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Abstract. In this paper, a new reduction based interpolation algorithm
for general black-box multivariate polynomials over finite fields is given.
The method is based on two main ingredients. A new Monte Carlo
method is given to reduce the black-box multivariate polynomial inter-
polation problem to the black-box univariate polynomial interpolation
problem over any ring. The reduction algorithm leads to multivariate
interpolation algorithms with better or the same complexities in most
cases when combining with various univariate interpolation algorithms.
A modified univariate Ben-Or and Tiwari algorithm over the finite field
is proposed, which has better total complexity than the Lagrange inter-
polation algorithm. Combining our reduction method and the modified
univariate Ben-Or and Tiwari algorithm, we give a Monte Carlo mul-
tivariate interpolation algorithm, which has better total complexity in
most cases for sparse interpolation of black-box polynomial over finite
fields.
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1 Introduction

The interpolation for a sparse multivariate polynomial
f=cimi+coma+ -+ cpmy € Rl ..., 2y) (1)

given as a black-box is a basic computational problem, where R is a ring. Here,
the challenge is that both the monomials m; and the coefficients ¢; are unknown
and the algorithm needs to take advantage of the sparse structure of f.
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In [1], Zippel gave a probabilistic algorithm which needs an upper bound for
the number of terms of f and an upper bound for the degree of f in each variable.
In [2], Ben-Or and Tiwari gave a deterministic algorithm over the field of complex
numbers, which needs an upper bound for the number of terms in f. After
these work, many interesting algorithms were given, such as the computational
complexity enhancement [3,4], the interpolation with nonstandard bases [5], the
interpolation over finite fields [6-10], the early termination algorithm [11,12], the
hybrid interpolation algorithm [13-15], the interpolation for modular black-box
polynomials [16,17], and the reduction based methods for black-box and SLP
polynomials [8,18-23].

The sparse interpolation algorithms can be roughly divided into two types:
(1) the direct methods, such as the Ben-Or and Tiwari algorithm, which find
the monomials m; directly and then find the coefficients; (2) the reduction based
methods, such as Zippel’s algorithm, which reduce the multivariate interpolation
problem into the univariate interpolation problem.

The size of an n-variate polynomial f with a degree bound D, a term bound
T, and coefficients ¢; is O(nT'log D + T log ¢), where ¢ = max!_, |¢;|. The sparse
interpolation algorithms can also be roughly divided into two types according to
the complexity in D: (1) the supersparse algorithm whose complexity is polyno-
mial in log D; (2) the exponential algorithm whose complexity is polynomial in
D. All algorithms have complexity polynomial in n, T

Since the value of a polynomial of degree D at any point other than 0, +1 will
have D bits or more, any algorithm whose complexity is proportional to log D
cannot perform such an evaluation over Q or Z. Even for polynomials over the
general finite field IFy, there is no supersparse interpolation algorithms for the
standard black-box model. On the other hand, supersparse algorithms do exist
for the following special models.

The first model is the straight-line program model [8,18,19,21-24], which
uses the arithmetic operations in the R[xy,...,x,] to replace the black-box
evaluation.

The second model is the modular black-box model [16,17], which works for
the polynomials in Q[z1,...,z,]. Given a prime p and an element ¢ in F,, the
model computes f(6) over the field F,. The cost of the evaluation depends on
the size of p.

The third model is the precision accuracy black-box model [13,15,25,26],
which allows for evaluations on the unit circle in some representation of a subfield
of C or returns only a limited number of bits of precision for an evaluation.

In this paper, we focus on reduction based methods for general black-box
models. Our main contribution is to give a new Monte Carlo reduction method,
which leads to multivariate interpolation algorithms with better or the same
complexities in most cases comparing to existing reduction based methods. We
also propose a modified univariate Ben-Or and Tiwari algorithm over the finite
field F, costing O~(Dlogq + TB) bit operations, where B is the cost of one
query of the black-box and is a function of T, D,q. Note that the Lagrange
interpolation algorithm costs O~ (Dlog g + DB) bit operations, which is larger

Xxgao@mmrc.iss.ac.cn



Revisit Sparse Polynomial Interpolation 217

since T' < D. Let f be an n-variate polynomial with a degree bound D and a term
bound 7. Combining our reduction method and the modified univariate Ben-Or
and Tiwari algorithm, we give a multivariate interpolation algorithm whose bit
complexity is O~ (nTDlogq + nTBy), where By is the cost of evaluating the
black-box that gives f and is a function of n,T, D, q.

1.1 Comparing with Other Reduction Based Methods

Our reduction depends on the following Kronecker type substitutions:

f(xs) — f(l‘817x827...,$sn) (2)
faStPle)y = f(asy, %2, ... a®*FP . as) (3)
where p is a prime and s = (s1,...,5,) € IN" is a vector of random integers. The

substitution (2) introduced in [20] is called randomized Kronecker substitution.
(3) was introduced in [27]. Our method builds on the work [20,27]. To compare
with [20,27], we first explain how these algorithms work. The algorithm in [20]
has three main steps. 1. Randomly choose O(n+logT') substitutions s;. 2: Find a
diversifying set of terms of f such that a diversifying term has the same coefficient
after all substitutions. 3: For each term, solve a linear system to obtain its
exponents. The algorithm in [27] also has three main steps. 1: Randomly choose
log T substitutions s;. 2: Find the f(2%+) with the maximal number of terms.
3: Find a prime p such that #f(z%+) mod (zP — 1) = # f(2%+) and half of the
terms of f can be recovered from f(z%+) and f(aS«TP) k=1,2,... n.

Our algorithm works as follows. 1: Randomly choose logT primes p;
of size O~(T'logD) and substitutions s; € Zj. 2: Find a u such that
#f(2%) mod (2P» — 1) has the maximal number of terms. 3: Prove that half of
the terms of f can be recovered from f(x5) and f(xS«Pule) k=12 ... n.

