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ABSTRACT

In this paper, we give decision criteria for normal binomial differ-
ence polynomial ideals in the univariate difference polynomial ring
F{y} to have finite difference Grébner bases and an algorithm to
compute the finite difference Grobner bases if these criteria are
satisfied. The novelty of these criteria lies in the fact that compli-
cated properties about difference polynomial ideals are reduced to
elementary properties of univariate polynomials in Z[x].
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1 INTRODUCTION

Difference algebra founded by Ritt and Cohn aims to study algebraic
difference equations in a similar way that polynomial equations are
studied in commutative algebra [3, 12, 15]. The concept of differ-
ence Grobner bases was extended to linear difference polynomial
ideals in [9, 12] and nonlinear difference polynomial ideals in [9].
Difference Grobner bases have many applications [6, 8, 11, 12].

Even for finitely generated difference polynomial ideals, their
difference Grobner bases could be infinite as shown by Example
2.2 in this paper. This makes it impossible to compute difference
Grobner bases for general difference polynomial ideals and thus it
is a crucial issue to give criteria for difference polynomial ideals to
have finite difference Grobner bases.

Let ¥ be a difference field and y a difference indeterminate. In
this paper, we will give decision criteria for normal binomial differ-
ence polynomial ideals in ¥ {y} to have finite difference Grobner
bases and an algorithm to compute these finite difference Grobner
bases under these criteria. A difference ideal 7 in F{y} is called
normal if MP € I implies P € I for any difference monomial M
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in F{y} and P € F{y}. I is called binomial if it is generated by
difference polynomials with at most two terms [4, 6].

For f € Z[x], let f*, f~ € N[x] be the positive part and the
negative part of f suchthat f = f*—f~.Forh =317 a;x! € N[x],
denote y" = H;’;O(Giy)“f, where o is the difference operator of
. For a given f € Z[x] with a positive leading coefficient, we
consider the following normal binomial difference polynomial ideal

in F{y}:

Ir=sat(y -y ) = [{y" — 4" |h=gf.g e Z[x]}],
where sat is the difference saturation ideal. Let

{h € Z[x]|1t(h) = ™},

d =
2 (heZ[x]|hg € By, g € Z[x] and is monic}.

4
We prove that 7 has a finite difference Grébner basis if and only if
f € ®1. This criterion is then extended to general normal binomial
difference ideals in F{y}.

The decision of f € ®&; is quite nontrivial and we give the
following criteria for f € ®; based on the roots of f:

(1)
()
(3)

if f has no positive roots, then f € ®y;

if f has more than one positive root, then f ¢ ®5;

if f has one positive root x; and a root z such that |z| > x4,
then f ¢ @53

if f ¢ ®p has a unique positive real root x; and x4 < 1,

then f ¢ ®1;

4

With these and some extra criteria, only one case is open: f has
a unique positive real root x4, x4 > 1, and x; > |z| for any other
root z of f. We conjecture that f € ®; in the above case based on
numerical computations.

As far as we know the above criteria are the first non-trivial
ones for a difference polynomial ideal to have a finite difference
Grobner basis. The novelty of these criteria lies in the fact that com-
plicated properties about difference polynomial ideals are reduced
to elementary properties of univariate polynomials in Z[x].

2 PRELIMINARIES

2.1 Difference Grobner basis

An ordinary difference field, or simply a o-field, is a field F with a
third unitary operation ¢ satisfying: for any a,b € ¥, oc(a + b) =
o(a) + o(b), o(ab) = o(a)o(b), and o(a) = 0 if and only if a = 0.
We call o the difference or transforming operator of F. A typical
example of o-field is Q(1) with o(f(4)) = f(A + 1). In this paper,
we use o- as the abbreviation for difference.
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For a in any o-extension ring of ¥ and n € N, denote " =
o"™(a), with the usual assumption a® = 1 and x° = 1. More gener-
ally, for p = ¥'3_, cix! € N[x], denote a? = ]_[fzo(oja)ci [6]. For
instance, > +**4 = (62(a))30(a)at.

Let S be a subset of a o-field G which contains . We will denote
0(S) = {cka|k e N,a € S}, F{S} = F[O(S)]. Now suppose Y =
{y1,-...,yn} is a set of o-indeterminates over . The monomials
in O(Y) are called o-monomials in Y. The elements of F{Y} =
F1O(Y)] are called o-polynomials over ¥ in Y. A o-polynomial ideal
I, or simply a o-ideal, in F{Y?} is a possibly infinitely generated
ordinary algebraic ideal satisfying o(Z) c I.If S is a subset of
F{Y}, we use (S) and [S] to denote the algebraic ideal and the
o-ideal generated by S.

A monomial order in F{Y} is called compatible with the o-
structure, if yY < y}c “ for ki < ky. Only compatible monomial
orders are considered in this paper. When a monomial order is given
and P € F{Y}, we use LM(P) and LC(P) to denote the largest mono-
mial and its coefficient in P respectively, and LT(P) = LC(P)LM(P)

the leading term of P.

Definition 2.1. G ¢ F{Y} is called a o-Grobner basis of a o-
ideal 7 if for any P € 7, there exist m € N and G € G such that
(LM(G)™" [LM(P).

From the definition, G is a o-Grobner basis of 7 if and only if
©(G) is an algebraic Grébner basis of I treated as an algebraic
polynomial ideal in F[O(Y)]. Note that 7 is generally an infinitely
generated ideal and the concept of infinite Grébner basis [10] is
adopted here. From this observation, we may see that a o-Grobner
basis satisfies most of the properties of the usual algebraic Grobner
basis. For instance, G is a 0-Grobner basis of a o-ideal 7 if and only
if for any P € I, we have grem(P, ©(G)) = 0, where grem(P, ©(G))
is the normal form of P modulo ©(G). The concepts of reduced
o-Grébner bases could be similarly introduced [6].

The following example shows that even a finitely generated
o-ideal may have an infinite o-Grébner basis.

