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Abstract In this paper, a Ritt-Wu characteristic set method for Laurent partial differential polyno-

mial systems is presented. The concept of Laurent regular differential chain is defined and its basic

properties are proved. The authors give a partial method to decide whether a Laurent differential

chain A is Laurent regular. The decision for whether A is Laurent regular is reduced to the decision

of whether a univariate differential chain A1 is Laurent regular. For a univariate differential chain A1,

the authors first give a criterion for whether A1 is Laurent regular in terms of its generic zeros and

then give partial results on deciding whether A1 is Laurent regular.

Keywords Newton polygon, Laurent partial differential polynomial system, Laurent regular trian-

gular set, Ritt-Wu characteristic set.

1 Introduction

The Ritt-Wu characteristic set method can be used to decompose the zero set of an arbi-
trary polynomial system into the union of zero sets of polynomial systems in triangular form
or to decompose the radical ideal generated by a set of polynomials into the intersection of
un-mixed radical ideals represented by polynomial systems in triangular form. The character-
istic set method was proposed by Ritt[1] for theoretical purposes and was extensively studied
in the past thirty years after Wu’s seminal work on automated geometry theorem proving
and polynomial system solving[2–4]. By far, the Ritt-Wu characteristic set method had been
developed for polynomial systems[4–12], semi-algebraic sets[13], polynomial systems over finite
fields[14–16], differential polynomial systems[17–22], and difference polynomial systems[23]. The
Ritt-Wu characteristic set method had been applied to automated reasoning, robotics, computer
vision, computer-aided design, and analysis of cryptosystems, etc.[24].
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In the work on difference binomial ideals and difference toric varieties[25, 26], the Ritt-Wu
characteristic set method in the Laurent case plays a key role. This motivates the study of
the Ritt-Wu characteristic set method for Laurent polynomial systems and Laurent ordinary
differential polynomial systems[27]. In this paper, we develop the characteristic set method for
Laurent partial differential polynomial systems.

Let F be a partial differential field with differential operators Δ = {δ1, δ2, · · · , δm} and Y =
{y1, y2, · · · , yn} a set of differential indeterminates. Then the Laurent differential polynomial
ring F{Y

±} is the polynomial ring in δjyi and (δjyi)−1 for yi ∈ Y and j ∈ N. Comparing to
the differential polynomial ring, the major difference is that yi and its derivatives are invertible
in F{Y

±}. In the polynomial case and the difference polynomial case[23], this does not lead
to major difficulties in developing the characteristic set method[27]. But, in the differential
polynomial case, essential difficulties arise as illustrated by the following example.

Example 1.1 Let f = xδy − ky be an ordinary differential polynomial in Q(x){y±},
where y is a differential variable, the differential operator is δ = ∂

∂x , and k ∈ N. Then δif =
xδi+1y + (i − k)δiy for i = 1, 2, · · · , k. Hence, δkf = xδk+1y which is invertible in Q(x){y±}.
Therefore, in the Laurent case, f = 0 has no solutions and the differential ideal generated by
f is Q(x){y±}, that is, [f ] = [1] in Q(x){y±}. To check these facts, we need to differentiate f

for “sufficiently” many times and the main difficulty is how to give a bound for the number of
such differentiations.

In this paper, we give a partial answer to the questions proposed in the above example
by developing a Ritt-Wu characteristic set method for Laurent partial differential polynomial
systems. The main contributions of this paper are: 1) The concept of Laurent partial differential
regular chain is defined and its basic property is proved. 2) We show that deciding whether an
irreducible partial differential chain is Laurent regular can be reduced to deciding whether a
univariate partial differential chain is Laurent regular. 3) A partial method is given to decide
whether a univariate differential chain is Laurent regular. It is clear that if we can decide
whether a chain is Laurent regular, then a complete Ritt-Wu characteristic set method can be
given similar to the non-Laurent case[17–21]. Therefore, in this paper, we will concentrate on
the decision problem for Laurent regular differential chains.

A differential chain A in F{Y
±} is called Laurent regular if A is regular and all the

derivatives of yi are invertible w.r.t. A. A Laurent regular chain A has the following basic
property: A is the characteristic set of the Laurent saturation ideal of A if and only if A is
Laurent regular and coherent (refer to Theorem 3.5 for details).

We give partial results on deciding whether a differential chain is Laurent regular. We first
show that deciding whether an irreducible partial differential chain is Laurent regular can be
reduced to deciding whether a univariate partial differential chain is Laurent regular, and then
give partial results on deciding whether a univariate differential chain is Laurent regular.

For a univariate differential chain A1, we give a criterion for whether A1 is Laurent regular
in terms of its generic zeros. Furthermore, for a partial differential operator δu ∈ Δ and
k ∈ N, we give a method to decide whether δk

uy is invertible with respect to a single differential
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polynomial f in F{y} and the method is complete when f is of order one. The method is
based on a parameterized version of the work of Cano[28, 29] and Grigoriev-Singer[30], where a
special Newton polygon was introduced to find the minimal monomial of the series solution to
an ordinary differential equation.

The paper is organized as follows. In Section 2, we give some notations and definitions
about Laurent partial differential polynomial rings. In Section 3, we define the concept of
Laurent regular differential chain and prove its basic properties. In Section 4, we prove that
deciding whether an irreducible, coherent and regular chain is Laurent regular can be reduced to
deciding whether an irreducible, coherent and regular chain in one differential indeterminate is
Laurent regular. In Section 5, we present partial results for the decision of whether a univariate
differential polynomial is Laurent regular. In Section 6, conclusions are presented.

2 Preliminaries

Let F be a differential field with the set of differential operators Δ = {δ1, δ2, · · · , δm} and
Y = {y1, y2, · · · , yn} be a set of differential indeterminates. Let Θ = {δa1

1 δa2
2 · · · δam

m , ai ∈ N, i =
1, 2, · · · , m} and Θ(Y) = {θyj : j = 1, 2, · · · , n, θ ∈ Θ}. We denote R = F{Y} = F [Θ(Y)] to be
the differential polynomial ring in Y over F . The order of an element θ = δa1

1 δa2
2 · · · δam

m ∈ Θ is
defined as ord(θ) =

∑m
i=1 ai.