Our method is different from that in [20,27] in the following aspects. Com-
paring to [20], we do not need to solve linear systems, so our algorithm is linear
in n while theirs are linear in n*. Also, our algorithm does not need to find the
diversifying set, so it works for more general rings. Comparing to [27], our algo-
rithm chooses a prime p; first and then chooses the substitutions s; € Zjy,, while
in [27], the prime is fixed. As a consequence, the univariate polynomials in our
algorithm have degrees O~ (T'D), while the degrees of the univariate polynomials
in [27] contain either T2 or D2.

In Table 1, we list some existing reduction methods, where “#Reductions(N)”
is the number of univariate interpolations, “Degree(D)” is the degree bound of
the univariate polynomials, “Extra bit complexity(n)” is the additional com-
plexities needed besides the univariate interpolations. “Type” means whether
the algorithm is deterministic (Det), Monte Carlo (MC), or Las Vegas (LV).

We now compare the complexities of multivariate polynomial interpolation
algorithms using the reductions given in Table 1. The complexity of the ran-
domized Kronecker substitution algorithm in [20] already can be improved by
removing the O(n“T') term in the complexity, by using structured linear algebra.
This is an idea attributed to Pernet in [27], see Lemma 5.7.2. We do not list it
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Table 1. Reduction of multivariate polynomial interpolations to univariate ones

#Reductions(N) | Degree (D) Extra bit cost(n) | Type
Kronecker 1 D™ nT log D Det
Zippel [1] nT D > nTlog D MC
Klivans-Spielman [6] | n nT2D nTDOM) MC
Arnold [27] nlogT TD nT log D MC

+ +

log? T TD + DT min(D, T log(T D))
Arnold-Roche [20] n +logT TD n“T +nTlogD | MC
Huang-Gao [22] nlogT nTD nT log D MC
This paper (Cor. 1) |nlogT +log?T | TD nT log D MC

in Table1 because the result is spelled out for extended-black-box polynomial.
According to our analysis, if using this method to general black-box polynomials,
N will be increased to at least O(nlogT(log D+1logT)) and D will be increased
to O(nTD). So its cost is more than the algorithm in [22].

Two cases are considered according to the complexity of the univariate inter-
polation algorithm to be used.

First, assume a univariate interpolation algorithm is supersparse with com-
plexity SLin(7%, log? D), where SLin(a,b,...) means the complexity is soft-
linear in a,b,.... For simplicity of analysis, we assume SLin(a,b,...) is the
product of a, b, . ... Since log D is the factor of the size of f, 3 > 1. Then the com-
plexity of the multivariate interpolation algorithm is SLin(NT*, N logﬂ D)+n,
where NV, 5, and 7 are from Table 1. We list these complexities in Table 2. From
the table, we can see that, for the supersparse algorithms, our reduction method
is not worse than the methods in [22,27] and the Kronecker substitution, and is
better than others.

Table 2. Complexity for supersparse multivariate interpolation algorithms based on
reductions

Complexity type
Kronecker SLin(n”, T, log” D) Det
Zippel [1] SLin(n, 7% log? D) MC
Klivans-Spielman [6]  SLin(n,T*,log? D) + nT DM | MC
Arnold [27] SLin(n, 7%, log” D) MC
Arnold-Roche [20] SLin(n, T, log? D,n“T) MC
Huang-Gao [22] SLin(n, T%,log” D) MC
This paper (Cor. 1) | SLin(n, T*,log® D) MC
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Second, assume a univariate algorithm is exponential and its complexity is
SLin(7“, D?). Then the complexities of the multivariate interpolation algo-
rithms are SLin(NT*, N(D)?) 47, which are listed in Table 3. From the table,
we can see that, for the exponential algorithms, the complexity of our algorithm
is better than all the existed Kronecker-type substitutions [6,20,22,27]. Compar-
ing to Zippel’s reduction [1], our method has better, equal, or worse complexities
according to 0 < < 1, =1, or 8 > 1, respectively.

Table 3. Complexity for exponential multivariate interpolation algorithms based on
reductions

Complexity type
Kronecker SLin(T*, D™?) + nT log D Det
Zippel [1] SLin(n, T°*1, D?) MC
Klivans-Spielman [6] | SLin(n”*!, 7°"2% D#) 4 nT DO MC
Arnold [27) SLin(n, T***, D*#) or SLin(n, T%*?*, D) MC
Arnold-Roche [20] | SLin(n, T°"? D?) 4+ n*T MC
Huang-Gao [22] SLin(n” T, 78 DP) MC
This paper (Cor. 1) | SLin(n, T*"# D#) MC

Table 4 is a summary of the comparisons, where “\/”, “ =7 “x” means that

our reduction method has better, the same, or worse complexity, respectively.
We can see that our reduction method achieves better or the same complexities,
except one case: exponential algorithms with 5 > 1. Since D is the main factor
in the complexity, algorithms with high complexities in D are generally not used.

Table 4. Compare to other reduction based interpolation methods

Kronecker | Zippel [1] | Klivans- Arnold [27] | Arnold- Huang-
Spielman [6] Roche [20] | Gao(MC) [22]
Supersparse | 3 = 1 = VA VA = v =
B>1 | v v = v =
Exponential | 0 < 8 < 1|4/ VA VA VA VA VA
p=1_ | = v v Vv v
B>1 v X v v v v

Finally, we remark that for exponential algorithms, the cases > 1 and
[ < 1 do exist. The original Ben-Or and Tiwari algorithm works for univari-
ate polynomials over the finite field I, and costs O™ (T“R/T)logq + T'log? q)
bit operations (Refer to Remark 2), where § = 0.5. The bit complexity of the
Lagrange interpolation algorithm over Q is O~(D?).
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1.2 Comparing with Interpolation Algorithms over Finite Fields

In order to obtain a reduction based multivariate interpolation algorithm, we
need univariate interpolation algorithms with best complexities.

