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1. Introduction

A polynomial ideal is called binomial if it is generated by polynomials with at most two terms.
Binomial ideals were first studied by Eisenbud and Sturmfels (1996), which were further studied in
Barile et al. (2001), Dickenstein et al. (2010), Martinez de Castilla and Sanchez (2000), Koppenhagen
and Mayr (1996), Peeva and Sturmfels (1998) and were applied in algebraic statistics (Pachter and
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Sturmfels, 2005), chemical reactions (Millan et al., 2012), and error-correcting codes (Saleemi and
Zimmermann, 2010).

In this paper, we initiate the study of binomial difference ideals and hope that they will play
similar roles in difference algebraic geometry to their algebraic counterparts. Difference algebra and
difference algebraic geometry were founded by Ritt and Doob (1933) and Cohn (1965), who aimed to
study algebraic difference equations in the way polynomial equations were studied in commutative
algebra and algebraic geometry (Cohn, 1965; Hrushovski, 2012; Levin, 2008; Wibmer, 2013).

We now describe the main results of this paper. In Section 3, we prove basic properties of
Z[x]-lattices. By a Z[x]-lattice, we mean a Z[x]-module in Z[x]". Z[x]-lattices play the same role
as Z-lattices do in the study of binomial ideals. Here, x is used to denote the difference operator o.
For instance, a0 (a)? is denoted as a?**3. Since Z[x] is not a PID, the Hermite normal form for a
matrix with entries in Z[x] does not exist. In this section, we introduce the concept of generalized
Hermite normal form and show that a matrix is a generalized Hermite normal form if and only if its
columns form a reduced Grobner basis for a Z[x]-lattice.

In Section 4, we give three canonical representations for Laurent binomial difference ideals in
terms of reduced Grobner bases of Z[x]-lattices, difference characteristic sets, and partial characters.
Grobner bases play an important role in the study of binomial ideals (Eisenbud and Sturmfels, 1996).
In general, a binomial difference ideal is not finitely generated and does not have a finite Grébner
basis. Instead, the theory of characteristic set for difference polynomial systems (Gao et al., 2009a) is
used for similar purposes. It is shown that any Laurent binomial difference ideal can be written as
[A], where A is a regular and coherent difference ascending chain consisting of difference binomi-
als.

Let Z be a proper Laurent binomial difference ideal in the Laurent difference polynomial ring
F{Y*}, where Y = {y1, ¥2, ..., yn} is a set of difference indeterminants. Then L(Z) := {f € Z[x]" | Yf —
cs € I}, called the support lattice of Z, is a Z[x]-lattice. In Section 5, we give criteria for Z to be
prime, reflexive, well-mixed, and perfect in terms of its support lattice I.(Z). The criterion for prime
ideals is similar to the algebraic case, but the criteria for reflexive, well-mixed, and perfect difference
ideals are unique to difference algebra and are first proposed in this paper. Furthermore, it is shown
that the reflexive, well-mixed, and perfect closures of a Laurent binomial difference ideal Z with
support lattice L are still binomial, whose support lattices are the x-, M-, and the P-saturation of L,
respectively. It is further shown that any perfect Laurent binomial difference ideal Z can be written as
the intersection of Laurent reflexive prime binomial difference ideals whose support lattices are the
x-Z-saturation of the support lattice of Z.

In Section 6, binomial difference ideals are studied. It is shown that a large portion of the prop-
erties for binomial ideals proved in Eisenbud and Sturmfels (1996) can be easily extended to the
difference case. We also identify a class of normal binomial difference ideals which are in a one to
one correspondence with Laurent binomial difference ideals. With the help of this correspondence,
most properties proved for Laurent binomial difference ideals are extended to the non-Laurent case.
Finally, a criterion is given for a difference variety to be defined by a set of difference binomials.

In Section 7, algorithms are given to check whether a Z[x]-lattice L is Z-, x-, M-, or P-saturated, or
equivalently, whether a Laurent binomial difference ideal Z is prime, reflexive, well-mixed, or perfect.
If the answer is negative, we can also compute the Z-, x-, M-, or P-saturation of L and the reflexive,
well-mixed, or perfect closures of Z. Based on these algorithms, we give an algorithm to decompose
a finitely generated perfect binomial difference ideal as the intersection of reflexive prime binomial
difference ideals. This algorithm is stronger than the general decomposition algorithm in that for gen-
eral difference polynomials, it is still open on how to decompose a finitely generated perfect difference
ideal as the intersection of reflexive prime difference ideals (Gao et al., 2009a).

A distinctive feature of the algorithms presented in this paper is that problems about binomial dif-
ference ideals are reduced to problems about Z[x]-lattices which are pure algebraic and have simpler
structures.
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2. Preliminaries about difference algebra

In this section, some basic notations about difference algebra will be given. For more details about
difference algebra, please refer to Cohn (1965), Gao et al. (2009a), Hrushovski (2012), Levin (2008),
Wibmer (2013).

2.1. Difference polynomial and Laurent difference polynomial

An ordinary difference field, or simply a o-field, is a field & with a third unitary operation o
satisfying: for any a,b € F, o(a+b) =0o(a) + o(b), o(ab) = o (a)o (b), and o (a) =0 if and only if
a=0. We call o the transforming operator of F. If a € F, o(a) is called the transform of a and is
denoted by aV. For n € Z-q, 0™(a) = 6" (o (a)) is called the n-th transform of a and denoted by
a™, with the usual assumption a® =a. If 6~1(a) is defined for each a € F, F is called inversive.
Every o -field has an inversive closure (Cohn, 1965). A typical example of inversive o -field is the field
of rational functions Q(A) with o (f(1)) = f(A +1).

In this paper, F is assumed to be of characteristic zero. Furthermore, we use o - as the abbreviation
for difference or transformally.

We introduce the following useful notation. Let x be an algebraic indeterminate and p =
Zf:o cix' € Z[x]. For a in any o -extension field of F, denote

N

aP = n(oia)c".

i=0
For instance, a* 2 = a® /a2, It is easy to check that for p, q € Z[x], we have
aPtq = aPaq’ aPpP = (ab)P, aPl = (ap)q.

By al™ we mean the set {a,aV,...,a™}. If S is a set of elements, we denote Sl = Ugcsal™.

Let S be a subset of a o-field G which contains F. We will denote respectively by F[S], F(S),
F{S}, and F(S) the smallest subring, the smallest subfield, the smallest o -subring, and the smallest
o-subfield of G containing F and S. If we denote ©(S) = {o*alk > 0,a € S}, then we have F{S} =
FIO(S)] and F(S) = F(O(S)).

Now suppose Y = {y1,...,yn} is a set of o-indeterminates over F. The elements of F{Y} =
}'[ygk) :j=1,...,n;k € N] are called o-polynomials over F in Y, and F{Y} itself is called the
o -polynomial ring over F in Y. A o-polynomial ideal, or simply a o-ideal, Z in F{Y} is an ordi-
nary algebraic ideal which is closed under transforming, i.e. o (Z) C Z. If Z also has the property that
aV e 7 implies that a € Z, it is called a reflexive o -ideal. A prime o -ideal is a o-ideal which is prime
as an ordinary algebraic polynomial ideal. For convenience, a prime o -ideal is assumed not to be the
unit ideal in this paper. A o-ideal Z is called well-mixed if fg € Z implies fg* e Z for f, g e F{Y}.
A o-ideal 7 is called perfect if for any a € N[x]\ {0} and p € F{Y}, p® € Z implies p € Z. If S is a sub-
set of F{Y}, we use (S), [S], (S), and {S} to denote the algebraic ideal, the o-ideal, the well-mixed
o-ideal, and the perfect o -ideal generated by S.

An n-tuple over F is an n-tuple of the form n = (11,...,1,) where the n; are selected from a
o -extension field of F. For a o-polynomial f € F{Y}, 1 is called a o-zero of f if when substituting
y?) by ’h(]) in f, the result is 0.

For f=(fi,..., fa)* € Z[x]", we define Yf = T, y{i. Yf is called a Laurent o -monomial in Y and
f is called its support. A nonzero vector f= (fy,..., fn)* € Z[x]" is said to be normal if the leading
coefficient of fs is positive, where s is the largest subscript such that fs #0.

A Laurent o -polynomial over F in Y is an F-linear combination of Laurent o-monomials in Y.
Clearly, the set of all Laurent o -polynomials form a commutative o-ring under the obvious sum,
product, and the usual transforming operator o, where all Laurent o-monomials are invertible. We
denote the o-ring of Laurent o-polynomials with coefficients in F by F{Y*}. Let p be a Laurent
o -polynomial in F{Y*}. An n-tuple (a1, ..., a,) over F with each a; # 0 is called a nonzero o -solution
of p if p(ay,...,ay) =0.
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2.2. Characteristic set for a difference polynomial system

In this section, a brief introduction to the difference characteristic set method (Gao et al., 2009a)
is presented, which will be one of the main tools used in this paper.

Let f be a o-polynomial in F{Y}. The order of f w.r.t. y; is defined to be the greatest number k
such that yl(k) appears effectively in f, denoted by ord(f, y;). If y; does not appear in f, then we set
ord(f, yi) = —oc. The order of f is defined to be max;ord(f, y;), that is, ord(f) = max; ord(f, y;).

The elimination ranking R on ©(Y) = {o*y;|1 <i <n, k> 0} is used in this paper: o*y; > G’yj if
and only if i > j or i = j and k > I, which is a total order over ®(Y). By convention, 1 < 6y; for all
0y e O().

Let f be a o-polynomial in F{Y}. The greatest y?‘) w.r.t. R which appears effectively in f is
called the leader of f, denoted by Id(f) and correspondingly y; is called the leading variable of f,
denoted by lvar(f) = y;. The leading coefficient of f as a univariate polynomial in Id(f) is called the
initial of f and is denoted by Iy.

Let p and q be two o -polynomials in F{Y}. q is said to be of higher rank than p if 1d(q) > 1d(p) or

1d(q) =1d(p) = y;k) and deg(q, yﬁ.k)) > deg(p, y;k)). Suppose 1d(p) = yﬁ.k). q is said to be reduced w.r.t.

p if deg(q, yj“l)) < deg(p, yﬁ.")) for all I e N.

A finite sequence of nonzero o-polynomials A : Aq,...,An is said to be a difference ascending
chain, or simply a o-chain, if m=1 and A; #0 or m> 1, A; > A; and Aj is reduced w.r.t. A; for
I1<i<j<m

A o-chain A can be written in the following form

AZA]la"-7A1k17"'7Ap1s"‘5Apkp (l)

where lvar(A;j) =y, for j=1,...,k; and ord(A;j, y¢;) <ord(Aj, y¢,) for j <I. The following o -chain
will be used in several places of this paper.

A yi+ L Y=y, i+ 1 i+ ye (2)

Let A: A1, Ag,..., A; be a o-chain with [; as the initial of A;, and f any o -polynomial. Then there
exists an algorithm, which reduces f w.r.t. A to a polynomial r that is reduced w.r.t. A and satisfies
the relation

t
[r" f=r.mod[A]. 3)
i=1

where the e; € N[x] and r = prem(f, A) is called the o-remainder of f w.r.t. A (Gao et al., 2009a).

A o-chain C contained in a o-polynomial set S is said to be a characteristic set of S, if S does
not contain any nonzero element reduced w.r.t. C. Any o-polynomial set has a characteristic set. All
elements of a o-ideal Z can be reduced to zero by the characteristic set C of a o-ideal Z (Gao et al,,
2009a).

Let A: Aq,...,A; be a o-chain, I; = I(A)), yfio") =1d(Aj). A is called regular if for any j e N,
I;‘j is invertible w.r.t. A (Gao et al,, 2009a) in the sense that [A1,..., Aj_1, I;‘j] contains a nonzero
o -polynomial involving no y,(io"+k),lc =0,1,.... To introduce the concept of coherent o-chain, we
need to define the A-polynomial first. If A; and A; have distinct leading variables, we define
A(Aj,Aj) =0.If A; and Aj (i < j) have the same leading variable y;, then o; = ord(A;, y)) < o0;j =
ord(Aj, y)). Define

0i—0;
A(Ai, Aj) = prem((AD*" ", Aj). 4)
Then A is called coherent if prem(A(A;, Aj), A) =0 for all i < j (Gao et al., 2009a).

Let A be a o-chain. Denote I 4 to be the minimal multiplicative set containing the initials of

elements of A and their transforms. The saturation ideal of A is defined to be

sat(A) =[A]: T4 ={p e F{Y}:3h el y, s.t.hp € [A]}. (5)
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The following result is needed in this paper.

Theorem 1. (Gao et al., 2009a, Theorem 3.3) A o -chain A is a characteristic set of sat(A) if and only if A is
regular and coherent.

3. Z[x]-lattice

In this section, we prove basic properties of Z[x]-lattices, which will play the role of lattices in the
study of binomial ideals.

For brevity, a Z[x]-module in Z[x]" is called a Z[x]-lattice. Since Z[x] is a Noetherian ring, any
Z[x]-lattice L has a finite set of generators = {fy,...,fs} C Z[x]":

L =Spang{fi,....f} = (F1,.... ).

A matrix representation of [ or L is

M=Ify,....f]nxs,

with f; to be the i-th column of M. We also denote L = (M). The rank of a Z[x]-lattice L is defined to
be the rank of any matrix representation of L, which is clearly well-defined.

We list some basic concepts and properties of Grobner bases of modules. For details, please refer
to Cox et al. (1998).

Denote €; to be the i-th standard basis vector (0,...,0,1,0,...,0)" € Z[x]", where 1 lies in the
i-th row of €;. A monomial in Z[x]" is an element of the form x*¢; € Z[x]", where k € N. The following
monomial order > of Z[x]" will be used in this paper: x*€; > xﬁej ifi>j,ori=jand o > B. A term
in Z[x]" is the product of a nonzero element ¢ in Z and a monomial m in Z[x]", that is cm. For two
terms cymq and cymy, we say cymq > comy if mq > my or my =my and |cq| > |c3].

With the above order, any f € Z[x]" can be written in a unique way: f= ZL] cih;, where ¢; € Z,
h; are monomials such that h; > hy > --- > h;. LT(f) := c1h; is called the leading term of f. For any
G C Z[x]", we denote by LT(G) the set of leading terms of G.

The order > can be extended to elements of Z[x]" as follows: for f, g € Z[x]", f < g if and only if
LT(f) < LT(g).

Let G C Z[x]" and f € Z[x]". We say that f is G-reduced w.r.t. G if for any term ch of f and any
g € G, ch is not a multiple of LT(g) = am by an element in Z[x] and 0 < ¢ < |a| when h = x*m for
certain e € N. For instance, —x%€ is not G-reduced w.r.t. 3xeq, but 2x%€1 = —x%€; + x - 3x€ is.

Definition 2. A finite set f = {f,...,fs} C Z[x]" is called a Grébner basis for the Z[x]-lattice L gener-
ated by [ if for any g € L, there exists an i, such that LT(f;)|LT(g). In this paper, it is always assumed
that f; <f, <--- <fs. A Grobner basis [ is called reduced if for any f € [, f is G-reduced with respect
to [\ {f}.

Let [ be a Grobner basis. Then any f € Z[x]" can be reduced to a unique normal form by f, denoted
by grem(f, ), which is G-reduced with respect to [.

Definition 3. Let f, g € Z[x]", LT(f) = ax‘e;, LI(g) = bx‘e i, § < k. Then the S-polynomial of f and g is
defined as follows: if i # j then S(f, g) = 0; otherwise S(f, g) =

f— %xkfsg, ifb|a;
b _xk=sg, ifa|b; (6)
uf 4+ vxk=Sg, ifatband bta, where gcd(a, b) = ua + vb.

The following basic property for Grobner basis is obviously true for Z[x]-lattices and a polynomial-
time algorithm to compute Gobner bases for Z[x]-lattices is given in Jing et al. (2016).
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Theorem 4 (Buchberger’s Criterion). The following statements are equivalent.

1) F={fy,...,f} C Z[x]" is a Grébner basis.
2) grem(S(f;, f;),F) =0 foralli, j.
3) f e (F) ifand only if grem(f, ) = 0.

We will study the structure of a Groébner basis for a Z[x]-lattice by introducing the concept of
generalized Hermite normal form. First, we consider the case of n =1.

Lemma 5. Let B = {bq, ..., by} be a reduced Grébner basis of a Z[x]-module in Z[x], by < --- < by, and
LT(b;) = c;x% e N[x]. Then

1)0<dy <dy <--- <d.

2)ckl---lealer and ¢ #cipq for 1 <i <k —1. B

3) % |b; for 1 <i < k. If by is the primitive part of b1, then by |b; for 1 <i <k.

4) The S-polynomial S (b;, b;) can be reduced to zero by B for any i, j.

Proof. 1) and 4) are consequences of Theorem 4. To prove 2), assume that there exists an | such that
C—1l---lcalcr but ¢ fei—q. Let r = ged(cy, ¢—1) = p1¢; + p2ci—1, where pq, p2 € Z. Then |r| < |¢_1|
and |r| < |¢|. Since ¢;_1|---|c2|c1, we have |r| < |ci|,i=1,...,]. Let g = p1b; + p2x¥~%-1b;_;. Then
LT(g) = rx¥ which is reduced w.rt. B and g € (B), contradicting to the definition of Grébner bases.
We prove 3) by induction on k. When k =2, let by = c1x¥1 + s;1x41 =1 4+ ... + 514, and by =
Cox2 4 sopx82=1 ... + 24, Then, c2|cq and dq < da. Let ¢q = cat, we need to show t|bq. Since the S-
polynomial S(b1, by) =thy —x%2~91p; can be reduced to zero by by, we have thy — x2=%1p; = u(x)by,
where u(x) € Z[x] and deg(u(x)) < dz — dy. Then, thy = (x%2~ + u(x))b1, and tlby follows since
x2=d 4 y(x) is a primitive polynomial in Z[x]. Thus for k =2, by|b;. Assume that for k=1-1,
the claim is true, then b{|b; for 1 <i <[ — 1. We will prove the claim for k = 1. Since S(b1,b)) =
&by — x4=41p; can be reduced to zero by B. We have by —xd=dip; = S by with f; € Z[x] and
deg(fib;) <d;—1. Then, i—}bl = xh—dip, +Z£;1] fib;. By induction, 51 is a factor of the right hand side
of the above equation. Thus El |b. Let b; = s;b} for 1 <i <I, we have %s, =xl—dig, +Z§;§ fisi where
deg(s;) =d; — dy and s1 € Z. Since deg( fis;) <d; —di; — 1, we have CC—}|51 and CC—;|b1. Forany 1 <i <
j <1, assume f_—:|b,-. We will show that Cc—f|bj. Since S(bj_1,bj) = Cjc—;lbj —xdi=di-1p; 4 = Z,j:—: fibi,
we have C’C—Tl is a factor of the right hand side of the above equation, for cj_1|cj_3|---|cq. Then,

Cj—1 |

Ci—1p . C_J . . .
el bj and |bj. The claim is proved. O

Example 6. Here are three Grobner bases in Z[x]: {2, x}, {12, 6x + 6, 3x% + 3x, x> +x2}, {9x + 3, 3x2 +
4x +1}.

