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Abstract In this paper, we present a complete algorithm to decompose nonlinear
differential polynomials in one variable and with coefficients in a computable differ-
ential field /C of characteristic zero. The algorithm provides an efficient reduction of
the problem to the factorization of LODOs over the same coefficient field. Besides
arithmetic operations, the algorithm needs decomposition of algebraic polynomials,
factorization of multi-variable polynomials, and solution of algebraic linear equation
systems. The algorithm is implemented in Maple for the constant field case. The pro-
gram can be used to decompose differential polynomials with thousands of terms
effectively.

Keywords Decomposition - Differential polynomial - Pseudo linear differential
polynomial - Differential degree

1 Introduction

The study on functional decomposition algorithms started with the decomposition of
univariate polynomials. The first algorithm to find decompositions of polynomials
was presented by Barton—Zippel [2] and Alagar—Tanh [1]. This was soon followed
by the work of Kozen and Landau [17] who proposed a polynomial time decompo-
sition algorithm. Gutierrez et al. gave an almost quadratic complexity decomposition
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algorithm in [11]. Gathen proposed algorithms to find univariate decompositions in
both of the tame and the wild cases [31,32]. Gathen et al. proposed an algorithm to find
univariate decomposition factors of multivariate polynomials [12,33]. Decomposition
algorithms and unirational fields were discussed in [13, 14]. In [34], Zippel presented
polynomial time algorithms to decompose a given univariate rational function over an
arbitrary field.

The decomposition of differential polynomials is much more difficult, even in the
linear case, which is equivalent to the factorization of linear ordinary differential
operators (LODOs). The first algorithms to factor LODOs proposed by Bronstein,
Petkovsek, and Schwarz [3,21] were based on the classical work of Beke. These
algorithms reduce the construction of the right factor into the problem of finding
hyper-exponential solutions of the so-called associated equations. Another approach
based on the eigenring associated with the LODO was proposed by van der Put and
Singer [28]. In [29,30], van Hoeij proposed algorithms to factor an LODO with rational
functions as well as power series coefficients. This algorithm was extended to factor
LODOs over an exponential extension of a base field by Fredet [5]. In [26], Tsarev
presented an algorithm for complete enumeration of all factorizations of an LODO. In
[9], Giesbrecht and Zhang presented methods to find factorizations for the more general
Ore polynomials over the rational function field of positive characteristic. In [10],
Grigor’ev showed that the worst case complexity of factoring LODOs is exponential.

The problem of decomposing nonlinear differential polynomials was discussed in
the classic work by Konigsberger [16]. In [27], Tsarev considered differential polyno-
mials of the form y, — R(x, y, ..., y,—1) and gave a decision procedure for the exis-
tence of a decomposition. The decomposition of differential polynomials is reduced
to the solution of a system of nonlinear differential equations, which is generally con-
sidered a very difficult task. Sosnin proposed an algorithm to find a non-parametric
decomposition of differential polynomials [25]. In [7], we gave an algorithm to find
decompositions of differential polynomials over a constant field. In this paper, a com-
plete decomposition algorithm for differential polynomials over any field I of char-
acteristic zero will be presented.

Decomposition algorithms could be used to simplify the solution of differential
equations. Applications of the factorization of LODOs to compute closed form solu-
tions and to determine the Galois group were discussed by Singer and Ulmer [22,23].
In [18], Hu solved a problem of equilibrium of elastic body with the decomposition
of differential equations.

The basic idea to decompose a given differential polynomial f = g o & is as
follows. We first try to find a polynomial decomposition for f, where g is a univariate
algebraic polynomial. If f does not have a polynomial decomposition, we may find a
set of possible separants of . For each possible separant S of 1, we try to find a possible
right factor 4. This procedure is divided into two phases: in the first phase presented in
Sect. 3, we can find a differential polynomial p such that if % is a right decomposition
factor of f with separant S, then / is also a right decomposition factor of p and the left
decomposition factor of p w.r.t. s is pseudo linear (for definition, see Sect. 3). In the
second phase presented in Sect. 4, the pseudo linear case is reduced to factorization of
LODOs and the solution of algebraic parametric linear equation systems. The second
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Decomposition of ordinary differential polynomials 3

phase is the key contribution of the paper. After the right decomposition factor 4 is
obtained, it is easy to find g.

The algorithm is implemented in Maple for the constant coefficient field case. Our
experiments show that the program can be used to decompose differential polynomials
with thousands of terms efficiently. To implement our algorithm for the case of rational
function field, we need to have an implementation which could give all the possible
factorizations for an LODO. This problem itself is also a difficult task and we do not
find such an implementation. Based on our experiments on the constant field case
and the analysis of our algorithm, our algorithm provides an efficient reduction of the
decomposition of nonlinear differential polynomials to linear ones.

The paper is organized as follows. In Sect. 2, we present the necessary notations
and preliminary results. In Sect. 3, we show how to reduce the general case to pseudo
linear case. In Sect. 4, the pseudo linear case is solved. In Sect. 5, we give the main
algorithm and experimental results. In Sect. 6, we give the conclusions.

2 Decomposition of differential polynomials

Let K be a computable differential field of characteristic zero, Cx: the constant field
of IC, y a differential indeterminate, C{y} the ordinary differential polynomial ring
over K. An element in [C{y} is called a differential polynomial. We denote by y; the
ith derivative of y. For a differential polynomial f not in I, let y, be the highest
derivative appearing in f". Then o is called the order of f and is denotedby os. Letoy
3

()yf .
Thendy, iy, and sy are called the degree, initial, and separant of f respectively.

A monomial in K{y} is always arranged in the form [ ], -, yl " where o; € N. The
number > ;. @; is called the total degree and 3, -, i - o; is called the differential
degree of the monomial. The maximal total degree and differential degree for all
monomials in a differential polynomial f are called the rotal degree and differential
degree of f, denoted by tdeg(f) and ddeg( f) respectively. If the total (differential)
degrees of the monomials in f are all equal, then f is called fotal (differential) degree
homogeneous. If tdeg(f) = k and f is total degree homogeneous, f is called k-total
degree homogeneous. Furthermore, if k = 1, we say that f is linear.

We define a rank between two monomials according to the pure lexicographical
order induced by the variable order y < y; < y» < ... The monomial with the highest
rank is called the leading term of f and is denoted as It(f).

For a differential polynomial f and a nonnegative integer k, let fy) be the kth
derivative of f. Then for k > 0, we have

be the order of f, d the degree of f in y,, iy the coefficient of yg_f inf,sy=

Sy =5fYos+k + Ry (D

where R is a differential polynomial of order lower than oy + k.

Let g,h € K{y}. We use g o h to denote the composition of two differential
polynomials g and /&, which is obtained by substituting y; in g by h(;)(0 < i < 0,).
If f = goh,g,hare called the left and right decomposition factor of f respectively.
A decomposition f = g o h is called nontrivial, if both g and & are not in the form
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4 X.-S. Gao, M. Zhang

ay + b where a and b are in K. Two decompositions f = gj o hy and f = gy o hy
are called equivalent if there exist a, b € K such that i1 = (ay + b) o hy. Here is an
example.

Example 2.1 Let = Q(t) be the differential field of rational functions with the
derivative %.

f=yt2i+ 257 4207 + 2y + 2%y + iy +y + 17+ 1
= 1+ )o@y +yi +1)
1
=@yt +2%y +y+2+ Do (y+;y%)-
are two equivalent decompositions of f. In fact, we have ty + yl2 +t=(y+1t)o
o+ 1yd.
In this paper, we will consider the following problem.
Decomposition problem Let f be a differential polynomial in K{y} with positive
order, find g, h € K{y} such that f = g o h.