Example 2.2. Let I = [y1y} —y7y2,y1y3 — 1]. Assume y; < yz <
y3. Under a compatible monomial order, the reduced o-Grébner
basis of the ideal 7 N F{y1,y2} is {ylygl - yflyz |i € Nyg} [6,
Example 63].

2.2 Difference characteristic set

The elimination ranking % on ©(Y) = {akyi|1 <i<nkeN}is
used in this paper: akyi > olyj ifand only if i > jori = jand
k > I, which is a total order over ©(Y). By convention, 1 < akyj
for k € N.

Let f € F{Y}. The greatest y}‘k appearing effectively in f is
called the leader of f, denoted by Id(f) and y; is called the leading
variable of f, denoted by lvar(f) = y;. The leading coefficient of f
as a univariate polynomial in 1d(f) is called the initial of f and is
denoted by init(f).

Let p,q € 7{Y}. q is said to be of higher rank than p if 1d(¢q) >
1d(p) orld(g) = 1d(p) = " and deg(q, y" ) > deg(p. " ). Suppose
ld(p) = y}ckA q is said to be Ritt-reduced w.r.t. p if deg(q, y}ck”) <

deg(p,y?") forall I € V.
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A finite sequence of nonzero o-polynomials A : Aj,...,Apn is
called a o-chainif m = 1and Ay # 0 orm > 1, Aj > A; and A;
is Ritt-reduced w.r.t. A; for 1 < i < j < m. A o-chain A can be
written as the following form [7]

A A, ... ,Alkl, . ,Apla Ce ,Apkp,
where 1d(A;j) = yX ", 0i5 < 0i¢ and deg(A;s, 1d(A;5)) > deg(Air,
1d(A;;)) for s < t. Here is an example of o-chain: A : y7 -1, yiyl -
Ly, — 1

Let A : A1, Ay, ..., A; be a o-chain with I; as the initial of A;,
and P any o-polynomial. Then there exists an algorithm, which
reduces P w.r.t. A to a o-polynomial R that is Ritt-reduced w.r.t. A
and satisfies the relation

le Ifi -P =R, mod [A],
where the e; € N[x] and denote R = prem(P, A) [7].

A o-chain C contained in a o-polynomial set S is said to be a
characteristic set of S, if S does not contain any nonzero element
Ritt-reduced w.r.t. C. Any o-polynomial set has a characteristic set.
A characteristic set C of a o-ideal J reduces to zero all elements
of 7.

Let A : A1, ...,As be ao-chain, I; = init(A;), and yzoi = 1d(Aj).

A is called regular if for any j € N, I;‘J is invertible w.r.t A [7]. To
introduce the concept of coherent o-chain, we need to define the
A-polynomial first. If A; and A; have distinct leading variables, we
define A(A;,Aj) = 0.If A; and A; (i < j) have the same leading
variable yj, ld(A;) = y?‘ui, and Id(4;) = y?‘oj, then o; < oj [7].
Define A(A;, Aj) = prem((A,-)xojioi,Aj). A is called coherent if
prem(A(A;, Aj), A) = 0 forall i < j [7].

Let A be a o-chain. Denote I # to be the minimal multiplicative
set containing the initials of elements of A and their transforms.
The saturation ideal of A is defined to be

sat(A) = [A] : 1q = {P € F{Y} | IM € 1.7, MP € [A]}.
The following result is needed in this paper.

THEOREM 2.3. [7, Theorem 3.3] A o-chain A is a characteristic
set of sat(A) if and only if A is regular and coherent.

We also need the concept of algebraic saturation ideal. Let C be
an algebraic triangular set in #[x1,...,x,] and I the product of
the initials of the polynomials in C. Define

asat(C) = {P € Flxi1,...,xn] | Tk € N, Ikp e ©)}.

2.3 o0-Grobner basis for a binomial o-ideal

A o-monomial in Y can be written as Yf = " yf’ , where f =
(fi,---» fn)" € N[x]™. A nonzero vector f = (f1,..., fn)" € Z[x]"
is said to be normal if the leading coefficient of f is positive, where
s is the largest subscript such that fs # 0. All given vectors in this
paper are assumed to be normal. For f € Z[x]", let f*,f~ € N"[x]
denote respectively the positive part and the negative part of f such
that f = f* — f~. Then for a normal f € Z[x]", LT(Y* — ¢¥f ) =
Y+

A o-binomialin Y is a o-polynomial with at most two terms. A
o-ideal in F{Y} is called binomial if it is generated by, possibly
infinitely many, o-binomials [6]. We have

PROPOSITION 2.4. [6, Corollary 5.5] A o-ideal I is binomial if and
only if the reduced o-Grobner basis for I consists of o-binomials.
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Let m be the multiplicative set generated by y;‘] fori=1,...,n,
j € N. A g-ideal 7 is called normal if for M € m and P € F{Y},
MP € I implies P € J.Normal o-ideals in F{Y} are closely related
with the Z[x]-modules in Z[x]" [5, 6]. We first introduce a new
concept.

Definition 2.5. A partial character p on Z[x]" is a homomorphism
from a Z[x]-module L, in Z[x]" to the multiplicative group ¥*
satisfying p(xf) = (p(f))* for f € L,.

A Z[x]-module generated by hy,...,h, € Z[x]" is denoted
as (hi,...,hm)z[x)- Let p be a partial character over Z[x]" and
f = {f1,...,fs} areduced Grébner basis of the Z[x]-module L, =
(£)z]x|- Forh € Z[x]" and H C L, denote Pp, = yh* —p(h)Yh_ and
Py = {Py | h € H}. Introduce the following notations associated
with p:

I*(p) =[P, =[Y" - p®)Y" |feL,] )

At (p) =By = {¥ - p(f) YT ..., ¥ — p(e) ¥ ).

It is shown that [6] A*(p) is a regular and coherent o-chain and
hence is a characteristic set of sat(A*(p)) by Theorem 2.3. Further-
more, we have [6]

THEOREM 2.6. The following conditions are equivalent.

(1) I is a normal binomial o-ideal in F{Y?}.
(2) I = I*(p) for a partial character p over Z[x]".
(3) I = sat(A*(p)) for a partial character p over Z[x]".