Let h be a black-box univariate polynomial in Fy[z] with a degree bound
D and a term bound 7. Let Bj be the cost of one query of the black-box. In
this paper, we give a modified univariate Ben-Or and Tiwari algorithm which
costs O~ (D log q) bit operations and O(T') evaluations of h, so the total cost is
O~ (Dlog q+TBy,). The Lagrange interpolation algorithm costs O™~ (D log q) bit
operations and O(D) evaluations of h and the total complexity is O(D logq +
DBy,). So, the modified univariate Ben-Or and Tiwari algorithm has lower total
complexities than the Lagrange algorithm, since 7' < D.

A univariate Ben-Or and Tiwari algorithm over the finite filed was given in
[24], whose complexity includes the parameter g. Also, the multivariate Ben-Or
and Tiwari algorithm was extended to finite fields [9,10], whose complexities are
high (see Table5).

Combining the modified univariate Ben-Or and Tiwari algorithm and our
reduction method, we give a new multivariate interpolation algorithm. Table 5
is a comparison with interpolation algorithms over finite fields. “Probes” is the
number of evaluations for the polynomials, “Bit complexity” is the complexity
besides the probes, and “Size of F,” means that the algorithm can work for
the finite field whose size satisfies this condition, and in the contrary case, the
algorithm need to take values in a proper extension field of IF,.

Table 5. “Soft-Oh” comparison of interpolation algorithms over finite field Fy

Probes (p) | Bit complexity (©) | Size of Fy type

Grigoriev-Karpinski- n2T6 log? (ntq) + Det
Singer [7] q*°log?q
Huang-Rao [9] 72D (TD)3((TD)® + ¢>0(T?D? LV

log q) log? ¢ +

nT D logq
Javadi and Monagan [10] | nT T2(logg+nD)logq ¢(qg—1) > MC

O(nD?T?)

Klivans-Spielman [6] nT n?T2Dlogq q > O(nT?D) MC
Arnold-Roche [20] nT nTDlogq+n“T |q>O(TD) MC
Huang-Gao [22] nT n?TD]logq q>0~(nDT) |MC
Zippel [1,10] nTD nT D logq q>O(nD?T?) |MC
This paper (Them. 9) nT nT D log q q > O0~(TD) MC
This paper (Rem. 2) nT nT*5/Dlogq+ q > O0~(TD) MC

nT log? q

The total complexity of an algorithm is O~ (6@ + pB), where © and p are
from Table 5 and B is the cost of probing the black-box. The bit complexities of
the algorithms given in [7,9] are much higher than other algorithms, so we will
not compare with them below.
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We can see that our algorithm (Theorem 9) has better total complexity
than all other methods in [1,6,10,20,22]. Comparing to Zippel’s algorithm, our
algorithm has the same bit complexity but needs less evaluations and works for
a smaller field. Actually, our algorithm is the only one which achieves the best
current bounds in all three parameters in Table 5.

The algorithm given in Remark 2 uses the original Ben-Or and Tiwari algo-
rithm for univariate polynomials over the finite field F,, which costs O~ (nT*-
vV Dlog g+ nT log? q) bit operations. By Table4, if using this univariate interpo-
lation algorithm, our reduction method gives a multivariate interpolation algo-
rithm with lowest complexity in D, which can be seen from Table 5.

2 Reduction Based on Randomized Kronecker
Substitution

In this section, we give a new Monte Carlo algorithm which reduces multivari-
ate polynomial interpolation to univariate polynomial interpolation based on
randomized Kronecker substitutions over any commutative ring with identity.

2.1 Find an “ok” Random Kronecker Substitution

Let f € R[X], where R is commutative ring with identity and X = {a,

To,. .. ,xn} is a set of n indeterminates. Denote # f and deg f to be the number
of terms in f and the total degree of f, respectively. For s = (s1, $2,...,8,) € IN"
and a new indeterminate x, let
f(@®) = f(a®,z%2, ... 2%) (4)
f(r;‘)od(xs) = f(z*,2°%,... 2°")mod (2 — 1). 5)
For s = (s1,82,...,8,) € IN", a term cmy of f is said to collide in f(x%)
mod

(or ) (2%)) if f has another term emso such that my # mo and mq(z%)
ma(x®)(or m‘l’(‘;)d(xs) = m‘;(‘g)d (x9)).

When s = (s1, 82, ..., 8,) is chosen randomly, the substitution x; = x% i =
1,2,...,n is called a randomized Kronecker substitution. For a prime p, a sub-
stitution s is called “ok” with respect to p, if a majority, say g, of the terms of
f do not collide in f‘;‘Od(:ES).

We need the following Hoeffding’s inequility for Bernoulli random variables.
Lemma 1. /28] Let X =Y " | X;, where X;,i = 1,2,...,n, are independently
distributed in [0,1]. Then for all ¢ > 0, Pr[X > E[X] +¢] < e 2/ and
PriX <E[X]—¢] < e=25°/" where E[X] is the expected value of X.

We have the following key lemma.

Lemma 2. Let f = 2221 cm; € RIX], T > #f, D > degf, and N =
max{31|(T — 1)log, D], 1}. Let p1,p2,...,pn be N different primes which sat-
isfy p; > 32(T —1). If we randomly choose a prime p in {p1,pa,...,pn} and
choose s € Z; uniformly at random, where Z, = {0,1,...,p—1}. Then any fized
term of [ collides in f(‘;’)"d(xs) with probability < %.
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Proof. Ift =1 or D = 1, then the proof is obvious. So assume 7' > ¢ > 2 and D >
2. In this case, N = 31[(T — 1)log, D]. Assume m; = 25" --- a3, i =1,... t.
Without loss of generality, we consider the first term cymy. Let h(sy,...,8,) =
HE:Q[(ei,l —e11)s1+- -+ (ein —e1,n)sn] which is a polynomial in Z[sq, . .., s,]
with degree no more than T'— 1. Assume the variables are ordered as s; < - -+ <
sp, and k; is the largest number such that e; p, — e1 5, # 0. Then Hz:z[ei,ki —
€1.k;)Sk; 1s the leading term. Let C' = H;ﬂez‘,m —e1.k,;] and let £ be the number
of different prime factors of C. Since |e; r, — e1.r,| < D, we have 2t < C and

