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Abstract In this paper, we present a complete algorithm to decompose nonlinear
differential polynomials in one variable and with coefficients in a computable differ-
ential field K of characteristic zero. The algorithm provides an efficient reduction of
the problem to the factorization of LODOs over the same coefficient field. Besides
arithmetic operations, the algorithm needs decomposition of algebraic polynomials,
factorization of multi-variable polynomials, and solution of algebraic linear equation
systems. The algorithm is implemented in Maple for the constant field case. The pro-
gram can be used to decompose differential polynomials with thousands of terms
effectively.

Keywords Decomposition · Differential polynomial · Pseudo linear differential
polynomial · Differential degree

1 Introduction

The study on functional decomposition algorithms started with the decomposition of
univariate polynomials. The first algorithm to find decompositions of polynomials
was presented by Barton–Zippel [2] and Alagar–Tanh [1]. This was soon followed
by the work of Kozen and Landau [17] who proposed a polynomial time decompo-
sition algorithm. Gutierrez et al. gave an almost quadratic complexity decomposition
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algorithm in [11]. Gathen proposed algorithms to find univariate decompositions in
both of the tame and the wild cases [31,32]. Gathen et al. proposed an algorithm to find
univariate decomposition factors of multivariate polynomials [12,33]. Decomposition
algorithms and unirational fields were discussed in [13,14]. In [34], Zippel presented
polynomial time algorithms to decompose a given univariate rational function over an
arbitrary field.

The decomposition of differential polynomials is much more difficult, even in the
linear case, which is equivalent to the factorization of linear ordinary differential
operators (LODOs). The first algorithms to factor LODOs proposed by Bronstein,
Petkovšek, and Schwarz [3,21] were based on the classical work of Beke. These
algorithms reduce the construction of the right factor into the problem of finding
hyper-exponential solutions of the so-called associated equations. Another approach
based on the eigenring associated with the LODO was proposed by van der Put and
Singer [28]. In [29,30], van Hoeij proposed algorithms to factor an LODO with rational
functions as well as power series coefficients. This algorithm was extended to factor
LODOs over an exponential extension of a base field by Fredet [5]. In [26], Tsarev
presented an algorithm for complete enumeration of all factorizations of an LODO. In
[9], Giesbrecht and Zhang presented methods to find factorizations for the more general
Ore polynomials over the rational function field of positive characteristic. In [10],
Grigor’ev showed that the worst case complexity of factoring LODOs is exponential.

The problem of decomposing nonlinear differential polynomials was discussed in
the classic work by Königsberger [16]. In [27], Tsarev considered differential polyno-
mials of the form yn − R(x, y, . . . , yn−1) and gave a decision procedure for the exis-
tence of a decomposition. The decomposition of differential polynomials is reduced
to the solution of a system of nonlinear differential equations, which is generally con-
sidered a very difficult task. Sosnin proposed an algorithm to find a non-parametric
decomposition of differential polynomials [25]. In [7], we gave an algorithm to find
decompositions of differential polynomials over a constant field. In this paper, a com-
plete decomposition algorithm for differential polynomials over any field K of char-
acteristic zero will be presented.

Decomposition algorithms could be used to simplify the solution of differential
equations. Applications of the factorization of LODOs to compute closed form solu-
tions and to determine the Galois group were discussed by Singer and Ulmer [22,23].
In [18], Hu solved a problem of equilibrium of elastic body with the decomposition
of differential equations.

The basic idea to decompose a given differential polynomial f = g ◦ h is as
follows. We first try to find a polynomial decomposition for f , where g is a univariate
algebraic polynomial. If f does not have a polynomial decomposition, we may find a
set of possible separants of h. For each possible separant S of h, we try to find a possible
right factor h. This procedure is divided into two phases: in the first phase presented in
Sect. 3, we can find a differential polynomial p such that if h is a right decomposition
factor of f with separant S, then h is also a right decomposition factor of p and the left
decomposition factor of p w.r.t. h is pseudo linear (for definition, see Sect. 3). In the
second phase presented in Sect. 4, the pseudo linear case is reduced to factorization of
LODOs and the solution of algebraic parametric linear equation systems. The second
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phase is the key contribution of the paper. After the right decomposition factor h is
obtained, it is easy to find g.

The algorithm is implemented in Maple for the constant coefficient field case. Our
experiments show that the program can be used to decompose differential polynomials
with thousands of terms efficiently. To implement our algorithm for the case of rational
function field, we need to have an implementation which could give all the possible
factorizations for an LODO. This problem itself is also a difficult task and we do not
find such an implementation. Based on our experiments on the constant field case
and the analysis of our algorithm, our algorithm provides an efficient reduction of the
decomposition of nonlinear differential polynomials to linear ones.

The paper is organized as follows. In Sect. 2, we present the necessary notations
and preliminary results. In Sect. 3, we show how to reduce the general case to pseudo
linear case. In Sect. 4, the pseudo linear case is solved. In Sect. 5, we give the main
algorithm and experimental results. In Sect. 6, we give the conclusions.

2 Decomposition of differential polynomials

Let K be a computable differential field of characteristic zero, CK the constant field
of K, y a differential indeterminate, K{y} the ordinary differential polynomial ring
over K. An element in K{y} is called a differential polynomial. We denote by yi the
i th derivative of y. For a differential polynomial f not in K, let yo be the highest
derivative appearing in f . Then o is called the order of f and is denoted by o f . Let o f

be the order of f , d f the degree of f in yo f , i f the coefficient of y
d f
o f in f , s f = ∂ f

∂ yo f
.

Then d f , i f , and s f are called the degree, initial, and separant of f respectively.
A monomial in K{y} is always arranged in the form

∏
0≤i≤r yαi

i where αi ∈ N. The
number

∑
0≤i≤r αi is called the total degree and

∑
0≤i≤r i ·αi is called the differential

degree of the monomial. The maximal total degree and differential degree for all
monomials in a differential polynomial f are called the total degree and differential
degree of f , denoted by tdeg( f ) and ddeg( f ) respectively. If the total (differential)
degrees of the monomials in f are all equal, then f is called total (differential) degree
homogeneous. If tdeg( f ) = k and f is total degree homogeneous, f is called k-total
degree homogeneous. Furthermore, if k = 1, we say that f is linear.

We define a rank between two monomials according to the pure lexicographical
order induced by the variable order y < y1 < y2 < . . . The monomial with the highest
rank is called the leading term of f and is denoted as lt( f ).

For a differential polynomial f and a nonnegative integer k, let f(k) be the kth
derivative of f . Then for k > 0, we have

f(k) = s f yo f +k + R f (1)

where R f is a differential polynomial of order lower than o f + k.
Let g, h ∈ K{y}. We use g ◦ h to denote the composition of two differential

polynomials g and h, which is obtained by substituting yi in g by h(i)(0 ≤ i ≤ og).
If f = g ◦ h, g, h are called the left and right decomposition factor of f respectively.
A decomposition f = g ◦ h is called nontrivial, if both g and h are not in the form
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ay + b where a and b are in K. Two decompositions f = g1 ◦ h1 and f = g2 ◦ h2
are called equivalent if there exist a, b ∈ K such that h1 = (ay + b) ◦ h2. Here is an
example.

Example 2.1 Let K = Q(t) be the differential field of rational functions with the
derivative d

dt .

f = y4
1 + 2t yy2

1 + t2 y2 + 2t y2
1 + 2y1 y2 + 2t2 y + t y1 + y + t2 + 1

= (y1 + y2) ◦ (t y + y2
1 + t)

= (t2 y2 + t y1 + 2t2 y + y + t2 + 1) ◦
(

y + 1

t
y2

1

)

.

are two equivalent decompositions of f . In fact, we have t y + y2
1 + t = (t y + t) ◦

(y + 1
t y2

1 ).

In this paper, we will consider the following problem.
Decomposition problem Let f be a differential polynomial in K{y} with positive
order, find g, h ∈ K{y} such that f = g ◦ h.

The composition operation has the following basic properties. The proofs for these
properties are quite simple and are omitted. The readers may consult [8] for the proofs.

