) to do such tasks as following:

The first part: This part f* is used to calculate the label of ; and has three layers.

The first layer f1(z) has width 2, where ;"' (x) = Relu([109' 23] — 109 z) and f,' (z) = Relu(z),
where ¢ is the minimum integer such that 109*zo > 109 x; + 2, because x2 > x1 + ¢, so we know
that 102 < O(1/c).

The second layer f12(z) has width 3, where f}"*(z) = Relu(1 + f}''(2)/10%), f,?(z) =
Relu(10 x (0.5 — f{"'(z))) and fi*(z) = Relu(f,"* (), where g is the minimum integer such
that 10922 > m, easy to see that ¢z < O(logm).

The third layer f13(z) is the output of the first part, which has width 2 and f}(z) = f}"*(z) =

Relu(y: (f1%(x) = f,%(2))) and f3(2) = f3”* () = Relu(f3*(x)).
So when i # 1, there are f," (z;) = 0,50 f}"*> = 1 and f,® = 5, hence f} (x) = Relu(y;(1—5)) =
0; when ¢ = 1, use the definition of ¢, there are 20 > 107' 25 — 107 21 > Relu([107 25] —10% 24 ) =

P a1) > Relu(109 29—1—-10%21) > 1,501 < f1(z) = 1+ £ () /102 < 140.2/m(use the
value of g3) and f,"*(21) = Relu(10x (0.5— f"'())) < Relu(10—(0.5—1)) = 0, hence, there are
fi(x1) = Relu(yr f12) € [y1,y1+0.2], use the |y, | < m. Then we have that: f1(z;) € [y1,y1+0.2]
if and only if i = 1 and f3 (z;) = ; for any i € [N] which is apparent.

The i-th part, where 7 < N: This part is used to calculate the label of x; and has five layers.

The input of i-th part is the output of (¢ — 1)-th part. If the  — 1-th part f*~* (z) satisfied that: the
output of f*~!(z) has width 2, and | f{ " (2;) — y;| < 0.2 when j <i — 1and f; '(x;) = 0 when
j >i—1; fi '(x;) = x; forany j € [N]. Then we can make the output of the i-th part f(x) to
satisfy that: f?(z) has width 2, | fi(z;) — y;| < 0.2 when j < 4, and f{(x;) = 0 when j > 4, and
fila) = a, forany j € [N].

To do this, the ¢-th part needs six layers:

The first layer and the second layer output f%%(x) satisfied that:

2 (2) = fi7H (@), £ (@) = 2Relu([107 2] /107 — f37H (@) + f5H(2) and f37(2) = f57 ().
Where g is the minimum integer that satisfies [1072;]/109 < z; + ¢/3, easy to see that 107 <
O(1/¢). Now we show that f%(x,) — fa?(x;) > ¢/3 for any p # i.

We know that f3°(z;) = x; when j > i, and fy* (1) = 2[10% ;] /109 — x4 when k < 4, so there
must be f3°(z,) — fo*(z:) > ming<;, j>i{2[1092,]/107 — 5, 2, } — (2[109 2] /109 — ;) for

all p # i. Based on the definition of ¢;, we know that z; — (2[109*z;]/107* — x;) > ¢/3 for any
j >dand (2[10%;]/109 — ) — (2[10%2;]/109 — x;) > ¢ for any k < 4, so we get the result.

Then let the next three layers follow the first part, and use f*?(z;) to get the f*°(x) that satisfies:
ffl(l“) = S @) 12 (@) — wil < 0.2, fy°(x;) = 0 when j # i; and f3°(x) = fy*(z) =
s (7).

And the last layer is the output of the i-th part, where:

fi(z) = Relu(f®(x) + f2°(x)) and fi(z) = f2°(x), which is what we want.

The output part: Just output f7*(x), and this is what we want.

Easy to check that such network has O(N) nodes and width O(1), each parameter being not greater
than O(mC/c). Now we just need to turn the parameters of the above network to be of ¢-precision.
By Lemma|D.5]and each layer defined before, if a node has parameters beyond precision, we can use
a network with O(1) width and [O(InmC/c)] depth instead of it. So we get the result. O

We have the following lemma which is used in the paper [Park et al.| 2021].
Lemma D.7. Foranyv € R" and T > 1, let u € R" be uniformly randomly sampled from the

[lv]]2 8 2
<R ) < &
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So we can prove that:

Lemma D.8. For any given {z;}Y, C R" where ||z;||« < 1 and ||x; — x}||cc > ¢, any given
yi € [m), there is a network f with width O(1) and depth O(Nf%]) that can satisfy | f (x;) —
yi| < 0.2.

Proof. Firstly, we can find a vector u € R™ that satisfies ||u||s = 1 and Juz; — ux;| >
use Lemma[D.7]

Then, we can find a u, € R" such that: ||u, — u|[cc < O(5%,=) and each weight of .. is a finite
N2n2
C

N, )» just

decimal with precision O(In( )/q), so there are |u,z; — uyx;| > Q(§5:) and |u,z;| < 2n.

Then, we can use a layer to map z; to u,x; + 2n, and then use Lemmato find an FNN memory
{(urz; + 2n,y;)} and get the result.

O

D.3 Proof of Theorem [4.1]

Now we prove Theorem4.1]

Proof. The proof has five parts.

For any given (z,y) € S, we define a sequence s, ; € 21t} as follows: 54.; has the same length

with z, and the j-th element of s, ; is a if and only if z[j] = ;.

Part One: The Embedding.

We will embed in the following way:

The basic symbols ~; will embed in (v{,v5, ..., v%) € {0,1}*" where v/ = (0,0,1,1) when j # i,
=(0,1,0,1).

Hence, the input sentence = whose len(x) = n will be embedded in a vector V,, € {0, 1}"*47.

Part Two: Use the O([In(L 1n L)/q]) layers to calculate the position value.

Let o be the minimum positive integer such that e!%” > L3 easy to see that a < O(In(L1n L).

Step one: Firstly, for any input + whose embedding matrix is V,,, we use [ | hidden layer to make
all the 4¢ — 1 columns of V,, expand 10“ times, where ¢ € [T.

To do this, in the first [«/q] layers, we make the parameters in the FNN layer and attention layer are
0, but the transition matrix in the residual layer is defined as: the (j, ) weight of the transition matrix
is1if j # 4i — 1 forany i € [T]; the (4¢ — 1,4¢ — 1) weight is 10%; other weights are 0. Of course,
to make the 4¢ — 1 columns expand 10* times, in the [a/q] + 1-th layer, the transition matrix in the
residual layer is 107914 at (4i — 1,4i — 1) weights.

Step two: We use a hidden layer to calculate ¢}%" (s, ;, k).

Firstly, let the attention layer in this hldden layer have T heads and let the ¢-th head in this attention
layer be written as softmax(zQ; K;z” + M)xV;, where Q; € {0, 1}41>4T the (4i,4i — T) weight
of Q; is 1, others are 0; K; € {0,1}*7>*4T and K; is the identity matrix; V; € {O 1}4TX4 and the
(4i — 2,47 — 2) weights of V; are 1, others are 0.

Now, we consider the output of the ¢-th head when input z into the transformer, assume that the
output of the previous step is x’. Firstly, by part one and the definition of Q;, K;, we know that the
k-th row of 2/ Q; K;2'" is

£C2Q1K1$/T
= x%Qﬂ/T
= ((¥})ai (@) ai-1, (T )2i(T5)ai—1, - - -, (@) ai (3,) 4i-1)
= ((@)ai-1, (@3)ai-1, -, (¥7,)ai-1)

= 10*(I(x[1] # %), [(x]2] # ¥), ..., I(z[n] # ¥)).
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Hence, consider the definition of M, so the weight in k-th row and 47 — 2-th column of

1. 10 1T /s SF_y I(@[1]=)
softmax(2'Q; K;z"™ + M)’ is 5= RS TENEAS AT,

Then, easy to check that 4i — 2-th column of softmax (z'Q; K;2'")2'V; is
(Q;Oa (SIJ? 1)v Qéoa (SIJ’ 2)v Qéoa (S%i’ S)a ceey Qéoa (Sl‘ﬂ” 1en(.r)))T.