hence C has at most | (7 —1)log, D] different prime factors. So if we randomly
L(P—1)log, D] _ 30
1 )
[T._sleir, — err;] mod p # 0. In this case, h(sy,...,s,) mod p is a non-zero
polynomial in Fy,[s1,. .., $,]. If A(s1,...,s,) mod p # 0, then by Zippel’s lemma
[1], if we choose s € Zj uniformly at random, then h(s) mod p # 0 with

choose a prime p in {p1, ..., pn }, with probability at least 1—

probability at least 1 — % >1- % = % So if we randomly choose
a prime p in {p1,...,pn} and then choose s € Z7 uniformly at random, with

probability at least g’(l) g; = }2, h(s) mod p # 0. Now it suffices to show that

when h(s) mod p # 0, ¢;m; does not collide in fm°d( $). Since h(s) mod p # 0,
(€1 —61,1)81 +- -+ (ein—€1,n)5n # 0 mod p. SO (61,181 +---+eins,) mod p #
(e1,181+ -+ e€1,,5,) mod p, which means that ¢;m; does not collide with ¢1m;4

in f(‘;‘)od( s). O

Lemma 3. Let B;,j = 1,2,...,s be nonempty sets of integers and a;,i =
1,2,...,1 all the different elements in Uj_, B;. Let c be the number of a; satisfy-
ing a; € Bj and #B; > 2 for some j. Thent—c < s and for sy € [t —c,s]NIN,
we have (t —s1) < ¢ < 2(t — s1).

Proof. Bj is called a single point set if #5; = 1, and a collision set if #B; > 2.
Since t — ¢ is the number of a; contained in all single point sets, there exist ¢t — ¢
single point sets. So t — ¢ < s. Since t —¢ < s1 < s, we have (t — s1) < c. Let k;
be the number of collision sets. We have k1 +t—c=s. Soc=k; +t — s. Since

every collision set contains at least two elements, k1 < %c. So ¢ < %c +t—s,
Whichis%cgtfsgtfsl.Socgﬂtfsl). O

For p € Z~o and u € IN", let C¢(p,u) be the number of terms of f which
collide in med( ). We have

Lemma 4. Let py,py € Z>o and u,v € Z% such that

H#o (@) > #Lo ().
Then Cy(py,u) < 2C¢(py, V).

Proof. Assume #[f(r;)“’)d( "] = ko,#[f(‘;‘o)d( V)] = k and f(‘;“’)d( W) = gpzh +

Aag,x¥o, d; # dj, wheni # j. Let f = fi+- -+ fx, +g, where (fz)a;ofl( W) =
a;xz% . i=1,...,kyand g{md( ") =0. Let B;,i =1,..., ko be the set of terms in
fi and By be the set of terms in g. By Lemma 3, we have (t — ko) < Cy(pu,u) <
2(t — ko). By the same reason, we have (t — k) < Cy(py,v) < 2(t — k). Now
Cr(pu,u) < 2(t — ko) < 2(t — k) < 2C¢(pv, V). O
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The following theorem gives a method to compute an “ok” substitution,
which is similar to [27, Prop.5.4.2] and has two differences. (1). For each substi-
tution, we choose a random prime, while in [27], the prime is fixed. (2). We choose
the substitution s such that # f m"d( 5) has the maximal number of terms, while
in [27], they choose the one such that #f(2®) has the maximal number of terms.

Theorem 1. Let f(X) € R[X], T > #f, D > degf, N = max{31[(T —
1)logy D1,1} and p1,...,pn be N different primes which satisfy p; > 32(T —1).
Let p € (0,1) and £ > [32In(Tp~1)]. Fori = 1,...,¢, we randomly choose
a prime peo, in {p1,...,pn} and then choose s; € Z;Lozi uniformly at random.
Let ( ,8) be the vector in {(pa,sS1)s---s (Pay,Se)} such that #[fm°d( 5) =
maxt_, #[fmo"%( i)]. Then at least 8#f terms of f do not collide in fm°d( )
with probability at least 1 — p.

Proof. First we consider a fixed term ¢;m; and let f;(z) = fi mod ( 7). By Lemma
2, the probability of ¢;m; colliding in f;(z) is no more than 5 Define X; =1
to be the event that ¢;m; collides in f;(z) and X; = 0 to be the event that ¢;m;
does not collide in f;(x) for some j. Define X = Z§:1 X, then E[X] < {:/. By
Hoeffiding’s inequality, we have Pr(X > L/+¢) < Pr(X > E[X]+¢) < 2/,
Let & = £, then Pr(X > /) < e t/32 < eln(“/T) = . So at probability < 1—p,
for all terrn cimy; of f, czmz collides in at most é of fj( x),j=1,...,¢ In other
words, with probability > 1 — p, at leat ﬁ#f terms in med( ) j=1,....¢

do not collide. We claim that at least one of f;(x) has at least E# f non-
colliding terms. We prove the claim by contradiction Assume that each f;(z)
has < # f non-colliding terms. Then there exist < # f¢ non-colliding terms
in f;(x ) j=1,...,¢ which contradicts to the fact that these fi(z) have > 1204 f
non-colliding terms. So there must exist one (pa,,s;) for which at most % of
the terms of f collide. By Lemma 4, the polynomial with maximum # f;(z) has

at least g# f non-colliding terms. 0O

2.2 Recover Non-colliding Terms
For s = (s1,82,...,8,) € N" and p € N5, let
FlaSTPIey = f(a®r . 2% P ) (6)

to be the univariate polynomial obtained with the substitution: z; = x%,i =
1,2,...,n,% # k,zp, = 2P where I, € Z", is the k-th unit vector.