The composition operation has the following basic properties. The proofs for these
properties are quite simple and are omitted. The readers may consult [8] for the proofs.

e The composition operation is associate:

fo(goh)=(fog)oh. @)

e If f =goh,wehave
of =0g+op, sp=I(sgoh)-s. 3)
e If f =gohando; =0, we have
. . dy
df:dgdha lf:(lgoh)lh. (4)
o If f =gohandog > 0, we have
. . dy
df =dg, iy = (igoh)-s,". (&)

o If f=goh,d=tdeg(f),d =tdeg(g),d> = tdeg(h) and Fy, G4,, Hy, are the
sums of monomials in f, g, h with total degrees d, di, d> respectively, then

d=d -dy, Fg=Ggy 0o Hy,. (6)
d dr—1
o Let f = fayol + fas—1Yo; +++ f1Yo, + fo.If f = gohando, > 0, then

sh divides f;, 1 <i < d;. )
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Decomposition of ordinary differential polynomials 5

Forany c € K, wehave f = goh = (go(y+¢))o((y —c)oh)by(2). Sowe
can always assume that /2 has no term in /C. In this case, the term of f in K is equal
to that of g. In this paper, we always assume that in any decomposition f = g o h,
f, g, h have no term in K.

In our main algorithm for decomposing differential polynomials, two basic opera-
tions are often needed: (1) to check whether a given differential polynomial is a right
decomposition factor of another differential polynomial and (2) to find a polynomial
decomposition of a differential polynomial, in which the left decomposition factor is

in KC[y].

Algorithm 2.2 Input: differential polynomials f, h.
Output: a differential polynomial g such that f = g o h if such a g exists.

S1 If fekK,returng = f.
S2 Ifoy < op, g does not exist. The algorithm terminates.
S3 If oy = oy, then we have 0o, = 0 by (3) and dy = dy/d) by (4). If d;; is not an

integer, g does not exist and the algorithm terminates. Otherwise, let ¢ = ld—i

4
By (4), g should be iy o h. Go to S5. '
S4 If oy > op, by (3) and (5) the order o, and leading degree d, for g can be

computed as follows: 0, =0y —op,dy =dy. Letqg = %. By (5), g should be
Sh
igoh.
S5 If g is not a differential polynomial in C{y}, g does not exist. The algorithm
terminates. Otherwise, we will find g = igyi’f + g1 as follows. Let f1 = f —q -
d d . d d,
h((i,) =goh—q ~h(5g) = (ig oh)h((fg) +g10h —q-h(;'g) =gioh.
Call Algorithm 2.2 with fi, h and g, h as inputs. Let the outputs be g1 and iy
respectively. If i, and g exist, return g = i, ygj + g1. Otherwise, g does not
exist.

The correctness of Algorithm 2.2 is clear.

Algorithm 2.3 Input: a differential polynomial f.
Output: a univariate polynomial g and a differential polynomial h such that f =
g o hifsuch g and h exist.

Note that a polynomial decomposition f = g o h of a differential polynomial f is
the same as a univariate decomposition of f as a multiple variable polynomial in
KLy, y1. .-+, yo, 1. We use the algorithm in [33] directly to solve this problem. At the
same time, if we limit the separant of the right decomposition factor to be a given
differential polynomial S, then the polynomial decomposition is unique and it can be
obtained directly.

3 Reduction to pseudo linear case

A differential polynomial p in KC{y} is called pseudo linear if p is of the form
P = Yo, + p1 where pj is of order lower than o).
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6 X.-S. Gao, M. Zhang

Consider the decomposition problem on page 4 and write f, g, & as the following
form.

d dr—1
[ = fayol + fay—1Yo; 4+ fiYo, + fo

dy dg—1
8 = &dyYo, + 8dy—1Yo, + -+ &1Yo, + 80 ®
h = ihyf}’l’ + hy

where fdf =iy, 8d, = ig, and iy is of degree lower than dj, in y,,,.

Lemma 3.1 Let f = g oh and oy > 0. Denote dy(= dg) by d, azkyf by s©(f) and
°f

% by s®(g)(1 < k < d) respectively. Then we have sV (f) /s = sV (g)oh (1 <
4

i <d). Namely, h is a right decomposition factor ofs(i)(f)/sfl.

Proof By (3), we have sV (f) /s, = sf/sp = Sg o h. This proves the case for i = 1.
Suppose that the lemma is valid for i = , that is, we have s (f)/s;‘l =s®(g)o h.

3(s(k)(f)/S§)s71

Using (3) to this equality again, we have s(k“)(f)/sﬁ+1 = BN
Of

( 3s® ()
9o

o W)sps, ' = s* D (g) o h. We may move s;, out from the scope of the

partial differentiation, because o5, < oy = o f when dy > 1. This proves the case
fori = k+ 1. O

When o, > 0, by (7) we have s;L |fi(1 <i < dy). From this, we may find a finite
number of candidates S for s5,. Our algorithm will start with such a possible separant S.

Proposition 3.2 For differential polynomials f and S, we can either find a decom-
position f = gohora p € K{y} such that if h is a right decomposition factor of
f and s, = S, then h is a right decomposition factor of p and the corresponding left
decomposition factor of p w.r.t. h is pseudo linear, or we can confirm that f has no
decomposition such that the separant of the right decomposition factor is S.

Proof We first use Algorithm 2.3 to find a polynomial decomposition f = g ok such
that s, = S. If such a decomposition exists, we already have a decomposition for f;
otherwise, we need to find decompositions f = g o such that o, > 0. When o, > 0,
we have s;‘l|f,~(l < i =< dy). Then we check whether Si|ﬁ(1 <i <dy)istrue. If
it is not true, a decomposition satisfying f = g o h and s, = S does not exist; else,
suppose that % is a possible right decomposition factor of f such that s = S, there
are two cases:

Case 1 % = ;—’; ¢ K. By (5), h is a right decomposition factor of % Then we

can consider the decomposition of g—‘j recursively. Note that after an iteration, the left
decomposition factor of g—;’, could be a polynomial and the condition 0o, > 0 is not
valid anymore. We need to use Algorithm 2.3 to test whether é—‘f, has a polynomial

decomposition. If % has such a polynomial decomposition, we will check whether

Jd

X does

the right decomposition factor of it is a right decomposition factor of f. If
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Decomposition of ordinary differential polynomials 7

not have such a polynomial decomposition or the right decomposition factor of it is
not a right decomposition factor of f, we can repeat the above procedure recursively.
Case?2 g—j, =c e K.By(5),wehavei, = gg € K.Nowif f = goh,letd = ds(=dy)
andi = d—1inLemma3.1, wehaves @D (f)/8?~! = s@=D(g)oh. Using notations
in (8), by direct computation, we have

9d=D g
3d_1y

()f

sS4V = =d\fayo, + (d — D! fy-

sV (g) = dlgayo, + (d — D)!ga—1.

So we have

1 1
(fdyof + Efd_l) /Sd_1 = (gdyog + 3&1-1) oh )

By (9) and (1) we have

L fao1 (gd 1

8d 1
Syo,; + o sd—1 = 7}’% + C—gd—l) oh= ?(S)’o_/ + Rp) + agd—l oh.

d

Comparing the coefficients of y, ., we have § = gTd - S and then gTd =1.Letw =

1 famr s 1
st 8 = zg8a—1.Then

P=SYo, +w= (Yo, +8)0h. (10)

So, the left decomposition factor of p w.r.t. & is pseudo linear. Notice that we have the
set relation {h : s, = S and A is a right decomposition factor of f} C {h : s, = S and
h is a right decomposition factor of p}. O

The above analysis leads to the following algorithm.

Algorithm 3.3 Input: differential polynomials f, S.

Output: (1) differential polynomials g and h such that f = g o h; (2) a differential
polynomial p such that if h is a right decomposition factor of f with separant S, then
there exists r € KC{y} such that p = r o h and r is pseudo linear; or (3) an empty set
which means that { has no right decomposition factor with separant S.

S1 q:=f.

S2 Letd = d,. Write g as the form g = qdyffq + -+ q1Yo, +q0.If 04 < 05, then
output the empty set and terminate the algorithm.

S3 Ifo; = og, execute Algorithm 2.3 with input g to find a decompositiong = roh
such that o, = 0,d, = d,;/(ds + 1). If such a decomposition exists, go to step
S5; otherwise go to step S6.

S4 If o, > os, execute Algorithm 2.3 with input g to find a decompositiong = roh
suchthato, = 0, d, = d.If such adecomposition exists, go to step S5; otherwise
go to step S6.
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8 X.-S. Gao, M. Zhang

S5 Ifsp/S € K, then use Algorithm 2.2 with input f, 4 to find g such that f = goh.
If such a g exists, output g, 4 and terminate the algorithm. Otherwise, go to the
next step.