Let f ∈ F{Y}. The order of f in yi is the maximal order of θ ∈ Θ such that θyi occurs
in f , denoted by ord(f, yi). If yi does not appear in f , denote ord(f, yi) = −∞. Denote
ord(f) = maxn

j=1 ord(f, yj). A ranking R is a total order over Θ(Y) which satisfies
1) δi(α) > α, for any α ∈ Θ(Y), i = 1, 2, · · · , m and
2) α1 > α2 ⇒ δi(α1) > δi(α2), for any α1, α2 ∈ Θ(Y), i = 1, 2, · · · , m.

Here we introduce two special rankings:
1) A ranking is said to be orderly if the inequality ord(u) < ord(v) implies u < v, where

u, v ∈ Θ(Y).
2) A ranking is called elimination ranking if i < j implies that θ1yi ≺ θ2yj , for any θ1, θ2 ∈ Θ .
In what follows, if there is no special explanation, we assume that an orderly ranking R0 of

Θ(Y) is fixed.
For f ∈ F{Y}, the leader of f is the greatest element in Θ(Y) occurring in f w.r.t. R0,

denoted by ldf . Regarding f as a univariate polynomial in ldf , its leading coefficient is called
the initial of f , denoted by If , and its partial derivative w.r.t. ldf is called the separant of f ,
denoted by Sf .

For any f, g ∈ F{Y}, f is said to be of lower ranking than g if 1) ldf < ldg or 2) ldf = ldg and
deg(f, ldf ) < deg(g, ldg), which is denoted as f ≺ g. If ldf = ldg and deg(f, ldf ) = deg(g, ldg),
we denote f ≡ g. We say that f is partially reduced w.r.t. g if every proper derivative of
ldg does not appear in f . f is said to be reduced w.r.t. g if it is partially reduced w.r.t. g

and deg(f, ldg) < deg(g, ldg). We say f is (partially) reduced w.r.t. a subset S of R if it is
(partially) reduced w.r.t. each element of S.

Let S ⊆ F{Y}. S is called an autoreduced set if every element in S is reduced w.r.t.
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all the others. Distinct elements of S have distinct leaders and S must be finite[31]. If A =
{A1, A2, · · · , Al} is an autoreduced set with A1 ≺ A2 ≺ · · · ≺ Al, then we denote A by
A = A1, A2, · · · , Al, which is also called a (differential) chain.

If A = A1, A2, · · · , As and B = B1, B2, · · · , Bt are two chains, we say that A has lower rank
than B, denoted byA ≺ B if there exists i ≤ min{s, t} such that Aj ≡ Bj for j < i and Ai ≺ Bi

or s > t and Aj ≡ Bj for j = 1, 2, · · · , t. If s = t and Aj ≡ Bj for i = 1, 2, · · · , t, then A is said
to have the same rank as B, which is denoted by A ≡ B. In every nonempty set of autoreduced
subsets of F{Y}, there exists an autoreduced subset of the lowest rank[31]. Let S be a subset
of F{Y}, the autoreduced set of S of the lowest rank is called a characteristic set of S.

Let A = A1, A2, · · · , At be an autoreduced set with A1 ≺ A2 ≺ · · · ≺ At. Denote IA
and SA to be the product of the initials and the product of separants of A respectively and
HA = IASA. Let ldij be the lowest common derivative of ldAi and ldAj , if it exists. (Evidently,
it exists provided both ldAi and ldAj are derivatives of the same yt for some t ∈ {1, 2, · · · , m}).
Let Ai and Aj be two differential polynomials in A. Suppose that ldAi = θiyk and ldAj = θjyk

for some indeterminate yk, where θi, θj ∈ Θ . Then, there exist φi, φj ∈ Θ such that ord(φi) > 0,
ord(φj) > 0, and ldij = φildAi = φj ldAj . Let Δi,j = SAj φiAi − SAiφjAj and Δ(A) = {Δi,j :
1 ≤ i, j ≤ t}. A is said to be coherent[32] if Δ(A) is empty or for every Δi,j ∈ Δ(A), there exists
an l ∈ N such that H l

AΔi,j ∈ ({φg : φ ∈ Θ , g ∈ A, ldφg ≺ ldij}).

3 Laurent Regular Differential Chains

In this section, we introduce the concept of Laurent regular differential chain and prove its
basic properties. We first introduce some basic facts about characteristic set method in the
algebraic case.

Let k be a field and W = {w1, w2, · · · , wn} a set of indeterminates. We let k[W] =
k[w1, w2, · · · , wn] denote the ring of polynomials in W over k. Note that ldf is now the
leading variable for f ∈ k[W]. A = A1, A2, · · · , Ap in k[W] is called a triangular set if
ldA1 < ldA2 < · · · < ldAp . Let vi = ldAi , V = {v1, v2, · · · , vp} and U = W − V. U

and V are called the parameter set and the leading variable set of A, respectively. We de-
note k[W] as k[U, V]. A polynomial f ∈ k[U, V] is said to be invertible w.r.t A if either
f ∈ k[U] or (f, A1, A2, · · · , As)

⋂
k[U] 
= {0} where ldf = ldAs . A is called regular if its

initials are invertible w.r.t. A. A polynomial P is called reducible module A if there exist
0 
= M ∈ k[U], P1, P2 ∈ k[W] with the same leading variable as P and the initials of Pi, i = 1, 2
are invertible w.r.t A such that MP = P1P2 mod(A). If such M, P1, P2 do not exist, P is
called irreducible module A. A is called irreducible if A1 is irreducible as a polynomial in
k[U][v1] and Ai is irreducible module Ai−1 = {A1, A2, · · · , Ai−1}, i = 2, 3, · · · , p. For instance,
A1 = w2

2 + w1, A2 = w2
3 + w1 is a reducible chain, because A2 = (w3 − w2)(w3 + w2) + A1

is reducible module A1. There exist algorithms to decompose a chain into several irreducible
chains[4].