• The composition operation is associate:

f ◦ (g ◦ h) = ( f ◦ g) ◦ h. (2)

• If f = g ◦ h, we have

o f = og + oh, s f = (sg ◦ h) · sh . (3)

• If f = g ◦ h and og = 0, we have

d f = dgdh, i f = (ig ◦ h)i
dg
h . (4)

• If f = g ◦ h and og > 0, we have

d f = dg, i f = (ig ◦ h) · s
d f
h . (5)

• If f = g ◦ h, d = tdeg( f ), d1 = tdeg(g), d2 = tdeg(h) and Fd , Gd1 , Hd2 are the
sums of monomials in f, g, h with total degrees d, d1, d2 respectively, then

d = d1 · d2, Fd = Gd1 ◦ Hd2 . (6)

• Let f = fd f y
d f
o f + fd f −1 y

d f −1
o f +· · ·+ f1 yo f + f0. If f = g ◦ h and og > 0, then

si
h divides fi , 1 ≤ i ≤ d f . (7)

123



Decomposition of ordinary differential polynomials 5

For any c ∈ K, we have f = g ◦ h = (g ◦ (y + c)) ◦ ((y − c) ◦ h) by (2). So we
can always assume that h has no term in K. In this case, the term of f in K is equal
to that of g. In this paper, we always assume that in any decomposition f = g ◦ h,
f, g, h have no term in K.

In our main algorithm for decomposing differential polynomials, two basic opera-
tions are often needed: (1) to check whether a given differential polynomial is a right
decomposition factor of another differential polynomial and (2) to find a polynomial
decomposition of a differential polynomial, in which the left decomposition factor is
in K[y].
Algorithm 2.2 Input: differential polynomials f, h.

Output: a differential polynomial g such that f = g ◦ h if such a g exists.

S1 If f ∈ K, return g = f .
S2 If o f < oh , g does not exist. The algorithm terminates.
S3 If o f = oh , then we have og = 0 by (3) and dg = d f /dh by (4). If dg is not an

integer, g does not exist and the algorithm terminates. Otherwise, let q = i f

i
dg
h

.

By (4), q should be ig ◦ h. Go to S5.
S4 If o f > oh , by (3) and (5) the order og and leading degree dg for g can be

computed as follows: og = o f − oh, dg = d f . Let q = i f

s
dg
h

. By (5), q should be

ig ◦ h.
S5 If q is not a differential polynomial in K{y}, g does not exist. The algorithm

terminates. Otherwise, we will find g = ig y
dg
og + g1 as follows. Let f1 = f − q ·

h
dg

(og) = g ◦ h − q · h
dg

(og) = (ig ◦ h)h
dg

(og) + g1 ◦ h − q · h
dg

(og) = g1 ◦ h.
Call Algorithm 2.2 with f1, h and q, h as inputs. Let the outputs be g1 and ig

respectively. If ig and g1 exist, return g = ig y
dg
og + g1. Otherwise, g does not

exist.

The correctness of Algorithm 2.2 is clear.

Algorithm 2.3 Input: a differential polynomial f .
Output: a univariate polynomial g and a differential polynomial h such that f =

g ◦ h if such g and h exist.

Note that a polynomial decomposition f = g ◦ h of a differential polynomial f is
the same as a univariate decomposition of f as a multiple variable polynomial in
K[y, y1, . . . , yo f ]. We use the algorithm in [33] directly to solve this problem. At the
same time, if we limit the separant of the right decomposition factor to be a given
differential polynomial S, then the polynomial decomposition is unique and it can be
obtained directly.

3 Reduction to pseudo linear case

A differential polynomial p in K{y} is called pseudo linear if p is of the form
p = yop + p1 where p1 is of order lower than op.
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6 X.-S. Gao, M. Zhang

Consider the decomposition problem on page 4 and write f, g, h as the following
form.

f = fd f y
d f
o f + fd f −1 y

d f −1
o f + · · · + f1 yo f + f0

g = gdg y
dg
og + gdg−1 y

dg−1
og + · · · + g1 yog + g0 (8)

h = ih ydh
oh

+ h1

where fd f = i f , gdg = ig , and h1 is of degree lower than dh in yoh .

Lemma 3.1 Let f = g ◦ h and og > 0. Denote d f (= dg) by d, ∂k f
∂k yo f

by s(k)( f ) and

∂k g
∂k yog

by s(k)(g)(1 ≤ k ≤ d) respectively. Then we have s(i)( f )/si
h = s(i)(g) ◦ h (1 ≤

i ≤ d). Namely, h is a right decomposition factor of s(i)( f )/si
h .

Proof By (3), we have s(1)( f )/sh = s f /sh = sg ◦ h. This proves the case for i = 1.
Suppose that the lemma is valid for i = k, that is, we have s(k)( f )/sk

h = s(k)(g) ◦ h.

Using (3) to this equality again, we have s(k+1)( f )/sk+1
h = ∂(s(k)( f )/sk

h )

∂yo f
s−1

h =
(
∂(s(k)(g))

∂yog
◦ h)shs−1

h = s(k+1)(g) ◦ h. We may move sh out from the scope of the

partial differentiation, because osh < o f = os f when d f > 1. This proves the case
for i = k + 1. ��

When og > 0, by (7) we have si
h | fi (1 ≤ i ≤ d f ). From this, we may find a finite

number of candidates S for sh . Our algorithm will start with such a possible separant S.

Proposition 3.2 For differential polynomials f and S, we can either find a decom-
position f = g ◦ h or a p ∈ K{y} such that if h is a right decomposition factor of
f and sh = S, then h is a right decomposition factor of p and the corresponding left
decomposition factor of p w.r.t. h is pseudo linear, or we can confirm that f has no
decomposition such that the separant of the right decomposition factor is S.

Proof We first use Algorithm 2.3 to find a polynomial decomposition f = g ◦ h such
that sh = S. If such a decomposition exists, we already have a decomposition for f ;
otherwise, we need to find decompositions f = g ◦h such that og > 0. When og > 0,
we have si

h | fi (1 ≤ i ≤ d f ). Then we check whether Si | fi (1 ≤ i ≤ d f ) is true. If
it is not true, a decomposition satisfying f = g ◦ h and sh = S does not exist; else,
suppose that h is a possible right decomposition factor of f such that sh = S, there
are two cases:
Case 1 fd

Sd = i f

Sd /∈ K. By (5), h is a right decomposition factor of fd
Sd . Then we

can consider the decomposition of fd
Sd recursively. Note that after an iteration, the left

decomposition factor of fd
Sd could be a polynomial and the condition og > 0 is not

valid anymore. We need to use Algorithm 2.3 to test whether fd
Sd has a polynomial

decomposition. If fd
Sd has such a polynomial decomposition, we will check whether

the right decomposition factor of it is a right decomposition factor of f . If fd
Sd does
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Decomposition of ordinary differential polynomials 7

not have such a polynomial decomposition or the right decomposition factor of it is
not a right decomposition factor of f , we can repeat the above procedure recursively.
Case 2 fd

Sd = c ∈ K. By (5), we have ig = gd ∈ K. Now if f = g◦h, let d = d f (= dg)

and i = d−1 in Lemma 3.1, we have s(d−1)( f )/Sd−1 = s(d−1)(g)◦h. Using notations
in (8), by direct computation, we have

s(d−1)( f ) = ∂(d−1) f

∂d−1 yo f

= d! fd yo f + (d − 1)! fd−1

s(d−1)(g) = d!gd yog + (d − 1)!gd−1.

So we have
(

fd yo f + 1

d
fd−1

) /
Sd−1 =

(

gd yog + 1

d
gd−1

)

◦ h (9)

By (9) and (1) we have

Syo f + 1

cd
· fd−1

Sd−1 =
(

gd

c
yog + 1

cd
gd−1

)

◦ h = gd

c
(Syo f + Rh) + 1

cd
gd−1 ◦ h.

Comparing the coefficients of yo f , we have S = gd
c · S and then gd

c = 1. Let w =
1

cd · fd−1
Sd−1 , g′ = 1

cd gd−1. Then

p = Syo f + w = (yog + g′) ◦ h. (10)

So, the left decomposition factor of p w.r.t. h is pseudo linear. Notice that we have the
set relation {h : sh = S and h is a right decomposition factor of f } ⊆ {h : sh = S and
h is a right decomposition factor of p}. ��

The above analysis leads to the following algorithm.

Algorithm 3.3 Input: differential polynomials f, S.
Output: (1) differential polynomials g and h such that f = g ◦ h; (2) a differential

polynomial p such that if h is a right decomposition factor of f with separant S, then
there exists r ∈ K{y} such that p = r ◦ h and r is pseudo linear; or (3) an empty set
which means that f has no right decomposition factor with separant S.

S1 q := f .
S2 Let d = dq . Write q as the form q = qd yd

oq
+ · · · + q1 yoq + q0. If oq < oS , then

output the empty set and terminate the algorithm.
S3 If oq = oS , execute Algorithm 2.3 with input q to find a decomposition q = r ◦h

such that or = 0, dr = dq/(dS + 1). If such a decomposition exists, go to step
S5; otherwise go to step S6.