From Proposition 2.4 and Theorem 2.6, we have

COROLLARY 2.7. Let p be a partial character over Z[x]". Then Pr,
is a o-Grobner basis of I'*(p).

COROLLARY 2.8. Let p be a partial character over Z[x]" and H C
Ly. Then Py is a o-Grébner basis of I*(p) if and only if for any
normal g € Ly, there existh € H and j € N, such that g* — x’h* €
N[x]™.

Proof: By Corollary 2.7, Pp, is a 0-Grobner basis of 7 *(p). Then
Py is a o-Grébner basis of 7 *(p) if and only if for any normal
g € Ly, there exist h € H and j € N such that LM(ijh)lLM(Pg),
that is, g* — x/h* € N[x]".

Example 2.9. Let f = [1—x,x — 1], L = (f)z[], and p the trivial
partial character on L, that is, p(h) = 1 for h €L. Then P¢ = y1y; -
y7yo. By Theorem 2.6, 7 *(p) = sat(Pf). By Example 2.2, sat(Py) =

[Pe.y1y3—11NQ{y1, y2} = [y1y§ —_yflyg |i € N>o], and areduced
o-Grébner basis of 7+(p) is {yly;‘l - yi‘lyz |ieNsg}.

3 FINITE o-GROBNER BASIS CRITERIA

In this section, we give criteria for the o-Grébner basis of a normal
binomial o-ideal in 7 {y} to be finite, where y is a o-indeterminate.
From Theorem 2.6, this is to decide whether the o-Grober basis of a
o-ideal 1 is finite when the characteristic set of 7 is given. Without
loss of generality, we assume p(h) = 1 for all partial characters p
andh € L.
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3.1 Singleton characteristic set case

In this subsection, we consider the simplest case: n = 1 and L p =
(f)z[x] is generated by one polynomial f € Z[x]. We will see that
even this case is highly nontrivial. For a nonzero g € Z[x], we use
le(g), Im(g), and 1t(g) to represent the leading coefficient, leading
monomial, and leading term of g, respectively.

In the rest of this section, we assume f € Z[x] and lc(f) > 0.
Then Py = "~/ and LT(Pf) = /" By Theorem 2.6, all normal
binomial o-ideals in F{y} whose characteristic set consists of a
single o-polynomial can be written as:

Ir =sat(®p) = [y" —y" |h=fg.g € Zxllc(g) > 0. (2)

In this section, we will give a criterion for Iy to have a finite o-
Grobner basis. Define

() {f € Zlx] 11t(f) = f7}.
®q {f €Z|x]| fg € ®g,g € Z|x] and is monic}. (3)

We now give the main result of this section, which can be deduced
from Lemma 3.3 and Lemma 3.6.

(1> >

THEOREM 3.1. If in (2) has a finite o-Grébner basis if and only if
f € (Dl .

For hy and hy € Z|x], denote hy > hy if hi—hy € N[x]. For hy
and hy € N[x], we have h; > hy if and only if y"2 |y

Lemma 3.2. If f € @ then {Pr} is a o-Grébner basis of Ir.

Proof: For h € (f)z[x] withle(h) >0, 3g € Z[x] with lc(g) > 0 such
that h = fg. Since f € ®y, we have lt(f) = f*. Then, x4¢89) f+ =
lt(g) f+/le(g) < lt(g) f* = lt(g)lt(f) = 1t(h) < h*. By Corollary 2.8,
{Pr} is a o-Grébner basis of 1.

Lemma 3.3. If f € @y then Iy has a finite o-Grébner basis.

Proof: Let h = fg € @y, where g is monic. Then lc(h) = le(f) and
lt(h) = 1t(f)lm(g) = h*.

Laegny = Ir NFly. vy ]
is a polynomial ideal in a polynomial ring with finitely many vari-
ables, which has a finite algebraic Grébner basis denoted by
G deg(n) With the same monomial order of the o-Grébner basis.
Let Py, € I and Ic(u) > 0. If deg(u) < deg(h), then there exists a
P € Ggdeg(n) such that t < u. Otherwise, we have deg(u) > deg(h)
and Ic(u) > lc(f). Then
xdeg(u)—deg(h)p+ _  deg(u)—deg(f)-deg(9)1y( £)Im(g)
xdeg)—deg(Pyy( £) = ydeg)=deg(e( £)Im(f)
le(f)lm(u) < It(u) < u™.
Since that P, € geg(p), by Corollary 2.8, Ggeg(n) is a finite o-
Grobner basis of Zf.

Scdeg(h)

COROLLARY 3.4. Let f € ®1, h = gf € ®y, g a monic polynomial
inZ[x] , and D = deg(h). Then any finite Grébner basis of the polyno-

mial ideal Ip = Iy N Fly,y*, - -- ,ny] is a finite o -Grobner basis
for Iy

Let D be R or Z. We will use the following new notation

n
D™[x] £ {} aix’ |n € N, Vi(a; € Dxo)}.
i=0
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LEmMMA 3.5. N[x] C ®;.

Proof: Let g = anx™ + - + ag € N[x] with d= max{d e N|x?|g}.
Thenay >0.Lets = (xnd g xn=d=14 ... 4 1)g = anx?=d 4 (a, +
An_)x2n= 414y (g e+ ag)x™ + (ap—1 + - +ag)x™ 1 +
o+ agx?. Rewrite s = by,_gx2"4 + ... 4 byx?. Then s/x? €
Z>%x]. Let M = [max{b;_1/b; |d +1 < i < 2n—d}] + 1. Then
(x = M)s = byy_gx?" ™1 4 (byp_q_1 = Mbyp_q)x™ ™ 4+ (bg -
Mby,)x%*t — Mbyx? € . So both s and g are in ®;.

LEMMA 3.6. If f ¢ @1, then Iy does not have a finite o-Grobner
basis.

Proof: Suppose otherwise, I has a finite o-Grébner basis G = Py,
where H = {fi,-- -, fi} € Z[x] with each lc(f;) > 0. Since f has
the lowest degree in (f)z|y|, we have f € H.