Motivated by the structure of the three reduced Grobner bases in Example 6, we introduce the
concept of generalized Hermite normal form. Let

(O T R O N R o I R
€t oo Coly Crlyst oo e e
0 ... 0 Cri41,1 «o- Cryg1ly vvv vve ove e e
C=10 00 eyt Ol e @
0 0 0 ..... 0 ..... O Cr[ o ;:.rt.7]+1’l[
5 0 0 ..... O Ocrtl ...;:.rt.lt ]
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be an m x s-matrix whose elements are in Z[x]. It is clear that m=r; and s = Zgzl l;. We denote by
¢;,j to be the column of the matrix C whose last nonzero element is
d..
Cri,j =Ci,j,0X"0 4+ +Ci jdy- (8)
Then the leading term of ¢, j is cri.j,oxdmen. It is clear that rk(L) =t.

Definition 7. The matrix C in (7) is called a generalized Hermite normal form if it satisfies the following
conditions:

1) 0<dy1<dy2<---<dy for any i.
Cri,j

2) ¢y .0l Ir,2,01Cr,1,0-
) R I ) 10
3) S(¢ryjy> €y jy) =X 027G, G — mcrwz can be reduced to zero by the column vectors of

the matrix for any 1 <i<t,1<j; < jy <l.
4) ¢y, j is G-reduced w.r.t. the column vectors of the matrix other than ¢, j, forany 1 <i<t, 1<
i<

It is clear that {c;; 1,...,¢;;li=1,...,t} is a reduced Grobner basis in Z[x]. Then, as a conse-
quence of Theorem 4 and Lemma 5, we have

Theorem 8. [ = {fq, ..., f;} C Z[x]" is a reduced Grobner basis such that f; < f, < --- < f; if and only if
[fq, ..., fs] is a generalized Hermite normal form.

Example 9. The following matrices are generalized Hermite normal forms

x20 2x—-100
M1:[0 2x]’M2:[0 0 2x—1]
whose columns constitute the reduced Grobner bases of the Z[x]-lattices.

Let F={fy,...,fs} be a reduced Grébner basis. Let S(f;, f;) = m;;jf; —mj;f; be the S-polynomial of
fi,f; and grem(S(f;, f;),F) =) ckfy_be the normal representation of S(f;, f;) in terms of the Grobner
basis F. Then the syzygy polynomial S(f;, f;)

S(fi, ) =mije; —mjie; — Y crey,
k

is an element in Z[x]*, where € is the k-th standard basis vector of Z[x]*. Define a monomial order
in Z[x]* as follows: x%€; < xP€ if LT(x*f;) < LT(x’f;) in Z[x]" or LT(x*f;) = LT(x’f;) and i > j. By
Schreyer’s Theorem (Cox et al., 1998, p. 212), we have

Theorenl 10. Let F =[fy, ..., flnxs € Z[x]"*S be a generalized Hermite normal form. Then the syzygy poly-
nomials S(f;,f;) form a Grobner basis of the Z[x]-lattice ker(F) = {X € Z[x]’|FX = 0} under the newly
defined order <.

Let C be defined in (7) and k € N. Introduce the following notations:
C-= Ulgzl U;:;l] {cn,ks XCri ks« - > Xdeg(cri"(ﬂ)_deg(cri'k)_lcri,k}y
I
ct= UL] U}?O:() {x<cri,li}’ (9)

Coo=C_UCT.
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Examplell.LetC:[G3)‘03 2 ].ThenC,:[603 3x ]and

00 63xx+x 0 6 3x 3x2
o = 63x3x23x> .- 03 3x 2x 2x* ...
7100 0 0 ---63x32x3+xxt+x2 ...

By saying the infinite set C, is linearly independent over Z, we mean any finite subset of Co is
linearly independent over Z. Otherwise, C, is said to be linearly dependent. We need the following
properties of Coo.

Lemma 12. The columns of C, in (9) are linearly independent over Z.

Proof. Suppose C is given in (7). The leading term of ¢ € Co, is LT(c) = ax’eri fori=1,...,tandleN.
Furthermore, for two different ¢; and ¢, in Coo such that LT(cq) = ax'! €, and LT(c,) = bx'2 €, we have
l1 # . Then LT(Coo) = {a,-,ixlfer,. li=1,...,t;li=dj1,di1 +1,...;ay; € Z} is linearly independent over
7, where d;; are the same as in (8). Then C, are also linearly independent over Z. O

Lemma 13. Let C be a generalized Hermite normal form. Then any g € (C) can be written uniquely as a linear
combination of finitely many elements of Co, over Z.

Proof. g € (C) can be written as a linear combination of elements of C,, over Z by the procedure to
compute grem(g, C) =0 (Cox et al., 1998). The uniqueness is a consequence of Lemma 12. 0O

4. Canonical representations for Laurent binomial o -ideal
In this section, we will give three canonical representations for a proper Laurent binomial o -ideal.
4.1. Laurent binomial o -ideal

In this section, several basic properties of Laurent binomial o -ideals will be proved.

By a Laurent o -binomial in Y, we mean a o -polynomial with two terms, that is, a¥% + bY® where
a,be F*=F\ {0} and g, h € Z[x]". A Laurent o-binomial of the following form is said to be in
normal form

p=Y'—¢
where ¢ € F* = F\ {0} and f € Z[x]" is normal. The vector f is called the support of p. For p = Yf —¢,
we denote P = —cf_lY*fp =y f- cf_1 which is called the inverse of p. It is clear that any Laurent

o -binomial f can be written uniquely as f =aM(Yf—cf) where a € 7*, M is a Laurent o-monomial,
and Yf—c¢ is in normal form. Since aM is a unit in F{Y*}, we can use the normal o -binomial Yf—c¢
to represent f, and when we say a Laurent o -binomial we always use its normal representation.

Definition 14. A Laurent o-ideal is called binomial if it is generated by (possibly infinitely many)
Laurent o -binomials.

Lemma 15. Let Yfi —¢;,i =1, ..., s be contained in a Laurent binomial o -ideal T and f = a1f; + - - - + af;,
where a; € Z[x]. Then YT — [T;_, c[ isin Z.

Proof. It suffices to show that if py = Yf — ¢y € Z and p; = Y2 — ¢, € Z, then Y — (" € T for
neN, Y —c'eZ Y —o(c1) € Z, and Y+ —cyc; € Z, which are indeed true since Y™ —c? =
(Yf)" —c? contains py as a factor, Y — ;' = ;'Y (Yh —c) e Z, Y —o(c) =0 (Y —c1) €
Z,and YO+ — oy = YO(YR — ) + (YT — 1) € Z. O
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Definition 16. Let Z be a proper Laurent binomial o -ideal and

L(T) :={fe Z[x]" |3cs € F*s.t. Y — s e 1. (10)

By Lemma 15, IL(Z) is a Z[x]-lattice, which is called the support lattice of Z.
As a direct consequence, we have

Proposition 17. Let the support lattice of  be L(Z) = (fi, ..., f;). Then T = [Y!' —cg,, ..., Y& — ¢ ], that
is, a Laurent binomial o -ideal is finitely generated. [f1, ..., fs] is called a matrix representation for Z.

Proof. Let 7; = [Yfl — Cfys e LY — cg,]. It suffices to show Z C Zj. Since Z is Laurent binomial, it
has a set of generators of the form fp = Y" — cp. Then he IL(I) (f1,...,f5). By Lemma 15, there
exists a Ch € F such that fh =YM —%, €Zy. Then f; — fh =Ch—chel. Smce T is proper, we have
fh—fh_O or fpbeZy and hence ZCZy. O

Similarly, we can prove

Corollary 18. Let T = [Yft — ¢q,..., Y% — ¢,] be a proper Laurent binomial o -ideal and let hy, ..., h,
be another set of generators of (fq,...,fs), and h; = Zi:] a; i fk, i =1,...,1, where a; x € Z[x]. Then
a1i Ar.i

S s S B
T=[YM [T " Y — [T ¢l

We now show how to check whether a Laurent binomial o -ideal is proper.

Proposition 19. Let 7 = [Yf —¢q,..., Y% — ¢] be a Laurent binomial o -ideal and M = [fy, ... fs] €
Z[x]"**. Let ker(M) = {h € Z[x)* | Mh = 0} be generated by uy, ..., u;, where w; = (u;1,...,Ujs). Then

T#Nifandonlyif [[_q ;" =1forl=1,....t

Proof. “=" Let f; = Y& — ¢;. Suppose ¢ = T4 ;"” #1 for some I. Replacing ¢; by Yfi — f; in the
above equation and noting that u; € ker(M), we have ¢ =[];_, l"“ =T, (Y — fyui = YMW 4 g =

1+ g where geZ. Then 0#c—1€Z and Z =[1], a contradiction.
“«" Suppose the contrary. Then there exist g; € F{Y*} such that

gifi+--+gfs=1. (11)

Let | be the maximal ¢ such that yék) occurs in some fj, o the largest j such that y,(j) occurs in some
fi and d = max;_, deg(fi, y\*). Let fy = Y% — ¢, = [y™" — ¢4 Since (11) is an identity about the

algebraic variables yj‘J, we can set yf"o =c/I in (11) to obtain a new identity. In the new identity,
fk becomes zero and the left hand side of (11) has at most s — 1 summands. We will show that
this procedure can be continued for the new identity. Then the left hand side of (11) will eventually
becomes zero, and a contradiction is obtained and the lemma is proved.

If ord(f;, y;) <o or ord(fj, y;) =0 and deg(f;, y;‘o) < d for some i, then f; is not changed in the
above procedure. Let us assume that for some v, deg(fy, yfo) =dand f, =Y —¢, = Ivyld"o — Cy.
Then after the substitution, f, =cily/Ix —cy = ck?‘, where 7V =1y/Ix —cy/cx. We claim that either
fv =0 or I,/I; is a proper monomial, and as a consequence, the above substitution can continue.
To prove the claim, it suffices to show that if I, = I} then ¢, =c. If I, = I, then f, =f}, that is,
f, — fy = 0 is a syzygy among f;. Let €,, be the corresponding syzygy vector. Then €, € ker(M)
can be written as a linear combination of uy, ..., us. Let c =(c1,...,Cs)". Then cvck_l = c€v can be

written as a product of ¢ =[];_, lu“ =1, and thus cyc;, =1 o
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4.2. Characteristic set of Laurent binomial o -ideal

We show how to modify the characteristic set method presented in section 2.2 in the case of Lau-
rent binomial o -ideals. First, assume that all Laurent o -binomials are in normal form, which makes
the concepts of order and leading variables well-defined.

Second, when defining the concept of rank and the concept that a o -polynomial p is reduced w.r.t.
a o-polynomial g, we need to replace deg(p, yg.o)) by |deg(p, y§°))|. Precisely, q is said to be reduced

wrt. p if |deg(q,yj.k+l))| < |deg(p,y§k))| for all | € N, where ld(p) = yy‘). For instance, y; >y, — 1

is not reduced w.r.t. y% — 1. With these changes, we can define the concepts of Laurent o -chain and
characteristic set in the Laurent o-binomial case. For instance, the o-chain Ay in (2) becomes the
following Laurent o -chain:

A cyi+1, 8 =1, yi 41,y T+ (12)
Third, the o -remainder for two Laurent o -binomials need to be modified as follows. We first con-
sider how to compute prem(f, g) in the simple case: o = ord(f, y;) = ord(g, y;), where y; = lvar(g).
Let g = Ig(yl(o))dg —cg, where d; = deg(g, yl(o)) and I is the initial of g. As mentioned above, g is in

normal form, that is dg > 0. Let dy = deg(f, yl(o)) and f = If(yfo))df — cf. We consider two cases.
In the first case, let us assume dy > 0. We define a new operation prem;(f, g) below. If df < dg,
then set r = prem; (f, g) to be f. Otherwise, perform the following basic step

I I c
ri=prem; (f.8) = (f g L)) ey = Ly - L (13)
g g Cg
Let hy, hy, fg be the supports of r, f, g, respectively. Then
h; =hf —hg. (14)

Set f =r and repeat the procedure prem, for f and g. Since dy decreases strictly after each iteration,
the procedure will end and return prem(f, g) =r which satisfies

f I B c

oL g ot s 15)
Cg Ig Cg

h, = h; — kh, (16)

where k= L%J and h e F(Y*).
In the second case, we assume dy < 0. The o -remainder can be computed similar to the first case.

Instead of g, we consider g = (Ig)‘1(yl(°>)‘dg —cg'. If |df| <dg, then set r = prem(f, g) to be f.
Otherwise, perform the following basic step

ri=premy(f, 8 = cg(f — 8lgly(y;")¥ %) =115 (y;")U % — ey
In this case, equation (14) becomes h; =hy +hg. To compute prem(f, g), repeat the above basic step
for f =r until |df| <dg.
For two general Laurent o-binomials f and g, prem(f, g) is defined as follows: if f is reduced
w.rt. g, set prem(f, g) = f. Otherwise, let y,; = Ivar(g), o = ord(f, y;), and oz = ord(g, y,). Define
prem(f, g) = prem(..., prem(prem(f, g/ 7¢)), g =%y g).

Let A:Aq,..., As be a Laurent binomial o-chain and f a o-binomial. Then define

prem(f, A) = prem(..., prem(prem(f, As), As_1), ..., A1).

In summary, we have
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Lemma 20. Let A : A1, ..., As be a Laurent binomial o -chain, f a o-binomial, and r = prem(f, A). Thenr
is reduced w.r.t. A and satisfies
cf =r,mod[A], (17)

where ¢ € F*. Furthermore, let the supports of r and f be h; and hy, respectively. Then hy — h; is in the
Z[x]-lattice generated by the supports of A;.

Similar to section 2.2, the concepts of coherent and regular o-chains can be extended to the
Laurent case. Since any o-monomial is a unit in F{Y®}, the concept of regular o-chain need to be
strengthened as follows. A o -chain A is called Laurent regular if A is regular and any o-monomial
is invertible w.r.t. A. Then, following Gao et al. (2009a, Theorem 3.3), Theorem 1 can be extended to
the following Laurent version straightforwardly.

Theorem 21. A Laurent o -chain A is a characteristic set of sat(A) if and only if A is coherent and Laurent
regular.

For Laurent binomial o -chains, we have
Lemma 22. Any Laurent binomial o -chain A is Laurent regular.

Proof. In this proof, without loss of generality, all Laurent o -polynomials are assumed to be in K{Y}.
Since the initials of .4 are o -monomials, it suffices to show that any o-monomial is invertible w.r.t. A.
By Gao et al. (2009a, p. 248), a o-monomial M is invertible w.r.t. A if M is invertible w.r.t. an
extension Ay (the definition of Ay can be found in formula (4) in Gao et al.,, 2009a, p. 247) of A
when both M and Ay, are treated as algebraic polynomials in y;‘], where Ay is an algebraic Laurent
binomial triangular set. By Gao et al. (2009b, p. 1150), M is invertible w.r.t. Ay if the successive
Sylvester resultant Resl(M, Ay) of M and Ay, is nonzero. Since A is Laurent binomial, B € Ay has
the form B = I(yjzo)m + U, where [ is the initial of B and U is a o-monomial not containing y;:a.
Let N = ](y;go)” be any o-monomial with J as the initial. Then the Sylvester resultant of M and B

0 . . . . .
w.r.t. y; is J®U" which is a nonzero o-monomial. As a consequence, Resl(M, Ay) is also a nonzero
o-monomial and hence A is Laurent regular. O

We now give the first canonical representation for Laurent binomial o -ideals.

Theorem 23. 7 is a proper Laurent binomial o -ideal if and only if there exists a Laurent coherent o -chain A
such that 7 = sat(A) = [ A].

Proof. Let Z # [1] and A the characteristic set of Z. Then [A] C Z C sat(A). From (17), we have
sat(A) C [A] and then Z = sat(A) = [A]. By Theorem 21, A is coherent. To prove the other implica-
tion of the theorem, let A be a Laurent coherent binomial o -chain. By Lemma 22, A is also Laurent
regular. By Theorem 21, A is a characteristic set of Z = sat(A). Then Z is proper. O

Corollary 24. Let T be a Laurent reflexive prime binomial o -ideal in F{Y*}. Then dim(Z) = n — rk(L(Z)).
Proof. By Theorem 23, Z = [A], where A:Y® —cq,...Y% —¢;. Let C =[cq,...,Cs] be the matrix
representation for Z and in the form of (7). Since Z is reflexive and prime, by Theorem 4.3 of Gao et
al. (2009a), dim(Z) =n — t =n — rk(IL(Z)), where t is defined in (7). O

Corollary 25. A Laurent binomial o -ideal is radical.

Proof. By Theorem 23, Z = [A], where A = {YM — ¢y, ..., Y™ — ¢} is the characteristic set of Z.

Let A; =YM" —¢; and y,(io") =1d(A;). A is also saturated in the sense that its separants Ba’zji) are
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o -monomials and hence units in F{Y*}. Then similar to the differential case (Bouziane et al.,, 2001),
it can be shown that sat(.A) = [A] is a radical o-ideal.

Let f; <f, <--- <f; be elements in Z[x]", ¢; € F*, and

F={f,....f} CZ[x]" (18)
Am={A1,...,AS}C]-'{Yi}withAi=Yf"—ci,i=1,...,s, andc; € F*

In the rest of this section, we will establish a connection between F and Ag. From Definition 7, we
have

Lemma 26. Fori < j, Aj is reduced w.r.t. A; if and only if f; is G-reduced w.r.t. f;.

Lemma 27. For [ and Ag in (18) and a Laurent o -binomial f = Yf — ¢, if prem(f, Ap) = Y& — Cg, then
g = grem(f, [).