In this section, we show how to recover the non-colliding terms of f € R[X]
from f(‘;)’)"d(xs), f(2%), and f(2x5tPI). Let

fg,‘)"d( ) =ajz™ + - + a2 (7)
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Since f(‘;‘)‘)od(gcs) = f(';‘)"d(xs“‘plk), for k=1,2,...,n, we can write
f@)=h+fot - +fitg (8)

F@P) = fri + foo+ -+ for + gk

where f; mod (2P — 1) = fi; mod (2P — 1) = a;2%, g mod (2 — 1) = g
mod (2P — 1) = 0. We define the following key notation

TSt ps.p) = {aizi"t -+ & |a; is from (7), and
T1: f; = a;x™, fr = aia®™ i k=1,2,...,n. (9)
b, — wi
T2 eip= Y e NE=1,2,...,n
p

T3:u; =e;181 + €25+ + € nSn.

n
T4:) e; <D}
j=1

Lemma 5. Let [ = 22:1 cim; € R[X] and D > deg f. If em does not collide

mod

in [ (z°), then em € T'S(5 ., D)-

Proof. 1t suffices to show that c¢m satisfies the conditions of the definition of
TS(f,ps,p)- Assume m = z7* -~ a5, Since em is not a collision in f°d(2%),
without loss of generality, assume cm(z°) mod (zP — 1) = ayz¥, where a;z% is
defined in (7). It is easy to show that cm is also not a collision in f(2®) and in
f(25tPI) Hence, fi = aj2™* for u; = S €isi; bga = uy + pey. Clearly, T1,
T2 and T3 are correct. Since degm = 2?21 e; < D, T4 is correct. O

Now we give the algorithm to compute T'S(y,, s p)-

Algorithm 2 (TSTerms).

Input:
e Univariate polynomials ‘/"(‘;‘)Od(zs)7 f(x%), f(x3TP), where k = 1,2,..., n.
e A prime p.
e A vector s = (s1,52,...,8,) € Z%.

e Degree bound D > deg f.
Output: TS, s p)-

Step 1: Write f(’;‘)(’d(ars), f(z%), and f(25*P) in the following form

f(r;l)od(;ps) = alzch + azxdz 4t CLT:Z?dT
f(xs) =az™ + -+ a“yxu,Y +fi
f(str;DIk) — all‘bk’l 4+ a,yxb’“»v + fk72

where i = 1,2,...,7, k=1,...,n, a;z%, a;z’ ¢ are all the terms satisfying:

2% is the unique term in f(25+P!*) such that mod(by i, p) = d; and 2% is
the unique term in f(2%) such that mod(u;,p) = d;.
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Step 2: Let S = {}.
Step 3: Fori=1,2,...,v
a: For k=1,2,...,n, Let ¢;, = %. If e; , ¢ IN, then break.
b: If u; # e;151 + €252 + - - + €;.n5n, then break;
c: If 377 e;; > D, then break;
d: Let S =S J{aiz]"" - azn"}.
Step 4: Return S.

Lemma 6. Algorithm 2 needs O(nT) ring operations in R and O~ (nT -
log(s$maxD + pD)) bit operations, where Symax = max{si, Sa,..., 8, }-

Proof. In Step 1, in order to match the terms of f°4(2%), f(2®), and f(a>P!r),
it needs O~ (nT'10g(SmaxD + pD)) bit operations and O(nT) ring operations in
R. In Step 3, a, b and ¢ need O(nT') arithmetic operations in Z. Since the data
is O(smaxD + pD), the complexity is O(nT log(smaxD + pD)) bit operations. O

2.3 Algorithms

We will give the reduction algorithm for f € R[X], which works as follows. We
first find an “ok” random Kronecker substitution s based on Theorem 1, then
obtain half of the terms of f by applying Algorithm 2, and finally repeat the
procedure for at most log(#f) times to find f. We assume an interpolation
algorithm for univariate polynomials is given in advance.

We first give an algorithm to obtain the polynomials g(z5tP*) k=1,...,n
from g(X).

Algorithm 3 (PolySubs).

Input: ¢ A polynomial g € R[X].
o A vector s = (s1,82,...,8,) € Z%,.
e A prime p. a
Output: g(z5tP*) k=1,2,...,n.
Step 1: Assume g = cymy + - - + cymy, where m; = 27" - i=1,... L.
Step 2: Fori=1,2,...,n,let h; =0;
Step 3: Fori=1,2,...,t do

a: Let d = 0.
b: For k=1,2,...,n, let d =d+ e; 5.
c: For k=1,2,...,n, let hy := hy, + c;xdTcixP,

Step 4: Return h;,i =1,2,...,n;

Lemma 7. The complexity of Algorithm 3 is O~ (ntlog(p+ Smax) +nt log deg f)
bit operations and O(nt) ring operations in R, where spax = max{si,...,Sn}.
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Proof. In b of Step 3, d is the degree of m;(2®). In ¢, since deg(m;(z3TPlk)) =
deg(m;(z®)) + peik, hi is f(x5TPIx) after finishing Step 3. So the correctness is
proved. Now we analyse the complexity. In b of Step 3, it needs O(nt) arith-
metic operations in Z. Since deg(m;(z%)) is O(Smax deg f), the bit operation is
O(ntlog(smax deg f)). In c, it needs O™ (ntlog(pdeg f + Smax deg f)) bit opera-
tions and at most O(nt) arithmetic operations in R. O

Now we give an algorithm which interpolates at least half of the terms.
Algorithm 4 (HalfPoly).

Input: e A black-box procedure By that computes f € Rlz1,...,x,)].

e An approximation polynomial f* € Rlxy,...,x,] to f.

e Term bounds T > max(#f, #f1),Th > #(f — [*) and T > T}.

e Degree bound D > max(deg f, deg f*).

e A tolerance v such that 0 < v < 1.
Output: With probability > 1 — v, return a polynomial h such that #(f — f* —
m < 1%,

Step 1: Let £ = [32In(Tyv~ )], N = max{31[(T1 —1)log, D], 1}. Find the first
N primes {p1, pa, ...,pn} such that p; > 32(T} — 1).

Step 2: For ¢ = 1,...,¢, randomly choose p,, in {p1,...,pn}, then choose
s; € Zgai uniformly at random. Deleting the repeated numbers, we still denote
these vectors as (Pa,,51), (Pag»S2)s - - - > (Day, Se).