S4 If oq > oS , execute Algorithm 2.3 with input q to find a decomposition q = r ◦h
such that or = 0, dr = d f . If such a decomposition exists, go to step S5; otherwise
go to step S6.
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S5 If sh/S ∈ K, then use Algorithm 2.2 with input f , h to find g such that f = g ◦h.
If such a g exists, output g, h and terminate the algorithm. Otherwise, go to the
next step.

S6 For i = 1, . . . , d, if there exists some i such that Si
� qi , then output the empty

set and terminate the algorithm.
S7 Let c = qd/Sd . If c ∈ K, let w = 1

c·d
qd−1
Sd−1 and p = Syoq + w.

Using Algorithm 2.2 with input f , p to find g such that f = g ◦ p. If such a g
exists, output g and p; otherwise output p. This step is based on Case 2 in the
proof of Proposition 3.2.

S8 Let q = c − c0, where c0 denotes the term of c in K. Go to S2. This step is based
on Case 1 in the proof of Proposition 3.2.

Proof of correctness of Algorithm 3.3 The algorithm basically follows the proof of
Proposition 3.2. Since h is a right decomposition factor of q and sh = S, we have
oq ≥ oh ≥ osh = oS . Thus, if oq < oS , h does not exist in step S2.

Steps S3, S4, and S5 treat the polynomial decomposition case. In step S3, since
oq ≥ oh ≥ oS and oq = oS , we have oh = oS = osh . In this case, we have
dh = dsh + 1 = dS + 1. By (4), if q = r ◦ h is a polynomial decomposition,
dr = dq/dh = dq/(dS + 1). In step S4, if q = r ◦ h is a polynomial decomposition
and oq > oS = osh , then h must be of the form h = Sxoh + u and ou < oh . In this
case, we have dr = dq . Furthermore, such a decomposition is unique. Therefore, if a
polynomial decomposition exists, it can be found in this way.

The correctness for steps S6, S7, and S8 follows directly from the proof of
Proposition 3.2. In step S7, since sp = S, we need to check that whether p itself
is a right decomposition factor of f . ��
Example 3.4 Let K = Q(t), S = y1, and

f = 2t y1(t
3 y4

1 + 2t2 yy2
1 + t y2 + 2t y1 y2 + y2

1 + y1)y3 + t3 y4
1 y2

+2t4 y4
1 y2

2 + 4t3 y5
1 y2 + 2t2 yy2

1 y2 + 4t3 yy2
1 y2

2

+8t2 yy3
1 y2 + t y2 y2 + 2t2 y2 y2

2 + 4t y2 y1 y2 + 4t y1 y2
2

+4t2 y1 y3
2 + 10t y2

1 y2
2 + 5y2

1 y2 + 4y3
1 y2 + y1 y2 + t y2

1 + y.

In S1, q := f , we have dq = 1, q1 = 2t y1(t3 y4
1 +2t2 yy2

1 +t y2+2t y1 y2+ y2
1 + y1).

From S2 to S6, the algorithm does nothing on q.
In S7, c = q1

S = 4t2 y1 y2 + 2t4 y4
1 + 4t3 yy2

1 + 2t2 y2 + 2t y2
1 + 2t y1.

In S8, we return to S2 with q = 4t2 y1 y2 + 2t4 y4
1 + 4t3 yy2

1 + 2t2 y2 + 2t y2
1 + 2t y1.

In S2, d = dq = 1 and oq = 2 > oS . From S2 to S6, the algorithm does nothing
on q.

In S7, c = q1
S = 4t2 ∈ K and by Algorithm 2.2 we find that q is not a right

decomposition factor of f , so we output

p = q/c = y1 y2 + 1

2
t2 y4

1 + t yy2
1 + 1

2
y2 + 1

2t
y2

1 + 1

2t
y1.

By Proposition 3.2, we have {h : sh = y1 and h is a right decomposition factor of
f } ⊆ {h : sh = y1 and h is a right decomposition factor of p}.
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4 Solving the pseudo linear case

In the previous section, with a possible separant S, we either have found a decompo-
sition of f , or we can confirm that f has no right decomposition factor with separant
S, or we obtain a differential polynomial p = Syop + w satisfying {h : sh = S and
h is a right decomposition factor of f } ⊆ {h : sh = S and h is a right decomposition
factor of p}. In this section, we will solve the following key problem of this paper:
find the right decomposition factor h of p = Syop + w(ow < op) such that sh = S.

By (3), if such a decomposition p = r ◦ h exists, then sr ◦ h = sp
sh

= 1, which
implies that r is pseudo linear. We write differential polynomials p, r, h as the sum of
total degree homogeneous parts:

p = Pd + Pd−1 + · · · + P2 + P1
r = Rd1 + Rd1−1 + · · · + R2 + R1
h = Hd2 + Hd2−1 + · · · + H2 + H1

(11)

where d, d1, d2 denote the total degrees of p, r, h respectively. Notice that p, r, h have
no terms in K. Since r is pseudo linear, R1 	= 0 and oRi < oR1 for 2 ≤ i ≤ d1.

For any differential polynomial f , denote f
k

to be the sum of the monomials
included in f with total degree k. We consider two cases: P1 	= 0 and P1 = 0.

4.1 Case 1: P1 	= 0

Use the notations introduced in (11). We assume d1 < d2 (the case d1 ≥ d2 is similar).
Comparing the sum of the monomials with total degree l (1 ≤ l ≤ d) in p = r ◦ h,
we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P1 = R1 ◦ H1
P2 = R1 ◦ H2 + R2 ◦ H1
...

Pk = R1 ◦ Hk + Rk ◦ H1 + ∑

1<i<k
Ri ◦

(
∑

1≤ j≤k−1
Hj

)

k

(2 ≤ k ≤ d1)

...

Ps = R1 ◦ Hs + ∑

1<i≤d1

Ri ◦
(

∑

1≤ j≤s−1
Hj

)

d2

(d1 < s ≤ d2)

...

Pv = ∑

1<i≤d1

Ri ◦
(

∑

1≤ j≤v

Hj

)

v

(v > d2)

...

Pd = Rd1 ◦ Hd2

(12)
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The basic idea of our algorithm is as follows: find R1, H1 from the first equation
in (12) and substitute R1, H1 into the second equation to obtain P ′

2 = P2 − (R1 ◦
H2 + R2 ◦ H1). From P ′

2 = 0, we obtain a system of linear equations about the
coefficients of R2 and H2. Solving this linear equation system, we may obtain R2 and
H2. Substituting R1, H1, R2, H2 into the third equation, we may find R3, H3, and so
on. To make this idea into an algorithm, we need to solve the following problems.

Q1. How to determine d1 and d2?
Q2. How to determine R1, H1 from the first equation of (12), that is, how to factor

LODOs over K?
Q3. Can Rk, Hk(2 ≤ k ≤ min{d1, d2}) be determined uniquely by R1 and H1?

As mentioned before, we need to determine Rk and Hk from R1 ◦ Hk + Rk ◦
H1 = P ′

k where P ′
k is given. This will lead to a differential equation system in the

coefficients of Hk and Rk . If the answer is no, then some new parameters over
K will be introduced and we may face the difficult problem of solving algebraic
differential equations about the coefficients in the next step.

Q4. If Rk, Hk(1 ≤ k ≤ min{d1, d2}) can be determined uniquely by R1 and H1,
how to find them efficiently?

Q5. If d1 < d2, we will obtain Ri , Hi (1 ≤ i ≤ d1) firstly and then compute Hj (d1 <

j ≤ d2) from (12). We need to know whether Hj (d1 < j ≤ d2) can be
determined uniquely. Similarly, how about the case of d1 ≥ d2?

For problem Q1, by (6) we have d = d1d2. It is obvious that

d2 = tdeg(h) ≥ tdeg(S) + 1 (13)

where S is the possible separant of h introduced in Sect. 3. So we will search all
possible pairs (d1, d2) satisfying these two conditions.

For problem Q2, there exist practical algorithms to factor an LODO over certain
fields, such as the field of rational functions [29], the field of formal Laurent series
[30], etc. Here we need an algorithm to find all decompositions of P1. We can use
Beke’s algorithm directly or the method given in [26]. When we compute R1 and
H1 from P1 = R1 ◦ H1, (R1, H1) could contain parameters and have many forms
as shown by Example 4.1, but the number of the parameters and the enumerations of
decompositions are both finite [26]. We will find all possible enumerations of (R1, H1)
and use each pair to find possible solutions of h and r in (11).