By the definition of V;, easy to know that other columns of softmax (z’'Q; K;2'" )2’ V; are 0.

which is equal to qioa (82,0, k).

Hence, let the residual layer use a matrix W € {0, 1}47*4T which is defined as: for the i € [T,
(4 — 1,44 — 1) and (4¢, 47) weights of W is 1, and the other weights are 0. The FNN layer is all 0.

Then, assume that the whole layer will calculate a matrix M (z) € R'**(®)*4T by inputting z to the
transformer. Easy to check that the 4¢ — 2 where ¢ € [T'] column M (x) is

(Q;Oa (Smm 1)7 qéoa (Sm’iv 2), qioa (Sz,iv 3)7 ) qioa (sx’iv len(x)))T'
Other columns are the same as V.
Step three: Next, we use a hidden layer to calculate V,'*" (s, ;, k).

In this layer, the input is the M7 (x) gotten by the above layer, so we can calculate the position value

Let the attention layer in this layer have 7" heads, and in the i-th head where i € [T, there are
Qi =K; =0,V; € {0,1}*74T and the (4i — 2, 4i — 2) weights of V; is 1, while others are 0.

Because @); = K; = 0, it is easy to check that in the i-th head, there is
softmax (M (2)Q; K;M{ (z) + M)M;(x) = softmax(0 + M)M;(z) = I, M;(z), where I, is
an under-triangle semi-matrix, and the i-th row is (+, 4 1.0,0,...,0)(the first i weights are

1/, while others are 0). Consider that V,}*" (s, k) = 1 SF L q20%(s,1), so based on the definition of
M (z), we know that the 47 — 2 columns of ¢-th head is

L((Mi(2) ) ai2)" = (Vi (505 1), V™ (520,002, Vi (50,0,3)s -+, Vi (s, len(2)) T
By the definition of V;, easy to know that other columns are 0.

Let the residual layer and the FNN layer in this layer be the same as in the layer in step two. So
we can easily check that when we input the z to the transformer, in this layer we can get the matrix
M (x), whose 4i — 2 column where @ € [T] is

(V2 (50,0, 1), V2O (82,6, 2), VIO (50,4, 3), -+, VIO (504, len(2))) T
Other columns are the same as M; (), which implies other columns are the same as v,,.
Part Three: Use some FNNs.
Define the set V; = {V,10" (82,i»J) }(@y)es.icir) Where j € [L]and V = Ujcr)V;.
We try to find an FNN f; such that:
(1) | f1(1)] < 0.2 and |f1(0)] < 0.2;

(2) If z € V;/{0,1}, then there exists a z, € [NT] such that |f1(z) — 2,(NTL)?*72| < 0.2;
moreover, when z1, 2o € vj, there is (21)4 # (22)q-

Consider that there are at most N'7" samples in V; and V; N'V; C {0,1} when ¢ # j by Lemma

so such a network f; must exist. Hence, considering Lemma|[D.4]and Lemma[D.6] we know that such
an FNN f just needs precision ¢ and O(NLT[L10*In LNT/q]) layers and O(1) width.

Based on the M5(z) and the above f1, when input x to transformer, we define the matrix Ms(z)
which has the same size as Ms(x) as: the 4i — 1 columns of Ms are fi((Ma(x))4;—2), where
(M3(x))4i—2 is the 4é — 2 columns of M (x); other columns are the same as those of M (x).

Then by Lemma we know that we can use a transformer with width O(1) and depth
O(NLT[10*L1n LNT/q]) to get M3(z) by Ma(x).

Part Four. In this part, we use several hidden layers to obtain a vector which is different from z by
M. 3 (I ) .
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In the first layer, this attention layer has 7" heads, in the i-th head, ; = 0, K; = O and V; €
{0, 1}#7>4T guch that the (4i — 1,44 — 1) weight of V; is 1; others are 0.

The residual layer uses W € {0,1}47*4T which is defined as: for the i € [T, (4i — 2,4i — 2)
weights of W is 1, others are 0. The FNN layer is all 0.

Finally, we use [%]

layers to reduce the 4i — 1 columns where ¢ € [T of the output of the

first layer by (NTL)2L times, in order to reduce the norm of the output for the above layer to not
more than 1.

Let the last row for the output of the above layers be M;(xz) when input = with length n to the
transformer, then based on the definition of M35(z), we have that:

(1): the (4i — 2)-th weight of M, (x) is V,°" (s, ;,n) for any i € [n];

Sy AV (50,i09))
n(NTL)2L

(2): the (49 — 1)-th weight is for any i € [n].

Firstly, by the definition of position value and f1, it is easy to see that || M;(x)||c < 1. Then we will
prove that: for all (z,y), (z,y,) € S that do not satlsfy typ(z ) typ(z) =, for some [ € [T], we
have HMl(x) - Ml( )||oc > mln{ 2><10"LL2L+47 L(NTL)2L

When typ(z) = typ(z) = 1, let ; = typ(x), then it is easy to see that v; ¢ typ(z). Now we
consider the (47 — 2)-th weights of M;(x) and M;(z), easy to see that the (4 — 2)-th weight of
M;(z) is 1 but the (49 — 2)-th weight of M;(1) is 0. Which is what we want.

When typ(x) > 1, we consider two situations.

If len(x) # len(z), by typ(x) > 1, there must be a 4 such that y; € typ(x) and typ(z) # {%} SO
we consider the (4 — 2)-th weights of M;(z) and M;(z). By Lemma D.1} [D.4] for such i € [T7,

there must be [V, (s,.;,len(x)) — V1O (s..5,1en(2))| > —srowrpzrea-

If len(z) = len(2), leti € [T satisfy s, ; # $,.;. Such ¢ must exist, because s, ; = s,,; implies the
~i in the z and z has the same position. When it stands for any ¢ € [T'], then there must be = = z. If
VI0% (5,4, len(z)) # V.10 (s, 4,1en(z)), we have similar results as before. If not, now we consider

. . (VI (spid LAV (sl
the (4¢ — 1)-th weight of M;(x) and M;(z), they are Z]Ten@c()(NTL()M 9) and 2] 1en{12()(NTL()2L 1)

Assume k is the maximum in [n] satisfying V,}*" (s, k) # V9" (5., k). Based on the defini-
tion of f; and Lemma L we know that [ Y7, f1 (V20" (se.6,5)) — Yi—y LV (526,4))] >

(NTL)*~2 - 0.2 — (Ek ' NT(NTL)%~2 4 0.2) = (NTL)*~2 %mm 0.2L > 1.
AV (se00)) STy AV (52,000))
So we have | X 1c1n(x)(NTL)2L ~ T ) (NTL)?E |2 NTL)

The case of typ(z) > 1 is similar, so we obtain the result.
Part Five.

If typ(x) = typ(z) = v, Proposition 4.3 shows that there must be F () = F(z). Considering the
conditions of the theorem, = and z have the same label, so let S; = {(x,y) € S : |typ(z)|=1} C S
and So = {(vi, v:) : 3(z,y;) € S, typ(x) = 7, }. We just need a transformer to memorize Sy U.S/ 5.

In this part, we use an FNN to obtain the result. By Lemma and Part Four, consider that
10* = O(LIn L), an FNN with depth O(N[L?In®> NT'L/q]) and width O(1) can classify M;(z)
to y for all (z,y) € S U S/S;. Hence, by Lemma |[B.2] we can use a transformer with depth

(O(NTL?In®> NTL/q]) and width O(1) to simulate that FNN network. Adding all the above four
parts, we can directly get the Theorem. O

D.4  Proof of Proposition 4.3

Proof. Assume that x satisfies typ(z) = {7;}. To prove the proposition, we need only to show
F(x) = F(v;) for any given transformer F.