Proof. Let us first consider prem; in (13) for f and A; = Y — ¢ = I,-(yl(i"”)df — ¢j, where 1d(A;) =y,
and I; is the initial of A;. From (14), the support of r = prem, (f, A;) is f—f;. It is clear that LT(f;) =
dix%ey,. Let f; =d;x% €, + f;. Similarly, write f=dfx° €, +m where d;x%¢, is the leading term of f
w.r.t. €; and dy > d; > 0. Then a basic step to compute grem(f, f;) is to compute grem; (f, f;) =f—f; =
(df —dpx°ie +f —f;, which is the support of prem, (f, Aj).

Using the basic step grem; to compute grem(f, ), we have a sequence of elements in Z[x]":
go =f, g1 = grem(f, f;), ..., g = grem(f, f). Correspondingly, using the basic step prem; to compute
prem(f, Ag), we have a sequence of o -binomials fo = f, fi =prem(f, A1),..., fr = prem(f, Ag) such
that the support of f; isg; fori=1,...,t. O

Lemma 28. If { in (18) is a reduced Grobner basis and [Ag] # [1], then Ag is a coherent o -chain.

Proof. By Lemma 26, Ag is a o-chain. Let A; = Yf —¢; and Aj = Y' —¢; (i < j) have the same

. . i djx’i L
leading variable y;, and A; = Iiyf’x' -, Aj= ijl’X — ¢j. From Definition 7, we have 0; <o0; and

djl|d;. Let d; = tdj where t € N. According to (15), we have
W @

t t
I €

0

JAj)

A(A;, Aj) = prem((A)*" (19)

Then the support of A(A;, Aj) is x%i~%if; — g—;fj.
Since LT(A;) = d;ix%¢€; and LT(Aj) = d;x%€;, we have N = lcm(d;ix®,d;x°/) = d;x°i. According to
Definition 3, the S-polynomial of f; and f; is

d;
S(f;, £j) = X0, — —f;.
dj

Since [ is a Grobner basis, we have g = grem(S(f;, f;),f) = 0. Since the support of A(A;, Aj) is
S(f;.fj), by Lemma 27, R = prem(A(A;, Aj), Ag) = Y8 —c =1 —c for some c € F. Since [Af] is
proper and R =1 —c € [Ag], we have R =0 and hence Ay is coherent. O

We now give the second canonical representation for a Laurent binomial o -ideal.

Theorem 29. For [ and Ag defined in (18), Ag is a coherent o -chain if and only if [ is a reduced Grébner basis
and [Ag] # [1].
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Proof. Lemma 28 proves one side of the theorem. For the other direction, let .A¢ be a coherent
o-chain. By Lemma 26, f; is G-reduced w.rt. f; for i # j. By Theorem 23, [Ag] is proper. Use
the notations introduced in the proof of Lemma 28. Since S(f;,f;) is the support of A(A;, Aj),
by Lemma 27, fi; = grem(S(f;,f;), ) is the support of prem(A(A;, Aj), Ag). Since Ag is coher-
ent, prem(A(A;, Aj), Ap) = Yfi — ¢ =0 for any i and j, and this is possible only when f;; =
grem(S(f;, f;),F) =0 and c =1 due to the fact [A¢] # [1]. Hence [ is a reduced Grébner basis. O

4.3. Partial character and Laurent binomial o -ideal

In this section, we will show that proper Laurent binomial o-ideals can be described uniquely
with their partial characters.

Definition 30. A partial character p on Z[x]" is a homomorphism from a Z[x]-lattice L, to the multi-
plicative group F* satisfying po(xf) = (o(£))* =0 (o)) for fe L.

Let p be a partial character on Z[x]" and L, = (fi,...,fs), where [ = {f;,...,f} is a reduced
Grobner basis. Define

Z(p) ==Y — p(f) If e L), (20)
A(p) ==Y — p(fy), ..., Y& — p(fs). (21)

The Laurent binomial o -ideal Z(p) has the following properties.
Lemma 31. Z(p) = [A(p)] # [1] and A(p) is a characteristic set of Z(p).

Proof. By Lemma 15 and the definition of partial character, Z(p) = [.A(p)]. By Proposition 19, in
order to prove Z(p) # [1], it suffices to show that for any syzygy ) ;a;fi =0 among f;, we have
[1; p(f)% =1. Indeed, p(3_; aif)) =[]; p(£)% =1, since p is a homomorphism from the Z[x]-module
L, to F*. Since [ is a reduced Gréber basis, by Theorem 29, A is a characteristic set of Z(p). O

Lemma 32. A Laurent o -binomial Yf — c¢ is in Z(p) if and only if f € Ly and cg = p(f).

Proof. By Lemma 31, A(p) is a characteristic set of Z(p). Since f = Yf — ¢¢ is a o-binomial in Z(p),
we have r = prem(f, A) = 0. By Lemma 20, f is in the Z[x]-module L,. The other side is obviously
true and the lemma is proved. O

We now give the third canonical representation for a Laurent binomial o -ideal.

Theorem 33. The map p = Z(p) gives a one to one correspondence between the set of proper Laurent bino-
mial o -ideals and partial characters on Z[X]".

Proof. By Lemma 31, a partial character defined a proper Laurent binomial o-ideal. On the other
side, let Z € F{Y®} be a proper Laurent binomial o -ideal. Z is generated by its members of the form
Yf — ¢¢ for fe Z[x]" and cf € F*. Let L, =1L(Z) which is defined in (10) and p(f) = c¢. Since Z is
proper, cg is uniquely determined by f. By Lemma 15 and Proposition 17, p is a partial character
which is uniquely determined by Z. It is clear that Z(p) = Z. To show the correspondence is one to
one, it suffices to show p(Z(p)) = p which is a consequence of Lemma 32. The theorem is proved. 0O

As a summary of this section, we have the following canonical representations for a proper Laurent
binomial o -ideal, which follows directly from Theorems 23, 29, and 33.

Theorem 34. 7 is a proper Laurent binomial o -ideal if and only if one of the following statements holds.
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(1) Z =[A], where A is a coherent Laurent binomial o -chain.

(2) T =[A], where A={Yf —cq,.... Y5 — ¢}, f; € Z[x]", c; € F*, C={fy, ..., £} is a reduced Grébner
basis of a Z[x]-lattice, and [A] # [1].

(3) Z=1Z(p) = [A], where p is a partial character on Z[x]" and A = A(p).

Furthermore, A is a characteristic set of Z and () is the support lattice of Z.

5. Criteria for prime, reflexive, well-mixed, and perfect Laurent binomial o -ideals

In this section, we give criteria for a Laurent binomial o -ideal to be prime, reflexive, well-mixed,
and perfect in terms of its support lattice and prove that the reflexive, well-mixed, and perfect clo-
sures for a Laurent binomial o-ideal are still binomial. Decomposition theorems for well-mixed and
perfect Laurent binomial o -ideals are also given.

5.1. Reflexive and prime Laurent binomial o -ideals

For the o-indeterminates Y = {y1,...,yn} and t € N, we will treat the elements of Y/l =
yi.y5 ... y’l‘t, Y Y yﬁr} as algebraic indeterminates, and F[Y!#] is the Laurent polyno-
mial ring in YY1, Let Z be a Laurent binomial o -ideal in F{Y*}. Then it is easy to check that

I =INFIYH

is a Laurent binomial ideal in F[Y=].

Denote Z[x]; to be the set of elements in Z[x] with degrees <t. Then Z[x]} is the Z-module gen-
erated by x'¢; for i=0,...,t,I=1,...,n. It is clear that Z[x]} is isomorphic to Z"™*V as Z-modules
by mapping x'e€; to the (( — 1)(t + 1) + i + 1)-th standard basis vector in Z"**1D. Hence, we treat
them as the same in this section. Let L be a Z[x]-lattice and t € N. Then

Ly =LNZ[X]] = LNZ"ED

is a Z-module in Z"®*D . Similarly, it can be shown that when restricted to Z[x]}, a partial character
p on Z[x]" becomes a partial character p; on Z"+1,

Lemma 35. With the notations introduced above and suppose that Z(py) is the ideal in F[Y'®!1] defined by
the partial character p; on Z"™D, we have T, = T N F[YF] =T (o).

Proof. It suffices to show that the support lattice of Z; is L, = L;. By Lemma 32, Yf — ¢ € Z; if and
only if fe L NZ[x]}, or equivalently, maxp,esdeg(m, x) <t, which is equivalent to fe L;. O

Definition 36. Let L be a Z[x]-module in Z[x]".

e L is called Z-saturated if, for any 0 #a € Z and f € Z[x]", af € L implies f e L.
o L is called x-saturated if, for any f € Z[x]", xf € L implies f < L.
e L is called saturated if it is both Z- and x- saturated.

Theorem 37. Let p be a partial character on Z[x]". If F is algebraically closed and inversive, then

(a) L, is Z-saturated if and only if Z(p) is prime;
(b) L, is x-saturated if and only if Z(p) is reflexive;
(c) Ly is saturated if and only if Z(p) is reflexive prime.

Proof. It is clear that (c) comes from (a) and (b). Let Z=7(p) and L =1L,.
(a): Z is a Laurent prime o -ideal if and only if Z; is a Laurent prime ideal for all t. From Lemma 35,
the support of Z; is L;. Since F is algebraically closed, by Eisenbud and Sturmfels (1996, Theorem 2.1),
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7; is a Laurent prime ideal if and only if L; is a Z-saturated Z-module. Furthermore, a Z[x]-lattice L
is Z-saturated if and only if L; is a Z-saturated Z-module for all t. Thus, (a) is valid.

(b): Suppose 7 is reflexive. For xf € L, by Lemma 32, there is a Y — ¢ € Z. Since F is inversive,
c=d* for d € F. Then o (Yf —d) € 7 and hence Yf —d € Z since 7 is reflexive. By Lemma 32 again,
fel and L is x-saturated. To prove the other direction, assume L is x-saturated. For f* € Z, we have
an expression

=Y [ —c) (22)
i=1

where Yfi —¢; € 7 and 0 # f; € F{Y*}. Let d = max}_,deg(Y" — ¢;, y1) and assume Y = M;yS.
Replace y‘lj by c1/Mi in (22). Since (22) is an identity for the variables yfj), this replacement is
meaningful and we obtain a new identity. Yi' — ¢; becomes zero after the replacement. Due to the
way to choose d, if another summand, say Y® — ¢, is affected by the replacement, then Y2 = sz‘lj.
After the replacement, Y — ¢, becomes c; (M2/Mj — cz/c1) which is also in Z by Lemma 32. In
summary, after the replacement, the right hand side of (22) has less than s nonzero summands and
the left hand side of (22) does not changed. Repeat the above procedure, we will eventually obtain a
new identity

=" fi(rs —g) (23)
i=1

where Y*& — ¢; € Z and f; € F{YE}. We may assume that any y; does not appear in f;. Otherwise,
by setting y; to be 1, the left hand side of (23) is not changes and a new identity is obtained. Since
F is inversive, ¢; =e] and f; =g} for e; € F and g; € F{Y*}. By Lemma 32, Y*& — e¥ € Z implies
xg; € L. Since L is x-saturated, xg; € L implies g; € L and hence Y& —e; € Z by Lemma 32 again. From
(23), 0(f — Y 3_; &i(Y8 —e;)) =0 and hence f =7 ;_; gi(Y8 —e;) €Z. (b) is proved. O

Example 38. This example is used to show that the condition for F to be algebraically closed and
inversive is necessary for Theorem 37 to be valid. If 7 =Q() and o (f(A)) = f(A+1), then [y%y% —A]
is prime but its support lattice ([2,2]7) is not Z-saturated; if 7 = Q() and o (f(1)) = f(x2), then
[y3y5 — A] is reflexive but its support lattice ([x, x]*) is not x-saturated.

Definition 39. Let L C Z[x]" be a Z[x]-lattice. The Z-saturation of L is saty(L) := {f € Z[x]" |3a €
Z, s.t.a#0 and af € L}. The x-saturation of L is saty(L) := {f € Z[x]" | xf € L}. The saturation of L is
sat(L) := saty(satx(L)).

It is clear that saty (L) is Z-saturated, saty(L) is x-saturated, and sat(L) is both x- and Z-saturated
since saty(saty(L)) = saty(satz(L)).

Theorem 40. Let 7 be a Laurent binomial o -ideal and L the support lattice of Z. If F is inversive, then the
reflexive closure of Z is also a Laurent binomial o -ideal whose support lattice is the x-saturation of L.

Proof. Let Z, be the reflexive closure of Z and Ly = saty(L). Suppose Z =[f1,..., f;], where f; =
Yfi —¢;. Then L = (fy, ..., ). If L is x-saturated, by Theorem 37, Z is reflexive. Otherwise, there exist
k1 € N, b; € Z[x], and hy € Z[x]" such that h; ¢ L and

.
Xk h = Zb,‘fi el. (24)
i=1

By Lemma 15, Y*'™ —G is in Z, where @ = [[i_, ¢, Since F is inversive, @ = o %1(@) e F.
Then, o¥1(YM — @) € Z, and hence YM — @ e Zy. Let Z; = [fi,..., fr, Y™ —@]. It is clear that
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L1 = (fy,....f,hy) is the support lattice of Z;. Then Z & 77 C Zx and L & L1 C Ly. Repeating the
above procedure for Z; and Li, we obtain Z; and L = (f1,...,f,h{,hy) such that hy ¢ L1 and
x2hy € Ly. We claim that Ly C Ly. Indeed, let x*2hy = Y"_, eif; + eohy. Then by (24), x\1+k2hy =
X1 (xk2hy) = X1 3T eifi +eo(x¥1hy) =xK1 3T eifi +e0 Y I_; bifi € L and the claim is proved. As a
consequence, Zp C Zx.

Continuing the process, we have Z¢ 71 & --- Gy CZyand L & L1 & --- & Ly C Ly such that L; is
the support lattice of Z;. The process will terminate, since Z[x]" is Noetherian. The final Z[x]-lattice L;
is x-saturated and hence Z; is reflexive by Theorem 37. Since Ly is the smallest x-saturated Z[x]-lattice
containing L and L C Ly C Ly, we have Ly =Ly and Z; =Zy. O

Corollary 41. Let L C Z[x]" be a Z[x]-lattice. Then rk(L) = rk(saty(L)) and rk(L) = rk(satz(L)).

Proof. From the proof of Theorem 40, saty(L) = (L, hq,...,h;) and for each h;, there is a positive
integer n; such that x"'h; € L. Let A be a representation matrix of L. Then a representation matrix B
of Ly can be obtained by adding to A a finite number of new columns which are linear combinations
of columns of A divided by some x?. Therefore, rk(A) = rk(B). We can prove rk(L) = rk(satz(L))
similarly. O

We now give a decomposition theorem for perfect o -ideals.

Theorem 42. Let Z be a Laurent binomial o -ideal, L the support lattice of Z, and Ls the saturation of L. If
F is algebraically closed and inversive, then {Z} is either [1] or can be written as the intersection of Laurent
reflexive prime binomial o -ideals whose support lattice is Ls.

Proof. Let 7, be the reflexive closure of Z and Ly = saty(L). By Theorem 40, Ly is the support lattice
of Zy. Suppose Zy = [f1,..., fr], fi =Y —¢,i=1,...,r,and Ly= (f1,....f). If L is Z-saturated,
then by Theorem 37, Z, is reflexive prime. Otherwise, there exist k1 € N, a; € Z[x], and h; € Z[x]"
such that hy ¢ Ly and

kihy =aif; +--- +a.f; € Ly. (25)

By Lemma 15, YKl —G e 7, where @ = []]_, C?i. Since F is algebraically closed,

k1
v —g=[[o™ -a) e,
=1

where G;,I =1,...,k; are the ki-th roots of @. By Lemma Il in Cohn (1965, p. 83), we have the
following decomposition

(T} = (T = "'_ (T, )

where Zy; =[fi, ..., fr, Y™ —j]. Remove those 14y, satisfying Zy;, = [1]. If Zy,, =[1] for all I4, then
{Z} =[1]. Then the support lattice for any of Zy; is L1 = (f1, ..., f, hy). Similar to the proof of Theo-
rem 40, we can show that Zy & 7y and Ly & L1 C Ls.

Repeating the process, we have T, & Ty, & -+ G Iy, for [ =1,...,kjand Ly G L1 G L & -+ & Ly C
Ls such that L; is the support lattice of Zy, for [; =1, ...,k and

(7) = mk,‘

- [izl{Iili}5i:]7"'7t'

The process will terminate, since Z[x]" is Noetherian. Since Ls is the smallest Z-saturated Z[x]-lattice
containing Ly and Ly C Ly C Ls, we have L; = satz(Ly) = satz(satx(L)) = Ls. Then Zj, is reflexive
prime and the theorem is proved. O

Since the reflexive prime components of Z have the same support lattice, by Corollary 24, they
also have the same dimension.
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Corollary 43. A Laurent binomial o -ideal Z is dimensionally unmixed, that is, the reflexive prime components
of Z have the same dimension.

Example 44. We use this example to show that {Z} = [1] can indeed happen in Theorem 42. Let
=[A;], where A; is from (12). We have y5 — y3 = y3+1— (y2+1) € Z. Then {Z} = {Z, yo — y1} N
{Z,y2+ y1} and it is easy to check that {Z,y, — y1} ={Z, y2 + y1} =[1].
Also, if F is not algebraically closed, then {Z} may not be decomposed as the intersection of
binomial ideals. For instance, if 7 = Q, then {y3 — 1} =[y1 = 11N[y2 + y1 + L, y¥ = y1IN[y2 +y1 +
1,y +y1+11

5.2. Well-mixed and perfect Laurent binomial o -ideals

For S c F{Y*}, let S’ = {fg*|fg € S}. We define inductively: Sog =S, S, = [Sh—1l,n=1,2,....
The union of the S, is clearly a well-mixed o-ideal and is contained in every well-mixed o -ideal
containing S. Hence this union is (S). If Z ¢ F{Y*} is a Laurent o-ideal, then (Z) is called the
well-mixed closure of Z. We first prove some basic properties of well-mixed o -ideals. Note that these
properties are also valid in F{Y}.

Lemma 45. Let S1, Sy be two subsets of F{Y*} which satisfy the condition that a € S; implies o (a) € S;, i =
1,2. Then [S1]n[S2]n C [S152]n-

Proof. Let s € [S1]; and t € [S2];. Then s = fig] and t = fog} where fig1 € [S1], f282 € [S2].
Then, f1g1f282 € [S1S2], and st = f1 f2(g182)* € [S1S2]1. Hence, [S1]1[S2]1 C [S1S2]1. By induction,
[S11n[S2]n C[S1S2]n. O

Lemma 46. Let S1, Sy be two subsets of F{Y*} which satisfy the condition that a € S; implies o (a) € S;, i =

1,2. Then /[S1S21n = V/[S11n N [S21n forn =1, and /{S1) N /(S2) = /(5152).