Step 3: For i = 1,2,...,¢, compute f(z%) from By by a given univariate
interpolation algorithm with degree bound ||s;||ccD and term bound T Let
fi = f(z%) — f*(2%) and f™°d = f, mod (zP=i — 1).

Step 4: Find j such that #f;;“)d = max{#fm°d|i = 1,2,...,(}.

If # f;;md > T}, return failure.

Step 5: For k=1,2,...,n, find f(z*° "*0™) from By by the given univariate
interpolation algorithm with degree bound [|s;, +pa;, Ix |loo D and term bound
T. Let {f7,f5,..., fn} = PolySubs(f*,sj,,pa,, )-

Let g = f(a™0 P ™) — fr.
Step 6: Let TS = TSTerms( ;{‘)“’d, fio> 91592, s Gns Pajg » Sios D).
Step 7: Return h =}, 1gb.

Lemma 8. Algorithm j computes h such that #(f — f* —h) < | 4| with prob-
ability > 1 — v. The algorithm needs

e O(n+logT+log %) interpolations of univariate polynomials of degree O™~ (T'D)
and sparseness < T.

e O~(nTlog L) additional ring operations and O~ (nTlog Dlog L) additional
bit operations.

Proof. We first show that Algorithm 4 returns the polynomial h such that #(f —
ff=h) < L%J with probability 1—wv. In Step 1, Step 2 and Step 4, by Theorem 1,
with probability 1—v, Cs_ +(pa,,,8jo) < [3T1]. If jo satisfies Cy_ g« (pa,, »Sjo) <
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|27y ], then by Lemma 5, there are at most [37}] terms in f — f* but not
in h. Since the terms of h which are not in f — f* come from at least three
terms in f — f*, then there are at most %L%le terms of h not in f — f*. So
B(f— F —h) < [T+ L[2T1) < 17 S0 we have #(f — f* — h) < |17 ).
The first part is proved.

Now we analyse the complexity. In Step 1, use the sieve of Eratosthenes
[29, Them.18.10], the cost of finding the N primes bigger than 32(T; — 1) is
O~ (T} log D) bit operations.

In Step 2, since probabilistic machines flip coins to decide binary digits,
each of these random choices can be simulated with a machine with complexity
O(nlog(T1 log D)). So the complexity of Step 2 is O(nlog® T} + nlog T} log% +
nlog Ty loglog D + nloglog D log %) bit operations.

In Step 3, since pq, is O~ (T log D), the degree of f(x%) is O™~ (||si||cD) =
O~(T1 D). So in Step 3, we query O(logTy + log 1) polynomials of degree
O~(Ty D). In order to obtain f*(z%), it needs O(¢nT) ring operations and
O~ (¢nT log D) bit operations. In order to obtain f;, it needs O(¢T') ring oper-
ations in R and O~ (¢Tlog D) bit operations. In order to obtain the fmed it
needs O~ (¢T3 log D) bit operations and O(¢1}) ring operations.

So it still needs O~(nTlog- + Tilogl) ring operations and
O~ (nT'log Dlog L + Ty log Dlog ) bit operations.

In Step 4, we find the integer jo. Since #f™°d < T, it needs at most
O~ (Ty log %) bit operations to compute all # f™°9d j = 1,2, ... (. Find j, needs
O~ (¢log T') bit operations. So the bit complexity of Step 4 is O~ (Ty log 1).

In Step 5, since the degree of f(z%0 70 ™) is O~ (T, D), it queries O(n) poly-
nomials of degrees O~ (T D). By Lemma 7, it needs O™~ (nT log D) bit operations
and O(nT) arithmetic operations in R to obtain {f7, f5,..., fi}.

In Step 6, by Lemma 6, the complexity is O(nT}) ring operations in R and
O~ (nTy log D) bit operations. Since T > Ty, the lemma is proved. a

We now give the complete interpolation algorithm.
Algorithm 5 (MulPolySTI).

Input: A Black-box procedure By that computes f € R[X], T > #f, D > deg f,
and p € (0,1).
Output: Return f with probability > 1 — u, or failure.

Step 1: Let h=0,T1 =T,v =
Step 2: While 77 > 0 do
a: Let g = HalfPoly (B, h,T,T1,D,v).
b: Let h=h+g, T) = [11].
Step 3: Return h.

“
[logy T]+1°

Theorem 6. Algorithm 5 computes f with probability > 1 — . The algorithm
needs
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e O(n log T +1log® T +log T log %) interpolations of univariate polynomials with
degree O~ (T'D) and sparseness < T'.

e O~ (nTlog %) additional rTing operations and O~ (nT log D log %) additional
bit operations.

Proof. In a of Step 2, since #(f — h) < T1, by Lemma 8, #(f —h —g) < L%J
with probability > 1 — v. Then, Step 2 will run at most k = [log, T'] + 1 times
and return the correct f with probability > (1 — v)¥ > 1 — u. The first part is
proved.

Now we analyse the complexity. It is easy to see that the complexity is
dominated by Step 2. In Step 2, we call at most O(logT') times Algorithm 4.
Since the terms and degrees of f — h are respectively bounded by 7" and D, by
Lemma 8, it needs O(nlogT + log? T + log T log 1) queries of degree O~ (TD),
O~ (nT'log +) additional ring operations and O~ (nT log Dlog <) additional bit
operations.

Since v = we have proved the theorem. ]

/R
[log, T]+1°
Corollary 1. Set p = 1/4. Then Algorithm 5 computes f with probability at
lest %. The algorithm needs

e O(nlogT + log>T) queries of univariate polynomials with degree O~ (TD)
and sparseness < T.

e O~ (nT) additional ring operations and O~ (nT log D) additional bit opera-
tions.

3 Sparse Interpolation over Finite Fields

In this section, we give a sparse interpolation algorithm for black-box multivari-
ate polynomials over general finite fields. We first give a univariate Ben-Or and
Tiwari algorithm over finite fields and then combine with Algorithm 5 to give a
multivariate interpolation algorithm.

3.1 The Ben-Or and Tiwari Sparse Interpolation Algorithm

Following [3], we give a brief introduction to the multivariate Ben-Or and Tiwari
sparse interpolation algorithm over C.