S6 Fori =1,...,d, if there exists some i such that S¢ 1 gi, then output the empty
set and terminate the algorithm.

S7 Letc=gqy/S% Ifce K, letw = ﬁ% and p = Sy,, + w.

Using Algorithm 2.2 with input f, p to find g such that f = go p.Ifsucha g
exists, output g and p; otherwise output p. This step is based on Case 2 in the
proof of Proposition 3.2.

S8 Letq = ¢ — co, where ¢q denotes the term of ¢ in K. Go to S2. This step is based

on Case 1 in the proof of Proposition 3.2.

Proof of correctness of Algorithm 3.3 The algorithm basically follows the proof of
Proposition 3.2. Since 4 is a right decomposition factor of ¢ and s, = S, we have
04 = o > oy, = 0g. Thus, if 04 < 05, h does not exist in step S2.

Steps S3, S4, and S5 treat the polynomial decomposition case. In step S3, since
0q = op > os and o, = os, we have 0, = os = oy,. In this case, we have
dy = dg, +1 =dg+ 1. By (4),if ¢ = r o h is a polynomial decomposition,
dy =dgy/dy = dy/(ds + 1). In step S4, if ¢ = r o h is a polynomial decomposition
and o, > 0s = o0,, then h must be of the form 2 = Sx,, + u and 0, < o0j,. In this
case, we have d, = d,;. Furthermore, such a decomposition is unique. Therefore, if a
polynomial decomposition exists, it can be found in this way.

The correctness for steps S6, S7, and S8 follows directly from the proof of
Proposition 3.2. In step S7, since 5, = S, we need to check that whether p itself
is a right decomposition factor of f. O

Example 3.4 Let K = Q(¢), S = y;, and

[ =291y} +20yy] + 1% + 2y130 4+ y{ + y)ys + Oy
+2r4y 42+ 43y3 v + 262 yy 2y, + 413 yy 2y
+812yyi yo + 1y%y2 + 267923 + 4ty yiys + dty1y;
+417y1y3 + 1067y + 5y7y2 + 4yiy2 + yiv2 + 17 + y.

InSl,q := f,wehaved; =1, q1 = 2ty (t3y?+2t2yy12+ty2+2ty1y2+y12+y1).

From S2 to S6, the algorithm does nothing on g.

InS7,c =4 =42y y;, + 24y} +483yy? + 26297 + 2197 + 21y,

In S8, we return to S2 with ¢ = 412y1y2 + 2t*y} + 463 yy? +202y% + 212 + 21 y;.

InS2,d =d; = 1and o; =2 > og. From S2 to S6, the algorithm does nothing
ong.

InS7, ¢ = ‘%‘ = 41> € K and by Algorithm 2.2 we find that ¢ is not a right
decomposition factor of f, so we output

1
PRt

| 1 |
p=qlc=yiy2+ =2y 1337 + =y + =y + >

2 2 2t

By Proposition 3.2, we have {h : s = y; and h is a right decomposition factor of
f} S {h: s, =y and h is a right decomposition factor of p}.
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Decomposition of ordinary differential polynomials 9

4 Solving the pseudo linear case

In the previous section, with a possible separant S, we either have found a decompo-
sition of f, or we can confirm that f has no right decomposition factor with separant
S, or we obtain a differential polynomial p = Sy,, + w satisfying {h : s, = § and
h is a right decomposition factor of f} C {h : s, = S and & is a right decomposition
factor of p}. In this section, we will solve the following key problem of this paper:
find the right decomposition factor h of p = Sy,, + w(oy < 0p) such that sp = S.

By (3), if such a decomposition p = r o h exists, then s, o h = % = 1, which
implies that  is pseudo linear. We write differential polynomials p, r, i as the sum of

total degree homogeneous parts:

p=Pi+Pi1+--+P+P
r=Rg +Rgy—1+---+R+ Ry (11)
h=Hg, + Hgy—1 + -+ Hy + H

where d, di, d» denote the total degrees of p, r, h respectively. Notice that p, r, h have
no terms in . Since r is pseudo linear, Ry # 0 and og, < o, for2 <i < d;.

For any differential polynomial f, denote to be the sum of the monomials
included in f with total degree k. We consider two cases: P; # 0 and P; = 0.

4.1 Case1: P #0

Use the notations introduced in (11). We assume d; < d» (the case d; > dj is similar).
Comparing the sum of the monomials with total degree [ (1 </ <d)inp =roh,
we have

P = R0 H;
P, =Ry 0o Hy+ Ryo H;

Pr=RyoH,+ R,o H + z R; o Z H; R=<k=<d)
l<i<k 1<j<k—1

k

(12)

P = Ry o Hy + Z R,‘O( Z Hj) d <s <dy)

1<i<d l<j=s—1
dy

l<i<d, I<j=<v

P, =| > Rio(z Hj) (v > dy)

Py = Ry, o Hy,
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10 X.-S. Gao, M. Zhang

The basic idea of our algorithm is as follows: find R;, H; from the first equation
in (12) and substitute Ry, H; into the second equation to obtain PZ/ = P,—(Rio
Hy + R> o Hy). From Pz’ = 0, we obtain a system of linear equations about the
coefficients of R, and H;. Solving this linear equation system, we may obtain R, and
H;. Substituting Ry, H, Ry, H> into the third equation, we may find R3, H3, and so
on. To make this idea into an algorithm, we need to solve the following problems.

Q1. How to determine d; and d?

Q2. How to determine R, H; from the first equation of (12), that is, how to factor
LODOs over K?

Q3. Can Ry, H (2 < k < min{d;, d»}) be determined uniquely by R; and H;?
As mentioned before, we need to determine Ry and Hy from Ry o Hy + Ry o
H = P,é where P,é is given. This will lead to a differential equation system in the
coefficients of Hy and Ry. If the answer is no, then some new parameters over
IC will be introduced and we may face the difficult problem of solving algebraic
differential equations about the coefficients in the next step.

Q4. If Ry, Hr(1 < k < min{d, d»}) can be determined uniquely by R; and Hi,
how to find them efficiently?

Q5. Ifdy < dp, wewillobtain R;, H; (1 < i < dy) firstly and then compute H; (d; <
J < d) from (12). We need to know whether H;(dy < j < d>) can be
determined uniquely. Similarly, how about the case of d; > d»?

For problem Q1, by (6) we have d = dd>. It is obvious that
dy = tdeg(h) > tdeg(S) + 1 (13)

where S is the possible separant of / introduced in Sect. 3. So we will search all
possible pairs (d1, d») satisfying these two conditions.

For problem Q2, there exist practical algorithms to factor an LODO over certain
fields, such as the field of rational functions [29], the field of formal Laurent series
[30], etc. Here we need an algorithm to find all decompositions of P;. We can use
Beke’s algorithm directly or the method given in [26]. When we compute R; and
Hy from P; = R o Hi, (Ry, Hy) could contain parameters and have many forms
as shown by Example 4.1, but the number of the parameters and the enumerations of
decompositions are both finite [26]. We will find all possible enumerations of (Ry, Hp)
and use each pair to find possible solutions of /2 and r in (11).

Example 4.1 Let I = Q(¢). y2 € K{y} has only the following two decompositions

1 1
Y2 =Yy10)1 —(y1+H_—CY)°(YI—t+CY)

where c is an arbitrary constant taking values in Q.

It is well known that when L = Cy is a constant field, factoring an LODO is
equivalent to factoring a univariate polynomial over /. This is stated as the following
lemma.
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Decomposition of ordinary differential polynomials 11

Lemmad.2 Let g = > j_gakye.u = 2 obiyi, v = 21§ cjyj, wherem < n
and ax, b, cj € Cx. Then ¢ = u o v if and only if § = 00, where § = 3 ;_, ary*,
n=23obiy' 0=23""0cjy’.

Theorem 4.5 below answers problem Q3 affirmatively. To prove it, we first give a
lemma.

Lemma 4.3 Ifyjor = sou, wherer, s, u are total degree homogeneous and tdeg(s) >
1, then there exists a differential polynomial s’ such that s = yj o s’.