Proof. The last statement is an immediate consequence of the first one. Since [S1S2] C [S;], we have
[S1S21n C [Siln for i =1,2, and [S1S2]n C [S1ln N [S2]n follows. Hence, /[S1S21n C +/[S11n N[S21n.
Let a € [S1]n N [S2]n we have a? € [S11u[S2]n. By Lemma 45, a% € [S1S2]n. Hence a € +/[S1521n, and
IS11n N[S2]n C 4/[S152]n follows. O

Lemma47. Let Ty, ..., Iy be Laurent o -ideals. Then /(N Z;) = N, /(T;).

Proof. Let Z =N 7;. By Lemma 46, we have \/<]_[}”=1 Z) \/]_[ TN Tm)y =... =N VD).
Now we show that {Z) = \/({[[;Zi). Since [[[L;Zi C Z, we have ,/(]_[',-“:1I,<) C /). By
Lemma 46, /(Z) = /{Z) N --- N V{T) = /T C \/(TTiL; Zi), and hence /() = ,/{[Ti~; Zi). Then,
VI =N, J/T). o

Now, we prove a basic property for a o-field F.

Lemma 48. Let {y = e%i be the primitive m-th root of unity, where i = «/—1 and m € Zx3. If &t € F, then
there exists an op, € [0, m — 1] such that gcd(om, m) =1 and o (&) = ¢ Furthermore, the perfect o -ideal

{y™ —1}in F{y}is
" -1 =p" -1,y =y’ (26)

where y is a o -indeterminate.



682 X.-S. Gao et al. / Journal of Symbolic Computation 80 (2017) 665-706

Proof. Since ¢y, € F, we have y™ — 1 = HT=_01 (y — &h). From ()™ — 1 = ]_[T:_O1 (&m — &) =0, we
have o (¢m)™ — 1= ]_['}:01 (0 (&m) — &) = 0. Then, there exists an o,; such that 0 <o, <m —1 and

0 (&m) = & Suppose ged(om, m) =d > 1 and let oy = dk, m = ds, where s € [1,m —1]. Then o (§3) =
oms = ¢dks — ckm — 1 which implies ¢35, =1, a contradiction.

By Lemma II in Cohn (1965, p. 83), we have {y™ — 1} = ﬂm 1[y — ;m] In order to show (26),
it suffices to show m’}:ol [y — ;‘,{7] =[y™ — 1, y¥ — y°m]. Since y* — y°m = (y — {m)" +g) — yom =
(V=¥ + ™ —ym e[y — ¢ for any 0 < j <m—1, we have y* — yom eﬂ"‘o[y—s“é] and
hence [y™ — 1, y* — y°m] C ﬂm ol - {m] Let fen Ol[y — {,{,]. Since y* — y'm e [y — {m], for j=
0,....m—1, from fely— g“m], we have f=g;(y — g“n;) + > hj(y* — y"m)"k, where g;j, hj, € F{y}.
Then f™ =175 (gj(y — &h) + Yy h ,k(y” -y = ([T, g))(y™ — 1) + p, where p € [y* — y°r].
Hence, f € [y™ — 1, y* — y°n] and ﬂm oy - ;“m] C[y™—1,y*— y°m]. The lemma is proved. O

The following example shows how a perfect o -ideal depends on op,.

Example 49. Let F =Q(+v/—3) and p = y1 — 1. Following Lemma 48, if 0 (+/—3) =+/—3, then 03 =1
and {p}=[p,y} — y11. If 0 (+/=3) = —/=3, then 03 =2 and {p} =[p. y5 — y3].

The number oy, introduced in Lemma 48 depends on F only and is called the m-th transforming
degree of unity. In the following corollaries, F is assumed to be algebraically closed and hence oy, is
defined for any m € N. From the proof of Lemma 48, we have

Corollary 50. y* — y°m ¢ ﬂm oy ol
Corollary 51. Forn,m, k in N, if n = km then 0, = 0, mod m.

Proof. By definition, ¢X = ¢,. Then, o (¢X) = ¢¥ = ¢2. From, o (¢%) = 0 (Zm) = £2", we have ¢
Zom. Then 0, = oy modm. O

Lemma 52. (y™ — 1) = {y™ — 1} = [y™ — 1, y¥ — yom].

Proof. By Lemma 48, it suffices to show y" — ym ¢ (y™ — 1). Since y" —1 = H?Zo] (y — {r{',)

and (y—;,w= 0" — o), we have fi = (v* — &0 [Tosjemor jui(V — &) € (Y™ — 1) for i =
O ,m — 1. We will show that y* — y"m S (fo,.. fm=1). To show this, we need the formula
1 _ 1 ym-1 (m
=ym! T = ming from Geddes et al. (1992, p. 494). We have

qmz1 .

if Oml

E;;mfl Z; —é’m m)
= Z y——D

i=0

0 Y~ gm y-= gm

m—1
v 1 ym"— 1(om+1)l

mzoy fm

Let g(y) = ~ > olj/, ;, ¢om*tD and note that [Ti<izm_1(&h — 1) = (=1)™ 'm. Then, we have
j m+1 -1 m+1)j j i m+1)j, j(m—1 _
g = o™ = = 5™ Tosiznoviy G = G = man™ 6™ D x
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Micicm 1l — 1) = Leamm = (h)on. Since deg(g(y) <m — 1 and g(zn) = (Gh)° for j =
0,...,m—1, we have g(y) = y°m. Hence y* — y°" € (fo,..., fm—1) C(y" —1). O

Corollary 53. Form € N, a € F*, and f € Z[x]", we have Y*—omf _ gx—om ¢ cymf __ gmy,

Proof. Let z = %f and Z = [Y™ — ¢™]. Then z" — 1 € Z. By Lemma 52, 2°n — 1 € (" — 1) C (I).
Then (o — 1 & (Z) or Y*-omf _g¥-om (7). O

Motivated by Corollary 53, we have the following definition.

Definition 54. A Z[x]-lattice L is called M-saturated if it satisfies
mfel = (x—om)fel (27)

where m € N\ {0, 1}, f € Z[x]", and o, is defined in Lemma 48. For any Z[x]-lattice L, the smallest
M-saturated Z[x]-lattice containing L is called the M-saturation of L and is denoted by saty;(L).

The following result gives an effective version for condition (27).

Lemma 55. A Z[x]"-lattice L is M-saturated if and only if the following condition is true: Let L1 = satz(L) =
(81, ...,8s) such that m;g; € L form; e N. Then (x — op,)g; € L.

Proof. We need only to show (x — om;)g; € L implies (27). For any mf € L, we have f e L; and hence
f= Zf:1 qigi, where q; € Z[x]. Let t =lcm(m, my, ..., ms). By Corollary 51, we have o = om; + cim;,
where ¢; € Z. Then (x —o)f =" 1 qi(Xx —00)8i = Y ;-1 qi(X — 0m, )& — Y31 gicimig; € L. By Corol-
lary 51, o = 0o + cm, where c € Z. Then (x —om)f = (x —op)f+cmfe L. O

We now give a criterion for a Laurent binomial o -ideal to be well-mixed.

Theorem 56. Let p be a partial character and F an algebraically closed o -field. If Z(p) is well-mixed, then
L, is M-saturated. Conversely, if L, is M-saturated, then either (Z(p)) = [1] or Z(p) is well-mixed and in this
case Z(p) can be written as the intersection of Laurent prime binomial o -ideals with support lattice satz(Ly).

Proof. Suppose that Z(p) is well-mixed. If there exists an m € N such that mf € L,, then by
Lemma 32, there exists a ¢ € F* such that Y™ — ¢ € Z(p). Since F is algebraically closed, there
exists an a € F* such that ¢ = a™. Then, Y™ — a™ e Z(p). Since Z(p) is well-mixed, by Corollary 53,
Y@&—omf _ g*—0m ¢ T(p), and by Lemma 32 again, (x — op)f € L, follows and L, is M-saturated.
Conversely, let L, be M-saturated. If L, is Z-saturated, then by Theorem 37, Z(p) is prime and
hence well-mixed. Otherwise, there exists an m; € N, and f € Z[x]" such that f¢ L, and mife L,. By
Lemma 32, there exists an a € F* such that Y™f — g™ ¢ Z(p). We claim that either (Z(p)) =[1] or
-1
Z(p) =ML T (28)
2mi
where 7;, = [Z(p), yf— ag,i}l] and {m, =e™ . By (27), (x — om,)f € L,. By Lemma 32, there exists a
b e F* such that Y*°mf — b e T(p). Since Y™ — a™ e Z(p), by Corollary 50, we have Y&~0m)f _
a*om e [YFf - a{,l,}]] for any Iy € [0,m; — 1]. Then b — @*°m = Y®~0m)f _ gx=om _ (y@—om)f _p) ¢
T, for any Iy. If b#a*°m, I, =[1] for all I;, and hence 1 ¢ 07:1261211 C (Z(p)) by Lemma 52
and (Z(p)) = [1] follows. Now suppose b = a*°™ or a* = ba®™. To prove (28), it suffices to show
ml":LB]I,l CZ(p). Let fe 0731251111. From f €7, we have f = fi, + Y% pjod(Yf - a;,’,}l), where
fi, €Z(p), pje F{Y*}. By Lemma 48, 0 (my) = ;,ZT' . We thus have
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o(Yf— a;“,?n) =Y¥ — pyom T 4 pyomf _ o(agl1 )
— Yomlf(Y(x—om])f —b)+ b(YDmlf a®m [ liom, )+ (bao’”l . O'(Cl))é’ liom, )

Since Y*~om)f _p € Z(p) and ba®™ — o (a) =ba®" —a* =0, we have o (Y —azll ) = g, +q;, (¥ —

l m,)» where g, € Z(p), q, € F{Y*}. Using the above equation repeatedly, we have f = hy, +py, (Yf-
a;,m) where hy, € Z(p). Then, f™ = [T" " by, + pi, (VF — agei) = st + [T)g" pr, (VF — agnl)) =
s1 + (Ymf— ”"1)1—[?111 01 pi, € Z(p), where sy is in Z(p). By Corollary 25, we have f € Z(p). The
claim is proved.

The support lattice for any of [Z;,] is L1 = (Lp, f). Similar to the proof of Theorem 40, we can
show that Z(p) ¢ 7;, and L, & Lq. If Ly is not Z-saturated, there exists a k > 1 and g € Z[x]" such
that g ¢ L1 and kg € Ly. Let my = kmy. We have myg =km g € L, and there exists a ¢ € 7* such that
Y™8 — ™2 e Z(p). Hence, (X — 0m,)g € L, C L1 and there exists a d € F*, such that Y*0m)E _ g ¢
Z(p). Let Ly =(L1,8) and Z;, , = [Ill,Yg — c;,’ﬁz], I =0,...,my— 1. Then L1 ¢ Ly and L, is the
support lattice for all Z;, ;, provided Zj, 1, # [1]. Similar to the above, it can be shown that d —c* ™" ¢
T, 1, for any Iy, k. If d — c*7°m2 3£ 0, then Z;, ), = [1] for any l1,1, and (Z;,) =[1] by Lemma 52.
Since Laurent binomial o-ideals are radical, (Z(p)) = ﬂml l(I,l) = [1] by Lemma 47 and (28). I
d —c*%m =0, it can be similarly proved that 7;, = ﬁl 111 1, for any ;. As a consequence, we have

either (Z(p)) = [1] or Z(p) = M5 T;, =" Nl N

Repeating the process, we have either (Z(p)) =[1] or
-1 -1 -1
I(p) ml :2:11 - - mml : ﬁzl[:o :Z"h ..... Iy (29)

where L, ¢ L1 & --- & Ly C satz(Lpy). Since Z[x]" is Noetherian, the procedure will end and L; is
Z-saturated for some t. Since each Z;,_, is either [1] or a prime o -ideal, and hence either (Z(p)) =
[1] or Z(p) is well-mixed. If Z(p) is proper, from (29), Z(p) is the intersection of Laurent prime
binomial o -ideals with support lattice satz(L,). O

Example 57. We use this example to show that (Z(p)) = [1] can indeed happen in Theorem 56. Let
7 =[A4], where A; is from (12). The support lattice of Z is M-saturated. We have (y]_1yz)2 —1=
y72(y2+1)—y72(y2+1) € Z. Then by Corollary 53, (y;'y2)* ' —1 € (Z). Since y}~' —1 and y}

are in Z, we have 1 € (7).

Theorem 58. Let F be an algebraically closed o -field and Z = Z(p) a Laurent binomial o -ideal. Then (Z)
is either [1] or a Laurent binomial o -ideal whose support lattice is saty (Ly). If (Z) # [1], then (Z) can be
written as the intersection of Laurent prime binomial o -ideals with support lattice satz(Ly).

Proof. Suppose that (Z(p)) # [1]. If L is not M-saturated, then there exists an m € N and f € Z[x]"
such that f¢ L, mfe L, and (x — o,)f ¢ L. By Lemma 32, there exists a ¢ € F* such that Y™ — ¢ ¢
Z(p). Let 73 = [Z, Y*omf _ cX=0m] and Ly = (L, (x — oy)f). By Corollary 53, Y*—omf _ cx=0m ¢ (7(p)).
Let Ly =saty(L). Then Z & 77 C (Z) and L & L1 C L. Repeat the procedure to construct I; and L; for
i=2,...,tsuchthat ZGC 71 G- GCZryc{Z}and LG L1 & --- & Ly C Ly Since Z[x]" is Noetherian,
the procedure will terminate at, say t. Then L; = Ly is M-saturated for some t. By Lemma 62, L; is
also x-saturated. By Theorem 56, Z; C (Z) is well-mixed and hence Z; = (Z).

If (Z) # [1], by Theorem 56, (Z) can be written as the intersection of Laurent prime binomial
o -ideals with support lattice satz (satpy(Lp)). It is easy to show that satz(saty (L)) =satz(Ly). O

By the proof of Theorem 58, we have

Corollary 59. A Z[x]-lattice and its M-saturation have the same rank.
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Example 60. Let p = y% - y%. Following the proof of Theorem 58, it can be shown that (p) = {p} =
12y3 = 1Ly1 75 = 11=1y3 — ¥ y1ys — yiyal in K(Y*).

In the rest of this section, we prove similar results for the perfect Laurent binomial o -ideals. We
first give a definition.

Definition 61. If a Z[x]-lattice is both x-saturated and M-saturated, then it is called P-saturated. For
any Z[x]-lattice L, the smallest P-saturated Z[x]-lattice containing L is called the P-saturation of L
and is denoted by satp(L).

Lemma 62. For any Z[x]-lattice L, satp (L) = saty(saty (L)) = satps(saty(L)).

Proof. Let L1 = saty(saty(L)) and Ly = saty (saty(L)). It suffices to show L; = L,. We claim that Lq is
P-saturated. Let mf € L1 for m € N. Then mx“f € saty;(L) for some a € N, which implies (x — 0;;)x%f €
L C saty(satp (L)) = Ly. Since Ly is x-saturated, (x — o;)f € L1 and the claim is proved. Since L C
satyr (L), saty(L) C saty(saty;(L)) = Lq. From the claim, L is P-saturated and hence L, C saty (L) = L1.

For the other direction, we claim that L, is x-saturated. Let xf € satp;(saty(L)) C satz(satx(L)).
Then there exists an m € N, such that mf € saty(L) which implies (x — o)f € satp(saty(L)) and hence
omf = xf — (x — om)f € saty (saty(L)) follows. By Lemma 48, gcd(om, m) = 1. Then f € saty(saty(L)), and
the claim is true. Since satp;(L) C saty (saty(L)) = Ly = saty(satpys(saty(L))), we have L1 C L,. O

It is easy to check that a o-ideal 7 is perfect if and only if Z is reflexive, radical, and well-mixed.
Since a Laurent binomial o-ideal Z is always radical, Z is perfect if and only if Z is reflexive and
well-mixed. From this observation, we can deduce the following result about perfect Laurent binomial
o -ideals.

Theorem 63. Let p be a partial character and F an algebraically closed and inversive o -field. If Z(p) is
perfect, then L, is P-saturated; conversely, if L, is P-saturated, then either {Z(p)} = [1] or Z(p) is perfect.
Furthermore, for any p, {Z(p)} is either [1] or a Laurent binomial o -ideal whose support lattice is satp(L,).

Proof. If Z(p) is perfect, then it is well-mixed and reflexive. By Theorems 56 and Theorem 37, L, is
M-saturated and x-saturated, and hence P-saturated. Conversely, if L, is P-saturated, it is M-saturated
and x-saturated. By Theorem 56, either (Z(p)) =[1] or Z(p) is well-mixed. If (Z(p)) =[1], {Z(p)} =
[1]. Otherwise, by Theorem 37, Z(p) is reflexive. By Corollary 25, Z(p) is radical. Then Z(p) is perfect
and the first statement of the theorem is proved.

Let Z, be the reflexive closure of Z(p). By Theorem 40, IL(Zy) = satx(L,). Let Zp = (Zy). By The-
orem 58, Zp is either [1] or a Laurent binomial o -ideal with support lattice saty(saty(Ly)) which
is satp(Lp) by Lemma 62. Then Zp = {Z(p)}, since Zp is both reflexive and well-mixed. The last
statement of the theorem is proved. O

6. Binomial o -ideal
6.1. Basic properties of binomial o -ideal

In this section, it is shown that certain results from Eisenbud and Sturmfels (1996) can be extended
to the difference case using the theory of infinite Grobner bases.

A o-binomial in Y is a o-polynomial with at most two terms, that is, aY? + bY? where a,b €
F and a,b e N[x]". For f e Z[x]", let f+,f~ € N"[x] denote the positive part and the negative part
of f such that f=ft — f~. Consider a o-binomial f =aY? + bY®, where a,b € F*. Without loss
of generality, assume a > b according to the order defined in Section 3. Then f has the following
canonical representation

f=aY?+bYP = aYB(Y™ — cY") (30)
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where ¢ = _Tb, f=a—beZ[x]" is a normal vector, and g =a — ft € N[x]. The normal vector f is
called the support of f. Note that ged(Yf, YI) =1.

A o-ideal in F{Y} is called binomial if it is generated by, possibly infinitely many, o -binomials.