Let H. £ {h € H|lc(h) = lc(f)}. Since f ¢ ®;, we have
H:. (N ®1 = 0 by the definition of ®;. For all h € H,, h* has at
least two terms by Lemma 3.2 and A~ has at least one term by
Lemma 3.5. For u € Z[x], define a function

deg(u) = deg(u) - (deg(u™ — 1t(w))) ©

which is the degree gap between the first two highest monomi-
als of u*. Suppose h; is an element in H, such that &Eé(hl) =
max{agé(h) |h € Hc}. hy exists because f € He # 0 and H, is a
finite set. Denote lt(h1) £ ax™, by 2 hy —1t(hy), lt(ljzf) £ px™, and

fq £ fz{r - lt(fz;r). Then h; = ax™ + bx™ + l;f — h7. Since hy ¢ @,
we have ab > 0. Let ¢ 2 [b/a] > 1 and

s = (" —cx™hy = ax™ + x"hf +cx™h]

—(ac — b)x™*" — cxmflzr —x"hy.

We have st < sp 2 ax®" + x”fz{r +cx™h7, and agé(s) = deg(s) —
deg(s*t — 1t(s)) > deg(so) = deg(so) — deg(sy— lt(s0)) > n—m
= deg(h1) = deg(h1) — deg(ht — t(hy)), that is deg(s) > deg(h) for
any h € He.

Since Py is a o-Grébner basis of I, there existh € Hand j € N
such that t = s* — x/h* € N[x]. We claim 1t() = It(s*). If h € H,,
then deg(s) > deg(h). Note that deg(s*) = deg(x/h) implies that the
coefficient of the second largest monomial of s* — x/h is negative
contradicting to the fact s* — x/h € N[x]. As a consequence, we
must have deg(s*) > deg(x/h) and the claim is proved in this
case. Now let h € H\H.. Since lc(h) > lc(s) = le(f), we have
deg(x/h) < deg(s) which implies It(t) = lt(s*). The claim is proved.
The fact It(t) = 1t(s™) implies that when computing the normal
form P, = grem(Ps, ©(Py)), we always have lt(u) = lt(s). As a
consequence, P, # 0 which contradicts to the fact that Py is a
o-Grobner basis of 7y and s € (f)z[x]-

The proof of Lemma 3.6 gives a method to construct arbitrarily
many elements in a o-Grébner basis.

Example 3.7. Let f = x? — 2x + 1 ¢ ®1. In the proof of Lemma
36,c = [b/a] = lands; = (x> = 1)f = x* +2x — 2x3 — 1.
Applying the above procedure to s, we obtain s, = (x* — 2x)s; =
x8 + 3x* + 2x — 2x7 — 4x%. Then deg(f) < deg(s1) < deg(sz) and
Py, is in a 0-Grobner basis. The process can be repeated.
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3.2 Normal binomial s-ideal case

In this subsection, we consider the general normal binomial o-ideals
in ¥ {y}. By Theorem 2.6, all normal binomial o-ideals in ¥ {y} can
be written as the following form:

Is = sat(Pg) = [y7 - y? | Vg € (G)zy)le(g) > 0] )

where G = {g1,...,9:} C Z[x] is a reduced Grobner basis of ideal
L = (G)z[x]- Grébner bases in Z[x] have the following special
structure [6, Lemma 3.6].

LEmMA 3.8. Let G = {qg1,...,9x} be a reduced Grébner basis of
an ideal in Z[x], Im(g1) < --- < Im(gx), and 1t(g;) = cix® € N[x].
Then

1)0<dy <dy<---<dp.

2)c| - lezler andce; #cipr for1 <i<k-—1.

3) Cc—]i|gi for1 <i<k. Ifﬂbvl is the primitive part of g1, then by |gi
for1<i<k.

Here are two Grébner bases in Z[x]: {4, 2x}, {15, 5x, x* + 3}.
In the rest of this section, let L = (G)z|x] and define

{f € L1le(f) = ¢ =lc(ge)}

THEOREM 3.9. I has a finite o-Grobner basis if and only if
Lt m CI)O * @

Ly =

(6)

Proof: Suppose L; (1 ®o # @ and let g € L; (| &g. Then Ig N
Fly,y*,---, yxdcg@] has a finite algebraic Grobner basis denoted
by G<deg(9)- Let Py € Ig and le(u) > 0. If deg(u) < deg(g), then
there exists a P, € G<geg(g) Such that h < u. Otherwise, we have
deg(u) > deg(g) and lc(u) > lc(g). Then

xdeg(u)fdeg(g)ng — xdeg(u)fdeg(g)lt(g)
= xdeg-deg9ie(g)im(g) = le(g)lm(u) < It(u) < u™.

By Corollary 2.8, G <deg(g) is a finite o-Grébner basis of Ig, since
Pg is in Gsdeg(g)~

We will prove the other direction by contradiction. Suppose that
L; N ®o = 0 and I has a finite 0-Grobner basis Py = {Py,, - -,
Py, ). Let H = {u1, - ,ux}, and He = H () L;. Since grem(Pg, , O(
Py)) = 0, we have He # 0. Let ug be an element of H, with maximal
(?1% defined in (4). Since L; N ®g = @, by Lemma 3.5 u] contains at
least two terms and uy #0. Similar to the proof of Lemma 3.6, an
s € L is constructed such that agé(s) > agé(ul) and lc(s) = le(uy).
Then, grem(Ps, ©(Pr)) # 0 contrary to the fact that Py is a o-
Grobner basis.

CoROLLARY 3.10. Ifg; € @1, then I has a finite o-Grébner basis.
We show that g; € @1 is not a necessary condition.

Example 3.11. Let G = {2(x? - 2), (x? = 2)(x + 1)}. Then (x? —
2)(x+ Dx - 1) +2(x* —2) = x* —x? — 2 € &y c ®y, and hence
I has a finite o-Grobner basis. On the other hand, we will show
(x? = 2)(x + 1) ¢ ®; in Example 4.9.