Example 4.1 Let K = Q(t). y2 ∈ K{y} has only the following two decompositions

y2 = y1 ◦ y1 =
(

y1 + 1

t + c
y

)

◦
(

y1 − 1

t + c
y

)

where c is an arbitrary constant taking values in Q.

It is well known that when K = CK is a constant field, factoring an LODO is
equivalent to factoring a univariate polynomial over K. This is stated as the following
lemma.
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Decomposition of ordinary differential polynomials 11

Lemma 4.2 Let q = ∑n
k=0 ak yk, u = ∑m

i=0 bi yi , v = ∑n−m
j=0 c j y j , where m ≤ n

and ak, bi , c j ∈ CK. Then q = u ◦ v if and only if q̂ = ûv̂, where q̂ = ∑n
k=0 ak yk,

û = ∑m
i=0 bi yi , v̂ = ∑n−m

j=0 c j y j .

Theorem 4.5 below answers problem Q3 affirmatively. To prove it, we first give a
lemma.

Lemma 4.3 If y1◦r = s◦u, where r, s, u are total degree homogeneous and tdeg(s) >

1, then there exists a differential polynomial s′ such that s = y1 ◦ s′.

Proof Suppose that the result is not valid and let s be a counterexample whose leading
term has the lowest rank. Since y1 ◦ r = s ◦ u, we have ds = 1. Let s = s1 yos + s0
with os0 < os . We consider two cases:
Case 1 os1 < os − 1. Then

y1 ◦ (
r − (s1 · yos−1) ◦ u

) = (
s − y1 ◦ (s1 · yos−1)

) ◦
u = (

s0 − (y1 ◦ s1) · yos−1
) ◦ u = f1 ◦ u

where f1 = s0 − (y1 ◦ s1) · yos−1. If f1=0, then we have r = (s1 · yos−1) ◦ u and
so s = y1 ◦ (s1 · yos−1), which contradicts the hypothesis. If f1 	= 0, then f1 is total
degree homogeneous (tdeg( f1)= tdeg(s)> 1) and o f1 < os . By the hypothesis, there
is a differential polynomial f ′

1 such that f1 = y1 ◦ f ′
1. So s = y1 ◦ (s1 yos−1 + f ′

1)

which contradicts the hypothesis, too.

Case 2 os1 = os − 1. Let s1 = is1 · y
ds1
os−1 + s′

1. Then we have

y1 ◦
(

r − (
1

ds1 + 1
is1 y

ds1 +1
os−1 ) ◦ u

)

=
(

s′
1 yos + s0 − 1

ds1 + 1
(y1 ◦ is1)y

ds1 +1
os−1

)

◦ u

= f2 ◦ u

where f2 = s′
1 yos +s0 − 1

ds1+1 (y1 ◦ is1)y
ds1+1
os−1 . If f2 = 0, then s = y1 ◦ 1

ds1+1 is1 y
ds1 +1
os−1 ,

which contradicts the hypothesis. If f2 	= 0, then f2 is still total degree homoge-
neous (tdeg( f2) = tdeg(s)) and the leading term of f2 is of lower rank than s. By
the hypothesis, there is a differential polynomial f ′

2 such that f2 = y1 ◦ f ′
2. Then

s = y1 ◦ ( 1
ds1+1 is1 y

ds1 +1
os−1 + f ′

2), which contradicts the hypothesis. ��

Corollary 4.4 If ym ◦r = s◦u, where r, s, u are total degree homogeneous (tdeg(s) >

1) and m is a positive integer, then there exists a differential polynomial s′ such that
s = ym ◦ s′.

Proof Lemma 4.3 proves the case for m = 1. Assume that it is correct for m = k − 1.
When m = k, if we have yk ◦ r = y1 ◦ (yk−1 ◦ r) = s ◦ u, then by Lemma 4.3, there
exists an s1 such that s = y1 ◦ s1. Since k ≥ 2, yk−1 ◦ r contains no terms in K.
Then yk−1 ◦ r = s1 ◦ u. By the hypothesis for m = k − 1, there exists an s′ such that
s1 = yk−1 ◦ s′. So we have s = yk ◦ s′. This proves the case for m = k. ��
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12 X.-S. Gao, M. Zhang

Theorem 4.5 Let R1, H1, Pk be total degree homogeneous differential polynomials
in K{y} with total degree 1, 1, k respectively. If there exist k-total degree homogeneous
differential polynomials Rk, Hk over K such that oRk < oR1 and P ′

k = R1 ◦ Hk +
Rk ◦ H1, then Rk and Hk are unique.

Proof If (Rk1, Hk1), (Rk2, Hk2) both satisfy the conditions, then

P ′
k = R1 ◦ Hk1 + Rk1 ◦ H1 = R1 ◦ Hk2 + Rk2 ◦ H1. (14)

Since R1 is linear, from (14) we have

R1 ◦ (Hk1 − Hk2) + (Rk1 − Rk2) ◦ H1 = 0.

Since Rk1 − Rk2 and Hk1 − Hk2 are still k-total degree homogeneous, we need only
to prove that there exist no nonzero Rk and Hk such that R1 ◦ Hk = Rk ◦ H1.

Suppose such Hk, Rk exist. Let the leading terms of R1, H1 be rm ym, hn yn , the
sums of monomials included in Rk, Hk with differential degree ddeg(Rk), ddeg(Hk)

be R̃k, H̃k respectively, and

R̃k =
∑

I

aI yi0 yi1
1 · · · y

io1
o1 , H̃k =

∑

J

bJ y j0 y j1
1 · · · y

jo2
o2 (15)

where o1 = oR̃k
, o2 = oH̃k

, I and J are in two index sets. Notice that differen-
tial degrees have the following properties: ddeg(p) < ddeg(q) ⇒ ddeg(y1 ◦ p) <

ddeg(y1 ◦ q) and ddeg(p) < ddeg(y1 ◦ p). Comparing the sum of monomials with
maximal differential degree in both sides of R1 ◦ Hk = Rk ◦ H1, since R1, H1 are
linear, we have

rm

∑

J

bJ

(
ym ◦ y j0 y j1

1 · · · y
jo2
o2

)
= hk

n

∑

I

(
aI yi0 yi1

1 · · · y
io1
o1

)
◦ yn . (16)

Let W be the set of all the coefficients rm, hn, aI , bJ , W1 = {v : v ∈ W and
v /∈ CK} the set of the coefficients not in the constant field of K. There are two cases:

(1) W1 = ∅. Then from (16) we have:

ym ◦
(

rm

∑

J

bJ y j0 y j1
1 · · · y

jo2
o2

)

=
(

∑

I

aI yi0 yi1
1 · · · y

io1
o1

)

◦ (hn yn).

That is, ym ◦(rm H̃k) = R̃k ◦(hn yn). By Corollary 4.4, there is a differential polynomial
Y1 such that R̃k = ym ◦ Y1. So we have oRk ≥ oR̃k

≥ m = oR1 , which contradicts the
hypothesis.

(2) W1 	= ∅. Then each v ∈ W1 is transcendental over CK. Otherwise, let α(y) =∑
0≤i≤l hi yi be the minimal polynomial of v. Then (

∑
1≤i≤l ihiv

i−1)v(1) = 0, where
v(1) denotes the derivative of v. But neither of the product factor equals 0, a contra-
diction. Let {c1, c2, . . . , ce} be a set of transcendental basis of W over CK. Then each
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Decomposition of ordinary differential polynomials 13

v ∈ W is algebraic over the field CK(c1, . . . , ce). Letβv(z)=∑
0≤i≤lv βvi (c1, . . . , ce)zi

be the “minimal” polynomial ofv (without the request of monic), whereβvi (c1, . . . , ce)

is a polynomial in c1, . . . , ce with coefficients in CK. Since c j is transcendentally inde-
pendently over CK and (16) is an identity in CK{y} for c j , replacing c j with some
nonzero elements k j (1 ≤ j ≤ e) in CK, we have

r̃m

∑

J

b̃J

(
ym ◦ y j0 y j1

1 · · · y
jo2
o2

)
= h̃k

n

∑

I

(
ãI yi0 yi1

1 · · · y
io1
o1

)
◦ yn

where each of the coefficient ṽ(v ∈ W ) is an algebraic element over CK satisfying
the equation

∑
0≤i≤lv βvi (k1, . . . , ke)ṽ

i = 0. Obviously, we can choose k j such that
r̃m 	= 0. So we have

ym ◦
(

r̃m

∑

J

b̃J y j0 y j1
1 · · · y

jo2
o2

)

=
(

∑

I

ãI yi0 yi1
1 · · · y

io1
o1

)

◦ (h̃n yn). (17)

We should explain that the derivative appears in (17) is the differential operator of
K̃, but not that of K, where K̃ is the differential overfield of K generated by adding
all the algebraic elements over CK to K. The derivative on K̃ is uniquely determined
by that on K and the constant field of K̃ is the algebraic closure of CK. Again by
Corollary 4.4, there is a differential polynomial Y2 ∈ K̃{y} such that 0 	= R′ =
∑

I ãI yi0 yi1
1 · · · y

io1
o1 = ym ◦ Y2. So we have oRk ≥ oR̃k

≥ oR′ ≥ m = oR1 , which
contradicts the hypothesis.