Lemma 3.1 (see [18]) Let A be a regular chain in k[W]. A polynomial f is not invertible
w.r.t. A if and only if there exists a non-zero polynomial N reduced w.r.t. A such that Nf ∈
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(A).

Let A be a differential chain in F{Y} and U be the set of differential indeterminates not
occurring in the leaders of A, which is called the parameter set of A. Then A can be written as

f11(U, x1), f12(U, x1), · · · , f1s1(U, x1),
... (1)

fp1(U, x1, x2, · · · , xp), fp2(U, x1, x2, · · · , xp), · · · , fpsp(U, x1, x2, · · · , xp),

where {x1, x2, · · · , xp} = Y − U and ldfij = θijxi, θij ∈ Θ and fi,1 ≺ fi,2 ≺ · · · ≺ fi,si . For
θ1, θ2 ∈ Θ , if there exists no θ ∈ Θ such that θ2 = θ1θ, we denote θ1 � θ2. Let n(A) =

⋃p
i=1{θxi :

θij � θ, j = 1, 2, · · · , si}.
Let oij = ord(fij) = ord(θij) and o ∈ N. Then denote

A(o) = {θfij : θ ∈ Θ , ord(θfij) ≤ ô}, (2)

where ô = max{o, oij : j = 1, 2, · · · , si, i = 1, 2, · · · , p}. It may happen that A(o) contains θ1fij

and θ2fik with the same leader. Since A is coherent, θ1fij and θ2fik are equivalent module A
and we can delete one of them from A(o).

Since the orderly ranking is used, A(o) is a triangular set in the polynomial ring F [{v : v ∈
Θ(Y), ord(v) ≤ ô}] and n(A) is the parameter set of A(o).

Let f ∈ F{Y}. Then f is said to be invertible w.r.t. A if f is invertible w.r.t. A(ord(f)) in the
polynomial ring F [Θ(Y)]. Also, the pseudo-remainder prem(f,A) for differential polynomial f

is defined to be the pseudo-remainder prem(f,Aord(f)) in the algebraic case[1].
Let F{Y} be the differential polynomial ring as above. Define δj((θyi)−1) = −(θyi)−2δjθyi

and θ1θ2((θyi)−1) = θ1(θ2((θyi)−1)), i = 1, 2, · · · , n, j = 1, 2, · · · , m and θ1, θ2, θ ∈ Θ . Denote
Θ(Y±) = {θyi, (θyi)−1 : θ ∈ Θ , i = 1, 2, · · · , n}. Then F [Θ(Y±)] forms a differential ring and
we call F{Y

±} = F [Θ(Y±)] the Laurent differential polynomial ring in Y over F .

A differential polynomial f ∈ F{Y} is said to be monomial-primitive if no θyi ∈ Θ(Y)
divides f. Let f be a Laurent differential polynomial in F{Y

±} of the form f =
∑s

i=1 aimin
−1
i ,

where mi, ni are monomials in F{Y} and gcd(mi, ni) = 1. Then the normal form of f is defined
to be the monomial primitive differential polynomial f̃ = lcm(n1,n2,··· ,ns)f

gcd(m1,m2,··· ,ms) , denoted by f̃ . Let

P ⊆ F{Y}, we denote P̃ = {f̃ : f ∈ P}.
Definition 3.2 A Laurent differential chain A in F{Y

±} is defined to be a differential
chain in F{Y} such that every differential polynomial in A is monomial primitive. A char-
acteristic set of a subset P ⊆ F{Y

±} is defined to be a Laurent differential chain which is a
characteristic set of P̃.

A Laurent differential polynomial f is said to be reduced w.r.t. a Laurent differential
chain A if f̃ is reduced w.r.t. A. A is a characteristic set of a differential ideal I in F{Y

±}
if and only if I contains no Laurent differential polynomial reduced w.r.t. A. We define the
pseudo-remaider of a Laurent differential polynomial f w.r.t. a Laurent differential chain A as
lprem(f,A) = prem(f̃ ,A).
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Let A = A1, A2, · · · , Ap be an autoreduced set of F{Y}, Yi = ldAi and V = {V1, V2, · · · , Vq}
be the set of the other indeterminates which are present in A. With these replacements, A can
be regarded as a chain in polynomial ring F [V1, V2, · · · , Vq, Y1, Y2, · · · , Yp]. Then A is called
regular if the initials and separants of A regarded as algebraic polynomial are invertible w.r.t.
A in F [V1, V2, · · · , Vq, Y1, Y2, · · · , Yp] and A is called irreducible if A is irreducible as an algebraic
chain in F [V1, V2, · · · , Vq, Y1, Y2, · · · , Yp]. It is easy to see that this definition coincides with that
of invertibility in differential sense.

Definition 3.3 A Laurent differential chain A is called Laurent regular if A is a regular
chain in F{Y} and all the elements in Θ(Y) are invertible w.r.t. A. If a Laurent regular
chain A consists of one differential polynomial f , then f is called a Laurent regular differential
polynomial.

Let A be a Laurent differential chain and HA be the product of the initials and separants
of A. We define the saturated ideal of A in F{Y } and F{Y ±} to be

dsat(A) = [A ] : H∞
A = {f ∈ F{Y} | ∃m ∈ N, s.t. Hm

A f ∈ [A]F{Y}}
and

ldsat(A) = [A]F{Y±} : H∞
A = {f ∈ F{Y

±} | ∃m ∈ N, s.t. Hm
A f ∈ [A]F{Y±}}

respectively, where [A]F{Y} ([A]F{Y±}) is the differential ideal generated by A in F{Y} (F{Y
±}).

In the rest of this paper, we use [P ] to represent [P ]F{Y} for any P ⊂ F{Y}. A basic fact about
regular chains is:

Theorem 3.4 (see [20], Lemma 6.1) Let A ⊂ F{Y} be a chain. Then A is the charac-
teristic set of dsat(A) if and only if A is regular and coherent.

The following theorem shows that similar property holds for Laurent regular chains.