Firstly, we will show that, in each hidden layer F- 7 of F,if the input of F- J ensures that each row is
the same, then the output of 7 ensures that each row is the same.
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We just need to prove it for j = 1, other layers are similar. Let V,, be the embedding matrix of x and
easily see that the input of the first hidden layer is V,, whose rows are the same.

Let the first layer be written as

FIVo) =VWy 4+ 7 softmax(V,Qi KV + M)V, Vi
+ ENN(V,W; + 27 softmax(V, Qi K,V + M)V, V;).

In the attention layer, because each row of V. is the same, there are softmax(V,.Q; K; V! + M)V, =
IV, where I is a semimatrix under, and the i-th row is (%, %, ceey %, 0,0,...,0) (the first weights
of i are 1/i, others are 0). Then the first hidden layer is F1(V,) = V,W; + Zfil LV,Vi +
FNN(V, W7 + ZZH:1 I,V,V;). By the definition of I, we have that I}V, = V,;, and by the definition
of transformer, it is easy to see that all other parameter matrices in the attention layer and FNN layer
are all right multiplied for V., which does the same transformation between all rows in the V,;, so we
have that: all rows of F1(V,,) are the same. Similar for the other layers.

To be convenient, let F have [ hidden layers and F'(z) be the output of the last hidden layer of F ().
By the above result, we know that the rows in the output of the first hidden layer are all the same,
hence we can get the output of the second hidden layer all the same, and so forth, we have that the
rows of F'(z) are all the same. Hence, by the lemma the first row of F'(z) is equal to the first
row, which is also the only row, of F'(7;). So all the rows in the F!(x) are equal to the F'(~;).

Now, we can prove the proposition. By the structure of the transformer, the output of the F(z) is a
linear transformation on the last row of F*(z). Because we have shown that each row of the 7! () is
the same as F'(;), so F(z) is also equal to the linear transformation on the F!(v;), which is equal
to F(~;). So we get the result.

E Proofs of results in Section 4.2]

E.1 Proof of Theorem 4.4

First, we prove the sufficient condition.

Proof. The proof of the sufficient condition for Theorem 5.1|needs three parts.
Part One:
In this part, we construct a new set S, as follows.

For each (x,y) € S, we select a z, € S, satisfying the following conditions that consist of a set
Sss - {xz . (l‘vy) € S}

(c1) for any k, the x,[len(z) 4 1] are the same for all (x,y) € S satisfying typ(x) = {7} and (c2)
len(z) < L+2.

By the conditions given in the theorem, (c1) must be satisfied. Based on the definition of S, z € .S,
only limited the first L + 1 symbols and the last symbol in z, and the subsequent symbols will not
affect the overall satisfaction of the conditions in the definition of S,.. So, if z is longer than L + 2,
we just need to remove the L + 2 to the penultimate symbols in z, and it is still in the S;. So, (c2)
can be satisfied.

Part Two: Define a new language.

First, we will use S, to define a new language S,,.

For any given (z,y) € S and x, € S, we define 7;* = z.[j] if and only if j < len(z.) and
'712;(xz)+1 = 0. Based on that, we define the sentence 2* = (x, viz(msz ...,7.7), and let it have
the label ;> = 7,7, where k € {len(x),...,len(x)}.

Now we construct a set S,, as follows: S, = {(z%,y7*)||z. € Sss,k € {len(x),len(z) +
1,... len(x,)}}.
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(Ia)z (z”

We make the following operation on S, until it stops: If there are ((z4)%, y,"**), ((xs)%, )Z) €
S,, such that (z,)% = (x3)* but y(*a)=* £ 4(@)=k for some k and len(x,) < len(x;,). Remove
(za)=

((za)k, yy ") from S,

Then we show that S, will be a language. It suffices to show that after doing such an operation, we

can ensure that for any (x1,y1), (€2,y2) € Sn, Y1 # yo implies x1 # 5.

We just need to show that, if (z;,y;) € S, where i = 1,2 satisfy y; # yo but 1 = x5, the

operation will not stop. To show that, we just need to prove that if there are (z,)* = ()" but
ylre)= 2 ™) for some x, # a4 and k, then there must be len(z,) # len(as). If not, there are

Ty = (T1)len(za)] = (T1)[len(ay)] = Tb Where 21 = (w4)%, which is a contradiction with ., # .

Now, we show that, S,, is a language that can be memorized by a no-CoT-transformer.

To prove this, we need only to show that S, satlsﬁes the condition in Theorem 4.1} For any given

i, if there is a (z%,y7*) € S, such that typ(z%) = {v;}, by the definition of S, there must be

k = len(z), hence, there are x’; = x. Then cons1der1ng (cl) of the definition of S, we have that

yy* are the same for any z¥ satisfied typ(z%) = ;. This result implies that .S,, satisfies the condition

in Theorem [4.1]

Moreover, consider that S,, has at most O(L|S|) samples in it and length L + 2 for each sentence in
it, so such a transformer has width O(T'), depth O(N L?[In*(NT'L)L?/q]) and heads O(T).

Part Three: Prove the result.

Assume that F is a no-CoT-transformer that can memorize S,,. We will show that 7 can memorize S
as a CoT-transformer, which can directly prove Theorem {.4]

Step One:

For any (z,y) € S such that we do not remove any (z%, y7*) where k € {len(z),...,len(z,)} from
Sn, we show that Feo () = y.

Because we do not remove any (z%, y7*) from S,, where k € {len(z),...,len(z,)} from S,,, there
must be F(z ¥) = y7= where k € {len(z),...,len(x,)}, and consider that sentence (z%,y;*) =

k1 and Yion(x.) = 70, S0 the CoT of F when input z is (7} );enl(:rf();il Then by the definition of
'yj , we know that the symbol before vq is ¥, so ﬁcot(a:) = y. We get the result.

Step Two:
For any (z,y) € S such that we have removed some (2%, y7) from S,,, we show that Foot(z) = 9.

If not, let (2, 4) € S be the sentence of maximum length such that Fioy () # .

Let k,,, be the minimum value such that ( yk ) has been removed from S,,, then let (z1,y1) € S

be the maximum length sentence such that (xl)’;

m = :E’;’". Because (zm Y~ ) has been removed
from S,,, so there is at least one (zg,yo) € S such that z%» = (xo)km and len(xo) > len(x), so
we have 21 # x and len(z1) > len(z). Now we will show that Fcot(xl) Fcot( )and y = y1, so
there are ﬁcot(:cl) # y1, which is a contradiction to the maximum of len(z), so we can prove the
result.

Firstly, we show that there must be y = y;. Consider that (2. ){ien(2,)) = 21 and len(x1) > len(z),
by the definition of S, we know that y = y;.

Secondly, by the minimum of k,,, similar to step one, we know that the first k,,, — len(z) step
CoT of F when input z is (ylen(x) ylen(m)ﬂ, e ,ykm_l) (71en(x)+1’ 71en(x)+2v - ,’y,f;). Con-

sider that k,,, > len(z;) and (z1)* = 2% for any k < k,,, so by the minimum of k,,, we know

that the first k,,, — len(z;) step CoT of F when input z; is (yl(enl();l), yl(:nl()m) T ,y,iil)jl) =

T Tz
(’ylen(xl)+17 Nen(z1)+27 ’Vkm)
Easy to see that

(I7 ’leen(x)-i-l? Vlzen(x)-&-Z’ te ”yzm) = (Ilv 7ﬁn(x1)+17 ’le;sn(xl)-&-Z? ce ’,yzm)v
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which implies that 2 add the first k,,, — len(x) step CoT is equal to x; add the first k,,, — len(x1 ) step
CoT, according to the definition of CoT-transformer, so there must be Feo (1) = Feot (). O

Second, we prove the necessity of the condition.