��
Remark Theorem 4.5 asserts that no new parameters will be introduced in both of Rk

and Hk (1 < k ≤ d1). In particular, if there are no parameters in the decomposition
P1 = R1 ◦ H1, then there are no parameters in Hk, Rk . If R1, H1 contain parameters,
Hk, Rk may contain these parameters too (and they can be determined uniquely by
the parameters). Furthermore, the identical equation R1 ◦ Hk + Rk ◦ H1 = P ′

k may
add new algebraic constraints on the parameters in R1 and H1. ��

As mentioned before, to determine Rk and Hk from R1 ◦ Hk + Rk ◦ H1 = P ′
k , it

seems that we need to solve a linear differential system. In fact, we can reduce the
problem to solving an algebraic parametric linear equation system by comparing the
differential degree, and hence answers problem Q4.

Proposition 4.6 Use notations introduced in (11). For each k > 1, we may determine
Rk and Hk from R1, H1 and p by solving an algebraic parametric linear equation
system in the coefficients of Rk and Hk.

Proof Suppose that Ri , Hi (1 ≤ i ≤ k − 1) have been obtained. Based on (12), we
hope to find Rk, Hk from

R1 ◦ Hk + Rk ◦ H1 = P ′
k = Pk −

∑

1<i<k

Ri ◦
(

∑

1≤ j≤k−1
Hj

)

k

. (18)
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14 X.-S. Gao, M. Zhang

Denote R̃k, H̃k, P̃ ′
k to be the sums of the terms in Rk, Hk, P̃ ′

k with maximal differential
degree respectively. Using the notions in (15) and comparing the sum of the terms with
maximal differential degree on both sides, we have:

rm

∑

J

bJ

(
ym ◦ y j0 y j1

1 · · · y
jo2
o2

)
+ hk

n

∑

I

(
aI yi0 yi1

1 · · · y
io1
o1

)
◦ yn − P̃ ′

k = 0. (19)

Notice that in the identity (19), all the coefficients aI , bJ are algebraically linear and
the parameters may appear in the coefficients of P ′

k . We can obtain R̃k, H̃k by solving
the algebraic parametric linear system (by Theorem 4.5, R̃k and H̃k can be expressed
by the parameters and further more, we get more constraints on the parameters).

After R̃k and H̃k are found, we may let Rk = R̃k + R′
k and Hk = H̃k + H ′

k and
substitute them into (18). Since R1 is linear, we have

R1 ◦ H ′
k + R′

k ◦ H1 = P ′
k − R1 ◦ H̃k + R̃k ◦ H1.

Repeat the above procedure for the above equation, we can finally obtain Rk, Hk . ��
Problem Q5 is similar to problems Q3 and Q4. When d1 ≥ d2, we may obtain all

H ′
i s first with Proposition 4.6. Then we have obtained the right decomposition factor h

of p and the corresponding left decomposition factor is certainly uniquely determined
by the coefficients of h. When d1 < d2, we obtain all R′

i s and Hi (1 ≤ i ≤ d1) firstly.
From (12) we have

R1 ◦ Hs = P ′
s = Ps −

∑

1<i≤d1

Ri ◦
(

∑

1≤ j≤s−1
Hj

)

d2

(d1 < s ≤ d2). (20)

If there is a differential polynomial H ′
s such that R1◦H ′

s = P ′
s , then R1◦(Hs −H ′

s) = 0
and Hs = H ′

s . So h is uniquely determined. Denote H̃s, P̃ ′
s to be the sums of the terms

in Hs, P̃ ′
s with maximal differential degree respectively. Using the notions in (15) and

comparing the sum of the terms with maximal differential degree on both sides of
(20), we have

rm

∑

J

bJ (ym ◦ y j0 y j1
1 · · · y

jo2
o2 ) − P̃ ′

k = 0 (21)

where m = oR1 , hm = iR1 . Similar to Proposition 4.6, in order to find H̃s , we need only
to solve a linear equation system and this system has a unique solution. It is now clear
that we can treat problem Q4 and problem Q5 uniformly by setting Ri = 0, i = d2 +
1, . . . , d1 when d1 > d2 and Hi = 0, i = d1+1, . . . , d2 when d2 > d1 in problem Q5.

The above analysis leads to the following algorithm.

Algorithm 4.7 Input: Differential polynomials R1, H1, p as shown in (11), integers
d1, d2 satisfying d1d2 = d and P1 = {p1 = 0, . . . , pu = 0} which denotes the
constraints on the parameters appearing in R1. R1, H1 are linear, iR = 1.
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Decomposition of ordinary differential polynomials 15

Output: A differential polynomial h and a set P, if they exist. If p has a right
decomposition factor of form (11), then it must be h. h may be expressed by parameters
and the parameters satisfy the algebraic equations in P.

S1 Use notations introduced in (11). Let m = oR1 , n = oH1 , hn = iH1, o2 = op−m,
P = P1, h = 0. For k = 2, . . . , d2, set Rk = Hk = 0.

S2 Assume that the differential polynomials Ri , Hi (1 ≤ i ≤ k − 1) has been

obtained. Let P ′
k = Pk − ∑

1<i<k Ri ◦ (
∑

1≤ j≤k−1 Hj )
k
, compute Rk, Hk

by steps S3 to S6.
S3 If P ′

k = 0, return Rk, Hk . If ddeg(P ′
k)<max{m, n · k}, then Rk, Hk do not exist,

terminate the algorithm. Let P̃ ′
k be the sum of the terms included in P ′

k with
maximal differential degree.

S4 Let

T1 = {(i0, i1, . . . , im−1) :
∑

0≤s≤m−1

is = k,
∑

0≤s≤m−1

s · is = ddeg(P ′
k) − m}

T2 = {( j0, j1, . . . , jo2) :
∑

0≤l≤o2

jl = k,
∑

0≤l≤o2

l · jl = ddeg(P ′
k) − n · k}

R̃k =
∑

I∈T1

aI yi0 yi1
1 · · · yim−1

m−1, H̃k =
∑

J∈T2

bJ y j0 y j1
1 · · · y

jo2
o2 .

Then we have

∑

J∈T2

bJ

(
ym ◦ y j0 y j1

1 · · · y
jo2
o2

)
− hk

n

∑

I∈T1

(
aI yi0 yi1

1 · · · yim−1
m−1

)
◦ yn − P̃ ′

k = 0.

(22)

If T1 (T2) is empty, then Rk := 0 (Hk := 0) and the corresponding sum is defined
to be zero.

S5 Comparing the coefficients of the monomials on both sides of (22), we obtain a
parametric linear equation system L S about aI and bJ . Solve this system with
methods from [24,6].
If L S does not have a solution, then Rk, Hk do not exist and we terminate the
algorithm; otherwise, we obtain R̃k , H̃k and T, where T is the new constraints on
the parameters. P := P

⋃
T.

S6 Rk := Rk + R̃k , Hk := Hk + H̃k , and P ′
k := P ′

k − R1 ◦ H̃k − R̃k ◦ H1, go to S3.
S7 For k = 2, . . . , d2, compute Rk, Hk one by one by step S2 (If d1 < d2, let

Rk = 0, d1 + 1 ≤ k ≤ d2). Output h = H1 + H2 + · · · + Hd2 and P.

Proof of correctness of Algorithm 4.7 Since R1 ◦ Hk + Rk ◦ H1 = P ′
k and r is pseudo

linear, ddeg(P ′
k)= max{ddeg(R1◦Hk),ddeg(Rk ◦H1)} = max{oR1 +ddeg(Hk), k ·oH1 +

ddeg(Rk)}. Hence if ddeg(P ′
k) < max{m, n · k}, then Rk, Hk do not exist in step S2.