Proof Suppose that the result is not valid and let s be a counterexample whose leading
term has the lowest rank. Since yj or = 5 ou, we have d; = 1. Let s = s1y,, + 50
with oy, < 05. We consider two cases:

Case I o5, < 0y — 1. Then

yio(r—(s1yo—1)ou)=(s—yjo(si-yo—1))o
u=(so— (y1081):Yo—1)ou=frou

where f1 = so — (y1 051) - Yo,—1. If f1=0, then we have r = (s1 - yo,—1) o u and
S0 s = y1 o (S1 - Yo,—1), which contradicts the hypothesis. If f| # 0, then f is total
degree homogeneous (tdeg(f1) =tdeg(s) > 1) and o5, < o,. By the hypothesis, there
is a differential polynomial f{ such that fi = yj o f{. Sos = yi o (s1yo,—1 + f})
which contradicts the hypothesis, too.

. d,
Case 2 05, = o5 — 1. Let s1 = i, - yO:LI + s1. Then we have

1 d+1
Y10 (r - (mlslyosl_l )o M) = (Siyo.Y + 50 —

1 ( ) ds,+1
(e ou
dsl +1 Y1 S1 y()s—l

= faou
. ds, +1 . dy+1
where f2 = s;yox —+850 — dsllﬁ(yl Olsl)yoxlfl If f2 = 0, thens = Y1 Odsl]ﬁl“yoxlfl 5
which contradicts the hypothesis. If f, # 0, then f; is still total degree homoge-

neous (tdeg(f2) = tdeg(s)) and the leading term of f, is of lower rank than s. By

the hypothesis, there is a differential polynomial f; such that fo = y; o f;. Then

. ds +1 . . .
s=yjo (ﬁl“ yasL |+ f3), which contradicts the hypothesis. m]

Corollary 4.4 Ify, or = sou, wherer, s, u are total degree homogeneous (tdeg(s) >

1) and m is a positive integer, then there exists a differential polynomial s’ such that
!/

s =ypos’.

Proof Lemma 4.3 proves the case for m = 1. Assume that it is correct form = k — 1.
When m = k, if we have y; or = y| o (yxy—1 or) = s o u, then by Lemma 4.3, there
exists an sy such that s = y; o s1. Since k > 2, yx—| o r contains no terms in /.
Then yy_| or = s1 o u. By the hypothesis for m = k — 1, there exists an s” such that
51 = Yk—1 0 s’. So we have s = y; o s’. This proves the case for m = k. ]
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12 X.-S. Gao, M. Zhang

Theorem 4.5 Let Ry, Hy, Px be total degree homogeneous differential polynomials
in IC{y} with total degree 1, 1, k respectively. If there exist k-total degree homogeneous
differential polynomials Ry, Hy over K such that og, < og, and P]é = Ry o H, +
Ry o Hy, then Ry and Hj are unique.

Proof If (Rk1, Hr1), (Ria, Hi2) both satisfy the conditions, then
P{ = Ry o Hg| + Rx1 o Hi = Ry o Hyy + Rip o H. (14)
Since R is linear, from (14) we have
Ry o (Hx1 — Hi2) + (Rk1 — Ry2) o Hy = 0.

Since Rx1 — Ryo and Hy1 — Hy are still k-total degree homogeneous, we need only
to prove that there exist no nonzero Ry and Hj such that Ry o Hy = Ry o Hj.

Suppose such Hy, Ry exist. Let the leading terms of Ry, Hy be ryym, hyyn, the
sums of monomials included in Ry, Hy with differential degree ddeg(Ry), ddeg(Hy)
be ﬁk, Flk respectively, and

" oin o A ot o
Re="aryy' - -yo!. He= Y byylylt -y, (15)
1 J

where 01 = o R 02 = Of» I and J are in two index sets. Notice that differen-
tial degrees have the following properties: ddeg(p) < ddeg(q) = ddeg(y; o p) <
ddeg(y; o ¢) and ddeg(p) < ddeg(y; o p). Comparing the sum of monomials with
maximal differential degree in both sides of R; o Hy = Ry o Hj, since R, H; are
linear, we have

rm Dby (v o yy{ 32 ) = B (s vty o (16)
J 1

Let W be the set of all the coefficients ry,, h,,a;, by, Wi = {v : v € W and
v ¢ Cx} the set of the coefficients not in the constant field of /. There are two cases:
(1) Wi = @. Then from (16) we have:

i j Jo in I io
Ym © (rm > byyloy - 'YOZZ) = (Zazy’oyﬁ‘ - -yoll)o (hnyn)-
J 1

Thatis, y,; o (rm ﬁk) = I€’k o(hyy,). By Corollary 4.4, there is a differential polynomial
Y} such that R’k = ym o Y1. So we have o, > O, =M =O0R,, which contradicts the
hypothesis.

(2) W1 # (. Then each v € W] is transcendental over Cx. Otherwise, let a(y) =
> 0<i<; hiy' be the minimal polynomial of v. Then (3, _; ; ih;v' ~1)v(1) = 0, where
v(1) denotes the derivative of v. But neither of the product factor equals 0, a contra-
diction. Let {c1, c2, ..., c.} be a set of transcendental basis of W over Cx.. Then each
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Decomposition of ordinary differential polynomials 13

v € Wisalgebraicoverthefield Cx:(cy, ..., c.).Let By (z) =ZO<1‘<IU Builct, ..., co)d
be the “minimal” polynomial of v (without the request of monic), where S,; (c1, . . ., Ce)
isapolynomialincy, ..., ¢, with coefficients in Cic. Since c; is transcendentally inde-
pendently over Cx and (16) is an identity in Cx:{y} for c¢;, replacing ¢; with some
nonzero elements k; (1 < j < e) in Cx, we have

~ ~ i j Jo ~ ~ in I io
P > by (ym o vyt 302 ) = B (a@ny™y -yt ) o v
J 1

where each of the coefficient v(v € W) is an algebraic element over Cyc satisfying
the equation > y_; oy Bui(ki, ..., k.)v' = 0. Obviously, we can choose k; such that
Fm # 0. So we have

Y © (’N'm Zl;Jyjoy{I . y({;’z) — (Z&Iyioyil .. y:)‘?)o (fznyn). a7
1

J

We should explain that the derivative appears in (17) is the differential operator of
K, but not that of K, where K is the differential overfield of K generated by adding
all the algebraic elements over Cx to K. The derivative on K is uniquely determined
by that on KC and the constant field of K is the algebraic closure of Cx. Again by
Corollary 4.4, there is a differential polynomial ¥, € I@{y} such that 0 # R’ =
> ayy ---y;”ll = Ym o Y2. So we have og, > 05 > og' = m = og,, which
contradicts the hypothesis.

]

Remark Theorem 4.5 asserts that no new parameters will be introduced in both of Ry
and Hy (1 < k < dp). In particular, if there are no parameters in the decomposition
P = Rj o Hj, then there are no parameters in Hy, Ri. If Ry, H; contain parameters,
Hi, R, may contain these parameters too (and they can be determined uniquely by
the parameters). Furthermore, the identical equation Ry o Hy + Ry o H] = P,é may
add new algebraic constraints on the parameters in R; and H. O

As mentioned before, to determine R; and Hj from R{ o H; + Ry o H| = Plg, it
seems that we need to solve a linear differential system. In fact, we can reduce the
problem to solving an algebraic parametric linear equation system by comparing the
differential degree, and hence answers problem Q4.

Proposition 4.6 Use notations introduced in (11). For each k > 1, we may determine
Ry and Hy from Ry, Hy and p by solving an algebraic parametric linear equation
system in the coefficients of Ry and H.

Proof Suppose that R;, H; (1 <i < k — 1) have been obtained. Based on (12), we
hope to find Ry, Hy from

RioHi+ Ry oH =Pl=P— Y. R,-o( > Hj) ) (18)

l<j=<k-1

l<i<k
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14 X.-S. Gao, M. Zhang

Denote ﬁk, I:Ik, 15,; to be the sums of the terms in Ry, Hy, 13,é with maximal differential
degree respectively. Using the notions in (15) and comparing the sum of the terms with
maximal differential degree on both sides, we have:

i by (v o vyt 332 ) S (ary™y( vt o v = Bl =0, (19)
J 1

Notice that in the identity (19), all the coefficients ay, b; are algebraically linear and
the parameters may appear in the coefficients of P;. We can obtain Ry, Hi by solving
the algebraic parametric linear system (by Theorem 4.5, Ry and Hj can be expressed
by the parameters and further more, we get more constraints on the parameters).