Proof. We will show that, if the conditions are not satisfied, then such a language cannot be memo-
rized by any CoT-transformer.

Part One.

Firstly, we show that when S, = ¢ for some (x,y) € S, then S cannot be memorized by any
CoT-transformer.

If not, let S be memorized by a CoT-transformer F, then we can get a CoT for such z and write the
CoT as (.f, Yiis Vios s Vips ZJ:’YO)~

Then we prove that (2, i, , Viys - - - Vi, Y) € Sz, Which is in contradiction to .S,, = ¢ and we prove
the result.

We just need to verify (1), (2), (3) in the definition of .S, are correct.

First, it is easy to see that (1) in the definition of .S, is correct.

For (2). if (2) is not correct, then [typ(z,~vi,)] = 1. By Proposition we know that
F((z,v,)) = F(x) = 7, 80 Vi, = 7;,. Similar to any ;, where k& € [n]. So we have

Yy =" = f(('xa’}/iu’}/izv <o 77in)) = ]:((x7f7i177i27 s 7ryin7y)) = 7o, but based on the defi-
nition of =y, there must be g # y, which is contradictory.

For (3), if for some (z1,y1) € S such that 1 = (z,%,, Via, - - - » Vi,, ) fOr some m > 1, then by the
definition of CoT-transformer, there are F'(z1) = F'(z), so there must be y; = y. So we prove the
result.

Part two.

We show that if m(w,y)es:typ(x):{%}si = ¢ for some 7, € I" which satisfies {(x,y) € S : typ(x) =
{Vk}} # ¢, then S cannot be memorized by a CoT-transformer.

By Proposition we know that for any sentences (71,y1), (z2,y2) € S such that typ(z1) =
typ(z2) = {v}, the output of F(z1) and F(z5) are the same, which implies that if S can be
memorized by a CoT-transformer, the first symbol in CoT is the same for F when input z; or xs.
Considering the arbitrariness of z; and z2, the above result implies that N, )¢ S:typ(m):{w}S}? £ (),
so we can get the result. [

E.2 Proof of Proposition [4.5]

Proof. We first prove (1) in the proposition. We show that if the set of the last elements of all
sentences in S is a proper subset of I, that is, {z[len(x)]: (z,y) € S} G T, then S satisfies the
conditions in Theorem [4.4]

Part 1.1. We need a simple result: Let v, € S/{z[len(z)]:(z,y) € S}, and (L) =
(i, Vi, Vi - - - »7i) be a sentence with length L and all symbols in it are +;. Then for any (z,y) € S
and z € 2, there must be z, = (z,7;(L), 2,y) € S.

To prove the above result, we just need to verify the three conditions in the definition of .S,
Condition (1) in the definition of .S, is clearly valid.
For condition (2) in the definition of S, because v; ¢ {z[len(x)]: (z,y) € S}, 50 (22)en(a)+1) > 1.

For condition (3) in the definition of S. If len(x1) > len(x), considering that len(z1) < L, the last
symbol in (. ){ien(z, )] is i Which must not be the last symbol in z1. So (2 ) len(=,)] 7 21 for any
len(z1) > len(z), which implies condition (3).

Part 1.2. Now we can prove (1) in the proposition. We just need to verify the conditions in Theorem

4.4
Firstly, by the result in Part 1.1, we know that S, # ¢ for any (x,y) € S.
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Secondly, for any v; such that {(z,y) € S:typ(z) = v;} # 0, we have v; € {z[len(z)]: (z,y) €
S}, s0 j # i where i is defined in Part 1.1. Then we know that v; € Ny y)es typ(z)=-, S by Part
1.1. This proves (1).

We now prove (2) in the proposition. We show that if len(z) = L for all (x,y) € S, then S satisfies
the conditions in Theorem [£.4]

Part 2.1. We need a simple result: for any (z,y) € S, if ; # x[len(z)], then for any z € 21, there
must be z, = (z, i, 2,y) € S;. In fact, by definition of S, this is obvious.

Part 2.2. Now we can prove (2) in the proposition. We just need to verify the conditions in Theorem

Firstly, by the result in Part 2.1, we know that S, # ¢ for any (z,y) € S.
Secondly, for any +; such that {(z,y) € S:typ(z) = ~;} # 0, we just need to take i # j, then we
know that 7; € Nz, )8 typ(x)=v; Su Dy Part 2.1. This proves (2). O

=i~

F Proofs of results in Section 4.3

F.1 Proof for Proposition

We just need to verify the conditions in Theorem [§.1] and .4 for language LCP.

Proof. It is easy to see that (2) and (3) in Proposition[4.7]can directly lead to (1), so we just need to
prove (2) and (3) of Proposition 4.7}

For no-CoT-transformer.

For LCP;!, we consider the sentence x; = (71,71,...,71) where len(z;) = i. It is easy to see
that ; and x; 4 have different labels by the definition of LCP, but typ(z;) = typ(ziy+1) = {11}
So LCP; ! does not satisfy the conditions in Theorem hence cannot be memorized by no-CoT-
transformer.

For LCP;!, easy to see that (,y) € LCP; ! implies [typ(z)| > 2, so LCP; ! satisfies the conditions
in Theorem [4.1] hence can be memorized by no-CoT-transformer.

For CoT-transformer.

For LCP:1 and (x,y) € LCPfl, let typ(z) = 74, it is easy to check that (x,v;, Zeot, y) € Sy

for any ; # v, and z..¢ € 2F. So LCP}, ! satisfies the conditions in Theorem hence can be
memorized by CoT-transformer.

For LCP;! and (z,y) € LCP." such that len(z) < n. If z. = (&, %, Tcot,y) € S, for some
v; € T and 2.,y € 2, then we consider the ((,7;),y1) € LCP,,, there are (T2) en(@)]+1 = (2, %)

but y; # vy, which is contradictory with the definition of S,. So LCP.! does not satisfy the
conditions in Theorem [.4] hence cannot be memorized by CoT-transformer. O

F.2 Proof of Proposition[4.8|

This proof also follows the proof of Theorem 4.1

Proof. The proof has five parts. And we still define s ; as that in the proof of Theorem 4.1}

Part One: The Embedding.

We will embed in the following way:

The basic symbols ~; will embed in (v}, v}, ..., v}, 0) € {0, 1}47F es2L] where vf = (0,0,1,1)
when j # ¢, and v} = (0,1,0,1).

And the position embedding for n-th position is (0,0, ...,0,ny) € {0,1}*7+[l092L] where ny €
{0, 1}*92L1 is the binary representation of n, such as when n = 11, the ny = (0,0,...,0,1,0,1,1).
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Hence, the input sentence z whose len(z) = n will be embedded in a vector V, €
{O, 1}n><(4T+ ]’lag2L‘|)_
Parts Two, Three, Four.

In these three parts, we do the operation for the first 47" columns in V,; as same as that in the proof of
Theorem And keep the value of the last [logo L] columns unchanged through these parts.

Similar to that in Part Four in the proof of Theorem 4.1} we show that for any (z,y,), (2, =), we can
get a different vector for = and z.

If z and z do not satisfy typ(z) = typ(z) = {v} for some [ € [T, then we consider the first 4T
columns and follow the proof in part four in the proof of Theorem[4.1]

If « and z satisfy typ(x) = typ(z) = {v} for some [ € [T7], then there must be len(z) # len(z),
so we consider the last [logs L] columns. Based on the definition of the position embedding, we
know that the [logs L] columns in the last row of the embedding matrix of 2 and z are different, and
the L., norm of the difference between them is at least 1. Because the last [logs L] columns are
unchanged through these parts, so we get the result.

Part Five.

Quite similar to Part Five in the proof of Theorem O

F.3 Proof for Proposition 4.10]

Proof. We will show that, if |typ(z)| > 1 for any (z,y) € S and the conditions in Theorem
are not satisfied, then such a language cannot be memorized by any CoT-transformer with position
encoding.