The correctness of other steps follow directly from the proof of Proposition 4.6.
��
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16 X.-S. Gao, M. Zhang

4.2 Case 2: P1 = 0

Let k = min{i : Pi 	= 0}. Then k = min{i : Hi 	= 0}. Comparing the sum of the
monomials with total degree l (k ≤ l ≤ d) in p = r ◦ h, we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pk = R1 ◦ Hk

Pk+1 = R1 ◦ Hk+1
...

P2k−1 = R1 ◦ H2k−1
P2k = R1 ◦ H2k + R2 ◦ Hk

P2k+1 = R1 ◦ H2k+1 + R2 ◦ (Hk + Hk+1)
2k+1

...

Pd = Rd1 ◦ Hd2

(23)

Generally, for m, n ≤ min{k · d1, d2}, we have:

Pm = R1 ◦ Hm +
∑

2≤l≤[ m
k ]

Rl ◦
(

∑

k≤ j≤[ m
l ]

Hj

)

m

(k � m) (24)

Pn = R1 ◦ Hn + R n
k

◦ Hk +
∑

2≤l< n
k

Rl ◦
(

∑

k≤ j≤[ n
l ]

Hj

)

n

(k | n) (25)

where [m
l ] denotes the maximal integer not larger than m

l .
We will obtain R1 from the first k equations R1 ◦ Hj = Pj , (k ≤ j ≤ 2k − 1) by

decomposing linear differential polynomials with coefficients in K and obtain other
Ri , Hj by solving linear systems similar to Algorithm 4.7. The selection of (d1, d2)

and the uniqueness of Rk and Hk are quite similar to that in the case P1 	= 0. When
R1 is given, the uniqueness for Hj (k � j) is obvious by (24) and the uniqueness for
R j

k
, Hj (k | j) in (25) is guaranteed by Theorem 4.8.

Theorem 4.8 R1, Pik, Hk are total degree homogeneous differential polynomials with
total degree 1, i · k, k respectively. If there exist an i−total degree homogeneous dif-
ferential polynomial Ri and an i · k-total degree homogeneous differential polynomial
Hik such that oRi < oR1 and Pik = R1 ◦ Hik + Ri ◦ Hk, then Hik and Ri are unique.

Proof Since R1 is linear, we need only to prove that there exist no nonzero Hik and
Ri such that R1 ◦ Hik = Ri ◦ Hk , similar to Theorem 4.5. Suppose that such Hik, Ri

exist. Let m = oR1 , the sum of the monomials included in Ri , Hk, Hik with maximal
differential degrees be R̃i , H̃k, H̃ik respectively and

R̃i =
∑

I

aI yi0 yi1
1 · · · y

io1
o1 , H̃k =

∑

J

bJ y j0 y j1
1 · · · y

jo2
o2 , H̃ik =

∑

L

cL yl0 yl1
1 · · · y

lo3
o3
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Decomposition of ordinary differential polynomials 17

where o1 = oR̃i
, o2 = oH̃k

, o3 = oH̃ik
and I, J, L are in three index sets. Comparing

the sum of monomials with maximal differential degree of both sides, we have

rm

∑

L

cL

(
ym ◦ yl0 yl1

1 · · · y
jo3
o3

)
=

∑

I

aI

(
∑

J

bJ y j0 y j1
1 · · · y

jo2
o2

)i0

×
(

∑

J

bJ y1 ◦ y j0 y j1
1 · · · y

jo2
o2

)i1

· · ·
(

∑

J

bJ yo1 ◦ y j0 y j1
1 · · · y

jo2
o2

)io1

(26)

where rm is the initial of R1. Similar to Theorem 4.5, we can get an identity

r̄m

∑

L

c̄L

(
ym ◦ yl0 yl1

1 · · · y
jo3
o3

)
=

∑

I

āI

(
∑

J

b̄J y j0 y j1
1 · · · y

jo2
o2

)i0

×
(

∑

J

b̄J y1 ◦ y j0 y j1
1 · · · y

jo2
o2

)i1

· · ·
(

∑

J

b̄J yo1 ◦ y j0 y j1
1 · · · y

jo2
o2

)io1

(27)

in K̃{y} by replacing some of the coefficients with values in CK such that the left side
of (26) will not become zero, where K̃ is the differential extension field of K generated
by adding all algebraic elements over CK to K and the coefficients r̄m, āI , b̄J , c̄L are
in the algebraic closure of CK. The derivative appearing in (27) is the differential
operator on K̃. So we have

ym ◦
(

r̄m

∑

L

c̄L yl0 yl1
1 · · · y

jo3
o3

)

=
(

∑

I

āI yi0 yi1
1 · · · y

io1
o1

)

◦
(

∑

J

b̄J y j0 y j1
1

)

.

Let R′ = ∑

I
āI yi0 yi1

1 · · · y
io1
o1 . Then by Corollary 4.4, there exists a differential poly-

nomial Y3 ∈ K̃{y} such that R′ = ym ◦ Y3. So oRi ≥ oR̃i
≥ oR′ ≥ m = oR1 , which

contradicts the hypothesis. ��
Now we show how to obtain R1 from Pj = R1 ◦ Hj (k ≤ j ≤ 2k − 1), which

is a key step of our algorithm. We consider the following general problem: given a
total degree homogeneous differential polynomial q (tdeg(q) > 1), how to find the
decomposition q = s ◦ r such that r is linear? The solution to this problem is given
in Proposition 4.10. We first prove a lemma.

Lemma 4.9 If l ◦ q = u ◦ ym, where l, q, u are total degree homogeneous, l is linear,
tdeg(q) > 1, and m is a positive integer, then there exists a differential polynomial q ′
such that q = q ′ ◦ ym.
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18 X.-S. Gao, M. Zhang

Proof Let k be the minimal subscript such that yk appears in q and q = qd yd
k +

qd−1 yd−1
k +q(1), where d is the degree of q in yk and q(1) is the sum of the monomials

in q with degrees in yk less than d − 1. We need to prove that k ≥ m. There are two
cases:
Case 1 l ◦ qd 	= 0. Then l ◦ q = (l ◦ qd)yd

k + q(2), where the degree of q(2) in yk is
less than d. So yk appears in l ◦ q.
Case 2 l ◦ qd = 0. Then qd ∈ K, and d ≥ 2 since tdeg(q) > 1 and q is homogenous.
Let n = ol be the order of l and l = ∑

0≤i≤n ai yi (ai ∈ K). The coefficient of yd−1
k

in l ◦ q is l ◦ qd−1 + (
∑

1≤i≤n ai yi−1) ◦ (dqd yk+1).
Note that the order of qd−1 is greater than k, so the order of l ◦ qd−1 is greater than

that of (
∑

1≤i≤n ai yi−1)◦(dqd yk+1) and l◦qd−1+(
∑

1≤i≤n ai yi−1)◦(dqd yk+1) 	= 0.
yk appears in l ◦ q, too.

Since yk appears in l ◦ q and the minimal subscript j with y j appearing in l ◦ q =
u ◦ ym is not less than m, we have k ≥ m. ��
Proposition 4.10 Let q be a total degree homogeneous differential polynomial. Then
we can construct a linear differential polynomial l such that if s is a linear left decom-
position factor of q then s is a left decomposition factor of l.

Proof Assume that q can be decomposed as q = s ◦ r , where s is linear and r is
total degree homogeneous. Let v =min{i : yi appears in q}, that is, there exists a
differential polynomial q ′ such that q = q ′ ◦ yv and y appears in q ′. By Lemma 4.9,
there exists a differential polynomial r ′ such that r = r ′ ◦ yv and we have q ′ = s ◦ r ′.
So we need only to consider the case of v = 0.

Let a = degyq, e = degyr, n = os . We can write q, s, r as follows:

q = qa ya + · · · + q1 y + q0

s = sn yn + · · · + s1 y1 + s0 y

r = re ye + · · · + r1 y + r0

where ore ≥ 1 or re = 1
(

if re ∈ K, thens ◦ r = (s ◦ re y) ◦ ( r
re

)
)

. We have

s ◦ r = (s ◦ re)ye + (s ◦ re−1 + sn yn−1 ◦ (ere y1) + sn−1 yn−2 ◦ (ere y1) + · · · +
s1(ere y1))ye−1 + u1

=
⎧
⎨

⎩

(s ◦ re)ye + u2 ore ≥ 1
s0 ye + (s ◦ (re−1 + ey) − es0 y) ye−1 + u3 re = 1 and s0 	= 0
(s ◦ (re−1 + ey)) ye−1 + u4 re = 1 and s0 = 0

where u1, u3, u4 are of degree lower than e − 1 in y and u2 is of degree lower than e
in y.