Let f(z1,...,2n) = comy + -+ + ¢emy € C[X] be the polynomial to be
interpolated, where m; = x{"" ... z;"" are distinct monomials, ¢; are non-zero
coefficients, and t = # f is the number of terms in f. We assume that f is a black-
boz, which means, for V (qi,...,q,) € C", we can obtain the value f(q1,...,¢qn).
Note that ¢;, m;, t are not known. In order to determine f uniquely, the algorithm
needs as input an upper bound 7 + 1 > ¢t on the number of terms in f.

The algorithm proceeds in two stages. The monomials m; are determined
first using an auxiliary polynomial ((z). Once the m; are known, the coefficients
¢; can be obtained easily.
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We first determine m;. Let v; = pi"'...p,"" denote the value of the

monomial m; at (p1,...,p,), where p; is the i-th prime number. Clearly,

different monomials evaluate to different values under this evaluation. Let

ag, a1, .. .,a2,+1 be the values of f at the 2(7 + 1) points p; = (pt,...,p.),i =
0,1,...,27 + 1, that is, a; = Z;=1 cjvé.

The auxiliary polynomial {(z) is defined as follows.

t

(@) =Ie—v)=2"+G12" + -+ G2+ G (10)

i=1

Consider the sum Y'_, civl¢(vi) = Soh_t Ce(ervr ™ epvh ™ - pepof )+

t+j t+j t4j
(clvl 7 CoUq T4+ CtUy J) = ajC() + aj+1C1 =+ 4 aj+t_1<t_1 + aj4¢ for

j=0,...,t—1.Since ((v;) =0, for 0 < j7 <t — 1, we have
ajCo + aj41C1 + -+ ajpe—1G—1 + ajpe = 0. (11)

This is a Toeplitz system Tt—l,t—lét—l = fgt_l,t_l where

Ay Ay41 - Qyto
QAy—1 (o e au+v—l
Tu,’u =
Ay—yp Ay—p+1 " Ay
Co = (€0,C1s--,Cu)7s tuw = —(Gu, Gu—1, - - -, Gy—y)T. This system is non-singular

as can be seen from the factorization.

1 1 --- 1 ¢t 0---0 1v1~~v§_1

V1 Vg v U 0cg---0 1v2~--v§71
Ti-1p-1 = : RN S SRR (12)

viilvéil...viil O 0"'Ct 1/Ut...fuz_1

Since the v; are distinct, the two Vandermonde matrices are nonsingular and
as no ¢; is zero, the diagonal matrix is nonsingular, too. If the input value of the
upper bound 7 + 1 is greater than ¢, then the coefficients ¢, for k > ¢, can be
regarded as zero and the resulting system 77 ; would be singular.

Lemma 9. [3] If t is the exact number of terms in f, then

a) T; ¢—1is non-singular for all i >t — 1.
b) Tit4j ts singular for alli >t —1,7 > 0.

By Lemma 9, when considering 27 + 2 values ag, . .., a2,41 of f, the coeffi-
cients of ((z) can be uniquely recovered from the system TTJCAT = ty,41,. By
finding the roots v; = pi”" ...pn"" of ((2), the monomials m; can be recovered.

By choosing the first ¢ evaluations ag,...,a;—1 of f, we obtain the following

transposed Vandermonde system A¢ = a for the coefficients of f, where
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1 1 1 c1 ao
V1 Vo v Ut C2 al
t—1  t—1 t—1

Uy Uy Uy Ct at+—1

The deterministic Ben-Or and Tiwari’s algorithm over Z needs O(T') evalu-
ations of f plus O(nT?d) Z-operations and the height of the data is O(Td) [3],
where d = deg f.

If the coefficients of the polynomials are from a finite field, then it is difficult
to find the exponents from v; = p]""' ...p,"", which is a multi-variate discrete
logarithm problem.

3.2 Univariate Ben-Or and Tiwari Algorithm over Finite Field

In this section, we give a modified univariate Ben-Or and Tiwari algorithm over
the finite field F,. Assume f(z) = Y.\, e;my; € Fylz], D > deg f. Since f(z) is
univariate, #f < D. We consider two cases: ¢ > D or ¢ < D.

First, consider the case ¢ > D. Let w be a primitive element of F,. Assume
m; = z% and denote v; = w®. Let a; = Z;Zl cjvj-,i =0,1,....274+1. T,y 1
still can be factored as (12). Since w is a primitive element of F, and ¢ > D,
v; # v; when ¢ # j. So the two Vandermonde matrices in (12) are nonsingular
and Lemma 9 is still correct. Now we can give the algorithm.

Algorithm 7 (UniBoTFq).

Input: A black-box procedure By to compute f(z) € Fylz], 7+ 1 > #f, and
D >degf.
Output: The polynomial f = 22:1 cim;.

Step 1: Let w be a primitive element of F,. Evaluate f at the 2(7 + 1) points
w'i=0,...,2r+1. Let a;,i = 0,...,27 + 1 be the corresponding values.
Step 2: Solve the Toeplitz system TTyTéT = 527+177 (or the largest non-singular
subsystem T o7 _; EQT,]- = tAQT+1’27—7j of T -, where j is the smallest positive
integer that makes T} o,_; non-singular) to obtain the polynomial ((z) =
' ,

> im0 iz

Step 3: Find the monomial set M of f. M = (). For i = 0,1,..., D, compute
w' and if ¢(w?) = 0 then let M = {z'} U M.

Step 4: Find the coefficients ¢; by solving the transposed Vandermonde system
Aé=ain (13).

Lemma 10. If ¢ > D, Algorithm 7 is correct and it needs 2(T + 1) evaluations
of f plus O~ (D logq) bit operations.

Proof. The correctness comes from Lemma 9. Now we analyse the complexity.
Due to the fast integer and polynomial multiplication algorithms [29], one can
perform an arithmetic operation in F, in O~ (log ¢) bit operations. In Step 1, it
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needs O(7log q) bit operations to obtain w?, i = 1,2,...,27 + 1. In Step 2, it
needs O(M (7)log 7 log q) bit operations, where M (1) = 7log(7) loglog(7) [3].