Because |typ(z)| > 1 for any (z,y) € S, we need only to show that when S, = ¢ for some
(z,y) € S, then S cannot be memorized by any CoT-transformer with position encoding.

If not, assume that S can be memorized by a CoT-transformer F with position encoding. Then we

can get a CoT for such x, written as (&, Vi, , Vigs - - - » Yin > Y Y0)-
Then we prove that (2, Vi, , Vigs - - - Vi, Y) € Sz, Which is a contradiction to S, = ¢ and we prove
the result.

We just need to verify (1), (2), (3) in the definition of S, are true.
First, it is easy to see that (1) in the definition of S, is true.

Then for (2), because [typ(z)| > 1, so it obviously stands.

For (3), for some (z1,y1) € S such that ©1 = (2,7, Vig, - - -»Vi,,) for some n > m > 1, even
with position encoding, we have F (1) = F((2, Viy, Vigs - - - »Yi,, ))» SO by the definition of CoT-
transformer, we have F'(x1) = F(x), so there must be y; = y. So we prove the result. O

G Proofs of results in Section 3

G.1 Proof for Theorem [5.1]

Proof. Let Ly = [logy N| + 1 which satisfies TXY > N, because N, T > 3, so [log; N] + 1 <
2In N. We can arbitrarily select the sentence N with length L, and consider the corollary
and Proposition[d.5] we know that the language composed of these sentences with arbitrary labels
must meet the conditions of Theorem and Theorem It is easy to see that for these NV
sentences, there are 7V different situations to assign labels to them, hence 7'V different languages
can be created by these IV sentences. We will show that at least one of these languages requires a
no-CoT-transformer(CoT-transformer) with at least %ET parameters to memorize it, which is what
we want.

It is easy to see that for a transformer with not more than P parameters, its width, head, and
depth are all smaller than P, so for any 7 > 3 there are at most P3 pairs of W, D, H such that
para(W, D, H,T) < P. Hence, for any W, D, H such that para(W, D, H,T') < P, consider that
each parameter has precision g, which implies that each parameter has at most 1024 different
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choices. So, there are at most (102¢)” different transformers in Hy, ;, (or HY, 17 .. for the

CoT transformer). So, there are at most P3(102%)” situations for a no-CoT transformer (or CoT
transformer) with P parameters and precision q.

So to memorize all these TV languages created by such N sentences, at least TV different trans-
formers are required. So, if each of these languages can be memorized by a no-CoT-transformer
(CoT-transformer) with not more than P parameters, there must be ™ < p3 (102‘1)P , which implies
NInT <3InP +2¢gPIn10 < 6gP (¢ > 3 is used here). The theorem is proved.

G.2 Proof of Proposition[5.3]

G.2.1 Proof of Proposition [5.3]for no-CoT transformers

In this section, we give the proof of Proposition [5.3]for no-CoT transformers.
We give an easy lemma at first.

Lemma G.1. If {a;}],,{b;}}~ C Ry satisfy that: (1) for any i # j, there are |a; — a;| > 1,
|b; —bj| > 1 and (2) for anyi,j € [n], then |b; — aj| > 1 when a; # b;.

We have that there are |5~ e
i=1

Pyl = (0 et) (0T ehi)

Proof. Just need to prove that Y, e® — Y"1 | e’ > 1. Without loss of generality, let a; > a;11
and b; > b; 1. Assume k € [n] is the minimum such that a;, # by, let ax > bg. Then we have

that: Y 1" e — > 7" ebi > etk — 30 b > ek — ebk*’”rk“% >e™(1-1/(e—1)) >
e —e/(e — 1) > 1, which is what we want. O

We now prove Proposition [5.3|for no-CoT transformers.

Proof. We follow the proof of Theorem [Z;f} And we still define s, ; as that in the proof of Theorem
4.1l

Part One: Embedding
This is the same as Part One in the proof of Theorem .1}
Part Two: Use the 3 layers to calculate the position value.

This is the same as Part two in the proof of Theorem[4.1} But because there is no precision limitation
for the transformer, we just need three layers.

Part Three.
Define the set V; = {V1% (55,4, 5)}(z.p)es.ic(r) Where j € [L] and V = Ujep)V;. Let A € Ry
satisfy |[Az — Az| > 1 forany x,z € V.

In this section, we define matrix M3(z) which has the same size as M (z) as: the (47 — 3)-th column
of M3 as A(Maz(x))4;—2, where (M (x))4i—2 is the (4¢ — 2)-th column of M5 (z); other columns
are the same as Mo (x). It is easy to see that a hidden layer with width O(1) is enough to calculate
Ms(z) by My(x).

Next, we use an FNN f; : R — R to map 0 and 1 to 1, but other values in V to 0. It is easy to see
that such a network f; need onlys the O(1) layers and O(1) width to do that.

Based on such FNN f; and Mj3(z), we define a matrix M, (x) which has the same size as Ms(x)
as: the (4¢ — 1)-th column of My(x) is f1((M3)4i—2), where (M3) 4,2 is the (4i — 2)-th column of
M3 (x); other columns are the same as M3(z).

Then by the lemma|[B.2] we can use a transformer with width O(1) and depth O(1) to get My(z) by
M3 (.T) .

Part Four.

In this part, we use two hidden layers to obtain a vector which is different from x by My (z).
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In this layer, this attention layer has 7" heads, in the i-th head, Q; € R*T>4T and the (4i, 4i — 3)-th
weight of Q; is 1, and others are 0; K; = I and V; € {0, 1}*7*4T" and the (4i — 1, 4i — 1)-th weights
of V; are 1 and others are 0.

The residual layer uses W € {0, 1}*7>47" which is defined as: for the i € [T, (4i — 2,4i — 2)
weights of W is 1, others are 0. The FNN layer is all 0.

Let the last row for the output of this layer be M;(x) when input 2 with length n to the transformer,
then based on the definition of My(z), we have that:

(1) The (4i — 2)-th weight of M;(x) is V.07 (s,.4,n).

10 s 20 .
¢ it Coid) 1 (VIO (54.1,9))

[e3 N
. eAVA? (sg,09)
=

(2) The (4i — 1)-th weight of M;(x) i

We will prove that for all (z,y), (z,y,) € S that do not satisfy typ(z) = typ(z) = 7 for some
[ € [T, we have || M;(z) — M;(2)]]c > 0.

When typ(z) = typ(z), just similar to the proof of Theorem[4.1]

When len(z) # len(z) and typ(z) > 2, just similar to the proof of Theorem4.1]

When len(z) = len(z) and typ(z) > 2, leti € [T satisfy s,; # s.4. If V10" (s,.4,len(z)) #
V.10% (s, .4, len(z)), we have the same result as before; if not, by Lemma we know that there is the
same number of 1 or 0 in {V,}%" (s, j)};-e;lgz) and {V,}%% (s, 4, j)};eﬂz) Based on the definition of

f1, we know that Z?Zl eAVa’ (s2.00) fy (V0" (82,i:7)) = Z?ﬂ eAve” (sz’i’j)fl(valoa(Sz,iaj)) 7
0.

Hence, based on Lemmas |G_T|1|]Zf| and [D.2] and considering the definition of A, we know that

1
| S A o A | > 0, so we prove the result.
- .

Part Five. Quite similar to Part Five in the proof of Theorem But because there is no precision
of transformer, we just need O(N) layers as shown in Lemma|D.8§] O

G.2.2 Proof of Proposition [5.3|for CoT transformers

In this section, we give the proof of Proposition[5.3|for CoT transformers.

Proof. The proof is based on the proof of Theorem {.4]

Part One.

We need only to change the definition of Sis.

For each (z,y) € S, we puta xz, € S, satisfying the following conditions into set Sy = {z, :
(z,y) € S}

(c1) for any k, the x[len(x) + 1] are the same for all (z,y) € S such that typ(z) = {vx };
(c2)len(z,) — len(z) < N + 1.