Theorem 3.5 Let A be a Laurent differential chain. Then A is a characteristic set of
ldsat(A) if and only if A is Laurent regular and coherent.

Proof First, suppose that A is a characteristic set of ldsat(A). Then A is a characteristic
set of dsat(A). By Theorem 3.4, A is regular and coherent. If there exist θ ∈ Θ and i such
that θyi is not invertible w.r.t. A, then by Lemma 3.1, there exists a differential polynomial Q

reduced w.r.t. A such that (θyi)Q ∈ [A], which implies that Q ∈ ldsat(A), a contradiction.
For the converse implication, assume A is Laurent regular and coherent of form (1). Then by

Theorem 3.4, A is the characteristic set of dsat(A). Now suppose that f ∈ ldsat(A) is reduced
w.r.t. A. Then there exists a differential monomial M ∈ F{Y} such that Mf̃ ∈ dsat(A).
Because M is invertible w.r.t. A, then by definition there exists a differential polynomial P ∈
F{U}[n(A)] such that P ∈ [A, M ], where U and n(A) are defined as before. So P f̃ ∈ dsat(A).
However P f̃ is reduced w.r.t. A, which is a contradiction.

4 Reductions for the Decision Problem of Laurent Regularity

In this section, we reduce the problem of deciding whether an irreducible and coherent
regular chain is Laurent regular from the multivariate case to the univariate case.
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4.1 Reducing the Multivariate Case to the Univariate Case

In this section, let A ⊂ F{Y} be a Laurent differential chain, which is irreducible, coherent
and regular. We want to know whether A is Laurent regular. We first prove a lemma.

Lemma 4.1 A differential polynomial f is not invertible w.r.t. A if and only if prem(f,A)
= 0.

Proof Assume f is not invertible w.r.t. A. By Lemma 3.1, there exists a differential
polynomial N reduced w.r.t. A such that Nf ∈ [A]. Let g = prem(f,A). Then Ng ∈ dsat(A).
Since A is irreducible, we have N ∈ dsat(A) or g ∈ dsat(A). So g = 0 by Theorem 3.4. On
the other hand, assume prem(f,A) = 0. Then there is an integer m ∈ N such that Hm

A f ∈ [A].
Since A is regular, HA is invertible w.r.t. A. Then there exists a differential polynomial
g′ ∈ F{U}[n(A)] such that g′f ∈ [A]. By Lemma 3.1, f is not invertible w.r.t. A.

Corollary 4.2 An irreducible, coherent and regular chain A is not Laurent regular if and
only if there exist θ ∈ Θ , i ∈ [1, n] such that prem(θyi,A) = 0.

Corollary 4.3 Let A be defined as in Lemma 4.1 and θ ∈ Θ. If θyi is not invertible w.r.t.
A, then dsat(A)

⋂F{yi} 
= {0}.
Proof By Lemma 4.1, prem(θyi,A) = 0, which implies θyi ∈ dsat(A)

⋂F{yi}.
Lemma 4.4 Let f ∈ F{Y} be irreducible and there exist more than one indeterminates

in f . Then f is Laurent regular.

Proof Since f ∈ F{Y} is an irreducible differential polynomial, f is the characteristic set of
dsat(f) under any ranking. We will show that for any yi, dsat(f)

⋂F{yi} = {0} and hence f is
Laurent regular by Corollary 4.3. If yi does not occur in f , it is clear that dsat(f)

⋂F{yi} = {0}.
Otherwise, we choose an elimination ranking with yi as the smallest variable. Then, ld(f) = θyk

for k 
= i and θ ∈ Θ . Then for any g ∈ F{yi} \ {0}, we have prem(g, f) = g 
= 0 and hence
dsat(f)

⋂F{yi} = {0}. The lemma is proved.

Theorem 4.5 Let A be an irreducible, coherent and regular differential chain in F{Y} =
F{U, X} defined as in (1). Then deciding whether A is Laurent regular can be reduced to deciding
whether an irreducible, coherent and regular differential chain in F{yi} is Laurent regular, for
i = 1, 2, · · · , n.

Proof First, it is easy to see that dsat(A)
⋂F{u} = {0}, where u ∈ U. So by Corollary4.3,

θu ∈ Θ(Y) is invertible w.r.t. A for any u ∈ U. Then using the algorithm given in [17] converting
a characteristic set of a prime differential ideal from one ranking into another, we can compute
an irreducible, coherent and regular chain Ai under the elimination ranking satisfying that xi

is of the lowest ranking. Note that dsat(A) = dsat(Ai). By Lemma 4.1, θxi is invertible w.r.t.
Ai if and only if θxi is invertible w.r.t. A. We denote Ai as the following form:

g11, g12, · · · , g1l1 , g21, g22, · · · , g2l2 , · · · , gp1, gp2, · · · , gplp ,

where ldgj1 , ldgj2 , · · · , ldgjlj
∈ Θ(ysj ) and gi1 ≺ gi2 ≺ · · · ≺ gili . If ldg11 is not in Θ(xi),

then no ldgkl
is in Θ(xi) by the definition of the ranking. So in this case, dsat(A)

⋂F{xi} =
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{0}, which implies that θxi is invertible w.r.t. Ai by Corollary 4.3. Thus we need only to
consider the case that ldg11 ∈ Θ(xi), that is g11, g12, · · · , g1l1 ∈ F{xi}. Then dsat(A)

⋂F{xi} =
dsat(Ai)

⋂F{xi} = dsat({g11, g12, · · · , g1l1}). By Theorem 4.1 , θxi is invertible w.r.t. Ai if
and only if it is invertible w.r.t. g11, g12, · · · , g1l1 . So deciding whether θxi is invertible w.r.t. A
can be reduced to deciding whether an irreducible, coherent and regular chain g11, g12, · · · , g1l1

in F{xi} is Laurent regular. The theorem is proved.

Remark 4.6 We assume that A is irreducible for two reasons. First, irreducible chains
have nice properties which are necessary for our results. Second, even in this special case, it is
still open to decide whether A is Laurent regular. If A is not irreducible, then Theorem 4.5 is
not valid.