In Step 3, computing w?,i = 0,1,..., D needs O(D log q) bit operations. Then
we evaluate ((w'),i = 0,1,..., D, by fast multi-point evaluation method [29,
Them.10.6], which needs O(%M(T) logTlogq) = O~ (DlogT logq) bit opera-
tions, where T'= 7 + 1.

In Step 4, it needs O(M (t) log tlog q) bit operations [3]. So the complexity of
the total algorithm is O~ (Dlog T logq + T'log q) = O~ (D log q) bit operations,
since #f < D. O

Second, consider the case ¢ < D. We need evaluate the polynomial in an
extended field of FF,. We extends F, into F,m such that ¢ > D + 1, where m =

[%W . Due to the fast integer and polynomial multiplication algorithms [29],

one can perform an arithmetic operation in Fym in O™~ (mlogq) = O™~ (log D) bit
. i _ rlog(D+1)

operations, since m = [W]

Now we can extend Algorithm 7 into the case ¢ < D. The only change
is to replace the primitive element of F, by a primitive element of Fym in
Step 1. Similar to the proof of Lemma 10, the complexity of the algorithm is
O~ (Dlog Tmlog g+Tmlog q), which is O~(Dlog T+T log D) = O~ (Dlog D) =
O~ (D) bit operations. We thus have

Lemma 11. If g < D, Algorithm 7 needs 2(7 + 1) evaluations of [ plus O™~ (D)
bit operations.

Following Lemmas 10 and 11, we have

Theorem 8. Let f be a black-box univariate polynomial in Fy[x| with T > #f
and D > deg f. We can compute [ with O(T) evaluations of f plus O~ (D logq)
bit operations.

Remark 1. In Step 3 of Algorithm 7, we may follow the original Ben-Or and
Tiwari algorithm to find the exponents. First, find the roots v; of ((z) = 0,
which costs O™~ (tlog?¢) bit operations [29] for ¢ = #f. Second, solve the
discrete logarithm problem v; = w® to find the exponents e;, which costs
O~ (v/Dlogq) bit operations [30]. Therefore, the total complexity of the algo-
rithm is O~ (T log? ¢ + T/ Dlog q) bit operations plus O(T') evaluations.

3.3 Multivariate Polynomial Interpolation over Finite Fields

Combing the reduction algorithm given in Sect.2 and the univariate interpola-
tion given in Sect. 3.2, we give a multivariate interpolation algorithm over finite

fields.

Theorem 9. Let f € Fy[X] be a black-box polynomial. Given T > #f and
D > deg f, with probability greater than %, one can find f using O~ (nTDlog q)
bit operations plus O~ (nT) evaluations of f.
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Proof. We use the Algorithm 5 to compute f and use Algorithm 7 for univariate
polynomial interpolation in Step 3 and Step 5 of Algorithm 4.

The complexity consists of two parts. By Corollary 1, we needs O(nlogT +
log? T') queries of univariate polynomials with degree O~ (T'D) and sparseness <
T. Then by Theorem 8, we need O~ ((nlog T +log® T)T) = O~ (nT) evaluations
of f and O~((nlogT + log® T)(T'Dlogq)) = O~(nTDlogq) bit operations to
query these univariate polynomials.

By Corollary 1, we needs additional O™~ (nT') operations in Fy if ¢ > D (or
in Fgm if ¢ < D for m = f%}) and O~ (nT log D) bit operations. O~ (nT)
operations in F, costs O~ (nT logq) bit operations. O™~ (nT’) operations in Fym
costs O~ (nT log D) bit operations. Therefore, the query of f is the dominating
step and the bit complexity of the algorithm is O~ (nT'Dlogq). O

Remark 2. If using the original Ben-Or and Tiwari algorithm mentioned in
Remark 1 to interpolation the univariate polynomials, the total complexity of
our algorithm is ON(nT1'5\/510gq + nT log? q) bit operations.

Remark 3. Let f € Fy[X] be a black-box polynomial and ¢ a prime. If quantum
algorithms can be used, the quantum complexity of finding f is O~ (nT log? q)
plus O~ (nT') evaluations of f and O~ (nT') black-box evaluations for solving the
discrete logarithm problem.

We need to change Step 3 of Algorithm 7 as follows:

(1) Find the roots v; of ¢(z), which costs an expected O~ (T log? ¢) bit operations
29, p.368].

(2) Solve the discrete logarithm problem v; = w® mod ¢ to find e; using Shor’s
quantum algorithm, which costs O~ (T max{log® D, log® ¢}) plus T black-
box evaluations [31, p.238].

By Corollary 1, the total complexity is O~ (nT max{log? D, log? q}).

4 Experimental Results

In this section, practical performances of the interpolation algorithm over finite
fields given in Remark 2 will be reported. The algorithm uses Algorithm 5 to
reduce multivariate interpolation to univariate interpolation and uses Algorithm
7 for univariate polynomial interpolation. In Algorithm 7, we use the Berlekamp-
Massey algorithm to solve the Toeplitz systems, use the command Roots in
Maple to find the roots, and use the command mlog in Maple to solve the
discrete logarithm problem.

The data are collected on a desktop with Windows system, 3.60 GHz Core
17-4790 CPU, and 8GB RAM memory. The implementations in Maple can be
found in

http://www.mmrc.iss.ac.cn/"xgao/software/rkron.zip
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We randomly construct five polynomials over the finite field F,, then regard
them as black-box polynomials and reconstruct them with the algorithm. The
actual size and degree of the polynomials are used as the term bound and degree
bound, respectively. The average times are collected. In our testing, we fix ¢ =
30000000001 and use the primitive element 29 of F,,.

The results are shown in Figs. 1, 2, 3. In each figure, two of the parameters
n,T, D are fixed and one of them is variant. These data are basically in accor-
dance with the complexity O™~ (nT 15\/Dlog q 4+ nT log? q) of the algorithm.
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