After Ry and Hy are found, we may let Ry = Ry + R; and H; = H + H; and
substitute them into (18). Since R; is linear, we have

RioH]+ R, o Hy =P, — RyoH+ RioH.

Repeat the above procedure for the above equation, we can finally obtain Ry, Hx. O

Problem Q5 is similar to problems Q3 and Q4. When d; > d», we may obtain all
H/s first with Proposition 4.6. Then we have obtained the right decomposition factor
of p and the corresponding left decomposition factor is certainly uniquely determined
by the coefficients of 2. When d; < d», we obtain all le s and H;(1 <i < d) firstly.
From (12) we have

R]OHSZPS/ZP&— Z Rio( Z Hj) (di <s <dy). (20)

I<i<d I<j=s—1 b

If there is a differential polynomial H, such that Rjo H, = P/,then Rjo(H;—H)) =0
and Hy; = H/. So h is uniquely determined. Denote Hy, ﬁs’ to be the sums of the terms
in Hy, }3; with maximal differential degree respectively. Using the notions in (15) and

comparing the sum of the terms with maximal differential degree on both sides of
(20), we have

Fm Dby (m oy Py v = Bl =0 @1)
J

wherem = og,, hy, = ig,.Similar to Proposition 4.6, in order to find FIS, we need only

to solve a linear equation system and this system has a unique solution. It is now clear

that we can treat problem Q4 and problem QS5 uniformly by setting R; = 0,i = d» +

1,...,dywhend; > dryand H; =0,i =d;+1,...,d>»whend, > dj in problem Q5.
The above analysis leads to the following algorithm.

Algorithm 4.7 Input: Differential polynomials Ry, Hy, p as shown in (11), integers
dy, dr satisfying didy = d and P1 = {p1 = 0,..., py, = 0} which denotes the
constraints on the parameters appearing in Ry. Ry, Hy are linear, ig = 1.
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Decomposition of ordinary differential polynomials 15

Output: A differential polynomial h and a set P, if they exist. If p has a right

decomposition factor of form (11), then it must be h. h may be expressed by parameters
and the parameters satisfy the algebraic equations in P.

S1

S2

S3

S4

S5

S6
S7

Use notations introducedin (11). Letm = og,,n = op, hy = ip,, 02 = 0p—m,
P=P,h=0.Fork=2,...,d>,set Ry = H, =0.

Assume that the differential polynomials R;, H;(1 < i k — 1) has been
obtained. Let P, = Pr — > 1_; 4| Rio (lejgk—l Hj)| , compute Ry, Hy
by steps S3 to S6. ¢

If P/ = 0, return Ry, Hy. If ddeg(P;)<max{m, n - k}, then Ry, Hy do not exist,
terminate the algorithm. Let 13,2 be the sum of the terms included in P with

maximal differential degree.
Let

IA

Ti = {Go. i1, ovim—1): D iy=k, D s-iy=ddeg(P) —m)

0<s<m-—1 0<s<m-—1

Ty ={Gjo- jir-- v do) : D, 1=k, D - ji=ddeg(P) —n -k}

0<i<oy 0<i<o0y
D io i1 im—1 2 A 0 4,/1 Joa
Re= D ary®y\ - yml, He= D byyyl' -y
1Ty Jeh

Then we have

. . Jjo . i -
> b, (ym oyl "'y022) iy (azy"’yi' ._.y’ln_i) oy — P/ =0.
JeTr 1T

(22)

If Ty (T») is empty, then R := 0 (Hj := 0) and the corresponding sum is defined
to be zero.

Comparing the coefficients of the monomials on both sides of (22), we obtain a
parametric linear equation system LS about a; and b;. Solve this system with
methods from [24,6].

If LS does not have a solution, then R, H; do not exist and we terminate the
algorithm; otherwise, we obtain I?k, I-7k and T, where T is the new constraints on
the parameters. P := P |J T.

Ry := Ry + Ry, Hy := Hy + Hy, and P/ :=P/—Rio Hy — Ry o Hy, go to S3.
For k = 2,...,d>, compute Ry, Hy one by one by step S2 (If d| < d», let
Ry =0,di+1=<k<dp).Outputh = Hy + Hy+ -+ Hy, and P.

Proof of correctness of Algorithm 4.7 Since Ry o Hi + Ry o Hi = P and r is pseudo
linear, ddeg(P,é) =max{ddeg(R;o Hy),ddeg(Ry o H1)} = max{og,+ddeg(Hx), k-0, +
ddeg(Ry)}. Hence if ddeg(P;) < max{m, n - k}, then Ry, Hy do not exist in step S2.

The correctness of other steps follow directly from the proof of Proposition 4.6.

O

@ Springer



16 X.-S. Gao, M. Zhang

42 Case2: P =0

Let k = min{i : P; # 0}. Then kK = min{i : H; # 0}. Comparing the sum of the
monomials with total degree [ (k <! < d) in p =r o h, we have

Py = R, o H,
Prt1 = Ry o Hyy

Pyc—1 = Ry o Hy—
P>y = Ry o Hy, + Ry o Hy, (23)
Pyiy1 = Ry o Hypy1 +| Ro o (Hy + Hi41)

2k+1

Py = Ry, o Hy,

Generally, for m, n < min{k - di, d»}, we have:

P, =Ry o H, + Z R[O( Z Hj) (kJ(m) 24)

2<i<[™] k<j<[7]

m

P, = Ry 0 Hy + Ry o Hy + z Rlo( > Hj) (k| n) (25)

2<i<t k<j<[71

where [7] denotes the maximal integer not larger than 7.

We will obtain R; from the first k equations Ry o H; = Pj, (k < j <2k — 1) by
decomposing linear differential polynomials with coefficients in /C and obtain other
R;, H; by solving linear systems similar to Algorithm 4.7. The selection of (dy, d2)
and the uniqueness of Ry and Hj are quite similar to that in the case P; # 0. When
Ry is given, the uniqueness for H; (k { j) is obvious by (24) and the uniqueness for
R%, Hj(k | j)in (25) is guaranteed by Theorem 4.8.

Theorem 4.8 Ri, P;i, Hy are total degree homogeneous differential polynomials with
total degree 1, i - k, k respectively. If there exist an i —total degree homogeneous dif-
ferential polynomial R; and an i - k-total degree homogeneous differential polynomial
H;y such that og; < og, and Pyx = Ry o Hix + R; o Hy, then H;; and R; are unique.

Proof Since R; is linear, we need only to prove that there exist no nonzero H;; and
R; such that Ry o Hj; = R; o Hy, similar to Theorem 4.5. Suppose that such H;i, R;

exist. Let m = og,, the sum of the monomials included in R;, Hy, H;x with maximal
differential degrees be R;, Hj, H;j respectively and

s io. 1 io . i j Jo Yy I lo
Ri=2 ary®y\ -~ yo!, He= > byyPyl' - yo?, Hix=D Ly "y -y
1 J L
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Decomposition of ordinary differential polynomials 17

where oy = 0., 02 = O[> 03 =0f, and /, J, L are in three index sets. Comparing
the sum of monomials with maximal differential degree of both sides, we have

ip
l Jo io<.J Jo
Fm D CL (ym o yloyy "')’033) => a (ijy’(’yfl "'yozz)
L

I J

. 1] . it)l
i j Jo i / Jo
><( > byyioylyl -~-y022) (E by Yo, 0 yOy{" -~y022) (26)

J J

where ry, is the initial of R;. Similar to Theorem 4.5, we can get an identity
ip
= - l jtl - 7 i j jo
'm ZCL (ym o le)’ll T y033) = Zal (ijyjoyfl te yozz)
L I J
A\ N
_ . : Jo -~ i i Jo
x (Z byyioyPyl-. ‘YOzz) : (Z byyo, o Yy - ~y022) 27)
J J

in K{y} by replacing some of the coefficients with values in Cc such that the left side
of (26) will not become zero, where K is the differential extension field of & generated
by adding all algebraic elements over Cx to K and the coefficients 7,,, a;, by, ¢ are
in the algebraic closure of Cx.. The derivative appearing in (27) is the differential
operator on K. So we have

— - l Jo - o 1 io
Ym © (rm > anyloyy - -y033) = (Zaly"’yll' - 'yoll)
I

L
o(Zl;Jyj"y{I).
J

Let R' = > a;y' yil e yf,",l . Then by Corollary 4.4, there exists a differential poly-
1

nomial Y3 € K{y} such that R" = y,, o Y3. So o, > 0k = O’ = m = o,, which
contradicts the hypothesis. O

Now we show how to obtain R from P; = Rj o Hj(k < j < 2k — 1), which
is a key step of our algorithm. We consider the following general problem: given a
total degree homogeneous differential polynomial q (tdeg(q) > 1), how to find the
decomposition ¢ = s o r such that r is linear? The solution to this problem is given
in Proposition 4.10. We first prove a lemma.