COROLLARY 3.12. If Ig has a finite 0 -Grobner basis, then g1 € ®1.

Proof: Let by be the primitive part of g;. By Lemma 3.8, by |h for
h € L. By Theorem 3.9, b1 and hence g; is in ®;.
We need the following effective Polya Theorem.



Contributed Paper

n
LemMa 3.13 ([13]). Suppose that f(x) = Y, apx™ € R[x] is posi-
j=0

tive on [0, c0) and F(x,y) the homogenization of f. Then for Ny >

%—n, (1+x)fo(x) € R>%[x], where A = min{F(x,1-x) | x €
[0,1]} and L = max{ K0l g |y

COROLLARY 3.14. If there exists an h € L with no positive real
roots, then Ig has a finite o-Grobner basis.

Proof: Write h = x™ h; such that h1(0) # 0. By Lemma 3.13, there
exists an N € N such that hy = (x + 1)Nh € Z”[x]. Take a suffi-
ciently large N such that deg(hz) > d; = deg(g;). Then there exists
asufficiently large M € N, such thatg = x™ (xdeg(hz)—deg(g,)ﬂgt_
Mhy) € . Since g € Ly, by Theorem 3.9, I has a finite o-Grébner
basis.

4 o-GROBNER BASIS COMPUTATION

In this section, we will give criteria and an algorithm for deciding if
f € ®1.If f € 1, we also give an algorithm to compute the finite
o-Grébner basis.

A necessarily condition for f € @1 isle(f) > 0. Also, it is easy
to show that f € @, if and only if cx™ f € ®; for any ¢, m € N. So
in the rest of this paper, we assume

f=apx™ + - +a1x +ag € Z[x]

such that n > 0, a, > 0, ap # 0, and ged(ag, ay, . ..,an) = 1.

4.1 Membership decision criteria for @,

In this subsection, we will study whether f € ®; by examining
properties of the roots of f(x) = 0.

LEmMA 4.1. If f € Z[x] has no positive real roots, then f € ®;.

Proof: By Lemma 3.13, there exists an N €N, such that (x + )N f €
Z>%[x] € N[x]. By Lemma 3.5, (x + )™ f eN[x] € @y, and thus
f € ¢;.

By Lemma 4.1, we need only consider those polynomials which
have positive roots.

LEMMA 4.2. If f € @y, then [ has a simple and unique positive
real root x4, and for any root z of f, |z| < x4.
Proof: Since f € @y \ Z, the number of sign differences of f is one.
Then by Descartes’ rule of signs [14], the number of positive real
roots of f (with multiplicities counted) is one or less than one by
an even number. Then f has a simple and unique positive real root
x4. For any root z of f, since —a; > 0fori =0,...,n— 1, we have

n-1_

anl|z|® = |- an-12z coo—agl £ —ap_ylz|™M - —ag. ™

Thus f(|z|) <0 and hence f has at least one real root in [|z], o).
Since f has a unique positive real root x., we have |z| < x;.

We now consider those f which have a root z # x4 and |z| = x4.
Such a z must be either —x4 or a complex root.

LEMMA 4.3. Let f = apx™ + -+ + ap € @ and x4 the unique
positive root of f. If f has a root z # x4 but |z| = x4, then

(1) 2% €Rsgandz isasimpleroot of f, where 5y = ged{i| a;#

0} > 1.
(2) f isapolynomial inx® : f = fox% , whereo is the function
= 19
composition. Furthermore, f(w) = 0 and |w| = x+f imply
S
w=x.
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() {z1f(x) =0,]z| =x4} = {§kX+|§=€5Lfl,k= L....6rh
wherei = V—1.

Proof: Let z # x4 be a root of f such that |z| = x;. Then f(|z]) =
f(xs) = anlz|™ + an—1)z|* 1 +- - -+ ag = 0, which, combining with

(7), implies | — ap—12" 1 —--- — ag| = —an—1|2|" ' —--- — aq. The
above equation is possible if and only if —a;z' € Rs¢ for each i <
n—1anda; # 0. Also note, z"* = (—ap_1|z|* 1—---—ag)/an € Rso.

Then, z¢ € Rs for each i < nand a; # 0. Note that z™ € R~ and
Z* e R imply Zmk ¢ Ro. As a consequence, 25 € Rs¢ for
dr = ged{i|a; # 0}. Since z # x4, we have §r > 1. Part 1 of the
lemma is proved.

From the definition of 6, f is a polynomial in x0r: f(x) = f(x)o
(x5f). It is easy to see that ]?(x) € ®. Let f(x) = bkxk+- --+b1x+bg.
Then ged{j| bj # 0} = 1. By the first part of this lemma, we know

S Sf
x +f is the only root of f whose absolute value is x +f . Since 2%
S —~
and x +f are both the unique positive real roots of f(x), we have
S
2 =x +f and hence z is a simple root of f. Part 2 of the lemma is

8
proved. Part 3 of the lemma comes from the fact 2 =x s the
unique positive real root of f and f(z) = f(z%) = 0.

COROLLARY 4.4. If f € @1 has at least one positive real root x,.,
then x4 is the unique positive real root of f, x4 is simple and for any
rootz of f, x4 = |z|. If f has a root z # x4 satisfying |z| = x4, then
z is simple, and 20 e R for some § € Nx1.

Example 4.5. = (x? - 5)(x? — 2x + 5) ¢ @, because its root
z = 1 + 2i satisfies |z| = /5 but 20 ¢ R for any 6 € N.

LEMMA 4.6. Let q(x) € Z[x] be a primitive irreducible polynomial
and § € Nx1. Then (q)z[x] Z[x%] = (§(x5))z[x5], where q € Z[x]
is primitive and irreducible and ?j(x‘s)m = Ry(u® -x9, q(u)) for some
m € N. We use Ry, to denote the Sylvester resultant w.r.t. the variable
u. Furthermore, the roots of q(x) are {9 | q(z) = 0}.

Proof: Let q(x) = a H}l:l(x -zj), (s = e2m/8 and

S

Rx®) = Ry’ —x%,qw) =] | q(¢§).