We just need to consider (c2).

For a (z,y) € S such that |typ(z)| > 1. Let z, € S, and len(x) be the minimum. If len(z,) —
len(z) > N, then there is a len(z) < I < len(z) such that there is no (z,y,) € S such thaty, # y
and len(z) = 1.

So we consider a sentence x; = ((2);;—1], ). Itis easy to check that z; € S, and len(x;) < len(z.)
which are contradictory to the minimum of len(z,). So len(z,) — len(z) < N.

For a (z,y) € S such that typ(z) = {v;}. By the condition of Theorem let v; €
m(r,y)esvtyp(m):{w}sa}r'

Then we let z, € S, satisfy that 2. [len(z) + 1] = ~; and len(z ) be the minimum. Similarly to the
above, we can show that len(x,) — (len(z) + 1) < N. So we get the result.
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Parts two and three. These two parts are similar to the proof of Theorem- 4.4] Consider that the .S,
constructed by S defined in Part One has at most O(N?) samples in it, and use the result in section

we get the result. O
G2.1 weg

G.3 Proof of Theorem[5.4]
G.3.1 Proof of Theorem 5.4l for no-CoT-transformers

Firstly, we define the following kind of language:

Let ' = {71,72}, and S; be a sub-language of LCP with 2 samples (x}, %) where j € {1,2} in it.
We define that x’l is a sentence with length ¢ + 1, and the i-th element of xll is 2, the other elements
are 1 ; the x5 only contains ~; with length ¢; label is decided by LCP.

Now we can prove Theorem for no-CoT-transformers, we show that for any ¢ and P, there is a ¢
such that S; cannot be memorized by any transformer in H}, p, p.

Proof. Assuming that for a pair of P, ¢, each i € Z., S; can be memorized by a non-CoT transformer
in H}, 5 p, we can derive contradictions.

First, let 7 (z); be the i-th weight of F(x), then let minpeps L H(F()1r = F(y)2)+(F(r)—

F(71)2)| = €, following the proof of Theorem|[5.1] we know that there are finite varieties of different
transformers in HP p.p» SO €> 0.

If S; is memorized by F € H}, p p, by Proposition we have that F(x%) = F(y,) forany i € Z,
so there are | F(24); — F(25)2| = |F(71)1 — F(71)2] > e

We will prove that for any given transformer F € I}, p p, it holds ||F(z7) — F(z3)|[; — 0
when ¢ — oo.

If || F(z}) — F(x4)|[1 — 0 when i — oo for any given F € H}, p p, then because there are finite
varieties of different transformers in H}, ;, p. So there exists an i satisfying that || F () —F (x5)[|1 <
¢/3 for any F € H}, p p, which implies F(z1)1 — F(x})2 > F(ah)1 — |[F(zh)1 — F(xi)] -
(F(ah)o+ | F(ah)2 — F(ah)2|) = F(ah), — F(ah)2 — 2¢/3. Similarly, it holds ]-'(xz)l - f(zé)z +
2¢/3 > F(a})1 — F(x7)2. Consider that | F(z3)1 — F(ab)a| > ¢, soany F € H}, p p will give the
same label of z¢ and z%. Consider that 2% and 2! have different lengths, so by the definition of LCP
language, they have different labels. This is contradictory to the assumption and directly gets the
result we want.

To show that, we need three parts, assume JF is a transformer in H p, p, let || - [|1,oc be the maximum
L1 norm of the row in a matrix.

Part One: For any j, in the j-th hidden layer 7; of 7, the first i — 1 rows of F;(z}) and F; ()
are equal to the j-th hidden layer in F(v;).

This can be proved by using Lemma [B.T]and Proposition

Part Two: For any i, j and = € S, in the j-th hidden layer 7; of F, ||F (x)
where Mp , ; is a value that does not rely on i but only depends on P, ¢, j

< MP,q,j’

In the j-th hidden layer, if the input z of the j-th hidden layer, which is also the output of the (i — 1)-th
hidden layer, satisfies that each row has the L; norm not more than A, we can show that the output
norm of the j-th hidden layer also depends only on A and P, g. To show that, we just need to consider
the attention layer, FNN and the residual layer respectively.

In the attention layer ATT(z) = Zil softmax(2Q;V;21 + M)zK;, because the L; norm of each
row of softmax(zQiVizT + M) is 1, and we limited the precision of the transformer, so each

parameter in &; is not more than 107. So we can show that each row of ATT(z) will have a L; norm
no more than P(A x P? x 109).

Upon the residual layer zw, similar as before, each row has a L1 norm not more than A x P? x 109.
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In the FNN layer FNN(z+ ATT(z)), each row of Z + ATT(z) goes through two transformer matrices,
so the L norm of each row has at most O((P2107)2||z + ATT(2)||1.00)-

Adding them, the L; norm for each row of the output of the j-th hidden layer is at most
O(P(107P2%)3 A).

If we take A = Mp,, j_1, we know that Mp , ; < O(P(109P?)3Mp, ;—1). Consider that the input
of the first hidden is only bound by P and ¢, so we can have the result.

Part Three: For any j, in the j-th hidden layer 77 of F, ||(F7(2%));11 — F7(2%);|| — 0 when
i — oo. This directly leads to our results.

To be convenient, we write F7 (%) as f(j, 1,7) and F/(x3) as f(j,2,4), and f*(,*, x) means the
k-row of f(*7 *, *) And let Hfz+1(j - 17 13 7’) - fl(] - 17 27Z)H1 = 77(.7 - 171)

For convenience, we define the input of the first hidden layer as the output of the 0-th hidden layer
(i.e., 7 = 0) here. Consider that for any ¢ € Z, the i + 1 row of xll and the 7 row of x% are the same,

so n(0,4) = 0 for the first hidden layer. We will prove that, if n(j — 1,4) satisfies n(j — 1,7) = 0
when i — oo, then 7(j, ¢) also tends to O when i — oo.

Consider that f(j, 1,4) can be calculated as: f(j —1,1,4)W,_1 +ATT(f(j —1,1,4)) +FNN(f(j —

Firstly, for the residual layer, there are |[(f**'(j — 1,1,4) — fi(j — 1,2,4))W;_1]li <
109P2||fiF1 (5 — 1,1,4) — fi(j — 1,2,4)|]s = 109P?y(j — 1,i). Based on the assumption of
n(j —1,4), when i — oo, there is ||(f*T1(j — 1,1,4) — f(j — 1,2,4))W;_1]]1 — O.

Secondly, by part one and Proposition the first ¢ — 1 rows of f(j — 1,1,4) and all rows
of f(j — 1,2,4) are the same as F/~'(71). So in a head of attention layer in F;, written as
softmax(XQV X)X K, we have that:

(softmax(f(j —1,1,9)QV f(j — 1,1, Z)T +M)f(5—1,1,7))i41
(—De'f'(=1.24) | e"f'(i=11d) o e"f T (j=1.14)
(i—1)es+ev+ev (i—1)es+e?+ew (i—1)es+ev+ew

Where s = fi+1(j - la 1) Z)QV(JN_l(j - 1a la Z.))Ta v = fH_l(.]_ 17 1,Z)QV(f7(j - 17 1a i))T7 w =
fi+1(j - ]-7 1,Z)QV(.}”+1(] - 1; 1,1))T
Consider that (softmax(f(j — 1,2,9)Q;Vif(5 — 1,2,)T)f(G — 1,2,4)); = f(j — 1,2,1), let

—(softmax(f(j — 1,2,9)QV f(j — 1,2,0)T)f(j — 1,2,i)); + (softmax(f(j — 1,1,5)QV f(j —
1,1,0)T)f(5 — 1,1,4))s41 = c(i), we have that:

N (=1 f(i—1,2,0) e fH(i=1,1,i) eV f(i—1,1,4) i (s ;
C(Z) T (i—1l)es+ev+tew + (i—1)es+ev+ev + (i—Des+evfev f’b(] - 17271)
—(e’+e”) f (i —=1,2,5) e’ f(i—1,1,i) e fI(j—=1,1,9)

—Decferter T+ G=DesTevter T G=T)esterfev

e
(i—1)es+ev+ew =
P21024 v w

3 M € €

similar as for Do Terrem and e Ferren

21020 072 .
GPR10%IME iy

Consider that the transformer has precision ¢ and part two, so we have
26M’2° ,a,j—1

Hence
P2102q+(i71)67M12:’,q,171 ’

9 MI%,qj 1 P21029°
e Pa,j—

by part two, we have that ||c(7)|[1 < O(Mpg ;1 ), which

P21029 M2, . . —P21024 M2, .
2e P,q,J71+(1_1)e P,q,j—1

tends to 0 when ¢ — co. And for the whole attention layer with P heads and matrix K, we have
(ATT(f(j — 1,1,4)))sx1 — (ATT((j — 1,2,4))); < 109P3||c(i)||1, which is a value that tends to 0
when 7 — oo.