Lemma 4.9 Ifloq = uoy,, wherel, q, u are total degree homogeneous, 1 is linear,

tdeg(q) > 1, and m is a positive integer, then there exists a differential polynomial q’
such that g = q' o yy,.
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18 X.-S. Gao, M. Zhang

Proof Let k be the minimal subscript such that y; appears in ¢ and ¢ = qdy,‘f +
qd_ly,‘ffl +¢D, where d is the degree of g in yy and ¢V is the sum of the monomials
in g with degrees in yj less than d — 1. We need to prove that k > m. There are two
cases:

Caselloqgg #0.Thenlog = (lo qd)y,‘g + g®, where the degree of ¢® in yy is
less than d. So yi appears in/ o g.

Case 21 0gy =0.Then g4 € K, and d > 2 since tdeg(g) > 1 and ¢ is homogenous.
Let n = o; be the order of / and [ = ZO<i<n a;y; (a; € K). The coefficient of y,‘fﬁl
inlogisloqa—1+ (2 <j<, @iYi-1) © (dqaYi+1).

Note that the order of g4_ is greater than k, so the order of / 0 g4_ is greater than
thatof (3 -;, @iyi—1)o(dqayi+1) andloga—1+ (X <; <, @iyi-1)0(dqayi+1) # 0.
Yk appears in [ o g, too.

Since yj appears in/ o g and the minimal subscript j with y; appearingin/og =
u o yy, is not less than m, we have k > m. O

Proposition 4.10 Let g be a total degree homogeneous differential polynomial. Then
we can construct a linear differential polynomial | such that if s is a linear left decom-
position factor of q then s is a left decomposition factor of l.

Proof Assume that g can be decomposed as ¢ = s o r, where s is linear and r is
total degree homogeneous. Let v =min{i : y; appears in ¢}, that is, there exists a
differential polynomial ¢ such that ¢ = ¢’ o y, and y appears in ¢’. By Lemma 4.9,
there exists a differential polynomial r’ such that » = r’ o y,, and we have ¢’ = s or'.
So we need only to consider the case of v = 0.

Leta = deg,q, e = deg,r,n = o;. We can write g, s, r as follows:

g=q"+ - +qy+qo
S = Spyn + -+ S1Y1 + S0y
r=rey 4 Hry+rn

where 0;, > L orr, = 1 (ifre € K, thens or = (s o roy) o (:—e)). We have

sor =(s0r.)y°+ (s0re1 + SpYn—10 (erey1) + Su—1yn—2 0 (erey1) + -+ +
si(erey))y* ™ +uy

(s 0re)y® +un or, > 1
=150+ (50 (re—1 +ey) —esoy) ¥ ' +us  re=1landsy#0
(so(re—1 +ey) ¥y +uy re=1and so =0

where u1, u3, usq are of degree lower than e — 1 in y and u; is of degree lower than e
in y.
From g = s o r, we have

1. Ifg, ¢ IC, then s satisfies s or, = g, Or s o (re—1 + €y) = q,. In this case, s isa
linear left decomposition factor of g, . So, we will find the linear left decomposition
factors of ¢q,.
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Decomposition of ordinary differential polynomials 19

2. If g, € K, then so = g4, ¢ = a and g4—1 = 5 o (re—1 + ey) — espy. So
qa—1 +aqqay = s o (ro—1 + ey) and we will consider the decomposition of the
linear differential polynomial g,—1 + aq,y.

That is, if s is a linear left decomposition factor of ¢, then s is a linear left decom-
position factor of g, or g,—1 + aquy. If g, ¢ K, repeat the above analysis for ¢,
we will finally obtain a linear differential polynomial / satisfying the condition of the
proposition. O

The above analysis leads to the following algorithm.

Algorithm 4.11 Input: k total degree homogeneous differential polynomials
Pr, ..oy Py,

Output: a linear differential polynomial | such that if s is a common linear left
decomposition factor of P;(k < i < 2k — 1), then s is a left decomposition factor of I.

S1 For i from k to 2k — 1, do steps S2 and S3 to construct the linear differential
polynomial L;.

S2 v = min{i : y; appears in P;}. Find Pl.’ such that P; = Pi/ o yy, that is, replace
vi with y;_, in P;. Leta = degy Pi’, P; 4 and P; 41 be the coefficient of y* and
y~lin P/ respectively.

S3 If P, € K, we have found L; := P; ,_1 + aPi 4y; otherwise, P; := P; 4, 20 to
S2.

S4 Compute the greatest common left decomposition factor s of all L; by left Euclid
algorithm [15] and output s.

4.3 Solve the pseudo linear case

Now we could solve the problem proposed at the beginning of this section. But remem-
ber that our aim is to compute the decomposition of f and the right decomposition
factor of p is just a possible right decomposition factor of f.

Algorithm 4.12 Input: Differential polynomials f, p, S withd, =1,i, = S.
Output: The set of differential polynomials g, h such that f = g o h, and s, = §.
If such g and h do not exist, return the empty set.

S1 Letd = tdeg(p). Write p as p = >, _; ., P; where P; = i.

S2 Letk =min{i : P; #0}.If k = 1,lets = P;.If k > 1, execute Algorithm 4.11
with input Py, ..., Pyr—1 and with output s.

S3  Let A be the set of all (R, P1) where R; is a left decomposition factor of s with
initial 1 and P; the corresponding constraints for the parameters in R;. If A = ¢,
the algorithm terminates. If there is no parameter in R or there is no constraint
on the parameters appearing in Ry, we set P = (.

S4 LetM ={(R1,P1,d1,d>) : (R1,P1) € A,dd» =d and d» > tdeg(S) + 1}.

S5 If M # @, selecta (R, Py, dy, dy) from M and let M := M — {(Ry, P, d1, d>)}.
Otherwise, the algorithm terminates.
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20 X.-S. Gao, M. Zhang

S6 If k = 1, we can find H; by Ry o H] = P;. Execute Algorithm 4.7 with input
R, Hy1, p,dy,dr, Py to find an h and a set P. If k > 1, we can also find an /& and
a set P similar to Algorithm 4.7 but using equations (23). If & does not exist, go
to S5. _ .

S7 Compute a g such that f = goh:letg = > g;yy' -+ y&, where ¢ = o and

i
iop+i1+ -+ i, <tdeg(f). Substituting f, g, h in f = g o h and comparing
the coefficients of the monomials on both sides, we obtain a parametric linear
system LS about g;. Solve LS = 0 with methods from [24,6]. If LS = 0 has a
solution, output g, 4; else go to S5.

Remark In step S7, if h constains no parameter, then we can compute g by Algorithm
2.2.If the coefficients of & contain parameters, then the order and total degree of & may
be changed by the parameters and we cannot know the order or the total degree of g
exactly. Butog < oy, tdeg(g) < tdeg(f) are always true. The size of the linear system
might be large. We can reduce the size by comparing the total degree homogeneous
parts and the differential homogeneous parts. In most examples, there exist no or very
few parameters and some of the coefficients of & are independent of the parameters.
This can also be used to reduce the size of the linear system.

Example 4.13 Continue from Example 3.4. We have obtained a p from f and S. Use
f, p, S as the input to Algorithm 4.12.

S1.d = tdeg(p) = 4, write p as p = P4+ P3+ P, + Py, where Py = Zl%yf, P; =
tyyl, Py = %y2 +yiy2+ %y% Py = %yL

S2.Byk =1,wehave s = P = %yl.