From q = s ◦ r , we have

1. If qa /∈ K, then s satisfies s ◦ re = qa or s ◦ (re−1 + ey) = qa . In this case, s is a
linear left decomposition factor of qa . So, we will find the linear left decomposition
factors of qa .
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2. If qa ∈ K, then s0 = qa, e = a and qa−1 = s ◦ (re−1 + ey) − es0 y. So
qa−1 + aqa y = s ◦ (re−1 + ey) and we will consider the decomposition of the
linear differential polynomial qa−1 + aqa y.

That is, if s is a linear left decomposition factor of q, then s is a linear left decom-
position factor of qa or qa−1 + aqa y. If qa /∈ K, repeat the above analysis for qa ,
we will finally obtain a linear differential polynomial l satisfying the condition of the
proposition. ��

The above analysis leads to the following algorithm.

Algorithm 4.11 Input: k total degree homogeneous differential polynomials
Pk, . . . , P2k−1.

Output: a linear differential polynomial l such that if s is a common linear left
decomposition factor of Pi (k ≤ i ≤ 2k − 1), then s is a left decomposition factor of l.

S1 For i from k to 2k − 1, do steps S2 and S3 to construct the linear differential
polynomial Li .

S2 v = min{i : yi appears in Pi }. Find P ′
i such that Pi = P ′

i ◦ yv , that is, replace
yi with yi−v in Pi . Let a = degy P ′

i , Pi,a and Pi,a−1 be the coefficient of ya and
ya−1 in P ′

i respectively.
S3 If Pi,a ∈ K, we have found Li := Pi,a−1 + a Pi,a y; otherwise, Pi := Pi,a , go to

S2.
S4 Compute the greatest common left decomposition factor s of all Li by left Euclid

algorithm [15] and output s.

4.3 Solve the pseudo linear case

Now we could solve the problem proposed at the beginning of this section. But remem-
ber that our aim is to compute the decomposition of f and the right decomposition
factor of p is just a possible right decomposition factor of f .

Algorithm 4.12 Input: Differential polynomials f, p, S with dp = 1, i p = S.
Output: The set of differential polynomials g, h such that f = g ◦ h, and sh = S.

If such g and h do not exist, return the empty set.

S1 Let d = tdeg(p). Write p as p = ∑
1≤i≤d Pi where Pi = P i .

S2 Let k = min{i : Pi 	= 0}. If k = 1, let s = P1. If k > 1, execute Algorithm 4.11
with input Pk, . . . , P2k−1 and with output s.

S3 Let � be the set of all (R1, P1) where R1 is a left decomposition factor of s with
initial 1 and P1 the corresponding constraints for the parameters in R1. If � = ∅,
the algorithm terminates. If there is no parameter in R1 or there is no constraint
on the parameters appearing in R1, we set P = ∅.

S4 Let M ={(R1, P1, d1, d2) : (R1, P1) ∈ �, d1d2 = d and d2 ≥ tdeg(S) + 1}.
S5 If M 	= ∅, select a (R1, P1, d1, d2) from M and let M := M −{(R1, P1, d1, d2)}.

Otherwise, the algorithm terminates.
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S6 If k = 1, we can find H1 by R1 ◦ H1 = P1. Execute Algorithm 4.7 with input
R1, H1, p, d1, d2, P1 to find an h and a set P. If k > 1, we can also find an h and
a set P similar to Algorithm 4.7 but using equations (23). If h does not exist, go
to S5.

S7 Compute a g such that f = g ◦ h: let g = ∑

I
gI yi0 yi1

1 · · · yic
c , where c = o f and

i0 + i1 + · · · + ic ≤ tdeg( f ). Substituting f, g, h in f = g ◦ h and comparing
the coefficients of the monomials on both sides, we obtain a parametric linear
system L S about gI . Solve L S = 0 with methods from [24,6]. If L S = 0 has a
solution, output g, h; else go to S5.

Remark In step S7, if h constains no parameter, then we can compute g by Algorithm
2.2. If the coefficients of h contain parameters, then the order and total degree of h may
be changed by the parameters and we cannot know the order or the total degree of g
exactly. But og ≤ o f , tdeg(g) ≤ tdeg( f ) are always true. The size of the linear system
might be large. We can reduce the size by comparing the total degree homogeneous
parts and the differential homogeneous parts. In most examples, there exist no or very
few parameters and some of the coefficients of h are independent of the parameters.
This can also be used to reduce the size of the linear system.

Example 4.13 Continue from Example 3.4. We have obtained a p from f and S. Use
f, p, S as the input to Algorithm 4.12.

S1. d = tdeg(p) = 4, write p as p = P4 + P3 + P2 + P1, where P4 = 1
2t2 y4

1 , P3 =
t yy2

1 , P2 = 1
2 y2 + y1 y2 + 1

2t y2
1 , P1 = 1

2t y1.
S2. By k = 1, we have s = P1 = 1

2t y1.
S3. By P1 = R1 ◦ H1 and iR1 = 1, we have R1 = y1 + 1

t y, H1 = 1
2t y, � =

{(y1 + 1
t y,∅)}.

S4. By tdeg(S) = 1, M = {(y1 + 1
t y,∅, 2, 2), (y1 + 1

t y,∅, 1, 4)}.
S5. Choose (y1 + 1

t y,∅, 2, 2) ∈ M and let M = {(y1 + 1
t y,∅, 1, 4).

S6. Let R1 = y1 + 1
t y, d2 = 2. Substituting these into (12), we have:

P2 =
(

y1 + 1

t
y

)

◦ H2 + R2 ◦
(

1

2t
y

)

(28)

P3 = R2 ◦ (H1 + H2) 3
(29)

P4 = R2 ◦ H2. (30)

Since oR2 < 1, oH2 ≤ o f − oR1 = 2 − 1 = 1 and R2, H2 are 2−total degree
homogeneous, we can assume

R2 = ay2, H2 = b1 y2 + b2 yy1 + b3 y2
1 .

Substitute them in (28), by Algorithm 4.7 we have:

b3 = 1

2
, b2 = 0, b1 = 0, a = 2t2.
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So we obtain R2 = 2t2 y2, H2 = 1
2 y2

1 . Now substituting R1, R2, H1, H2 in (29) and
(30), we find that they really hold. So we have the following decomposition for p:

p = (R1 + R2) ◦ (H1 + H2) =
(

y1 + 1

t
y + 2t2 y2

)

◦
(

1

2t
y + 1

2
y2

1

)

and h = 1
2t y + 1

2 y2
1 .

S7. Since there is no parameter in h, by Algorithm 2.2, we find g = 16t3 y2 y1 +
8t4 y2 y2 + 8yy1 + 4t yy2 + 8t y2

1 + 4t2 y1 y2 + 2t y such that f = g ◦ h.

If we choose {(y1 + 1
t y,∅, 1, 4) ∈ M to begin the computation firstly, we will find

that there is no solution for g, h.

5 The algorithm and experimental results

As a summary, we give the algorithm to decompose any differential polynomial.

Algorithm 5.1 Input: a differential polynomial f in K{y}.
Output: a nontrivial decomposition f = g ◦ h, if such g, h exist.

S1 Let f := f − f0, where f0 is the part of f in K.
S2 Find a polynomial g ∈ K[y] and an h ∈ K{y} such that f = g◦h with Algorithm

2.3. If such g and h exist, output g + f0, h. Otherwise, go to next step.
S3 Let d = d f and write f as the form fd yd

o f
+ fd−1 yd−1

o f
+ · · · + f1 yo f + f0,

where fi denotes the coefficient of yi
o f

in f (0 ≤ i ≤ d). Let T = {S : S = 1 or

Si is a factor of fi for all i satisfying 1 ≤ i ≤ d }. Here two factors u, v ∈ T are
defined to be equivalent if u

v
∈ K. T contains non-equivalent factors.

S4 If T 	= ∅, choose an S ∈ T , go to next step; otherwise, terminate the algorithm
and return “no nontrivial decomposition exists”.

S5 S could serve as a candidate for the separant of h.
Execute Algorithm 3.3 with input f, S. There are three cases:
(1) We obtain a decomposition of f = g ◦ h. Output g + f0, h and terminate the

algorithm.
(2) We obtain a differential polynomial p with dp = 1 and i p = S such that

if h is a right decomposition factor of f with separant S, then h is a right
decomposition factor of p. Go to next step.

(3) The output is the empty set. Let T := T −{S}, go to S4;
S6 Execute Algorithm 4.12 with input f, p, S. If we obtain a decomposition f =

g ◦ h, then output g + f0 and h; otherwise T := T −{S}, go to S4.