4.2 Reducing the Univariate Case to the Single Polynomial Case

Now we consider an irreducible, coherent and regular differential chain A in one differential
indeterminate and show that the problem of deciding whether A is Laurent regular can be
reduced to that of deciding whether a single differential polynomial is Laurent regular in certain
cases. Let y be a new differential indeterminate and F{y} the differential polynomial ring in y

over F .

Lemma 4.7 Let A = f1(y), f2(y), · · · , fr(y) in F{y} be an irreducible, coherent and
regular differential chain under the ranking satisfying δi1

1 δi2
2 · · · δim

m y ≺ δj1
1 δj2

2 · · · δjm
m y if and

only if (i1, i2, · · · , im) ≺lex (j1, j2, · · · , jm). If ldf1 = δk1
1 δk2

2 · · · δkm
m y and ki 
= 0 for certain

i < m, then δt
my is invertible w.r.t. A, for any t ∈ N.

Proof We first show that δt
my is reduced w.r.t. A, for any t ∈ N. Assume the contrary:

There exists an s ∈ N such that δs
my is not reduced w.r.t. A. Then there exist j ∈ [1, r]

and θ ∈ Θ such that δs
my = θldfj . Then ldfj = δu

my for some nonnegative integer u. By the
definitions of lexicographical rank and the differential chain, this may happen only if j = 1,

which is a contradiction to the hypothesis. Now, the lemma follows from Lemma 4.1.

Theorem 4.8 Let A = f1(y), f2(y), · · · , fr(y) be an irreducible, coherent and regular
differential chain in F{y}. Then for a fixed i ∈ [1, m] and t ∈ N, deciding whether δt

iy is
invertible w.r.t. A can be reduced to deciding whether δt

iy is invertible w.r.t. a differential
polynomial in F [y, δiy, · · · , δq

i y] for some q ∈ N.

Proof Using the algorithm given in [17] converting a characteristic set of a prime differen-
tial ideal from one ranking into another, we can compute an irreducible, regular and coherent
chain Ai under the ranking satisfying that δa1

1 δa2
2 · · · δai

i · · · δam
m y ≺ δb1

1 δb2
2 · · · δbi

i · · · δbm
m y, k =

1, 2, · · · , p if and only if (a1, a2, · · · , ai−1, ai+1, . . . , am, ai) ≺lex (b1, b2, · · · , bi−1, bi+1, · · · , bm, bi),
where ≺lex is the lexicographic order in N

m. Note that dsat(A) = dsat(Ai). So δt
iy is invertible

w.r.t. A if and only if δt
iy is invertible w.r.t. Ai by Lemma 4.1. Let Ai = g1(y), g2(y), · · · , gs(y).

Suppose that ldg1 = θy for some θ ∈ Θ . If δd appears in θ for some d 
= i, then δt
iy is invertible

w.r.t. Ai by Lemma 4.7. So we just consider the case that ldg1 = δq
i y for some q ∈ N. It is

easy to see that for this case, ldgk
is not of the form δsk

i y, k > 1 by the definition of a chain. So
deciding whether δt

iy is invertible w.r.t. A can be reduced to deciding whether δt
iy is invertible
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w.r.t. g1 in F [y, δiy, · · · , δq
i y]. The theorem is proved.

5 Deciding Laurent Regularity for Univariate Differential Polynomial

In this section, we give a partial method to decide whether an irreducible univariate dif-
ferential polynomial is Laurent regular. Precisely, we consider whether δs

i y is invertible with
respect to a differential polynomial f ∈ K{y} for δi ∈ Δ and s ∈ N. Following Theorem 4.8,
decision of whether a differential chain is Laurent regular can be reduced to this problem in
certain cases.

In this section, we assume that F = Q(t1, t2, · · · , tm) and the differential operators are
δi = ∂

∂ti
for i = 1, 2, · · · , m. Let y be a differential indeterminate and all differential polynomials

in this section are in F{y}.
5.1 Laurent Regularity and Structure of Solutions

The following lemma gives a connection between the fact that f is Laurent regular and the
structure of the generic zeros of (f). We need the following facts. Let I be a differential prime
ideal. Then I has a generic zero η with the following property: A differential polynomial f is in
I if and only if f(η) = 0[1]. Also, if A is an irreducible, coherent and regular differential chain,
then dsat(A) is a prime ideal and hence has a generic zero[1].

Lemma 5.1 Let A be an irreducible, coherent and regular differential chain in F{y}.
Then ỹ =

∑o1−1
i=0 a1i(t̂1)ti1+

∑o2−1
i=0 a2i(t̂2)ti2+· · ·+∑om−1

i=0 ami(t̂m)tim is a generic zero of dsat(A)
if and only if prem(δo1

1 δo2
2 · · · δom

m y, A) = 0, where t̂i is the set {t1, t2, · · · , ti−1, ti+1, · · · , tm}
and aij(t̂i) is a differentiable function in t̂i. In other words, A is not Laurent regular if and
only if dsat(A) has a generic zero of the form ỹ =

∑o1−1
i=0 a1i(t̂1)ti1 +

∑o2−1
i=0 a2i(t̂2)ti2 + · · · +

∑om−1
i=0 ami(t̂m)tim.