In this section, F{Y} is considered as a polynomial ring in infinitely many algebraic variables
o) = {yf],i =1,...,n;j >0} and denoted by S = F[®(Y)]. A theory of Grobner bases in the
case of infinitely many variables is developed in lima and Yoshino (2009) and will be used in this
section. For any m € N, denote ©™ (Y) ={y¥,i=1,...,n; j=0,1,...,m} and /™ = F[O@™ (V)] is
a polynomial ring in finitely many variables.

A monomial order in S is called compatible with the difference structure, if yfkl < y;‘kz for kq < k.
Only compatible monomial orders are considered in this section.

Let Z be a o-ideal in F{Y}. Then Z is an algebraic ideal in S. By lima and Yoshino (2009), we
have

Lemma 64. Let 7 be a binomial o -ideal in F{Y}. Then for a compatible monomial order, the reduced Grébner
basis G of Z exists and satisfies

G=U® Gm (31)
where G =G N $™ is the reduced Grobner basis of ™ =7 N S in §M),

Contrary to the Laurent case, a binomial o-ideal may be infinitely generated, as shown by the
following example.

Example 65. Let 7 = [y’l‘iy’z‘j - y’l‘jy’z‘i :0<i< jeN] It is clear that Z does not have a finite set of
generators and hence a finite Grébner basis. The reduced Grébner basis of

IM =TNQIy1. y2: ¥5. ¥ .1 vy ¥y ]
is {y’]‘iy’z‘j - y’l‘jy’z‘i :0<i< j<m} with a monomial order satisfying y; <y, <y{ <y} <--- < y’]‘j <
y’z‘m. Then {y’l" y’z" — y’l‘] y’z‘I :0<i< jeN}is an infinite reduced Grébner basis for Z in the sense of
lima and Yoshino (2009) when y’{m and ygm are treated as independent algebraic variables.

Remark 66. The above concept of Grobner basis does not consider the difference structure. The
concept may be refined by introducing the reduced o-Grébner basis (Gerdt and Robertz, 2012).
A o-monomial M is called reduced w.r.t. another o -monomial M if there do not exist a o -monomial
Mo and a k € N such that M; = MOM’Z"(. Then the reduced o-Grobner basis of Z in Example 65 is

{yly’z‘i - y’l‘iyz 1i € Z=1} which is still infinite. Since the purpose of Grébner bases in this paper is
theoretic and not computational, we will use the version of infinite Grobner bases in the sense of
lima and Yoshino (2009).

With Lemma 64, a large portion of the properties for algebraic binomial ideals proved by Eisenbud
and Sturmfels (1996) can be extended to the difference case. The proofs follow the same pattern: to
prove a property for Z, we first show that the property is valid for Z if and only if it is valid for all
Z'™ and then the corresponding statement from Eisenbud and Sturmfels (1996) will be used to show
that the property is indeed valid for Z¢™. We will illustrate the procedure in the following corollary.
For other results, we omit the proofs. By a o-term, we mean the multiplication of an element from
F* and a o-monomial.

Corollary 67. Let Z C F{Y} be a binomial o-ideal. Then the reduced Grébner basis G of Z consists of
o -binomials and the normal form of any o -term modulo G is again a o -term.

Proof. By (31), it suffices to show that corollary is valid for all G/ that is, the reduced Grébner
basis G™ of Z™ consists of binomials and the normal form of any term modulo G‘™ is again a
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term. Since G™ is the Grébner basis of Z(™ =7 N S™ and Z/™ is a binomial ideal in a polynomial
ring with finitely many variables, the corollary follows from Proposition 1.1 in Eisenbud and Sturmfels
(1996). O

Corollary 68. A o -ideal Z is binomial if and only if the reduced Grobner basis for Z consists of o -binomials.

Corollary 69. If 7 is a binomial o -ideal, then the elimination ideal ZN F{y1, y2, ..., yr} is binomial for every
r<n.

The following lemma can be proved similar to its algebraic counterpart.

Lemma 70. If Z and 7 are binomial o -ideals in F{Y} then we have ZN J = [tZ + (1 —t)J 1N F{Y} where
t is a new o -indeterminate.

The intersection of binomial o -ideals is not binomial in general, but from Lemma 70 and Eisenbud
and Sturmfels (1996) we have

Corollary 71. If T and Z' are binomial o -ideals and 71, .. ., Js are o -ideals generated by o -monomials, then
[Z+TZ1N[Z+ A1N...N[Z+ Ts]is binomial.

Corollary 72. Let Z be a binomial o -ideal and let 11, ..., Js be monomial o -ideals.
(a) The intersection [Z + J1]1 N --- N [Z + Js] is generated by o -monomials modulo 7.
(b) Any o -monomial in the sum Z + J1 + - - - + Js lies in one of the o -ideals Z + 7.

Corollary 73. If Z is a binomial o -ideal, then for any o-monomial M, the o -ideal quotients [Z : M] and
[Z : M®°] are binomial.

Corollary 74. Let Z be a binomial o -ideal and [J a monomial o -ideal. If f € Z + J and g is the sum of those
terms of f that are not individually containedin Z + J, then g € J.

From Eisenbud and Sturmfels (1996, Theorem 3.1), we have
Theorem 75. If Z is a binomial o -ideal, then the radical of Z is binomial.
Finally, we consider the reflexive closure of binomial o -ideals.
Lemma 76. A binomial o -ideal T is reflexive if and only if b* € T = b € T for any o -binomial b € F{Y}.

Proof. It suffices to prove one side of the statement, that is, if b* € Z = b € Z for any o -binomial b
then Z is reflexive. Let p be a o-polynomial such that p* € Z. Let G be the infinite reduced Grobner
basis of Z in S under any variable order satisfying y?‘j < yi for any i, k, j > 0. It is easy to see that
G consists of binomials. p* can be reduced to zero by G. Due to the chosen variable order, we have
p*=)_;e’gl, where e € S and g is a binomial in S. Since g} are o-binomials in Z, we have g; € Z.
Then, p=> ;eigi €Z and 7 is reflexive. O

Theorem 77. If Z is a binomial o -ideal, then the reflexive closure of Z is binomial.

Proof. Let Z; be the o-ideal generated by the o-binomials p € F{Y} such that p"k €Z forakeN.
We claim that Z; is the reflexive closure of Z and it suffices to show that Z; is reflexive. Let p be a
o -binomial such that p* € Z;. Then for some s € N, (p*)* = p"s+1 €Z. Thus p € 77 and 7 is reflexive
by Lemma 76. O
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6.2. Normal binomial o -ideal

In this section, most of the results about Laurent binomial o -ideals proved in Sections 4 and 5
will be extended to normal binomial o -ideals. )
Let m be the multiplicative set generated by y?‘] fori=1,...,n,jeN.

Definition 78. A o -ideal Z is called normal if for M € m and p € F{Y}, Mp € Z implies p € Z.

For any o -ideal Z,

Z:m={feF{Y}IM e ms.t. Mf € T}
is a normal o-ideal. For any o-ideal Z in F{Y}, it is easy to check that
FIYF)ZINF(Y} =T :m. (32)

We first prove a property for general normal o -ideals.

Lemma 79. A normal o -ideal Z in F{Y} is reflexive (radical, well-mixed, perfect, prime) if and only if F{Y*}T
is reflexive (radical, well-mixed, perfect, prime) in F(Y*).

Proof. Let Z = F{Y*)Z be a Laurent o-ideal. Since Z is normal, from (32) we have Z N F{Y} =Z.
If Z is reflexive, it is clear that 7 is reflexive. For the other direction, if f* € Z, then by clearing
denominators of f¥, there exists a o-monomial M* in Y such that M*f* € Z N F{Y}=Z. Since T
is reflexive, Mf € 7 and hence f € Z, that is, Z is reflexive. The results about radical and perfect
o -ideals can be proved similarly.

We now show that Z is prime if and only if Z is prime. If Z is prime, it is clear that Z is also
prime. For the other side, let fg € Z. Then there exist o-monomials Nq, N, such that Ny f e F{Y},
Nyg € F{Y}, and hence N1 fN,g € Z. Since T is prime, N1 f or Nog is in Z that is f or g is in Z. The
result about well-mixed o -ideals can be proved similarly. O

Given a partial character p on Z[x]", we define the following binomial o -ideal in F{Y}

THp) =Y — p®Y [fel,]. (33)

We will show that any normal binomial o -ideal can be written as the form (33).

Lemma 80. Let p be a partial character on Z[x]" and Z(p) defined in (20). Then I (p) =Z(p) N F{Y}.Asa
consequence, ZT(p) is proper and normal.

Proof. It is clear that ZT(p) C Z(p) N F{Y}. If f € Z(p) N F{Y}, then f = Zf:1 fiM,-(Yff — p(f)
where f; € F, fi e Ly, and M; are Laurent o-monomials in Y. There exists a o-monomial M in Y
such that

N
Mf =Y fiN(YE — pE)YT) e TH(p), (34)

i=1
where N; is a o-monomial in Y. We wgll prove f € Z%(p) from the above equation. Without loss of
generality, we may assume that M =y} for some c and o € N. Note that (34) is an algebraic identity
in yi‘k, i=1,...,n,keN.If N; contains y’c‘o as a factor, we move F; = fiNi(Y‘T — p(fi)YtT) to the left
hand side of (34) and let f; = f — F,-/y’c‘”. Then f € Zt(p) if and only if f; € Z7(p). Repeat the above

procedure until no N; contains y’c‘a as a factor.

If s=0 in (34), then f =0 and the lemma is proved. Since gcd(Yﬁ,Yq) =1, y’c‘o cannot be a
factor of both Y& and Y% . Let Y be the largest o-monomial in (34) not divisible by y’c‘O under
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a given o-monomial total order . If Y% is the largest o-monomial in (34) not divisible by y’c‘o, the
proving process is similar. There must exists another o-binomial f;N j(YfiF — ,o(fj)Yg) such that
NiYS = N;YY . Let Ny = YPi, Nj = YPi. Then Y& +9i = Y5 %7 and £ +p; = f; +pj. We have

p=FiNi(Y" — p@)YS ) + FN; ¥ - p(EpY)

N (P oy B NP e i

= o) (Y pE)pE)Y )+ (fj o)
Since f= fj“ +pj— @ +p)= f,Jr —f —I—ij — f]_ =f; +fj €Ly, we have Yffﬂf — p(f,-),o(prprf =
N('&fvar —p(®YF) e ZT(p), where N is a o-monomial. As a consequence, p € Z+(p). If N contains y’C‘O,
move the term p(Lf‘l_)N(Yﬁ — p(f)Yr) to the left hand side of (34) as we did in the first phase of the
proof. After the above procedure, equation (34) is still valid. Furthermore, the number of o -binomials
in (34) does not increase, no N; contains y’c‘o, and the largest o -monomial Y& or Y not containing
y’c‘v becomes smaller. The above procedure will stop after a finite number of steps, which means s =0
in (34) and hence y’c‘of = 0 which means the original f is in Z*(p). Then Z%(p) = Z(p) N F{Y}.

I%(p) =Z(p) N F{Y} is proper. For otherwise Z(p) = [1], contradicting to Lemma 31. Note that

IT(p)F{Y*} =T(p). Then ZT(p) = Z(p) N F(Y} =ZH () F{Y*} N F(Y} =ZF(p): m, and ZF(p) is
normal. O

IN; YT — oY),

Lemma 81. Let p be a partial character on Z[x]". Then Y — Yt ezt (p)ifandonly iff € L, and c = p(f).

Proof. By Lemma 80, Y — oYt e Z%(p) if and only if Yi—ce Z(p) which is equivalent to fe L,
and ¢ = p(f) by Lemma 32. O

Lemma 82. If Z is a normal binomial o -ideal, then there exists a unique partial character p on Z[x]" such
that T =T+ (p) and L, = {f € Z[x]" | Y*" — p(f)Y*" e T} which is called the support lattice of Z.

Proof. We have Z- F{Y*} N F{Y} =7 : m. By Theorem 33, there exists a partial character p such that
T - F{Y*} =Z(p). Then by Lemma 80, Z = (Z: m) =Z - F{Y*} N F{Y} =Z(p) N F{Y} =Tt (p). By
Lemma 81, we have L, = {f € Z[x]" | Y — p()Y € Z=T"(p)}. The uniqueness of p comes from
the fact that L, is uniquely determined by Z. O

By Lemmas 80 and 82, we have

Theorem 83. The map Z(p) = Z T (p) gives a one to one correspondence between Laurent binomial o -ideals
in F{Y*} and normal binomial o -ideals in F{Y}.

Due to Lemma 80 and Theorem 83, most properties of Laurent binomial o -ideals can be extended
to normal binomial o -ideals. As a consequence of Corollary 25, Lemma 79, and Lemma 80, we have

Corollary 84. A normal binomial o -ideal is radical.
As a directly consequence of Theorem 40, Lemma 79, and Theorem 83, we obtain

Corollary 85. If F is inversive, then the reflexive closure of Z*(p) is also a normal binomial o -ideal whose
support lattice is the x-saturation of L.

Corollary 86. If F is algebraically closed and inversive, then
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(a) L, is Z-saturated if and only if T+ (p) is prime;
(b) L, is x-saturated if and only if T (p) is reflexive;
(c) L, is saturated if and only if T (p) is reflexive prime.

Proof. It is easy to show that Z(p) = Zt(p)F{Y*}). Then the corollary is a consequence of Theo-
rem 37, Lemma 79, and Lemma 80. O

For properties related with perfect o-ideals, it becomes more complicated. Direct extension of
Theorems 42, and 63 to the normal binomial case is not correct as shown by the following example.

Example 87. Let 7 = [y% — y1, y3 — y3, ¥4 + y2] which is a normal binomial o -ideal whose representa-
. . x—1-2 0 . . x—1 —1

tion matrix is L = 0 2 x—11 Since 0 =1, L is P-saturated. Also, Lg = sat(L) = 0 1 ]
We have {Z} ={Z, y2 — y1}N{Z, y2 + y1} = [¥1, y2]. Then {Z} # [1] and Z is not perfect and hence
Theorems 63 are not correct. Theorem 42 is also not correct, since the supporting lattice of the prime
component of Z is not L;. This example also shows that the perfect closure of a normal binomial

o -ideal is not necessarily normal.

It can be seen that the problem is due to the occurrence of o -monomials. For any partial charac-
ter p, it can be shown that

{ZH(p)} : = {Z(p)} N F(Y}. (35)

We thus have the following modifications for Theorems 63 and 42.

Corollary 88. Let F be an inversive and algebraically closed o -field. If Z* (p) is perfect, then L, is P-saturated.
Conversely, if L, is P-saturated, then either {Z} : m = [1] or Z is perfect. For any p, either {Z*(p)} : m = [1]
or {Z*(p)}: mis a binomial o -ideal whose support lattice is the P-saturation of L,,.

Proof. If 7 is perfect, by Lemma 79, Z(p) = ZF{Y*} is also perfect. By Theorem 63, Ly is
P-saturated. If L, is P-saturated and x-saturated, by Theorem 63, either Z(p) = [1] or Z(p) is perfect.
If Z(p) =[1], by (35), {Z} : m=[1]. If Z(p) is perfect, by Lemma 79, Z =Z%(p) is also perfect. O

Similar results hold for normal well-mixed o -ideals.

In the rest of this section, we give decomposition theorems for perfect binomial o -ideals. We first
consider normal binomial o-ideals. By Corollary 84 and Example 57, a normal binomial o -ideal is
radical but may not be perfect.

Theorem 89. Let 7 = Z7(p) be a normal binomial o -ideal and F an inversive and algebraically closed
o -field. Then {Z} : m is either [1] or can be written as the intersection of reflexive prime binomial o -ideals
whose support lattice is the saturation lattice of L.

Proof. By Theorem 42, either {Z(p)} =[1] or {Z(p)} = ﬂf:] Z(pi), where Z(p;) are reflexive prime
Laurent binomial o -ideals whose support lattices are sat(L,). By (35) and Lemma 80, either {Z*(p)}:
m=[1] or {Z*(p)} : m ={Z(p)} N F{Y} = (Mi; Z(o)) N F{Y) = iy Z(oi) NFYD =iz ZT (o).
By Corollary 86, Z(p;) is reflexive and prime whose support lattices are the saturation of L,. O

Now, consider general binomial o -ideals.

Lemma 90. 7 C F{Y} is a reflexive prime binomial o-ideal if and only if 7 = [yi,,...,¥i,] + 11,
where {yi,, ..., Yi,} =Y NI {z1,...,2:} = Y\Z, and Z; is a normal binomial reflexive prime o -ideal in
]'-{Z],...,Zt}.
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Proof. If 7 is reflexive and prime, then (yfj)d eZ if and only if y; € Z. Let Zy =Z N F{z1,...,zt}.
Then Z =1[y;,, ..., ¥i,]+Z1. Z1 is clearly reflexive and prime. We still need to show that Z; is normal.
Let Nf € Z; for a o-monomial N in {z1,...,z} and f € F{z1,...,z}. N cannot be in Z;. Otherwise,
some z; is in Z; since Zj is reflexive and prime, which contradicts to {z1,..., z;} = Y\Z. Therefore,
f €Z;7 and Z; is normal. The other direction is trivial. O

The o-ideal Z in Lemma 90 is said to be quasi-normal. The following result can be proved similarly
to Theorem 42.

Theorem 91. Let 7 be a binomial o -ideal. If F is algebraically closed and inversive, then the perfect o -ideal
{Z} is either [1] or the intersection of quasi-normal reflexive prime binomial o -ideals.

Proof. We prove the theorem by induction on n. Let Z; = {Z} : m. Then {Z} =7; NN{_,{Z, y;}. It is
easy to check Zy = {Z : m} : m. Since Z : m is normal, by Theorem 89, Z; is either [1] or intersection
of normal reflexive prime o -ideals. If n =1, then {Z, y;} must be either [y1] or [1]. Then the theorem
is proved for n = 1. Suppose the theorem is valid for n=1, ...,k — 1. Still use {Z} =7, NNY_{Z, yi}.
Let Z; be the o -ideal obtained by setting y; to 0 in Z. By the induction hypothesis, Z; can be written
as intersection of quasi-normal reflexive prime o -ideals in F{Y \ {y;}}. So the theorem is also valid
for {Z, y;} ={Z;, y;}. The theorem is proved. O

6.3. Characteristic set for normal binomial o -ideal

The theory of characteristic set given in Section 4.2 will be extended to the normal o-binomial
case.

Let p be a partial character on Z[x]", L, = (f1,...,fs) where F={fy,... £} is a reduced Grobner
basis, and
At (p) YT — pEYT, . YY — ()Y (36)

We have the following canonical representation for normal binomial o -ideals.