=1
We claim that R(x?) is primitive. We have lc(R,, (@® =9, qw))) =
lc(H;S:1 q({éx)) = 4% Let ¢ € Z be a prime factor of a® or a.
Since q is primitive, g # 0 (mod c). Let g(x) = bx™ + - -+ (mod ¢).
Then It(R(x%)) = (1Y, q(ZLx) = 19, b(ZLx)™ = box%m #
0 (mod c). So ¢ 1 R(x%) and thus R(x?) is primitive.

Since Q[x?] is a PID and R(x%) ¢ (@agrx N Q[x?], there ex-
ists a primitive polynomial g € Z[x] such that @(x(s))(@[xa‘] =
(@Dopx N Q[x%]. Since g(x)|§(x®) and q is irreducible, §(x) must be
irreducible. Since both g(x) and g(x) are primitive, we can deduce
(@) 2o 1=(@z) N ZIx0 ] from G0 pxe1=(@)gpx) N QLx°L.

Since g(x)|§(x?%), Z5 = {§§Zj |k =1,...,6,j=1,...,n}isa
subset of the roots of q(x5). Let S(x) be the square-free part of
R(x) € Z[x], which is also primitive. Since Zs contains exactly the
roots of I_Q(X‘s) and E(x‘S ), we have E(x)la(x). Since g(x) is irreducible
and S(x) is the square-free part of R(x), we have S(x) = q(x) and
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hence ﬁ(x‘s) = a(x‘s )™ for some m € N[x]. Finally, since the roots
of'qv(x‘g) are Zg, the roots of g(x) are {z‘S | q(z) = 0}.

CoroLLARY 4.7. Letd € Nand f = [T, qu, where aj € N and
qj are primitive irreducible polynomials in Z[x] with positive leading
coefficients. Let q (x%) be the square-free part of Ry, (wd = %9, qi(u))

and f* £ 1cm({qj“f | j}). Then

(Pzpx ()21 = (P Ngpo-
Furthermore, the roots of f*(x) are {z% | f(z) = 0}.

®)

Proof: By Lemma 4.6, (qi)7[x] N Z[x5] = (q:f(x‘s))z[xg]. Then
(Nt 2T = A zgx) N2 = ()67 Dzger) =

(em({g;™ | i)zgxe) = (f*(x°))zpyo)- From f* £ lem({g, | j})
and Lemma 4.6, the roots of f*(x) are {? | f(z) = 0}.

THEOREM 4.8. Let f €Z[x] have a unique positive root x;. and
any root w of f satisfies |w| < x4. Assume that there exists a minimal
0 € N1 such that forall rootz # x4 of f, |z| = x4 impliesz‘S € R>y.
Let f*(x5) € Z[x%] be the polynomial in (8). Then f € @ if and
only ifle(f) = le(f*) and f* € @;.

Proof: “<"Since le(f) = le(f*) and (f) N Z[x%] = (f*(x%)), there
exists a monic polynomial h € Z[x] such that f*(xa) = fh. Since
f* € @, there exists a monic polynomial g € Z[x] such that
f*(x)g(x) € ®y. Then f*(x‘s)g(x‘s) = fhg(x‘s) € @. Since hg(x‘s)
is monic, we have f € ;.

“="Since f € @1, there exists a primitive polynomial he (f) () ®o
with h(0) # 0 and lc(h) =1c(f). Each such h has some roots whose
absolute value is x.. Since f'|h, by part 3 of Lemma 4.3 we have §|y,
where &, = ged{k | xk is in h}. By Lemma 4.3, h € Z[x%] c Z[xO].
Thus h € (f) N Z[x°] = (f*)z[xs1- Since le(f) [1e(f™) [1c(h) and
le(f) = le(h), we have le(f) = le(f*) = le(h), so f* € @;.

Example 4.9. Let f = (x* = 2)(x + 1). Then § = 2 and f* =
(x — 2)(x — 1) has two positive roots and hence f ¢ ®; by Corollary
4.4 and Theorem 4.8. Let fi = x% -2, fy = x> —2x+2,and f = fi f.
Then 6§ = 8, fl* = x — 16, fz* = x — 16, and f* = x — 16. Hence
f € ¢;.

COROLLARY 4.10. Let f*(x) be defined in Theorem 4.8. Then f™*(x)
has only one root (may be a multiple root) whose absolute value is xf
and any root z # xf of f* satisfies |z| < xf.

Proof: By Corollary 4.7, the roots of f*(x) are {z° | f(z) = 0}. Then
the corollary comes from the fact that x; is the unique positive real
root of f and f(z) = 0, |z| = x4 imply 2% € Rso.

LEMMA 4.11. If f € ®1 \ @ has a unique positive real root x.,
then x4 > 1.

Proof: There exists a monic polynomial g € Z[x] such that fg € ®.
Since f ¢ @, g is not a monomial. Without loss of generality we
assume g(0) # 0, and then [Ty(z)0 |2l = |9(0)/lc(g)] = g(0)] = 1
which implies max(;)=o(|z|) > 1. Since x is the unique positive
root of fg, by Lemma 4.2, we have x; > maxg(z)=0(|z|) >1.

The following two lemmas give simple criteria to check whether
f € ®; in the case of f(1) = 0.
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LEmMA 4.12. If f(1) = 0 and § € N is the smallest number such
that every root z of f satisfies 2% = 1, then f €®1 if and only if
f*(x) =x — 1, where f* is defined in (8).

Proof: By Theorem 4.8, if f*(x) = x—1then f € ®;. Suppose f € ;.
By Lemma 4.3, any root of f is simple and hence f is square-free.
Let m, be the minimal positive integer such that z"™= = 1 for given
root z of f, and § = lem{m;| f(z) = 0}. Since f is primitive, § € N
is the smallest number such that f(x) | x4 —1in Z|x]. Therefore,

ffx) = x-1

Example 4.13. Let f = (x — 1)(x? + 1)(x> + 1). Then § = 12 and
f*=x-1.8S0, f € d1.Let f = (x—1)(x%® +1)?(x>+1). Then § = 12
and f* = (x — 1)2. So, f ¢ 1.