Proof If ỹ =
∑o1−1

i=0 a1i(t̂1)ti1 +
∑o2−1

i=0 a2i(t̂2)ti2 + · · · +
∑om−1

i=0 ami(t̂m)tjm is a generic
zero of dsat(A), then δo1

1 δo2
2 · · · δom

m ỹ = 0. So δo1
1 δo2

2 · · · δom
m y ∈ dsat(A), which implies that

prem(δo1
1 δo2

2 · · · δom
m y,A) = 0 by Theorem 3.4. For the other direction, assume that prem

(δo1
1 δo2

2 · · · δom
m y,A) = 0. Then δo1

1 δo2
2 · · · δom

m y ∈ dsat(A). If ỹ is a generic solution of dsat(A),
then δo1

1 δo2
2 · · · δom

m ỹ = 0. We claim that ỹ must be of the form ỹ=
∑o1−1

i=0 a1i(t̂1)ti1+
∑o2−1

i=0 a2i(t̂2)ti2
+ · · · + ∑om−1

i=0 ami(t̂m)tim and aij(t̂i) is a differentiable function in t̂i, where j = 0, 1, · · · , oi −
1, i = 1, 2, · · · , n. We use the inductive method to prove this claim. Indeed, it is easy to see
that δom

m ỹ = 0 implies that ỹ =
∑om−1

i=0 ai(t̂m)tim, where ai(t̂m) is a differentiable function
in t̂m. Then δo1

1 δo2
2 · · · δom

m ỹ = δo1
1 δo2

2 · · · δm−1
m−1(δ

om
m ỹ) = 0 implies that δm(δom−1

m ỹ) = δom
m ỹ =

∑o1−1
i=0 c1i(t̂1)ti1 +

∑o2−1
i=0 c2i(t̂2)ti2 + · · ·+∑om−1−1

i=0 cm−1,i( [tm−1)t
j
m−1 by induction, where cij(t̂i)

is a differentiable function in t̂i. So

δom−1
m ỹ =

o1−1∑

i=0

c′1i(t̂1)t
i
1 +

o2−1∑

i=0

c′2i(t̂2)t
i
2 + · · · +

om−1−1∑

i=0

c′m−1,i(
[tm−1)tim−1 + c′m,om−1(t̂m), (3)

where δmc′ij(t̂i) = cij(t̂i) and c′m,om−1(t̂m) is a differentiable function in t̂m. Then integral each
side of the equation (3) om − 1 times with respect to tm, we obtain that ỹ =

∑o1−1
i=0 a1i(t̂1)ti1 +
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∑o2−1
i=0 a2i(t̂2)ti2 + · · ·+ ∑om−1

i=0 ami(t̂m)tjm, where δ
om−1
m aij(t̂i) = c′ij(t̂i), i = 1, 2, · · · , m− 1, j =

0, 1, · · · , om − 1 and δ
om−1
m am,om−1(t̂m) = c′m,om−1(t̂m) and am,j(t̂m) is a differentiable function

in t̂m, j = 0, 1, · · · , om − 2. Then this lemma is proved.

Corollary 5.2 The generic zero of dsat(A) is a polynomial in t1, t2, · · · , tm if and only
if for i = 1, 2, · · · , m, there exists ai ∈ N such that prem(δai

i y,A) = 0.

5.2 First Order Differential Polynomials

Let f be an irreducible differential polynomial in F{y} of the form below:

f(y) =
∑

(α,β)∈N×No+1,
∑

βi≤D

cα,βtα1

o∏

i=0

(δi
1y)βi , (4)

where cα,β ∈ Q[t2, t3, · · · , tm] and D ∈ N. We want to decide whether there exists a j ∈ N such
that δj

1y is not invertible w.r.t. f . For i > 1, the discussion for δj
i y is similar.

By Lemma 4.1 and Lemma 5.1, δj
1y is not invertible w.r.t. f if and only if δj

1y ∈ dsat(f), or
equivalently f(y) = 0 has a generic solution that is a polynomial in t1 with coefficients being
differentiable functions in t2, t3, · · · , tm. Therefore, we need to give a method to find an upper
bound for N such that

ỹ =
N∑

i=0

ai(t̂1)ti1 (5)

is a solution of f = 0, where ai(t̂1) is a differentiable function in t̂1 = {t2, t3, · · · , tm}, i =
0, 1, · · · , N.

Definition 5.3 For f(y) given in (4), we set

ε(f(y)) = {P (α, β) = (α − β1 − 2β2 − · · · − oβo, β0 + β1 + · · · + βo : cα,β 
= 0}.

Define NP (f(y)) to be the convex hull of ε(f(y)) in R
2. In the rest of this paper, we use u and

v to represent horizontal and vertical axes of R
2, respectively.

Definition 5.4 Given f(y) in (4) and μ ∈ R, a line L(f, μ) in R
2 defined by u + μv = w

for some w ∈ R is called feasible for f(y) if NP (f(y))
⋂

L(f, μ) 
= ∅ and NP (f(y)) lies in the
left side of L(f, μ), which means that for any point (u0, v0) ∈ NP (f(y)), u0 + μv0 ≤ w.

Definition 5.5 Let f(y) be defined as in (4). We denote the vertexes of NP (f) from
the top-right to the right-most clockwisely as P1, P2, · · · , Pl, where Pi = (ui, vi). Then the line
PiPi+1, i = 1, 2, · · · , l−1, is denoted as li and its slope is vi+1−vi

ui+1−ui
< 0. We set si = −ui+1−ui

vi+1−vi
> 0,

for i = 1, 2, · · · , l − 1, s0 = +∞ and sl = 0, for l ≥ 2. If l = 1, set s1 = 0.

It is easy to see that

Lemma 5.6 We have s0 > s1 > · · · > sl−1 > sl ≥ 0 and the lines

L(f, δi) : u + δiv = ui + δivi, δi ∈ [si, si−1), i = 1, 2, · · · , l − 1

are all the feasible lines for f(y) and their slopes are negative.
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For Pi = (ui, vi) introduced in Definition 5.5, we define the polynomials

Φi(μ) =
∑

P (α,β)=(ui,vi)

cα,β(μ)β1
1 (μ)β2

2 · · · (μ)βo
o ∈ Q[t2, t3, · · · , tm, μ], (6)

where i = 1, 2, · · · , l and (μ)k = μ(μ− 1) · · · (μ− k + 1). Then Φi(μ) can be written as Φi(μ) =
∑li

j=1 aijMij , where aij is a polynomial in Q[μ] and Mij is a monomial in t2, t3, · · · , tm.

We first consider the case that ord(f) = 1. The following theorem gives a complete method
of deciding whether there exists a j ∈ N such that δj

1y is invertible w.r.t. f.