Theorem 92. Use the notations in (36). Then Z7(p) = sat(A™*(p)), where sat(A*(p)) is defined in (5).
Furthermore, A" (p) is a regular and coherent o -chain and hence is a characteristic set of Z+(p).

Proof. Assume that A (p) is not trivial, that is, A" (o) # 1. Let Z; = [A*(0)] : m. We claim Z; =
sat(AT(p)). It is clear that sat(A*(p)) C [AT(p)]: m = ;. For the other direction, let p € Z; and
p1 = prem(p, AT (p)) which is reduced w.r.t. AT (p). By (3), p1 € Z7. As a consequence, p; € [A(p)]
as Laurent o -polynomials in F{Y*}. By Lemma 31, .A(p) is a characteristic set of [LA(p)]. Since p; is
reduced w.r.t. AT (p), it is also reduced w.r.t. A(p). Then p; =0 and hence the claim is proved.

We now prove ZF(p) = sat(A*(p)). By the above claim, Lemma 31, and Lemma 80, sat(A*(p)) =
LAY (0)]: m = [AT ()] F{Y*} N F{Y} = [A(p)] N F{Y} =Z(p) N F{Y} =Z"(p).

It remains to prove that A1 (p) is a characteristic set of Z; = [.A"(p)] : m. By definition, it suffices
to show that if p € Z; is reduced w.rt. A*(p) then p =0. Let A; = Yhi — p(f;) and A,.Jr v -
p(f,-)Yﬁ. Since p € 1y, there exist a o-monomial M and f; j € 7{Y} such that Mp = Zi’j f,;j(A,.*)"].
Then in F(Y*}, we have p =3, ; gi.jAY € [A(p)], where g; j € F{Y*}. Since p is reduced w.r.t.
At (p), it is also reduced w.r.t. A(p). By Lemma 31, A(p) is a characteristic set of [A(p)] and hence
p = 0. The claim is proved.

Since Z; = sat(A*(p)), AT (p) is also a characteristic set of sat(A*(p)). By Theorem 1, A*(p) is
regular and coherent. O

Example 93. Let L = ([1 —x,x — 1]7) be a Z[x]-module and p the trivial partial character on L, that
is, p(f) =1 for f eL. By Theorem 92, Z7(p) = sat[y1y5 — y1y2] € Q{y1, y2}. By Corollary 86, It (p)
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is a reflexive prime o -ideal. We can show that Z(p) = [y’l‘i y’z‘j — y’{j y’z‘i |0 <i < j<m], which is an
infinitely generated o -ideal.

As a consequence of Theorem 83, Theorem 92, and Lemma 31, we have

Corollary 94. Let A(p) and A* (p) be defined in (21) and (36), respectively. Then ([A(0)1F{Y*}) N F{Y} =
sat(A™(p)).

As a consequence of Theorem 37, Corollary 86, and Theorem 92, we have

Corollary 95. [A(p)] is a reflexive (prime) o -ideal in F{Y=} if and only if sat(AT (p)) is a reflexive (prime)
o-ideal in F{Y}.

We now prove the converse of Theorem 92. Let f; € Z[x]" and ¢; € F*, i =1,...,s. Consider the
following o -chains

.A:Yfl—cl,...,YfS—cS (37)
_ &
AT YR oYY Y

in F{Y*} and F{Y}, respectively. Notice that, when talking about A* (or .A), all operations are
performed in F{Y} (or F{Y*}). Since f; are assumed to be normal, A* is a o-chain if and only if A
is a Laurent o -chain (defined in Section 4.2).

Lemma 96. Use the notations in (37). Let p = aY?+bYP = aN(Yf—c) € F{Y}, wherea, b € N[x]", f € Z[x]",
N is a o-monomial, a, b, c € F*. If A™ is coherent and regular, then prem(p, A+) = 0 implies prem(Yf —

c, A)=0.

Proof. Since prem(p, .AT) = 0, there exists a 0-monomial M; such that Mqp € [A*]. Let p; = Yf —c.
Since r; = prem(py, A) = Y8 — cg, by Lemma 20, there exists a ¢; € F* such that r{ — cypy € [Al
Then, there exists a o-monomial M, such that MyNry, MoNp1 € F{Y} and MaN(r; — c1p1) € [AT]
and hence M;M1{N(r1{ —c1p1) = MpM{Nrq — %MzM]D € [.A+] Let M = M{M;N. From M1p € [.A+],
we have Mr; € [AT] C sat(A™).

Suppose A; = Y& — cYfi = 1i+y‘§;"°’ —cl;, where y is the leading variable of A;. A vari-
able like y’c‘iﬂﬁk for k € N is called a main variable of A*. A variable y;‘J is called a parameter
of AT if it is not a main variable. If M contains a main variable of AT as a factor. Then let
zZ= y’c‘?ﬁk be the largest one appearing in M under the variable ordering induced by the lexi-
cographical of the index (cj,0; + k). Let s = deg(M,z) and M; = M/(z°). We may assume that
d; is a factor of s. Otherwise, let 51 =[], So =5 — s1d;, and consider Mzdi=so = MzdiG1+D) 5
the new M. We still have Mr; € sat(AT). We may use A; =0 to eliminate z from M as fol-
lows: M 25~ (cI; Yy = Myzs=4i (I y@¥" — Ap¥ry = MUY — MiZ2~% (A1 € sat(A™). Note
that deg(M;z5~4i (cli_)"k,z) = s —d;. Repeating the above procedure, we may find a o-monomial N

such that Nr; e sat(A*"), N does not contain z as a factor, and any variable y;‘j in M is smaller
than z in the given variable ordering. Repeat the procedure, we may finally obtain a o-monomial
L such that L does not contain main variables of A" as factors and Lr; € sat(A"). Since L con-
tains only parameters of A" and r; is reduced w.r.t. AT, Lrq is also reduced w.rt. A", Since A*
is regular and coherent, by Lemma 5, it is the characteristic set of sat(A4™). Therefore, Lr; =0, and
r1=0. 0O

The following example shows that if prem(p, .A™) # 0 then the relation between prem(p, A™) and
prem(Yf — ¢, A) may be complicated, where p = a¥? +bY? =aN(Yf —¢).
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Example 97. Let p = y»(y2 — 1), A1 = y;'y3 — 1, and A] = y% — y1. Then prem(p, A7) = y1 — y2 in
F{y1,y2). But in the Laurent case, p is represented as p = y, — 1 and prem(p, A1) =y — 1.

Lemma 98. Use the notations in (37). A is a Laurent regular and coherent o -chain in F{Y*} if and only if
AT is a regular and coherent o -chain in F(Y}.

Proof. If A is regular and coherent, by Theorem 33 and Theorem 34, there exists a partial character
p on Z[x]" such that L, = (fi,...,f), p(f)) =c;, and Z(p) = [A]. By Theorem 92, At = A%t (p) is
regular and coherent.

Assume that A" is regular and coherent. We first show that [A] # [1] in F{Y®}. It suffices to
show that sat(A™) does not contain a o-monomial. Suppose the contrary, there is a o-monomial
M e sat(A™). Since AT is a regular and coherent o -chain, we have prem(M, A") = 0. Now consider
the procedure of prem, it can be shown that the pseudo-remainder of a nonzero o -monomial w.r.t. a
binomial o -chain is still a nonzero o -monomial, a contradiction.

Note that A is always regular since o-monomials are invertible in F{Y*}. Then, it suffices to
prove that A is coherent.

Let A; = Y% —¢; and A} = Y& —¢;Yf . Assume A and A;r (i < j) have the same leading variable

dixCi djxoj

yi and Af = IFy[™" —qlI7, Aj+ = I;ry, —¢jl;, where I} = Y% . From Definition 7, we have

0j <o; and d;|d;. Let d; =td; where t € N. From (4),

i

— b

i i

AAF A =prem((AFY " A% = can) Ay
Comparing to (19), if A(Aj, Aj) =Y —cy, then A(Af, AT) = CEM(Yh+ —cfYP), where M is a
o -monomial. Since A™ is coherent, prem(A (A", A;“),A*) =0. By Lemma 96, prem(A(A;, Aj), A) =
0 which implies that A is coherent. O

We now prove the converse of Theorem 92.

Theorem 99. Use the notations in (37). If A is a regular and coherent o -chain, then there is a partial char-
acter p on Z[x]" such that L, = (fy, ..., f5), p(f) = ¢i, Z(p) = [A], and I* (p) = sat(AT)

Proof. By Lemma 98, A is regular and coherent. By Theorem 29, f is a reduced Grébner basis for a
Z[x]-lattice and [A] c F{Y®} is proper. By Theorem 33 and Theorem 34, there exists a partial char-
acter p such that L, = (fy, ..., f), p(fi) =c;, and Z(p) = [A]. By Theorem 92, IF(p) =sat(AT(p)) =
sat(A"). O

As a consequence of Theorem 99 and Lemma 80, we have the following canonical representation
for a normal binomial o -ideal.

Corollary 100. Z is a normal binomial o -ideal if and only if T = sat(A™), where A™ is a regular and coherent
o -chain given in (37).

6.4. Perfect closure of binomial o -ideal and binomial o -variety

In this section, we will show that the perfect closure of a binomial o -ideal is also binomial. We
will also give a geometric description of the zero set of a binomial o -ideal. For the perfect closure of
a binomial o -ideal, we have

Theorem 101. Let F be an algebraically closed and inversive o -field. The perfect closure of a binomial o -ideal
7 is binomial.
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We remark that it is not known whether the well-mixed closure of a binomial o -ideal is still
binomial. Before proving Theorem 101, we first prove several lemmas. In the rest of this section, we
assume that Z C S = F{Y} and m the set of c-monomials in S.

Lemma 102. If 7 is a binomial o -ideal, then {Z} : m is either [1] or a binomial o -ideal.

Proof. It is easy to check {Z}F{Y*}={ZF{YF}}. By (32), {Z} : m = {Z}F{Y*} N F{Y} = (ZF{Y*}} N
F{Y}. Now the lemma follows from Theorem 63. O

Lemma 103. If Z is a o -ideal in F{Y}, then
{Zy=A{D}:mN{Z+yi}N---N{T + yn} (38)

Proof. The right hand side of (38) clearly contains {Z}. It suffices to show that every reflexive prime P
containing Z contains one of the o-ideals on the right-hand side of (38). If {Z}: m C P, we are done.
Otherwise, there exists an element f € ({Z}:m) \ P which implies that there exists a o-monomial M
such that Mf € {Z} € P. This implies y; € P for some i. Thus, P contains {Z + y;} as required. O

Lemma 104. Let Z be a binomial o -idealin S = F{Y}and S’ = F{y1,..., Yn_1}.IfZ' =ZNS’, then [Z+ y,]
is the sum of [Z'S + yn] and a monomial o -ideal in S’.

Proof. Every o-binomial involving yﬁk is either contained in [y,] or is congruent modulo [y,] to a
o-monomial in S’. Thus, all generators of Z which are not in Z' may be replaced by o-monomials in
S’ when forming a generating set for [Z + y,]. O

Lemma 105. Let Z be a perfect binomial o -ideal in S = F{Y}. If M is a monomial o -ideal, then {Z + M} =
[Z + M] for some monomial o -ideal M.

Proof. If 1 € M, then the lemma is obviously valid. Otherwise, [Z + M]:m = [1]. Lemma 103 yields
{Z + M} =NiZ{{Z + M + yi}. By Corollary 72, we need only to show that {Z + M + y;} is the sum
of Z and a monomial o -ideal. For simplicity, let i =n and write S’ = F{y1, ¥2,..., yn—1}. Since Z is
perfect, the o-ideal 7/ =Z N S’ is perfect as well. By Lemma 104, [Z + M 4+ yu] =[Z'S + M’S + yal
where M’ is a monomial o -ideal in S’. By induction on n, the perfect closure of Z' + M’ in S’ has
the form Z' 4+ M/, where M/ is a monomial o -ideal of S’. Putting this together, we have

T+ M+yn} =TS+ MS+yn}=[T'S+ M)S+ ynl

C [Z+MS+ynl S{T+ M+ yn}.
So {Z 4+ M+ yn}=[Z+ M|S + yn] is Z plus a monomial o-ideal, as required. O

Proof of Theorem 101. We will prove the theorem by induction on n. By Lemma 102, Z1 = {Z} : m is
binomial. For n =1, by Lemma 103, {Z} =Z1 N{Z + y1}. If {Z + y1} =[1] then {Z} =Z; is binomial.
Otherwise {Z + y1} =[y1] and hence Z C [yq]. Since ZC 71, {Z} =1 N[(y1] =[Z + TH1]1 N [Z + y1]
is binomial by Lemma 71. Suppose the lemma is valid for n — 1 variables and let Z be a binomial
o-ideal in S = F{Y}. Let Z; :=Z N S;, where Sj = F{y1,...,¥j-1.Yj+1,---» Yn}. By the induction
hypothesis, we may assume that the perfect closure of each Z; is binomial. Adding these binomial
o-ideals to Z, we may assume that each Z; is perfect begin with. By Lemma 102, Z; = {Z} : m is
binomial. Then there exists a binomial o -ideal Z’, say Z' = 71, such that 77 = [Z+Z']. By Lemma 104,
[Z+yjl1=IZ;S + J;S + yjl, where [J; is a monomial o-ideal in S;. Since Z; is perfect, the o -ideal
Z;S is perfect, so we can apply Lemma 105 with M =[J;S + y;] to see that there exists a monomial
o-ideal M in S such that {Z+ y;} ={Z;S+ J;S +y;} =I[Z;S + Ml =[T + M;]. By Lemma 103
and Corollary 71, {Z} =[Z+Z'1N ﬂ'}zl [Z + M;] is binomial. O
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Example 106. Let p = y% - y%. Following the proof of Theorem 101, {p} = ({p}: m) N [y1, y2]. By

Example 60 and Corollary 94, Z; = {p} : m = sat[y3 — y2, y1y% — ¥¥y2l = [y1y§ - yfyz,yé”j -

yI*¥ i, jeN]. Thus, {p} =Z1 N [y1, y21="T1.

In the rest of this section, we give a geometric description of the zero set of a binomial o -ideal,
which is a generalization of Theorem 4.1 in Eisenbud and Sturmfels (1996) to the difference case. The
basic idea of the proof also follows Eisenbud and Sturmfels (1996), except we need to consider the
distinction between the perfect o -ideals and radical ideals.

We decompose the affine n-space A" into the union of 2" o -coordinate flats:

(A :={(a1,a2,...,an) |a; #0,i € 20, =0,i ¢ Q)

where € runs over all subsets of {1,2,...,n}. The Cohn closure of (A*)® in A" is defined by the
o -ideal

M(Q) :=yili ¢ @] C F{Y}.
The o -coordinate ring of (A*)® is the Laurent polynomial o-ring F{Q*} := F{y;, yi’l, i € Q}. We can
define a coordinate projection (A"? — (A")® whenever Q C Q' C {1,2,...,n} by setting all those
coordinates not in €2 to zero.

If X is any o-variety of A" and Z =1(X) C F{Y}, then the Cohn closure of the intersection of X
with (A*)® corresponds to the o -ideal

Io:=[T+ M(Q)]: mg C F{Y}

Ti(x)|mi(x) e N[x]}. Since 7 is perfect, by the difference Nullstellsatz,

where mq ={[[;cq ¥;
I=("Zal)
Q

If Z is binomial, then by Corollary 73, the o-ideal Zq is also binomial.

Lemma 107. Let R := Fiz1,z; ', ..., 2,2, '} CR := Flz1,2; ', ..., 20,27 ', y1, ..., ¥s) be a Laurent poly-
nomial o -ring and a polynomial o -ring over it. If B C R’ is a binomial o -ideal and M C R’ is a monomial
o -ideal such that [B + M] is a proper o -ideal in R’, then [B+ M]NR=BNR.

Proof. This is a o-version of Eisenbud and Sturmfels (1996, Lemma 4.3), which can be proved simi-
larly. O

We can make a classification of all binomial o -varieties X by intersecting X with (A*)%, since by
Theorem 101, the perfect closure of a binomial o -ideal is still binomial.

Theorem 108. Let F be any algebraically closed and inversive o -field. A o -variety X C A" is generated by
o -binomials if and only if the following three conditions hold.

(1) For each (A*)%, the o -variety X N (A*)% is generated by o -binomials.

(2) The family of sets U = {Q C {1, 2, ..., n}|X N (A*) = @} is closed under taking intersections.

(3) If 21, 2 € U and 1 C 2, then the coordinate projection (A*)%2 — (A*)1 maps X N (A*)2 onto
a subset of X N (A*)%1,

The above theorem can be reduced to the following algebraic version.

Theorem 109. Let F be any algebraically closed and inversive o -field. A perfect o -ideal Z C F{Y} is binomial
if and only if the following three conditions hold.
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(1) Foreach Q C {1,...,n}, Zg is binomial.
(2) U={Qc{1,2,...,n}|{Zq} #[1]} is closed under taking intersections.
(3) If 21, Q2 € U and Q1 C Q, then T, N F{Q1} C Zq,, where F{Q1} = F{yilyi € Q1}.

Proof. Suppose 7 is a perfect o-ideal in F{Y}. Since Z is binomial, by Lemma 73 Zg, is also binomial
and (1) is proved. To prove (2) by contradiction, assume that for Qq,Q; € U, {Zg,} # [1], {Zg,} #
[11, {Za,ne,} = [1]. We consider two cases. If Zg,ng, = [1], then for some m(x) € N[x] we have
(Ticq,na, Y™ € [Z +M(Q1) + M(Q2)]. By Corollary 72, ([Tjeq, ng, i)™ is either in [Z+ M(Q1)]
or [Z+ M(2)], so Iq, or g, is [1]. For the second case, we have Zg ng, # [1] and {Zg,nq,} =[11.
Then there exist a finite number of proper o-binomials B, ..., Bs and o-monomials my, ..., ms in
F{1 Ny} such that m;B; € 7 and {By, ..., Bs, yili ¢ 21N} =[1]. We thus have {Bq, ..., Bs} =[1].
Since m;B; € Z N F{Q1 N 2y}, we have B; € Io, and B; € Zg, and thus {Zg,} = {Zg,} =[1]. To
prove (3), given Q1,2 € U and Q1 C @3, we have I, = [Ig, : mg,]. Set R" = F{Qy H{yili¢a, ),
then

[Z+M(Q0IR N F(QF) CZo,R.