Finally, about the FNN layer, similar to part two, for any given two vectors x; and xo, we have that
FNN(z1) — FNN(22) < O((109p?)?||z1 — 22||1). Consider that we have proved that || f**(j —
1a 17 Z)Wj—l - fl(j - 17 27 Z)Wj—lul — 0 and (ATT(f(.] - 17 17 7’)))7+1 - (ATT((] - 17 2? 7’)))1 — O
when i — 00, so there is ENN(fiT1(j — 1,1,4)W;_1 + (ATT(f(j — 1,1,4)))i+1) — FENN(f*(j —
1,2,9)W;_1 + (ATT(f(j — 1,2,4))):) — 0 when i — oo.

Adding the results of such three parts in the j-th hidden layer, we can get what we want. O
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G.3.2 Proof of Theorem 5.4l for CoT-transformers

For the CoT-transformer, we consider the following example.

Let I' = {71,72,73,74}, and S] a sub-language of LCP with 10 samples (2},") where j € [10] in
it. We define that:

(1): «% is a sentence with length i and all elements in z¢ are ~;;

(2): «; where j = 2,3,4 is a sentence of length i + 1 and the first ¢ elements of x} are 71, the last
one is y;_1;

3): x; where j = 5,6, 7 is a sentence of length i + 2 and the first i elements of z¢ are 7y, the
(2 + 1)-th element is 74, and the last is 7, _3;

4): x; where j = 8,9, 10 is a sentence with length i + 3 and the first i elements of ¢ are ;, the
(i 4 1)-th element is ~y4, the (¢ + 2)-th element is ~;, and the last one, respectively, is {1, V2, Y4 }-

Their labels are decided by LCP. Then we can prove Theorem [5.4]for CoT-transformers, we show
that for any ¢ and P, there is a i such that S; cannot be memorized by any transformer in H p p .-

Proof. Assume that for a pair of P, ¢, such thatany i € Z., S} can be memorized by F € H} p p oops
we can derive contradictions.

Firstly, if S} can be memorized by a F € H g,’ P.P.cot» We can show that the CoT created by F (z) is
(Y4,71,73,...) forany i € Z.

Let the first symbol of the CoT created by F(x}) be ;, if j € [3], then there is (21,v;) = 2%, ,,
which implies F((z7,7;)) = F(xj), so that F will give the same label to z} and x ;. Because
and xz 41 have different lengths, based on the definition of LCP, they must have different labels. This

is contradictory to 7 memory S;. So, we have proved that the first symbol of CoT created by F (x})
is not 71, 72,3, so the first symbol of the CoT created by F(z]) is 4. For the second and third
symbols in CoT, in a similar way, we can show that the CoT created by F () is (74, 71,73, - - - )-

Secondly, by the definition of CoT-transformers and such CoT, we know that 13(9011) = 74 and
F((2%,74,7)) = 3. Moreover, because ! is a sentence with length i and all elements in 2 are
71, so by the Proposition there are F (z8,m)) = F (x%) = 74, which implies F can memorize
{((z%,71),74), ((%,74,71),73)} as a no-CoT-transformer.

Therefore, based on the assumption, we can deduce that for any 4, language
{((@3,71),74), ((21,74,71),73)} can be memorized by a F € H{pp,,- So, similar to
the proof of no-CoT-transformers, we will get the result. O

G.4 Proof of Corollary[6.1]

Let S; be defined as in Section|G.3.1} and S, = Ujcz, So; C LCP. Let S} be defined as in Section
G.3.2L and S;, = U;ez, S); C LCP. It is easy to check that S,(S),) satisfies the conditions in
Theorem .

Proof. For no-CoT-transformer. If a no-CoT-transformer F can memorize .S,, we can prove that
the result within two parts, which is similar to the proof of Theorem[5.4]

Part One: For any 23! € S,,, there is a € > 0 such that | F(23%); — F(23%)2| > e forany i € Z.

By Lemmalt.3] | F(23)1 — F(23')s| = |F(71)1 — F(n)a| forany i € Z, it F(71)1 = F(71)a,
then F cannot memory z3?, which is a contradiction with F can memorize S,. So there isa e € R
such that € = |F(y1)1 — F(71)2| = | F(23)), — F(a3%)y| forany i € Z,.

Part Two: There is || F(2%%) — F(23")||1 — 0 when i — oo, which can lead to our result. Consider
that the value of parameters in F has an upper bound and a lower bound, so the proof of this part is
similar to that in the proof of Theorem[5.4] so we omit it.

For CoT-transformer. If a CoT-transformer F can memorize S, similar to that in the proof of
Theorem for any 21" € S’, we know that the CoT created by F (z3?) is (74, y1, 73, - - - ) for any
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i € Z4, which implies F can memorize {((z1%,71),74), (z$*,74,71),73)} forany i € Z, as a
no-CoT-transformer. So, similar to before, we can get the result.

G.5 Proof of Proposition[6.3]

By Theorems @.Tand 4.4} (1) in the proposition is apparent. So, we just need to find a sentence in
Arith,, such that no-CoT- or CoT-transformers can solve it with confidence c.

Note that for Arith,, v; =i when i € [p], y,+1 is the symbol =

G.5.1 Proof of Proposition |6.3|for no-CoT transformers

Let C; be the sentence ‘1 +1+1+---+1"in Arith,, ,,, where there are ¢ 1s in it. It is easy to see
that C; has label # mod p. We will show that, for any no-CoT-transformer F, F cannot memorize
some of these sentences with confidence c.

Proof. Let F be a no-CoT-transformer and 7' be the I-th hidden layer of F.
Firstly, we show that there exists a vector C such that || F(C;) — C||2 — 0 when i — <.

Assume that the output of F* when input C; to the transformer can be written as (i), and 1% (i)
means the j-th row of [¥ (7).

We first consider F*, assume that 7' can be written as 7' (z) = 2w + Z;{:I softmax(zQ;V;z' +
M)xzK; + FNN(zw + Zflzl softmax(zQ;V;z? + M)z K;).

Then, let v, be the embedding vector of symbol + and let v; be the embedding vector of symbol 1.
We have that: 13, _, (i) = v+w+2f 1 Cvitedo g +FNN(v+w+Zf 1 vitelu g ), where

e®iteli eJ+eJ

s; =v4Q; Vvl andt; = v1Q;Vjv]. Andthereare I}, (i) = v1w+zj: %’#K +

FNN(vyw + Y0 ((1)1;”#[( ), where s/, = v1Q;V;vT and ¢} = v1Q;VjvT.

It is easy to see that 11, ,(i) does not depend on i, and I3, (i) satisfies 13, ;(i) — viw +

Soetten “’tf u K+ FNN(vjw + Y S22t J”,**i,““ K;) when i — oo.

e’i e’ite
By the above result, we can see that the last two rows of [1(i) converge to a vector separately when
i — 0o. Then we will show that if 15;~%, (i) and 15, (i) satisfy that converge to a vector separately

when i — oo, it also stands for 15, ,(i) and 15, | (i).