Theorem 5.7 Assume that f(y) =
∑

(α,β)∈N×N2 cα,β0,β1t
α
1 yβ0(δ1y)β1 and P1, P2, · · · , Pl

and s1, s2, · · · , sl are defined as in Definition 5.5. Then Φi in (6) becomes

Φi = cui,vi,0 + cui+1,vi−1,1μ + · · · + cui+vi,0,viμ
vi =

li∑

j=1

aijMij 
= 0, (7)

where Mij ∈ Q[t2, t3, · · · , tm] and aij ∈ Q[μ]. If there exists an n ∈ (si, si−1)
⋂

N such that
aij(n) = 0, j = 1, 2, · · · , li we denote ηi to be the maximal number satisfying the condition.
Otherwise, set ηi = si. Let M be the first positive integer in the sequence η1, η2, · · · , ηl. If such
an M exists and (5) is a solution of f = 0, then N ≤ M . Otherwise, let M = −1 and f(y) = 0
has no solution of the form (5).

Proof If such an M exists, then ∃i0 ∈ {1, 2, · · · , l} such that M = ηi0 ∈ [si0 , si0−1).
Suppose that there is a number μ0 ∈ N such that M < μ0 and ỹ = aμ0t

μ0
1 +aμ0−1t

μ0−1
1 + · · ·+a0

is a solution of f(y) = 0, where ai is a function in t2, t3, · · · , tm and aμ0 
= 0. Then μ0 must be
in [si, si−1) for some i ≤ i0. Substitute ỹ into f(y) and we have

f(ỹ) =
∑

cα,β0,β1t
α
1 (aμ0t

μ0
1 +aμ0−1t

μ0−1
1 +· · ·+a0)β0(μ0aμ0t

μ0−1
1 +(μ−1)aμ0−1t

μ0−2
1 +· · ·+a1)β1 .

The leading term in the expansion of cα,β0,β1t
α
1 yβ0δ1y

β1 in f(ỹ) is

cα,β0,β1a
β0+β1
μ0

μβ1
0 t

α−β1+μ0(β0+β1)
1 .

If we choose the maximal number in {α−β1 +μ0(β0 +β1) : cα,β0,β1 
= 0}, denoted by u0 +μ0v0,

where u0 = α − β1, v0 = β0 + β1 for some cα,β0,β1 
= 0. Then u + μ0v ≤ u0 + μ0v0, for any
(u, v) ∈ ε(f). So we can define the line L(f, μ0) : u + μ0v = u0 + μ0v0, which is feasible for
f(y). Because μ0 ∈ [si, si−1), (u0, v0) = (ui, vi) or (ui+1, vi+1). Then we consider the coeffi-
cient of tu0+μ0v0

1 in the expansion of f(ỹ): H =
∑

α−β1+μ0(β0+β1)=u0+μ0v0
cα,β0,β1μ

β1
0 aβ0+β1

μ0
=

∑
(α−β1,β0+β1)∈L(f,μ0)

cα,β0,β1μ
β1
0 aβ0+β1

μ0
, and it must be zero. Now we consider two cases.

1) If there exists only one vertex (u0, v0) ∈ L(f, μ0)
⋂

NP (f), then H can be written as
H =

∑v0
k=0 cu0+k,v0−k,kμk

0av0
μ0

= av0
μ0

Φi(μ0). So μ0 must be a positive integer such that Φi ≡ 0,
which implies aij(μ0) = 0, j = 1, 2, · · · , l1. Thus, if i < i0, we have M < μ0 ≤ ηi ∈ N, a
contradiction to the choice of m. Otherwise, i = i0 implies M ≥ μ0, a contradiction to the
choice of μ0.

2) If L(f, μ0)
⋂

NP (f) is an edge of NP (f), μ0 = si. If i = i0, μ0 = si0 ≤ M < μ0, a
contradiction. If i < i0, M < μ0 ≤ ηi ∈ N, a contradiction to the choice of M .

As a direct consequence, we have



CHARACTERISTIC SET METHOD FOR LAURENT SYSTEMS 73

Corollary 5.8 Let f be an irreducible differential polynomial of order 1 in the ordinary
differential ring F{y} (m = 1). Then we can decide whether f is Laurent regular.

Example 5.9 Assume that f(y) = t21δ
2
1y − 3t1δ1y + 3y − 3t22 is a partial differential

polynomial in Q(t1, t2){y}. Then ε(f) = {(0, 1), (0, 0)} and NP (f) is a segment connecting
two points in ε(f). Then P1 = (0, 1), P2 = (0, 0), s0 = +∞, s1 = 0 and Φ1 = μ2 − 4μ + 3. We
have η1 = 3 and η2 = 0. By Theorem 5.7, an upper bound for the degrees of the polynomial
solutions of f(y) = 0 is 3. Because prem(δ4

1y, f) = 0, δ4
1y is not invertible w.r.t. f . Thus f is

not a Laurent regular polynomial. A generic solution of f(y) = 0 is a3(t2)t31 + a1(t2)t1 + t22,
where a3(t2) and a1(t2) are arbitrary differential functions in t2.

Example 5.10 Assume that f(y) = t22(δ1y)2 − 2t2δ1y − 4y + 4t1 is a partial differential
polynomial in Q(t1, t2){y}. Then ε(f) = {(−2, 2), (−1, 1), (0, 1), (1, 0)} and NP (f) is given
in Figure 1. Then P1 = (−2, 2), P2 = (0, 1), P3 = (1, 0), s0 = +∞, s1 = 2, s2 = 1, s3 = 0 and
Φ1 = μ2t22,Φ2 = −4,Φ3 = 4. We have η1 = 2, η2 = 1, η3 = 0. By Theorem 5.7, an upper bound
for the degrees of the polynomial solutions of f(y) = 0 is 2. Because prem(δ3

1y, f) 
= 0, δi
1y is

invertible w.r.t. f , for any i ∈ N.

−2 −1.5 −1 −0.5 0.5 1

0.5

1

1.5

2

u

v

Figure 1 NP (f) for f in Example 5.10

5.3 Higher Order Differential Polynomial

We now consider the general case and a partial solution is given to decide whether δj
1y is

not invertible w.r.t. a given f .