S3. By Pi = Ry o Hy and ig, = 1, we have Ry = y; + %y, H, = %y, A=
{1+ 13, 0).

S4. By tdeg($) = 1, M = {(y1 + 17,0,2,2), (1 + 1y, 0, 1, 9)}.

S5. Choose (i + 1y,0,2,2) € Mandlet M = {(y; + 1y, 0, 1, 4).

S6. Let Ry = y1 + %y, dy = 2. Substituting these into (12), we have:

1 1
P, = (y1 + —y) oH) + Ryo (—y) (28)
t 2t
Py =|Ryo(Hi + )|, (29)
Py = Ryo Hs. 30)

Since og, < 1,05, < 0y —o0g, =2 —1 =1 and Ry, Hp are 2—total degree
homogeneous, we can assume

Ry =ay* Hy = b1y2 + boyyr + b3y12.

Substitute them in (28), by Algorithm 4.7 we have:

1 2
b3=§, br=0, b1 =0, a=2t.
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So we obtain Ry = 2t2y2, H, = %y% Now substituting Ry, R>, Hy, Hy in (29) and
(30), we find that they really hold. So we have the following decomposition for p:

1 1 1
p=({R1+Ry)o(H +H)= (yl + 7y + 2t2y2) o (Z_ty + E)’%)

and h = zity + %y%
S7. Since there is no parameter in 4, by Algorithm 2.2, we find g = 163y%y; +
8t4y2yy + 8yy1 + 4tyys + 8ty% + 4%y yy + 2ty such that f = g o h.

If we choose {(y; + %y, #,1,4) € M to begin the computation firstly, we will find
that there is no solution for g, .

5 The algorithm and experimental results

As a summary, we give the algorithm to decompose any differential polynomial.

Algorithm 5.1 Input: a differential polynomial f in IC{y}.
Output: a nontrivial decomposition f = g o h, if such g, h exist.

S1 Let f := f — fo, where fy is the part of f in K.

S2  Find a polynomial g € K[y]andan k € K{y} such that f = goh with Algorithm
2.3.If such g and £ exist, output g + fp, h. Otherwise, go to next step.

S3 Letd = dy and write f as the form fdyfff + famyg Tt e, + fo,
where f; denotes the coefficient of y(’;f infO<i<d).LetT={S:S=1or

St is a factor of fi for all i satisfying 1 <i < d }. Here two factors u, v € T are

defined to be equivalent if & € K. T contains non-equivalent factors.

S4 If T # @, choose an S € T, go to next step; otherwise, terminate the algorithm
and return “no nontrivial decomposition exists”.
S5 S could serve as a candidate for the separant of .

Execute Algorithm 3.3 with input f, S. There are three cases:

(1) We obtain a decomposition of f = g o h. Output g + fp, & and terminate the
algorithm.

(2) We obtain a differential polynomial p with d;, = 1 and i, = S such that
if & is a right decomposition factor of f with separant S, then % is a right
decomposition factor of p. Go to next step.

(3) The output is the empty set. Let 7 := T —{S}, go to S4;

S6 Execute Algorithm 4.12 with input f, p, S. If we obtain a decomposition f =

g o h, then output g + fp and &; otherwise T := T —{S}, go to S4.

Example 5.2 Let f be the differential polynomial given in Example 4.13

S2. Execute Algorithm 2.3, we find that f does not have a polynomial
decomposition.

S3.d =dy =1, fi = 2ty (By! +262yy7 + 1y + 2tyiyo + i +y). T =
(L, t)3}y{‘+2t2yy%+ty2+2ty1y2+y%+y1, Y@yt +202yy7 +1y? +2ty132 +
Yy

@ Springer



22 X.-S. Gao, M. Zhang

Table 1 Decomposing

randomly generated differential O tr:1p) Time (s) r1rlp) Time (s)
polynomials (2,10, 33.6) 02 (2, 20, 84.5) 0.88
(2,30,224.2) 2.41 (2, 40, 457.9) 53
(2, 50, 387.6) 49 (3,10, 181.1) 1.6
(3,12,258.7) 1.8 (3, 15, 348.2) 3.4
(4,8,2633) 1.7 (4, 10,437.1) 3.1
(5,8, 602.5) 47 (6, 6, 403.4) 2.1
(7,6, 1021.9) 6.6 (8, 6, 1349.2) 0.8
(9, 4,301.5) 2.1 9, 6,2512.4) 237
(10,5, 1905.4) 15.4 (10,6,3373.4) 384

S4. Select § = 1.

S5. Execute Algorithm 3.3, we obtain p = y;.

S6. By Algorithm 4.12, we get no nontrivial decomposition for f.

Now, return to S4. Select S = y;.

S5. Execute Algorithm 3.3, and we obtain p = y;y» + %tzy‘l‘ + tyy% + %yz +
%y% + %yl (Example 3.4).

S6. By Algorithm 4.12, we have g = 1613 y2y; +81*y2y, +8yy| +4tyy, + 8ty12 +
412y1yy + 2ty, h = %y + %ylz Thus we obtain a decomposition f = g o h.

We may use Algorithm 5.1 recursively to find an irreducible decomposition of
any differential polynomial, in which each decomposition factor has no nontrivial
decomposition.

We implemented Algorithm 5.1 in the constant field case K = Q in Maple. In
Table 1, for each pair of (o, t7), we generate ten differential polynomials of order
oy and total degree ¢y randomly and decompose them. [ is the average length of the
ten differential polynomials generated randomly. The second and the fourth columns
denote the average time on decomposing the ten differential polynomials. All the
randomly generated differential polynomials in Table 1 are indecomposable. In Tables
2 and 3, we generate two differential polynomials g and ~ randomly and decompose
f = goh.oy, ty, Iy are the order, the total degree, and the number of terms in
f respectively. The running times are collected on a PC with a 3.2 GHz CPU and
512 M memory and are given in seconds. From these results, we may conclude that
our algorithm is efficient in handling differential polynomials with hundreds, even
thousands, of terms.

The worst case complexity of our algorithm is exponential due to combinatorial
selections of all the possible separants of 4 in step S3 of Algorithm 5.1, all factors of
LODO:s in step S2 of Algorithm 4.12, solving parametric linear system in Algorithm
4.7. It is worth noting that the complexity of factoring LODOs, which is equivalent to
decomposing linear differential polynomials, is already exponential [ 10]. The practical
efficiency of our algorithm is mainly due to two reasons. First, for each selection of the
possible separant of /2 and a pair of factors of an LODO, our algorithm is very fast, and
for most of the practical problems, the number of selections is not very large. Second,
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Table 2 Randomly generated g and /

81
hi
15
ho
83
h3
84
hy
8s
hs
g6
he
87
h7
88
hg
89
ho
810
h1o

—27 — 10y8 —2y7 —23y5 4 21y% — 47y2 — 43y

—39y2 — 28y3 +27y* — 33y1y + 17y7 — 37y0y; + 17y3y° + 1297y}
~Ty +13y; — 15y — 46y* — 48y3y; — 35y2y7 — 34yy)

—13y? + 36y y2 — 10y%y? — 10yy} — 26y°y}

41yy; —39y1y% — 47yy;] + 50y}

—34y2y +32yy3 +35y%y% + 13y2y1y2

—36y% — 44y} +28y3y; +35y2y7 + 7y}

—49 — 24y; —26y; + 6yy] — 12y2y +46yy3 +26y1y3 — 13y2y3 — 21y3
16y2 —4y‘l‘

—3y2 +26yy7 — 27y1y3y2 + 34yyy2 + ¥Py3 + 143393

—25yy3 +50y2yy + 49y2y1 + 15y2y3 +49y2y1 vy + 44yy3 + 3y + 24y2y7 — 38y3
—18y2 +46y7y — 35y* — 28y3y + l4yy}

—y3 +46y2y — 19yy1y; +37yy3

—36y1 + 5y7 + 14y3 + 232y, — 35y2y + 43yy; y2 — 48y3 — 13y2y3 +22y3y; + 17y5
13y2 — 9y2y — 43y3 +44y2y; — 33y3

12 — 10y — 48y3 +45yy + 6yy3 — 38y1y3 +37y3 — 40y2y3 + 11y3
38y — 461 +39y3 +9yy — 162y +47y7 +31y3 + 19y2y3

=33y2 + 123 + y3y; — 9y2y? +44yy}

35yy1 +42y2y —3yy3 +5y13

—49y — 37y? + 11y%ys + 11y3y; — 5y2y3+

44yy1y3 —40yy3 + 17y} — 28y2y7 — 47y2y3 — 5y3y

Table 3 Decompose f =goh

g, h (0g:tg) (on, ty) (of,tp,lyr) Time (s)
g1, hi 0,8) (1,8) (1,64,639) 2.48
2. hy 1,6) (1,8) (2,48,1174) 14.85
23, h3 1,4) 2.4) (3,16,458) 9.32
84, ha 1.4 (3.2) (4,8,994) 9.67
85, hs (1.4) (3.4) (4,16,970) 17.9
g6. he 2,4) (1.4) (3,16,1229) 24.8
g7, h7 2,3) (2:4) (4,12,1360) 113
g8. hg 2,3) (3.2) (5,6,709) 6.5
29. ho (3,2) (1,4) (4,8,231) 1.78
210 h1o (3,2) 2,4) (5.8,535) 217

since we consider the constant coefficient case, our implementation uses Lemma 4.2
to factor LODO:s.