Since ©1 € U, the o-ideal [Z+ M(£21)]R’ is proper. By Lemma 107, we have [Z + M(Qﬁ]R’ﬂ}'{Qf} =
IR N F(QF} C Zo, R N FIQT). So To, N FiQ)} C Zg,.

To prove the other direction, let Z be a perfect o-ideal satisfying the three conditions. By the
difference Nullstellensatz, Z = Ngcy{Zg}. By condition (2), U is a partially ordered set under the in-
clusion for subsets of {1, ...,n}. For each @ € U, we set 7 (Q2) = [ZoNF{Q}]F{Y} with the properties
that if Q1 C Q, {T(R1)} C {J(R22)}. Note that [Mg,ne,] C [Mq, + Mq,]. Then we have

T =Ngeu{Za} =Naecu{T(Q) + M(2)}.

Now we will prove that

Neeu{J (2) + M(€2)} = {Neeu M(€2) + Z (7€) N(Ng, 3oM(S2y))}}- (39)
QeU

If €2 2 Q1 then {J(Q2) + M(Q2)} 2 {T(Q2)} 2 {T Q) 2 (T (1) N Ng, 50, M)} 1f 2 ?
Qq, we have {7(22) + M(22)} 2 M{Q2} 2 {J (1) N an?}mM(Qﬂ)}' So the left hand side con-
tains the right hand side of (39). For the other direction, consider a reflexive prime o-ideal P 2
[NeeuM(R) + Y qeyld (@) N ﬂanQM(Q,,)}] and set V ={Q € U|M(2) C P}. Then V is a finite
partially ordered set and nonempty since P D NcyM(R) and {Mq,ne,} C {Mq, + Mgq,}. Let Qo
be the smallest element of V such that P D Mg,. At the same time, P D J(S20) N msz,];_ﬁsng(Qn)'
then P D 7 (). Therefore, P 2 7 (20) + M(f29) and P contains the left hand side of (39) and (39)
is proved. Since NEeyM(R2) + D oy {T(2) N HQ@QM(Q,’)} is binomial, the theorem follows from
(39). O

7. Algorithms

In this section, we give algorithms for most of the results in the previous sections. In particular,
we give an algorithm to decompose a finitely generated perfect binomial o -ideal as the intersection
of reflexive and prime binomial o -ideals. The following basic algorithms will be used.

o Algorithm GHNF. Let [ be a finite set of Z[x]". The algorithm computes the generalized Hermite
normal form of [f], or equivalently, the reduced Grobner basis of the Z[x]-module () Cox et al.
(1998, p. 197). A polynomial-time algorithm is given in Jing et al. (2016).
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o Algorithm GKER. For a matrix M € Z[x]"*5, compute a set of generators of the Z[x]-lattice:
kerz(M) = {X € Z[x]° | MX = 0}. This can be done by combining Algorithm GHNF and Theo-
rem 10.

Let D be Z, Q[x], Zp[x], or Q[x]/(q(x)), where q(x) is an irreducible polynomial in Q[x]. Then D
is either a PID or a field. The following algorithms will be used.

o Algorithm HNF. For M € D"*5, compute the Hermite normal form of M (Cohen, 1993, p. 68).

e Algorithm KER. For a matrix M € D™, compute a basis for the D-module: kerp(M) = {X €
D | MX = 0} (Cohen, 1993, p. 74).

7.1. x-saturation of Z[x]-lattice

In this section, we give algorithms to check whether a Z[x]-lattice L is x-saturated and in the
negative case to compute the x-saturation of L.

Let fy,....fs € Z[x]" and L = (fy, ..., f5). If L is not x-saturated, then there exist g; € Z[x] such that
>3 gifi=xh and h ¢ L. Setting g;(x) = g;(0) +xg;(x) and h=h—Y";_; i (®f;, we have

> gi(0)f; =xh (40)

i=1

where h ¢ L. Setting x =0 in the above equation, we have

N
> &i0fi(0) =0,
i=1
that is, G = (g1(0), ..., g(0))" is in the kernel of the matrix F =[f;(0),...,fs(0)] € Z"**, which can
be computed efficiently with Algorithm KER. From G and (40), we may compute h. This observation
leads to the following algorithm.

Algorithm 1 — XFactor([fy, ..., f;]).

Input: A generalized Hermite normal form [fy, ..., f;] € Z[x]"*S.
Output: @, if the Z[x]-lattice L = (fy,..., f;) is x-saturated; otherwise, a finite set {(h;,e))|i=1,..., r} such that e; =
i1, ..., eis)T €Z5, hi¢ L and xhy =Y jeufiel, i=1,..., r.

1. Set F =[f;(0),..., £,(0)] € ZMS.
2. Compute a basis E C Z° of the Z-module kerz(F) with Algorithm KER.
3.Set H=.
4, While E # ¢
41 Let e=(ey,...,e5)" € E and E=E\ {e}.
42. Let h= (e1f1 + -+ -+ esfs)/x.
4.3. 1If grem(h, {f, ..., fs}) #0, then add (h, e) to H.
5. Return H.

We now give the algorithm to compute the x-saturation of a Z[x]-lattice.

Algorithm 2 — SatX(fy, ..., f;).

Input: A finite set F = {fq, ..., fs} C Z[x]".
Output: A set of generators of saty(fy, ..., f).

1. Compute the generalized Hermite normal form g of [ with Algorithm GHNF.
2. Set H = XFactor(g).
3. If H =, then output g; otherwise set = Col(g) U {h| (h,f) € H} and goto step 1.

Note. Col(g) is the set of columns of g.
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Example 110. Let C be the following generalized Hermite normal form.

—x+21 1
C=I[f;,fH,f5]=| 3x+2 1 2x+1
0 2x x?
211
In XFactor(C), the kernel of the following matrix [f1(0),f,(0),f3(0)]=| 2 1 1 | is generated by
000

e; =(0,—1,1)" and e; = (1, —2,0)". In step 4.2 of XFactor, we have h= (—f; +f3)/x = (0,2,x—2)".
One can check that (0,2,x —2)" ¢ (C). In SatX, computing the generalized Hermite normal form of
CU{(0,2,x—2)"}, we have

1 0
Ci=| -32
4 x-2

XFactor(Cy) returns @. So, (Cq) is the x-saturation of (C).
Proposition 111. Algorithms SatX and XFactor are correct.

Proof. From the output of Algorithm XFactor, in step 3 of SatX, we have (g) C (gU {h|(h,f) € H}) €
saty(F). Since Z[x]" is a Noetherian Z[x]-module, SatX will terminate and return the x-saturation of
(). So, it suffices to show the correctness of Algorithm XFactor.

We first explain step 4.2 of Algorithm XFactor. Since e € kerz(F), h(0) = [f;(0),...,f;(0)]e =
[0,...,0]". Therefore, x is a factor of e1f; + --- + esfs and thus h= (e1fy + - - - +esfs) /x € Z[x]".

To prove the correctness of Algorithm XFactor, it suffices to show that L = saty(L) if and only if
for each e € E, e1f; + - - - + esf; = xh implies h e L.

Let E ={eq,..., e} where e; € Z5. If L =saty(L), then it is clear that (fy,...,f;)e; = xh; implies
h; € L. To prove the other direction, let [fy, ..., f;]e; =xh; for 1 <i <k, where h; € L. Let xf € L. Then
xf = Zle ci(x)f;, where c;(x) € Z[x]. If for each i, x|cj(x), then we have f= Zle (ci(x)/x)f; € L, and
the lemma is proved. Otherwise, set x =0 in xf= Zle ci(x)f;, we obtain Zf:] ¢;(0)f;(0) = 0. Hence
Q =1[c1(0),...,cs(0)]° € kerz(F) and hence there exist a; € Z,i=1, ...,k such that Q = Zi'{:l a;e;.
Then, [f;,...,f]Q = Zf.‘ﬂ ailfy, ... flei = Zle ajxh; = xh, where h= Zf:l a;h; € L. Then,

X =30 ci@fi =30 ci(Ofi + 33, X6 (0f;
= [f1,....£1Q + XX, Gofi =xh +x Y1, G(0f;,

where ¢;(x) = (cij(x) — ¢;(0))/x € Z[x]. Hence, f= h+ Zf:1 ¢i(x)f; € L and the lemma is proved. O
7.2. Z-saturation of Z[x]-lattice

The key idea to compute saty (L) for a Z[x]-lattice L € Z[x]" is as follows. Let f = {fy, ..., fs}. Then
(F) is not Z-saturated if and only if a linear combination of f; contains a nontrivial prime factor
in Z, that is, Y; gifi = pf, where p is a prime number and f ¢ (f). Furthermore, )_; gifi = pf with
gi #0 mod p for some i €{1,2,...,s} is valid if and only if f,...,fs; are linearly dependent over
Zplx]. The fact that Zp[x] is a PID allows us to compute such linear relations using methods of
Hermite normal forms (Cohen, 1993). The following algorithm is based on this observation.
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Algorithm 3 — ZFactor.

Input: A generalized Hermite normal form C = [cy, ..., ¢;] C Z[x]" of form (7).
Output: @, if L = (C) is Z-saturated; otherwise, a finite set {(h;, k;,e;)|i =1,...,r}, such that h; € Z[x]", k; € N, e; =
(ei1,....ei)" €Z[xI’, hj ¢ L and kihj =>}_jejq el fori=1,....r.

1. Read the numbers t,1;,li, ¢ 1,0,i=1,...,t from (7).
2. Set q = ]_[le cri1,0 €N
3. For any prime factor p of q do
3.1.Set F=[Cry 1+ Crplys--- s Crp i ] € Zp[X]I™E.
3.2. With Algorithm KER, compute G C Z[x]* such that the image G in Zp[x]" is
a basis of the Zp[x]-module kerg, [x (F).
33.1f G #4, for each g=[g1,..., 21" €G, let ZL] 8i€r, ;; = ph in Z[x]".
Return the set of (h, p, e), where e =[eq, ..., es]" € Z[x]* such that
es, =gk,sk=ZL1 li,k=1,....t and e; =0 for other j.
3.4. With Algorithm HNF, compute B = [by, ..., b] C Z[x]"*! such that the
image of B in Z,[x]™** is the Hermite normal form of [cy, 1, ..., € 1] in Zp[x]™<E.
3.5, Let C_ = {fy, ..., £} be given in (9) and f; = grem(f;, B) = f; + > et Gi kb,
in Zp [x]", where B = {by,...,b} and a;\ € Zp[x].
3.6. If f; = 0 for some i, then f; + Y §_; a; by = ph; in Z[x]".
Return the set of (h;, p, e;) where e; is a vector in Z[x]* such that
(€1.....€0€ =i + Y g ai by = ph;.
3.7.Set E=[fy, ..., fil € Zp[x]™*\.
3.8. Compute a basis D of {X € Z’p |EX =0} as a vector space over Zp.
39.1f D #, for each b={[by,...,b]" € D, Y\, bif, = ph in Z[x]".
Return the set of (h, p, e) where e is a vector in Z[x]® such that
(€1,...,C)e= 25:1 bif, = ph.

4. Return .
Remark 112. In steps 3.6 and 3.9, we need to compute e; or e. Since 3= {by,...,b;} is the Her-
mite normal form of ¢ ={c;, j,,..., ¢y} in Zp[x]", there exists an invertible matrix M, such that

[b1,....,bl=1[¢r 1y, €1, ]M. In Step 3.6, e; can be obtained from the relation f; + Z,Z:] a; kb =
ph; and the relation [by, ..., b;]=[c¢y, iy, ..., € . IM. Step 3.9 can be treated similarly.

Remark 113. In step 3.8, we need to compute a basis for the vector space {X € Z’p | EX = 0} over
Zp. We will show how to do this. A matrix F € Zy[x]™** is said to be in standard form if F has the
structure in (7) and deg(cy, k,,X) < deg(cy, k,, %) fori=1,...,t and k1 <ka.

The matrix E € Zp[x]"Xl can be transformed into standard form using the following operations:
(1) exchange two columns and (2) add the product of a column by an element from Z, to another
column. Equivalently, there exists an invertible matrix U € Z’px’ such that E-U =S is in standard
form. Suppose that the first k columns of S are zero vectors. Then the first k columns of U constitute
a basis for ker(E). This can be proved similarly to that of the algorithm to compute a basis for the
kernel of a matrix over a PID (Cohen, 1993, page 74).

We now give the algorithm to compute the Z-saturation.

Algorithm 4 — SatZ(fy, ..., f;).

Input: A set of vectors = {fy, ..., f;} C Z[x]".
Output: A reduced Grdbner basis g such that (g) = satz(f).

1. Compute generalized Hermite normal form g of (.
2. Set S = ZFactor(g).
3. If S =0, return g; otherwise set [ = Col(g) U {h| (h,k,f) € S} and goto step 1.

Example 114. Let C be the following generalized Hermite normal form:

c— X +2x—2x+21
10 4 2x |°
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Then, t=2,r1=1,l1i=1,n=2,Lh=2,9q=4,¢11= [X2+2X—2,0]T, 1= [x+2,4]%, Co= [1,2x]°.

x* 1 and ker(F) is gener-
00 8

ated by G = {[—1,x2]7}. In step 3.3, X3¢z — €11 = 2(1 — x, x°) and return (1 — x, x3)7.
In Algorithm SatZ, (1 —x, x)7 is added into C and
o [¥T2x—2x+21 1-x
“lo 4 w3 |

which is also a generalized Hermite normal form.
Applying Algorithm ZFactor to C;. We have p =2 and t = 2. In steps 3.1-3.3, G = {. In step 3.4,

2 1_ ~
B:[X 3(3 X]. In step 3.5, C_:[)H—z1 X }and fi #0 for all i. In step 3.7,E:[X1x].

Apply algorithm ZFactor to C. We have p = 2. In steps 3.1 and 3.2, F = [

0 4 2x 2x% 000
In Step 3.8, D = {b}, where b=[1,0,—1]%. In Step 3.9, (x +2,4)T — (x,2x%)T =2(1,2 — x*)T. Add
(1,2 = x3)7 into C; and compute the generalized Hermite normal form, we have

0y = X4+2x—-2x+21 -1
27 lo 4 2xx*-2

Apply Algorithm ZFactor again, it is shown that C, is Z-saturated.

We will prove the correctness of the algorithm. We denote by sat,(L) the set {f € Z[x]"| pf € L}
where p € N is a prime number. An infinite set S is said to be linearly independent over a ring R if
any finite set of S is linearly independent over R, that is Zf‘<=1 a;gi =0 for a; € R and g; € S implies
a;=0,i=1,...,k.

Lemma 115. Let C be a generalized Hermite normal form and L = (C). Then sat, (L) = L if and only if C, is
linearly independent over Z,, where C is defined in (9).

Proof. “=" Assume the contrary, that is, Co, = {hy, hy, ...} defined in (9) is linearly dependent over
Zp. Then there exist a; € Z, not all zero, such that 2221 aih; =0 in Zp[x]" and hence ZL] aih; = pg
in Z[x]". By Lemma 12, h; are linearly independent over Z, and hence g # 0. Since sat,(L) =L, we
have g € L. By Lemma 13, there exist b; € Z such that g=Y"|_; bih;. Hence Y_[_;(a; — pb)h; =0 in
Z[x]". By Lemma 12, a; = pb; and hence a; =0 in Zp[x], a contradiction.

“&<" Assume the contrary, that is, there exists a g € Z[x]", such that g ¢ L and pg € L. By
Lemma 13, pg= Y _; ajh;, where g; € Z. p cannot be a factor of all g;. Otherwise, g=>"|_, %hi el.
Then some of a; is not zero in Z,, which means Z;zl a;h; = 0 is nontrivial linear relation among C;
over Zp, a contradiction. O

From the “=" part of the above proof, we have

Corollary 116. Let Y _1_; a;h; = 0 be a nontrivial linear relation among h; in Z[x]", where a; € Zyp. Then, in
Z[x]", Y i_;aihj = phandh ¢ (C).

Lemma 117. Let C = [cq, ..., €] be a generalized Hermite normal form and L = (C). Then sat, (L) = L if and
only if C is linearly independent over Zj, for the prime factors of q defined in step 2 of Algorithm ZFactor.
Proof. By Definition 7, the leading monomial of x"cr,.,j € Cx is of the form cri,]-,ox"”rivferi and
Crigi.0l---1¢r,2,0 ICry,1,0- If p is coprime with 1_[5:1 Cr;,1,0, then ¢, j o #0 mod p for 1 < j <I;. There-
fore, the leading monomials of the elements of C, are linearly independent over Zp, and hence Co
is linearly independent over Zj. Therefore, it suffices to consider prime factors of []i_; ¢y, 1,0. O

To check whether Co, is linearly independent over Zp, we first consider a subset of Cs in the
following lemma.
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Lemma 118. Let C be the generalized Hermite normal form given in (7). Then C* defined in (9) is linearly
independent over Zy, if and only if {¢;, 1, €, 155 - - - » €, 1, } are linearly independent over Z[x].

Proof. This is obvious since }; >°; ai jxl¢y, 1, = Y, picr, 1, where a; j € Z and p; = > aijx. O

Lemma 119. Let B be a Hermite normal form in Zp[x]" and g = {g1,..., &} C Zp[x]". Then g U By is
linearly dependent over Zj, if and only if

o either g; = grem(g;, B) = 0 in Z[x]" for some i, or
o the residue set {grem(g;, B) |i =1, ..., 1} are linearly dependent over Z,.

Proof. We may assume that grem(g;, 5) = 0 does not happen, since it gives a nontrivial linear relation
of gU Beo. By Lemma 13, 8; = g mod Bs. gU B is linearly dependent over Z,, if and only if there
exist a; € Zp not all zero such that ) ;a;gi =0 mod By over Zp, which is valid if and only if
> -;aig = 0 mod Bu. Since g; are G-reduced with respect to 53, Y ;a;g = 0 mod By if and only if
>";aig =0, that is g; are linearly dependent over Zp. O

Proposition 120. Algorithm SatZ is correct.

Proof. Since Z[x]" is Noetherian, the algorithm terminates and it suffices to show that Algorithm
ZFactor is correct. Let C = [cq, ..., Cs]. By Lemma 115, to check whether (cq, ..., ¢s) is Z-saturated, it
suffices to check for any prime p, Cy is linearly independent on Z,. Furthermore, by Lemma 117, it
suffices to consider prime factors of ]_[f=1 Cr;,1,0 in step 3. This explain why only prime factors of q
are considered in Step 3.