LEMMA 4.14. If f(1) = 0 and any other root z of f satisfies |z| <1,
then f € ®q if and only if f(x)/(x—1) € Z[x%] for some § N5
and f(x)(x%—1)/(x—1) € @p.

Proof: The necessity is obvious. For the other direction, there exists
a monic polynomial g € Z[x] such that fg € ®). We claim that each
root z of g has absolute value 1. Since g is monic, [1y(z)=o |2] > 1.
Since fg € ®g and f(1) = 0, maxy(;)= |z| < 1, and the claim is
proved.

By Lemma 4.2, fg € Z[x®], where § = 8fg- Since f(1) = 0 and
all other roots of f have absolute value < 1, we have (x% = 1)| fg
and (x4 = 1)/(x = 1)) | g. By part 3 of Lemma 4.3, the roots of fg
with absolute value 1 are exactly the roots of x® — 1. Since the
absolute values of all roots of g are 1 and g has no multiple roots by
Lemma 4.3, g = (x% —=1)/(x - 1). Since fge Z[x%] and (x% - 1) | f9,
set fg = (x% = 1)h(x%) for h € Z[x]. Fromg = (x% - 1)/(x - 1), we
have f/(x — 1) = h(x%) € Z[x®].

Now, only when f ¢ @, f has a unique positive real root x4 > 1,
and any other root of f has absolute value < x4, we do not know
how to decide f € ®;. By computing many examples, we propose
the following conjecture.

CONJECTURE 4.15. If f € Z[x]\®o has a simple and unique posi-
tive real root x4, x4 > 1, and x4 > |z| for any other root z of f, then
f € ;.

4.2 Algorithm for membership of o,

Based on the results proved in the preceding subsection, we give
an algorithm to decide whether f € ®;.
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Algorithm 1 — Membership®; (f)

f eZ[x],1e(f) > 0, f(0) # 0, and f is primitive.
Whether f € @;.

Input:
Output:

LIfIt(f) = f*, then f € &y C ;.
2.If f has no positive real roots, then f € @;.
3.If f has at least two positive real roots (with multiplicities
counted), then f ¢ ®;.
4. Let x4 be the simple and unique positive real root of f.

4.1.If x4 < 1, or equivalently f(1) > 0, then f ¢ ;.

4.2.1f x4 = 1 and all root z of f satisfies 2% = 1 for some & € N,
then f € ®; if and only if f* = x — 1, where f* is defined in (8).

4.3.1f x4 = 1 and any other root z of f satisfies |z| < 1, then
f €®; if and only if f(x)/(x—1) € Z[x%] for some § € N5 1 and
F)(x°=1)/(x=1) € By,

4.4.1f f has a root z such that |z| > x4, then f ¢ @;.

4.5.1f f has a root z such that z # x4, |z| = x4, and (%)‘S #1
for any § € N1, then f ¢ ®;.

4.6. Let ¢ be the minimal integer such that f(z) = 0, z # x4,
and |z| = x4 imply (%)‘S = 1. Then f € @; if and only if
le(f) =1e(f*) and f* € &1, where f* is defined in (8). If
le(f) = le(f*) then return Membership®; (f*), otherwise return
false.

4.7.1f f does not satisfy all the above conditions, then it
satisfies the condition of Conjecture 4.15 and f € ®; assuming the
conjecture is valid.

In the rest of this section, we will give the details for Algorithm
1 and prove its correctness. We will use algorithms for real root

isolation and complex root isolation for univariate polynomials.

Please refer to the latest work on these topics and references in
these papers [1],[14].

Step 1 is trivial to check. Steps 2 and 3 can be done with any real
root isolation algorithm.

Step 4.1 is trivial. For Step 4.2, there exists a § € N such that
(z)° = 1ifand only if each irreducible factor of f(x) is a cyclotomic
polynomial, which can be checked with the Graeffe method in [2]
and the § can also be found. The polynomial f™* in Step 4.2 can be
computed with Corollary 4.7. Step 4.3 follows from Lemma 4.14.

For Steps 4.4-4.6, we first have the following simple fact:

LEmmA 4.16. Letp(x) = a[]]-, (x—x;) € Z[x],q(x) = b erril(x_
yj) € Z[x], and x;y; # 0 for all i, j. Then the roots of Ry, (p(u), q(ux))
are{yj/xi|i=1,---,n,j=1,---,m} and the roots of
Ry(u™p(x/u),q(w)) are {x;yj|li=1,--- ,n,j=1,--- ,m}.

In the rest of this section, we assume
t

Al i) = Ru@™ filxfu), fiw)

i=1

fo= ©)
where f; are primitive and irreducible polynomials with positive
leading coefficients. Also assume that f(x) has a unique positive
root x4+ which is the root of fy(x).

By Lemma 4.16, the real roots of all r;(x) include xJZr and zz,
where z is a complex root of f;(x). Then the condition in Step 4.4
can be checked with the following result.
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COROLLARY 4.17. f has a root z such that |z| > x, if and only if

some ri(x) has a positive root larger than x2.

If z is complex root of f; such that |z] = x, then x2,x2 =
z-z, x?r =z - z are all roots of r; by Lemma 4.16. Then, we have

COROLLARY 4.18. Let m; be the multiplicity of x2 as a root of r;
and n; the multiplicity of —x, as a root of f; (the multiplicity is set to
be zero if x2 or —x4 is not a root). Then #{z| fo(z) = 0, |2z| = x4,z ¢
R} =mo—no—1and#{z| fi(z) =0, |z| = x4,z ¢ R} = m; —n; for
i>0.

As usual, a representation of a complex root z is a pair (p, B)
where p is an irreducible polynomial and B a box such that p(z) = 0
and z is the only root of p in B. A box is represented by its lower-left
and upper-right vertices: ([xj, y;], [x¢, x¢]).

LEMMA 4.19. Suppose f; hass rootszy, . .
Then, we can find representations for z;.

., Zs satisfying |zj| = x4.