To implement Algorithm 5.1 in the case of rational function field, we need an
implementation which gives all the possible factorizations for an LODO. This problem
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24 X.-S. Gao, M. Zhang

itself is also a difficult task and we do not find such an implementation. Based on our
experiments on the constant field case and the analysis of our algorithm, we expect
that our algorithm provides an efficient reduction of the decomposition of nonlinear
differential polynomials to linear ones.

6 Conclusions

In this paper, we give a complete and practical algorithm for decomposing nonlinear
differential polynomials in one variable and with coefficients in a differential field XC
of characteristic zero. Besides arithmetic operations, the algorithm needs complete
enumeration of all factorizations of LODOs, polynomial decomposition, factorization
of multi-variable polynomials and solution of algebraic parametric linear equation
systems over /C. The algorithm can give all the enumerations of nonequivalent decom-
positions. If there are parameters in the decomposition factors, then the parameters
come from the factorization of an LODO with order not greater than that of the given
differential polynomial to be decomposed and they are constrained by some algebraic
equations. Experiments show that the algorithm is quite efficient.

Many problems on the decomposition of differential polynomials are still open. The
irreducible decomposition of a polynomial is unique in certain sense [20,4]. Similar
results were proved for Ore polynomials and hence for LODOs [19]. It is interesting
to see whether this property is correct for differential polynomial decomposition.

References

1. Alagar, V.S., Thanh, M.: Fast decomposition algorithms. In: Proc. EUROCAL, vol. 85(2), pp. 150-153.
Springer, Heidelberg (1985)
2. Barton, D.R., Zippel, R.E.: Polynomial decomposition. In: Proc. SYMSAC, vol. 76, pp. 356-358
(1976)
3. Bronstein, M., Petkovsek, M.: On Ore rings, linear operators and factorization. Program. Comput.
Softw. 20(1), 27-44 (1994)
4. Dorey, F., Whaples, G.: Prime and composite polynomials. J. Algebra 28, 88-101 (1974)
5. Fredet, A.: Factorization of linear differential operators in exponential extensions. In: Proc. of
ISSAC’03, pp. 103—110. ACM Press, New York (2003)
6. Gao, X.S., Chou, S.C.: Solving parametric algebraic systems. In: Proc. of ISSAC’92, pp. 335-341.
ACM Press, New York (1992)
7. Gao, X.S., Zhang, M.: Decomposition of differential polynomials with constant coefficients. Proc.
ISSAC’04, 175-182, ACM Press, New York (2004)
8. Gao, X.S., Zhang, M.: Decomposition of differential polynomials with rational function coefficients.
MM-Preprints, vol. 23, pp. 92-112. KLMM, Beijing (2004)
9. Giesbrecht, M., Zhang, Y.: Factoring and decomposing Ore polynomials over Fq(¢). In: Proc. of
ISSAC’03, pp. 127-135. ACM Press, New York (2003)
10. Grigor’ev, D.Y.: Complexity of factoring and calculating the GCD of linear ordinary differential
operators. J. Symb. Comput. 10, 7-37 (1990)
11. Gutierrez, J., Recio T., de Velasco C.R.: Polynomial decomposition of almost quadratic complexity.
In: Proc. AAECC, vol. 6, pp. 471-475. Springer, Heidelberg (1989)
12. Gutierrez, J., Rubio, R., Sevilla, D.: On multivariate rational function decomposition. J. Symb.
Comput. 33(5), 545-562 (2002)
13. Gutierrez, J., Sevilla, D.: Computation of unirational fields. J. Symb. Comput. 41(11), 1222-1244
(2006)

@ Springer



Decomposition of ordinary differential polynomials 25

14.

15.

16.

17.
18.

19.
20.
21.
22.
23.

24.
25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

Gutierrez, J., Rubio, R., Sevilla, D.: Unirational fields of transcendence degree one and functional
decomposition. In: Proc. of ISSAC’01, pp. 167-174. ACM Press, New York (2001)

Hu, H.C.: On the equilibrium of a transversely isotropic elastic body under body forces. Acta Phys.
Sin. 11, 219-230 (1955)

Konigsberger, L.: Allgemeine Untersuchungen aus der Theorie der Differentialgleichungen. Teubner,
Leipzig (1882)

Kozen, D., Landau, S.: Polynomial decomposition algorithms. J. Symb. Comput. 7, 445-456 (1989)
Li, Z.: A subresultant theory for Ore polynomials with applications. In: Proc. ISSAC’98, pp. 132-139.
ACM Press, New York (1998)

Ore, O.: Theory of noncommutative polynomials. Ann. Math. 34(3), 480-508 (1933)

Ritt, J.F.: Prime and composite polynomials. Trans. AMS 23, 51-66 (1922)

Schwarz, F.: Efficient factorization of linear ODE’s. SIGSAM Bull. 28(1), 9—-17 (1994)

Singer, M.E.: Liouillian solutions of nth order homogeneous linear differential equations. Am. J.
Math. 103(4), 661-682 (1981)

Singer, M.F., Ulmer, F.: Galois groups of second and third order linear differential equations. J. Symb.
Comput. 16, 9-36 (1993)

Sit, W.Y.: An algorithm for solving parametric linear systems. J. Symb. Comput. 13, 353-394 (1992)
Sosnin, M.V.: An algorithm for nonparametric decomposition of differential polynomials. Program.
Comput. Softw. 27(1), 43-49 (2001)

Tsarev, S.P.: An algorithm for complete enumeration of all factorizations of a linear ordinary differential
operator. In: Proc. of ISSAC’96, pp. 226-231. ACM Press, New York (1996)

Tsarev, S.P.: On factorization of nonlinear ordinary differential equations. In: Proc. ISSAC’99,
pp. 159-164. ACM Press, New York (1999)

Van der Put, M., Singer, M.E.: Galois Theory of Linear Differential Equations. Springer, Berlin (2003)
van Hoeij, M.: Factorization of differential operators with rational functions coefficients. J. Symb.
Comput. 24(5), 537-561 (1997)

van Hoeij, M.: Formal solutions and factorization of differential operators with power series coeffi-
cients. J. Symb. Comput. 24, 1-30 (1997)

von zue Gathen, J.: Functional decomposition of polynomials: the wild case. J. Symb. Comput. 9, 437—
452 (1990)

von zue Gathen, J.: Functional decomposition of polynomials: the tame case. J. Symb. Comput. 9, 281—
299 (1990)

von zur Gathen, J., Gutierrez, J., Rubio, R.: Multivariate polynomial decomposition. Appl. Algebra
Eng. Commun. Comput. 14(1) (2003)

Zippel, R.E.: Rational function decomposition. In: Proc. of ISSAC’91, pp. 1-6. ACM Press, New York
(1991)

@ Springer



	Decomposition of ordinary differential polynomials
	Abstract
	Introduction
	Decomposition of differential polynomials
	Reduction to pseudo linear case
	Solving the pseudo linear case
	Case 1: P1=0
	Case 2: P1=0
	Solve the pseudo linear case
	The algorithm and experimental results
	Conclusions


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