Example 5.2 Let f be the differential polynomial given in Example 4.13
S2. Execute Algorithm 2.3, we find that f does not have a polynomial

decomposition.
S3. d = d f = 1, f1 = 2t y1(t3 y4

1 + 2t2 yy2
1 + t y2 + 2t y1 y2 + y2

1 + y1), T =
{1, y1, t3 y4

1 + 2t2 yy2
1 + t y2 + 2t y1 y2 + y2

1 + y1, y1(t3 y4
1 + 2t2 yy2

1 + t y2 + 2t y1 y2 +
y2

1 + y1)}.
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Table 1 Decomposing
randomly generated differential
polynomials

(o f , t f , l f ) Time (s) (o f , t f , l f ) Time (s)

(2, 10, 33.6) 0.2 (2, 20, 84.5) 0.88

(2, 30, 224.2) 2.41 (2, 40, 457.9) 5.3

(2, 50, 387.6) 4.9 (3, 10, 181.1) 1.6

( 3, 12, 258.7) 1.8 (3, 15, 348.2) 3.4

( 4, 8, 263.3) 1.7 (4, 10, 437.1) 3.1

( 5, 8, 602.5) 4.7 (6, 6, 403.4) 2.1

(7, 6, 1021.9) 6.6 (8, 6, 1349.2) 9.8

(9, 4, 301.5) 2.1 (9, 6, 2512.4) 23.7

(10, 5, 1905.4) 15.4 (10, 6, 3373.4) 38.4

S4. Select S = 1.
S5. Execute Algorithm 3.3, we obtain p = y1.
S6. By Algorithm 4.12, we get no nontrivial decomposition for f .
Now, return to S4. Select S = y1.
S5. Execute Algorithm 3.3, and we obtain p = y1 y2 + 1

2 t2 y4
1 + t yy2

1 + 1
2 y2 +

1
2t y2

1 + 1
2t y1(Example 3.4).

S6. By Algorithm 4.12, we have g = 16t3 y2 y1 +8t4 y2 y2 +8yy1 +4t yy2 +8t y2
1 +

4t2 y1 y2 + 2t y, h = 1
2t y + 1

2 y2
1 . Thus we obtain a decomposition f = g ◦ h.

We may use Algorithm 5.1 recursively to find an irreducible decomposition of
any differential polynomial, in which each decomposition factor has no nontrivial
decomposition.

We implemented Algorithm 5.1 in the constant field case K = Q in Maple. In
Table 1, for each pair of (o f , t f ), we generate ten differential polynomials of order
o f and total degree t f randomly and decompose them. l f is the average length of the
ten differential polynomials generated randomly. The second and the fourth columns
denote the average time on decomposing the ten differential polynomials. All the
randomly generated differential polynomials in Table 1 are indecomposable. In Tables
2 and 3, we generate two differential polynomials g and h randomly and decompose
f = g ◦ h. o f , t f , l f are the order, the total degree, and the number of terms in
f respectively. The running times are collected on a PC with a 3.2 GHz CPU and
512 M memory and are given in seconds. From these results, we may conclude that
our algorithm is efficient in handling differential polynomials with hundreds, even
thousands, of terms.

The worst case complexity of our algorithm is exponential due to combinatorial
selections of all the possible separants of h in step S3 of Algorithm 5.1, all factors of
LODOs in step S2 of Algorithm 4.12, solving parametric linear system in Algorithm
4.7. It is worth noting that the complexity of factoring LODOs, which is equivalent to
decomposing linear differential polynomials, is already exponential [10]. The practical
efficiency of our algorithm is mainly due to two reasons. First, for each selection of the
possible separant of h and a pair of factors of an LODO, our algorithm is very fast, and
for most of the practical problems, the number of selections is not very large. Second,
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Table 2 Randomly generated g and h

g1 −27 − 10y8 − 2y7 − 23y5 + 21y4 − 47y2 − 43y

h1 −39y2 − 28y3 + 27y4 − 33y1 y5 + 17y7 − 37y6 y1 + 17y2
1 y5 + 12y5 y3

1

g2 −7y + 13y1 − 15y3
1 − 46y4 − 48y3 y1 − 35y2 y2

1 − 34yy5
1

h2 −13y2
1 + 36y1 y2 − 10y2 y2

1 − 10yy3
1 − 26y5 y3

1

g3 41yy1 − 39y1 y2 − 47yy3
1 + 50y4

1

h3 −34y2
1 y + 32yy2

2 + 35y2 y2
1 + 13y2 y1 y2

g4 −36y2 − 44y3
1 + 28y3 y1 + 35y2 y2

1 + 7y4
1

h4 −49 − 24y1 − 26y2 + 6yy1 − 12y2 y + 46yy3 + 26y1 y3 − 13y2 y3 − 21y2
3

g5 16y2 − 4y4
1

h5 −3y2 + 26yy2
3 − 27y1 y3 y2 + 34yy2

1 y2 + y2
1 y2

2 + 14y2
3 y2

2

g6 −25yy2
2 + 50y2

1 y2 + 49y2
2 y1 + 15y2 y2

1 + 49y2 y1 y2 + 44yy3
2 + 3y4

1 + 24y2 y3
1 − 38y4

2

h6 −18y2 + 46y2
1 y − 35y4 − 28y3 y1 + 14yy3

1

g7 −y3 + 46y2
1 y − 19yy1 y2 + 37yy2

2

h7 −36y1 + 5y2
1 + 14y2

2 + 23y2 y2 − 35y2
1 y + 43yy1 y2 − 48y3

2 − 13y2 y2
2 + 22y3

2 y1 + 17y4
2

g8 13y2
2 − 9y2

1 y − 43y3
1 + 44y2

2 y1 − 33y3
2

h8 12 − 10y − 48y3 + 45yy1 + 6yy3 − 38y1 y3 + 37y2
2 − 40y2 y3 + 11y2

3

g9 38y − 46y1 + 39y3 + 9yy1 − 16y2 y + 47y2
1 + 31y2

2 + 19y2 y3

h9 −33y2
1 + 12y3 + y3 y1 − 9y2 y2

1 + 44yy3
1

g10 35yy1 + 42y2 y − 3yy3 + 5y1 y3

h10 −49y − 37y2
1 + 11y2 y2 + 11y2

2 y1 − 5y2 y2
2+

44yy1 y2
2 − 40yy3

2 + 17y4
1 − 28y2 y3

1 − 47y2
1 y2

2 − 5y3
2 y1

Table 3 Decompose f = g ◦ h
g, h (og, tg) (oh , th ) (o f , t f , l f ) Time (s)

g1, h1 (0,8) (1,8) (1,64,639) 2.48

g2, h2 (1,6) (1,8) (2,48,1174) 14.85

g3, h3 (1,4) (2,4) (3,16,458) 9.32

g4, h4 (1,4) (3,2) (4,8,994) 9.67

g5, h5 (1,4) (3,4) (4,16,970) 17.9

g6, h6 (2,4) (1,4) (3,16,1229) 24.8

g7, h7 (2,3) (2,4) (4,12,1360) 11.3

g8, h8 (2,3) (3,2) (5,6,709) 6.5

g9, h9 (3,2) (1,4) (4,8,231) 1.78

g10, h10 (3,2) (2,4) (5,8,535) 2.17

since we consider the constant coefficient case, our implementation uses Lemma 4.2
to factor LODOs.

To implement Algorithm 5.1 in the case of rational function field, we need an
implementation which gives all the possible factorizations for an LODO. This problem
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itself is also a difficult task and we do not find such an implementation. Based on our
experiments on the constant field case and the analysis of our algorithm, we expect
that our algorithm provides an efficient reduction of the decomposition of nonlinear
differential polynomials to linear ones.

6 Conclusions

In this paper, we give a complete and practical algorithm for decomposing nonlinear
differential polynomials in one variable and with coefficients in a differential field K
of characteristic zero. Besides arithmetic operations, the algorithm needs complete
enumeration of all factorizations of LODOs, polynomial decomposition, factorization
of multi-variable polynomials and solution of algebraic parametric linear equation
systems over K. The algorithm can give all the enumerations of nonequivalent decom-
positions. If there are parameters in the decomposition factors, then the parameters
come from the factorization of an LODO with order not greater than that of the given
differential polynomial to be decomposed and they are constrained by some algebraic
equations. Experiments show that the algorithm is quite efficient.

Many problems on the decomposition of differential polynomials are still open. The
irreducible decomposition of a polynomial is unique in certain sense [20,4]. Similar
results were proved for Ore polynomials and hence for LODOs [19]. It is interesting
to see whether this property is correct for differential polynomial decomposition.
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