In steps 3.1 and 3.2, we check whether C in (9) is linearly independent over Zp. By Lemma 118,
we need only to consider whether C1 = {¢;, 1;. €y 155 - - -» €, 1, } 1S linearly independent over Z,[x]. It is
clear that C is linearly independent over Z,[x] if and only if G =, where G is given in step 3.2.

In step 3.3, C1 is linearly dependent over Z,. If G # # for any g=[g1,..., 81" €G, Z?:] 8iCr 1, =
0 in Zp[x]. Hence 25:1 8¢y, ;; = ph where h € Z[x]". By Corollary 116, h ¢ L. The correctness of
Algorithm ZFactor is proved in this case.

In steps 3.4 - 3.10, we handle the case where C* is linearly independent over Z,. In step 3.4, we
compute the Hermite normal form of C; in Zp[x]", which is possible because Z,[x]" is a PID (Cohen,
1993). Furthermore, we have (Cohen, 1993)

[Crdys s Cr i IN=[b1, ..., D]

where {bq,...,b;} is a Hermite normal form and N is an invertible matrix in Zp[x]t“. Then Co =
C_UCT is linearly independent over Zj, if and only if

C=C_UBx=C_U U‘]?":O{xjm, s ijt} is linearly independent over Z,. (41)

By Lemma 119, property (41) is valid if and only if grem(c, B) # 0 for all ¢ € C_ and the residue set
C_ is linearly independent over Zjp, which are considered in step 3.7 and steps 3.8-3.10, respectively.
Then we either prove L is Z-saturated or find a nontrivial linear relation for elements in C, over
Zp. By Corollary 116, such a relation leads to an h € satz(L) \ L. The correctness of the algorithm is
proved. O

As a direct consequence of Lemma 55 and Algorithm ZFactor, we have the algorithm to compute
the M-saturation.
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Algorithm 5 — SatM(fy, .. ., f).

Input: A set of vectors = {fy, ..., fs} C Z[x]".
Output: A generalized Hermite normal form g such that saty (F) = (g).

1. Using Algorithm ZFactor, we can compute m; € N and g; € Z[x]",i=1,...,s
such that satz(F) = (g1, ..., 8s) and m;g; € ().

2.let S=@andfori=1,...,s,if mj #1 then S =S U {(x — om,;)gi}.

3. Compute the generalized Hermite normal form g of fU S and return g.

Proposition 121. Algorithm SatM is correct.

Proof. Notice that if m; =1 then om; =0 and g; € (F). Let L1 = (F) and Ly = (F, (X — o, )81, ..., (X —
0m,)8s). We claimthat satz(L) = satz(Lz). Since L1 C Ly, satz(L1) C satz(Lp). Since satz(Li) =
(g1,...,8s), we have L C satz(L1) and hence satz(Lp) C satz(Li). The claim is proved. Then
satz(Ly) = (g1,...,8s) and m;g; € L1 C Lp. Since (x —om,)gi € Lp,i=1,...,s, Ly is M-saturated by
Lemma 55. O

7.3. Algorithms for Laurent binomial and binomial o -ideals

In this section, we will present several algorithms for Laurent binomial and binomial o -ideals, and
in particular a decomposition algorithm for binomial o -ideals. We first give an algorithm to compute
the characteristic set for a Laurent binomial o -ideal.

Algorithm 6 — CharSet.

Input: F: a finite set of Laurent o-binomials in F{Y*}.

Output: ¢, if [F]=[1]; otherwise, a regular and coherent Laurent binomial o -chain A such that [.A] =[F] and A is a charac-
teristic set of the o-ideal [F].

L Llet F={Yf —ci,...,YF — ¢} and F={fy,.... ).

2. Compute a set of generators H C Z([x]" of kerzp([fi, ..., f;]) with Algorithm GKER.
3. If there exists an h= (hy,...,hy)" € H such that []j_, c‘?" # 1, then return @.

4. Compute the reduced Grobner basis g of F with Algorithm GHNF.

5. let g=1{g1,...8} and g; = Z,Zzl a; kfx, where a; x € Z[x],i=1,...,s.

6. Return A ={gy,..., g}, where g; = Y& —d; and d; = ]_[;:1 cg"k, i=1,...,s.

Proposition 122. Algorithm CharSet is correct.

Proof. Steps 1-3 uses Proposition 19 to check whether [F] = [1]. Note that () and (g) are the support
lattices of the binomial o -ideals [F] and [G], respectively. By Corollary 18, [F] = [G]. By Theorem 29,
A is a regular and coherent o -chain and hence a characteristic set of [A]. O

We now show how to compute the reflexive closure for a Laurent binomial o -ideal.

Algorithm 7 — Reflexive.

Input: P: a finite set of Laurent o -binomials in F{Y®}, where F is inversive.
Output: A: a regular and coherent Laurent binomial o -chain such that [A] is the reflexive closure of [P].

1. Let G = CharSet(P). If G =, return 1.

2. Let G={g1,..., &), gi=Y8 —dj,and g=1g1,..., g1 € ZIx]".
3. H = XFactor(g).

4. 1f H=¢, return G.

5.Let H={(h;,e;)|i=1,...,r} and e; = (ej1, ..., eis)T.

6. Let P:=GU{YM — o~ 1([T5, d?”). i=1,...,r}, and go to step 1.

Proposition 123. Algorithm Reflexive is correct.
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Proof. The algorithm basically follows the proof of Theorem 40. In step 1, by CharSet, [P] = [G] and
G is a regular and coherent o -chain. In step 4, if H =, then (g) is x-saturated, and by Theorem 37,
[G] is reflexive and the proposition is proved. Otherwise, we execute steps 5 and 6. Let Z; = [P],
Ly =), T =[G U{YN — o[]S, d}"¥),i=1,....r}], and L, = L(Zy). Then, we have T; ¢ T, C Ty
and L1 & Ly C Ly, where Ly =saty(L1) and Zy is the reflexive closure of Z;. Similar to the proof of
Theorem 40, the algorithm will terminate and output the reflexive closure of [P]. O

Remark 124. Similar to Algorithm Reflexive, we can give algorithms to check whether a Laurent bino-
mial o-ideal Z is well-mixed, perfect, or prime, and in the negative case to compute the well-mixed
or perfect closures of Z. The details are omitted.

We give a decomposition algorithm for perfect Laurent binomial o -ideals.

Algorithm 8 — DecLaurent.

Input: P: a finite set of Laurent o-binomials in F (Y}, where F is inversive and algebraically closed.
Output: ¢, if {P}=[1] or regular and coherent binomial o -chains Cy, ..., C; such that [C;] are Laurent reflexive prime o -ideals
and {P} = ﬂ§:1 [Ci] is a minimal decomposition.

1. Let F = Reflexive(P). If F =1, return .
2.Set R=¢ and F = {F}.
3. While F ## .
31 Let F={Yfi —¢q,..., Y — ¢} eF, F=F\ {F}.
3.2. Let G = CharSet(F). If G =, goto step 3.
33.Llet G={g1,..., &), & = Y¥ —d;, and g = g1, ..., g1 € Z[x]".
3.4. H = ZFACTOR(g).
3.5.If H=0, add G to R.
3.6. Let H={(h;, ki, e) |i=1,..., r} and e; = (ej1,...,€j5)".

37 Fori=1,..., t,let rig,....rik be the ki-th roots of ]_[j-:1 dj"j.
38.Forly=1,..., Kiv.ode=1,... ke, add GU{Y™ —ry ..., Y™ — 1)) to I
4. Return R.

Example 125. Let P = {g1, g2, g3}, Where g1 = yl_zy’]"< -1, 8= yz_zy’z‘k -1, g3= y1y2_xy§ —1, and
k > 2. [P] is already reflexive, so step 1 does nothing. P is already a regular and coherent o -chain, so
G=P.Lletg;=[xK—2,0,0]7,g =[0,x —2,0]7, g3 =[1, —x, 2]* be the supports of g, g2, and g3,
respectively. Then [g1, 82, g3] is already a generalized Hermite normal form.

In Steps 3.4-3.6, H = {(hy, k1, e1)}, where hy =[1, —x, x]% k1 = 2,e; = [—1, x, x]%. In Step 3.7,
ri.1=1and r;2 =—1. In Step 3.8, Py = ylyz”‘yg‘k —1 and P; = ylyz”‘yg‘l< + 1 are added to G to
obtain C; = {g1, g2, 83, P1} and C; = {g1, g2, g3, P2}. Both [C1] and [C;] are reflexive and prime, and
are returned.

To see why the algorithm is correct, from e; =[—1, x, x¥], we have (g1 +1)"1(g2 + 1)*(g3 + 1)"k =
y%yz_z"y?‘k = 1mod[P]. Hence, P{P; = y%yz_z"y?‘k —1¢€[P).

Proposition 126. Algorithm DecLaurent is correct.

Proof. The algorithm basically follows the proof of Theorem 42. The proof is similar to that of The-
orem 123. In the proof of Theorem 42, Zj, ¢ Zy, for any i and Iy # ;. Then, we obtain a minimal
decomposition. O

In the rest of this section, we give a decomposition algorithm for binomial o -ideals. Before giving
the main algorithm, we give a sub-algorithm DecMono which treats the o-monomials. Basically, it
gives the following decomposition

V( [y =V uVe/yih U U@/ y1. ... yaa})
i=1
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where 0 # f; € N[x] and V(y./S) is the set of zeros of y. =0 not vanishing any of the variables in S.
The correctness of the algorithm comes directly from the above formula.

Algorithm 9 — DecMono.

Input: (Yo, B, Y1): Yo, Y7 are disjoint subsets of Y and B a finite set of o-binomials or o-monomials in F{Y}.
Output: (Yo;, Bi, Y1i): Yoi, Yq; are disjoint subsets of Y, B; consists of proper o -binomials, and V(Yo U B/Y1) = U{:]V(Yo; U
Bi/Y1i).

1. Set R=¢ and F = {(Yo, B, Y1)}.
2. While F # ¢.
2.1. Let C=(Yo,B,Y1)eF, F=F\{C}.
2.2. For all y. € Yo, let By = By —o (replace y’r‘k by 0) and delete 0 from Bj.
2.3. If By contains no o -monomials, add (Yo, B1, Y1) to R and goto step 2.
24. et M =[], yl' € By, where 0% f; € N[x]. By = B \ {M}.
2.5. Let Yo :={y¢,, ..., Ve )\ Y1. If Yo =0, go to step 2; else let Ya = {y¢,,.... Ve )
26.Fori=1,..., s,add (Yo U {yy}, B1, Y1 U{ye,..., Y, )) to F.
3. Return R.

Example 127. Let Y = {y1, 2, ¥3, Y4}, Yo = {y1}, Y1 ={y2}, B ={p}, where p = y1y3 — y2y3y4. In
step 2.2, we have y. = y1 and V({y1, p}/{y2}) =V{y1, y2¥3ya}/{y2}). In step 2.5, Yo = {y2, y3, ya}\
{y2} = {y3, y4}, which implies V({y1, y2y3y4}/{y2}) = V({y1,y3y4}/{y2}). In step 2.6, we have
V{y1, y3ya}/{y2}) = V{y1, y31/{y2) U V{y1, ya}/{y2, y3}). The output is ({y1,y3},¥,{y2}) and
{y1,y4}.9,{y2. y3D.

We now give the main algorithm.

Algorithm 10 — DecBinomial.

Input: F: a finite set of o-binomials in F{Y}.
Output: ¢, if {F} =[1] or (C1, Y1), ..., (Cr,Y;), where Y; C Y and C; are regular and coherent o -chains containing o -binomials
or variables in Y\ Y; such that sat(C;) are reflexive prime o-ideals and {F} = ﬂllesat(c,-).

1. Set R = and IF = DecMono(¥, F, #).
2. While F # 0.
2.1. Let C = (Zo,B,Z1) € F, F=F\ {C}.
2.2.If B=, add (Zo,Z1) to R.
2.3. Let E = DecLaurent(B) in F{Z*}, where Z =Y\ Zo and m = |Z|.
24.1f E = goto step 2.
25. Let E={Eq,..., Ej} and Ej= {Zf1 — ¢ q, ... 70 — ci5,}, where i € Z[x]™.

27 Add (Zo. Z% — 1250, ... 2% — i Z5). Z0) o R I=1,....k.

28. Let Z={yc,,---, Yoo ). Fori=1,..., s, do
F=FUDecMono(Zo U {yc;}, B, Z1 U{yc,, ..., Ve D-
3. Return R.

The algorithm basically follows the proof of Theorem 91. The main modification is that instead of
the perfect o-ideal decomposition {F} = ({F}: m)N(i_;{F, yi}, we use the following zero decompo-
sition

n
V(F) =V({F}:m) U JVFU{yi}/tyr, ... yica).
i=1
The purpose of using the later decomposition is that many redundant components can be easily

removed by the following criterion V(F/D) =@ if F N D # @, which is done in step 2.5 of Algorithm
DecMono.

Example 128. Let A = {A1, Ay, A3}, where A; = y’l‘k —y3 A= y’z‘k —y3, As=y1y3—y% and k> 2.
In Step 1, we have F = {(#, A, #)}. From Example 125, in Step 2.3, we have E = {C1, (3}, where
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C1 and C, are given in Example 125. In Step 2.7, (E1,¥) and (E,, ) are added to R, where E{ =
k k

{A1, A2, A3, Q1}, E2 ={A1,A2,A3,Q2}, and Q1 =y1y5 — ¥5, Q2 =y1y5 +y3. In Step 2.8, Z =

{y1,y2,y3} and ({y1,y2},9,9), ({y2,y3),{A1},{y1}) are added to F. Finally, we have the following

decomposition {A} = [y1, y2]1N[A1, ¥2, y3]Nsat(Cqy) Nsat(Cz), where all components are reflexive and

prime.

Remark 129. Using the algorithm in Gao et al. (2009a), the following decomposition is obtained:
{A} = [y1, y2] Nsat(A). From Example 125, sat(A) is not prime. Then, Algorithm DecBinomial is
stronger than the general decomposition algorithm given in Gao et al. (2009a).

Proposition 130. Algorithm DecBinomial is correct.

Proof. In step 1, o-monomials in F are treated. In step 2, we will treat the components of F one
by one. In step 2.1, the component (Zg, B, Z) is taken from F. In step 2.3, {B} is decomposed as
{B} = ﬂf:l[El] in F{Z*}, where E; are Laurent regular and coherent o -chains and [E;] are reflexive
prime o -ideals. By (32) and Corollary 94, we have

{B}:mn = (B} N F{Z} = NK_, (ENF{Z*)) N F{Y} = nk_;sat(E;D), (42)

where E,Jr = {thl — cl,1Zf1-1,...,Zr’gl — cl,s,qul}, I=1,...,k. Since E; is regular and coherent, by

Lemma 98, E,Jr is also regular and coherent. Since [E] is reflexive and prime, by Corollary 95, sat(El*)

is also reflexive and prime. Note that E = ¢ in step 2.4 if and only if [B] contains a o -monomial.
Since B C F{Z}, we have the following decomposition

V(Zo U B/Z1) =V(Zo U ({B} 1 m)/Z1) Ui_; V(Zo U BU{yc;}/{¥eys s Ve YU Z1),

where V(ZoUBU{y¢}/{¥c,»---» Ye;i_ YUZ1) is further simplified with Algorithm DecMono in step 2.8.
From (42),

V(Zo U{B}: m/Z1) = Uf_, V(sat(Zo, E;)/Z1) = U, V((Zo, sat(E;))/Z1),

where {Zo, E,+} is a regular and coherent o-chain since El+ does not contain variables in Zg. The
above formula explains why ({Zo, E1+}, Z1) is added to R in steps 2.5-2.7.

Let the algorithm returns R = {(C;, Y;);i = 1,...,m}. From the above proof, we have V(F) =
Uf:]V(sat(Ci)/Yi). Since Y; NC; =@ and sat(C;) is a reflexive and prime o -ideal, the Cohn closure of
V(sat(C;)/Y;) is V(sat(C;)) and hence

V(F) = UK V(sat(Cy)/Yi) = UK, V(sat(Cy)).

By the difference Nullstellensatz, {F} = ﬂi.‘:l{sat(C,-)} = ﬂlesat(c,'). The algorithm terminates, since
after each execution of step 2, in the new components (Y, B, Yq;) added to F in step 2.8, B; contains
at least one less variables than B. O

8. Conclusion

In this paper, we initiate the study of binomial o -ideals. Two basic tools used to study binomial
o-ideals are the Z[x]-lattice and the characteristic set instead of the Z-lattice and the Grobner basis
used in the algebraic case (Eisenbud and Sturmfels, 1996).

For Laurent binomial o -ideals, two main results are proved. Canonical representations for proper
Laurent binomial o-ideals are given in terms of Grobner bases of Z[x]-lattices, regular and coherent
o-chains in F{Y*}, and partial characters on Z[x]", respectively. It is also shown that a Laurent
binomial o -ideal is radical and dimensionally un-mixed. We also give criteria for a Laurent binomial
o-ideal to be reflexive, well-mixed, perfect, and prime in terms of its support lattice. It is shown that
the reflexive, well-mixed, and perfect closures of a Laurent binomial o -ideal Z is still binomial whose
support lattices are the x-, M-, and P-saturation of the support lattice of Z .
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For binomial o-ideals, we show that certain properties of algebraic binomial ideals given in
Eisenbud and Sturmfels (1996) can be extended to the difference case using the theory of Grébner
bases in the case of infinitely many variables. It is shown that most properties of Laurent binomial
o -ideals can be extended to the normal binomial o -ideals. A criterion is given for a difference variety
to be defined by a set of difference binomials.

Algorithms are given for the key results of the paper. We give algorithms to check whether a given
Laurent binomial difference ideal Z is reflexive, prime, well-mixed, or perfect, and in the negative
case, to compute the reflexive, well-mixed, and perfect closures of Z. An algorithm is given to de-
compose a finitely generated perfect binomial difference ideal as the intersection of reflexive prime
binomial difference ideals. The efficient implementation and complexity analysis of these algorithms
will be our future work. As the first step, an efficient and polynomial-time algorithm for computing
the generalized Hermite normal form was given in Jing et al. (2016).

Finally, we make a remark about differential binomial ideals. The study of binomial differential
ideals is more difficult, because the differentiation of a binomial is generally not a binomial. Differ-
ential toric varieties were defined in Li et al. (2015) and were used to connect the differential Chow
form (Gao et al., 2013) and differential sparse resultant (Li et al., 2015). But, contrary to the difference
case, the defining ideal for a differential toric variety is generally not binomial.
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