Assume that F* can be written as F*(z) = zwk + Zf;l softmax(xQ?ijxT + M)xK]k +
FNN (zw" + Z]H:1 softmax(:cQ?ijxT + M)IKk)

ko (i k-1 HOSER OB k=1 0\ k
Then we have that: 15, ,(i) = I5; 5(i)w" + 325 pzmz—quj + FNN(l5; 5 (i)wk +
HoOEE Ol Ly
2 =1 WK'C) where s}, (j) = 5, 5 ()QEVF (151 (0)"
We will show that 15, (i) will converge to a vector, similar for I5, (i), so we can prove our
conclusion.

Firstly, without loss of generality, assume that lim;_, o, l’;; 12(1') = vec; and lim;_, oo l’;; ll(i) = vecs.

Secondly, by LGI_nma E we have l’;’l(i) = _lkil([ﬁ]) when 1 > [I)JQFQ]’
. Ein s;(J)lk 1) " 221':—1265;,<J)lk 1([ 21 i [
$0 Zy 1WKk = Zj:l ’ $2i=2 o5 Kk and  s,(j) -

L s (QIVFUE (D))" = i, (QAVFL (B2
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Consider that sj,(j) = 15, 5(#)Q;V;(15, " (p + 1)) tends to t] = vec1Q;Vj(veci)” when

pyi = oo and b, () = 155 )Qg (It (p + 1)) tends to th = vee1Q;V, j(vee)”
S2 e D1 ([252)
when ¢,p — oo. Using Lemma |G.2 we have that lim;_, p:122i_2 L 2 =
°p

+J )

e 11)9('1+e 2vecy . X k . k H e lve('l+e 21;9(’2 k k

7f{+ ] . So lim; 005, _5(i) = vecqw®™ + > B Y K; + FNN(vec;w"® +
e e e e

PO MK’“) and we get the result.

= e'l4ef2
At last, considering that the output of the transformer is only dependent on the the last row in the last
hidden layer (i.e. I%;_, (i) when input C; to the transformer), which has a limitation when i — oo.
So, we know that F(C;) has a limitation when ¢ — occ.

Secondly, we prove the result.
Let C[k] be the k-th weight of C'. Then if C'[k] > C[j] for some k, j € [p], then by the above result
F(C;) = C when ¢ — oo, there exists an ¢ such that for any ¢ > i, there is (F'(C;))r > (F'(Cy));-

We take a ¢; such that4; mod p = j and ¢; > i, then we have that F will not give C;, the correct
label j because (F'(C;,))r > (F(C;,));, which implies F cannot memorize the Arithy, ,,.

If C[1] = C[2] = C[3] = ...C]P], then there exists a iy such that when i > i, there are
|(F(Ci))r — C[E]| < ¢/2, which implies |(F(C;))r — (F(C;));| < ¢ forany i > ig and k # j, so
F cannot memorize Arith,, ,, with confidence c. O

We need the following lemma:

Lemma G.2. If sequence of positive real number {x;} satisfied that lim,_,. x2, = a > 0
and limy,_, o Topt1 = b > 0, and sequence of vector {z;} satisfied that lim,,_, z2, = v, and

P P
limy, o0 22p1+1 = Vg, then lim,_, o %%ﬁj’ = (av. + bvg)/(a + b).
[

Proof. Assume that i(e) satisfied thatif p > i(e), then |xop —al < e,
and ||y2p+1 — UdHQ < €
> -1 ZTjYj Zi(:eiil Z;Y;5 ZP:i(e) ZiYi ZP:i(e) Zj
Th n h \Y h J — J J J .
en we have that: - S + ST ST a

111

—’UCHQ <€

i(e)—1
P 1 TjYj

Firstly, it is easy to see that for any given €, when p — oo, there are — — 0, because
J

L”ggj — 1 also because the a, b > 0.

j=1

] 1

a,b > 0, and

- =10] *3Yi

J i(e) I
can directly prove our result.

Secondly, we show that — (ave + bvg)/(a + b) when € — 0 and p — i(e) — oo, which

P p .
S Vi Ve Xioi(i2=0%i _ Y4 Xi i) i2=1%i

‘We consider the > — 2l 25 — oI 2= at first. We have that:

j=i(e) TI j=i(e) ¥i j=i(e) T

P .

||ZJ 1()%% 7“21 1()]\2 o” 71&12] 1()J|2 l‘TJH
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So we get the result. [

G.5.2 Proof of Proposition 6.3 for CoT-transformers

Let C/ be the sentence 1 +1+ 1+ --- 4+ 1+ j in Arith,, ,,, where there are i 1s initand j € [p].

Easy to see that, Cij has label (¢ + j) mod p. We will show that, for any CoT-transformer F, F
cannot give some of such sentences a correct CoT with confidence c.

Proof. Assume that F is a CoT-transformer and can solve the Arith, with confidence c.

First. similar to the above subsection, we know that for such transformers F and j, when ¢ — oo,
there is F(C) — C(j) for a vector C(j).

So, if F can solve Arith, with confidence ¢, there must be (C'(j))[p + 1] > (C(j))[t] for any
t#p+ 1.1 (C())[p + 1] < (C(j4))[t] for some t # p + 1, then the symbol = will not appear at

the start of the CoT with confidence ¢ for the F(CY).
Second. We consider the CoT of F(C;), where C; is defined in Section

For the definition for transformer to solve Arith,,, we know that if 7 can solve the Arith,, then
F(C;) must output = at the beginning of CoT. Now we consider the output of F((C;,=)), similarly
to the above subsection, we know that there exists a vector C' such that F7((C;,=)) — C when
1 — 00.

Because F can solve Arith,, with confidence c, so as to meet the basic expression of the four
arithmetic operations, the ' =" must be followed by a number in [p], so we know there is a t € [p]
such that C[t] > C[j] when j # ¢t and j € [p + 7]. If not, similar to the above section, we can show
that F cannot get the correct CoT for C; with confidence ¢, which contradicts the assumption.

Then there exists an ¢y such that when ¢ > i, ]?((C’Z-7 =)) =t.

Third. We consider F(C?) and F((C;,=,t)). These are two sequences whose lengths are the
same, only differing at the penultimate symbols, one is + and the other one is =. Then, because
the parameters of F have the upper bound and lower bound, similar to that shown in Section [G.3]
there must be || F((CY)) — F((C;,=,t))|]2 — 0 when i — oco. In part one, we show that when
i — o0, there are (F(CY))p41 > (F(CY)); for any j # p + 1. So by the above results, there must
be (F((Ci,=,1)))p+1 > (F((Ci,=,1))); for any j # p + 1 when ¢ — oo, which implies that

F((Cy,=,1)) will output the symbol =, hence create CoT (=, t,=,...) for C;.

Now we know that the CoT of C; must have the form (=,¢,=,...) when ¢ — co, when i satisfied
that ¢ mod p # t, then it is not a correct CoT to solve C;, which is a contradiction to the fact that F
can solve Arith,,. So we prove the result. O

H Impact Statement

We have theoretically demonstrated the power of CoT in the memorization capabilities of transformers.
Our research does not include conclusions that have negative effects on the community.
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to make their results reproducible or verifiable.
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either be a way to access this model for reproducing the results or a way to reproduce
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
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¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
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* The authors should provide instructions on data access and preparation, including how
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parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
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* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.
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material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
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» The answer NA means that the paper does not include experiments.
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they were calculated and reference the corresponding figures or tables in the text.
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puter resources (type of compute workers, memory, time of execution) needed to reproduce
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Answer: [NA]
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» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
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* The paper should disclose whether the full research project required more compute
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Answer: [NA]
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¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: None of these.
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* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.
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Safeguards
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release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
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* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
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* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
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Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
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» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
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included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
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