Proof: We can simultaneously refine the isolation interval I = (a, b)
of x4 and the isolation boxes B; of the roots of f; such that the
number of B; meeting the region a < |z| < b will eventually
becomes s. These s boxes are the isolation boxes for z1,..
since f; has exactly s such roots.

<5 Zs5

LEMMA 4.20. Let z be a root of fi. satisfying |z| = x4. Then, we
can find a representation for z/x..

Proof: Let H(x) = Ry(fo(u), fr(ux)) € Z[x] and hi(x),i =1,...,s
the irreducible factors of H. From Lemma 4.16, H(z/x;) = 0. Iso-
late the roots of hj,i = 1,...,s and refine the isolation box B =
([x75 y1], [xt, x¢]) of z and the isolation interval (I, r) of x4 such that
([xp/r,yy/r], [x¢ /1, x¢ /1]) intersects only one of the isolation boxes
of hj,i = 1,...,s, which is the isolation box for z/x.

With the Graeffe method in [2], we have

LEMMA 4.21. Let z be a root of fy. satisfying |z| = x4 and q the
minimal polynomial for z/x,. Then we can decide whether there
exists an m € N such that (z/x4)™ = 1, and if such an m exists, we
can compute the minimal m.

Now, we consider Step 4.5. With Corollary 4.18 and Lemma 4.19,
we can find all the roots z of f satisfying |z| = x4. For each z, we
can check whether there exists a §, such that (z/x,)% = 1 with
Lemmas 4.20 and 4.21. Hence the conditions of Step 4.5 can be
checked.

Now, we consider Step 4.6. For each root z of f satisfying |z| = x4,
we can find a minimal &, such that (z/x4)% = 1 with Lemma 4.21.
Then § = lem{6, | f(z) = 0.|z] = xy.(z/x+)% = 1}. Now f*
can be computed with (8). From Corollary 4.7, the roots of f* are
{z% | f(z) = 0}. Then, when running Membership®;(f*), only
Steps 1, 3, 4.7 will be executed and no recursive calls are needed.

4.3 Compute the finite o-Grobner basis
Let f € @1, we will show how to compute the finite o-Grébner
basis for 7y = sat(Py) in (2).

LEMMA 4.22. Let f € &1, h = fg € ®¢ for a monic g € Z[x], and
D = deg(h). Then

Ip =

D

sat(Pp) [\ Fly.y™ - .y" ]
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= asat(Pp,Pyf,...s PxD—deg(f)f) (10)

and a Grébner basis of Ip is a o-Grobner basis of 1.

Proof: By the remark before Theorem 2.6, Py is regular and coherent.
Then P € Ip if and only if prem(P,Pr) = 0 which is equivalent
to P € asat(Ps,Pyr,... ,PxD_deg(f)f) [6], and (10) is proved. By
Corollary 3.4, a Grobner basis of I is a o-Grébner basis of 7.

The Grobner basis of 7p, denoted as G(f, D), can be computed
with the following well-known fact about quotients of ideals

D-de i
Zi:o (f) Xi

asat(Pg,Pyr, . .. ,Pxp—dcg(/‘)f) =(z-y -1

D
Pf,Pxf, . ,Pxp—deg(f)f) NFly.y* - y* 1,

where I = init(IPf) and z is a new indeterminate. Therefore, in order
to compute the o-Grobner basis of 7, it suffices to compute D. We
thus have the following algorithm.

Algorithm 2 — FiniteGB (f)

f € @1 such that f(0) # 0.
Return o-Grébner basis of 7y = sat(Py).

Input:
Output:

LIf1t(f) = f7, then return {Py}.
2.1If f has no positive real roots, then return G(f, Ny + deg(f)+
1), where Nf is defined in Lemma 3.13.
3. Let x4 be the unique simple positive real root of f.

3.1.If x; = 1 and every root z of f satisfies z% = 1 for some
0 € N, then return G(f, §).

3.2.If x4 = 1 and any other root z of f satisfies |z| < 1, then
return G(f, deg(f) + § — 1), where ¢ is found in Step 4.3 of
Algorithm 1.

3.3. Let § be the minimal integer such that f(z) = 0, z # x4,
and |z| = x4 imply (%)‘S = 1. Let the f* be defined in (8). Return
G(f, ddeg(f™)).

In the rest of this section, we will prove the correctness of Algo-
rithm 2. Step 1 follows Lemma 3.2.

For Step 2, by Lemma 3.13, (x + 1)/ f € Z>%[x]. Following the
proof of Lemma 3.5, for a sufficiently large M € N, (x — M)(x +
DN f € @. Then, D = deg((x - M)(x + )N/ f) = Np + deg(f) + 1.

For Step 3.1, following Step 4.2 of Algorithm 1, we have f*(x%) =
f(x)g(x) = x® — 1 for some g. Then D = 8. For Step 3.2, following
Step 4.3 of Algorithm 1, f(x)(x® — 1)/(x — 1) € ®y. Then D =
deg(f)+0 - 1.

For Step 3.3, from the proof of Step 4.6 of Algorithm 1, there
exist three possibilities: f*(x) € @, f*(x) has at least two positive
roots, or f* satisfies the conditions of Conjecture 4.15. Since we
already assumed f* € @1, only one case is possible: f*(x) € ®y.
Since f*(xa) = f(x)s(x) € @9, we have D = §deg(f). We have now
proved the correctness of Algorithm 2.

5 CONCLUSION

In this paper, we study when a o-ideal has a finite o-Grobner basis.
We focused on a special class of o-ideals: normal binomial o-ideals
which can be be described by the Grobner basis of a Z[x]-module.
We give a criterion for a univariate normal binomial o-ideal to have
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a finite 0-Grobner basis. When the characteristic set of the o-ideal
consists of one o-polynomial, we can give a constructive criteria
for the o-ideal to have a finite o-Grobner basis and an algorithm to
compute the finite o-Grobner basis under these criteria. One case
is still not solved and we summarize it as a conjecture. Also, it is
desirable to extend the criteria given in this paper to the multivariate
case.
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