Theorem 5.11 For f(y) ∈ F{y} of order o as defined in (4),

Φ1(μ) =
∑

P (α,β)=(u1,v1)

cα,β(μ)β1
1 (μ)β2

2 · · · (μ)βo
o =

l1∑

j=1

a1jM1j .

Use the notations in Definition 5.5. Then
1) If Φ1 is not the zero polynomial and l ≥ 2, let M ∈ [s1, +∞) be the maximal integer such

that a1j(M) = 0, j = 1, 2, · · · , l1. Assume that f = 0 has solution of the form (5). If such a
number exists, then N ≤ M . Otherwise, N ≤ M = �s1�.
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2) If Φ1 is not the zero polynomial and l = 1, let M be the maximal integer root of a1j(μ), j =
1, 2, · · · , l1 in (0, +∞). If such a number exists and f = 0 has solutions of the form (5), then
N ≤ M . Otherwise, f = 0 has no solutions of the form (5).

3) If Φ1 ≡ 0 and l ≥ 2, let M = �s1�. If prem(δM+1
1 y, f) = 0, then f(y) = 0 has solutions

of the form (5) with N ≤ M + 1.

Proof 1) If M1 ≥ s1 and ỹ =
∑M1

i=0 ait
i
1 is a polynomial solution of f(y) = 0 with aM1 
= 0

and ai are functions in t2, t3, · · · , tm, then u1 +M1v1 > u+M1v for any (u1, v1) 
= (u, v) ∈ ε(f).
Indeed, from the line L(f, s1) : u + s1v = u1 + s1v1, we have u + s1v ≤ u1 + s1v1, for any
(u1, v1) 
= (u, v) ∈ ε(f). Then u1 + M1v1 = u1 + s1v1 + (M1 − s1)v1 ≥ u + s1v + (M1 − s1)v1 >

u+s1v+(M1−s1)v = u+M1v, for any (u1, v1) 
= (u, v) ∈ ε(f). So as in the proof of Theorem 5.7,
the leading term of f(ỹ) is

∑
P (α,β)=(u1,v1) cα,β(M1)

β1
1 (M1)

β2
2 · · · (M1)βo

o av1
M1

tu1+M1v1
1 . Because

f(ỹ) = 0 and aM1 
= 0, we have

Φ1(M1) =
∑

P (α,β)=(u1,v1)

cα,β(M1)
β1
1 (M1)

β2
2 · · · (M1)β0

o =
l1∑

j=1

a1j(M1)M1j = 0.

So if a11(μ), a12(μ), · · · , a1l1(μ) have no positive integer roots larger than s1, the degree of the
solutions which are polynomials in t1 of f(y) = 0 is not larger than s1. Otherwise, the number
M exists and we have M1 < M by the choice of M.

2) t = 1 implies that L(f, δ) : u + δv = u1 + δv1, 0 < δ < +∞ are all the feasible lines and
L(f, δ)

⋂
NP (f) = {(u1, v1)}, which means that for any (u′, v′) ∈ NP (f), (u′, v′) 
= (u1, v1)

and we thus have u′ + δv′ < u1 + δv1. Then if y′ =
∑N

i=0 ait
i
1 is a solution of f(y) = 0, where

aN 
= 0 and ai are functions in t2, t3, · · · , tm, substituting y′ into f(y) and we have that the
leading term of f(y′) is av1

N Φ1t
u1+Nv1
1 . So Φ1(N) ≡ 0, which means a1j(N) = 0. Because Φ1 is

not the zero polynomial, we have N ≤ M.

Note that Case 3) is trivial.

5.4 Complexity Analysis

From Theorems 5.7 and 5.11, we can find a bound O in certain cases such that δO
1 y1 is

invertible w.r.t f if and only if prem(δO
1 y1, f) 
= 0. In this section, we estimate the complexity

of computing prem(δO
1 y1, f). We need the following lemma.

Lemma 5.12 (see [33], Lemma 26) Let A = {A1, A2, · · · , Ap} be a triangular set in a
polynomial ring F [y1, y2, · · · , yn]. Set M = maxi{deg(Ai)}. Then for any f ∈ F [y1, y2, · · · , yn],
deg(f) = D, the pseudo-remainder r of f w.r.t. A can be computed with at most [2(D+1)n(M +
1)n(p+1)]2.376 F-arithmetic operations and the degree of r is bounded by (M + 1)p(D + 1).

The following theorem gives the complexity of computing the pseudo remainder of one
differential polynomial w.r.t another one.

Theorem 5.13 Let f, g ∈ F{y}. Set D = deg(f), O = ord(f), M = deg(g), o =
ord(g) and Ô = max{o, O}. Then prem(f, g) can be computed at most 22.376[(D + 1)(M +

1)(
Ô−o+m

m )+1]2.376(Ô+m
m ) F-arithmetic operations and its degree is bounded by (M+1)(

Ô−o+m
m )(D+

1).
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Proof Let G = g, θ1g, · · · , θsg be a chain under a fixed orderly ranking with ord(θsg) ≤ Ô,
where θ1, θ2, · · · , θs ∈ Θ . Note that deg(θig) = deg(g) for each i. Then s ≤ (

Ô−o+m
m

) − 1 and

the number of the set {u ∈ Θ(Y) : ord(u) ≤ Ô} is
(
Ô+m

m

)
. Since prem(f, g) = prem(f, G), by

Lemma 5.12, the remainder of f w.r.t. G is of degree bounded by (M +1)(
Ô−o+m

m )(D +1). And
it can be computed with at most

22.376[(D + 1)(M + 1)(
Ô−o+m

m )+1]2.376(Ô+m
m )

F -arithmetic operations.
The complexity is high because the number of variables and the number of differential poly-

nomials in G = {g, θ1g, θ2g, · · · , θsg} is large due to the existence of the the partial differential
operators. As a direct consequence, we have

Corollary 5.14 Let g ∈ F{y} with M = deg(g) and o = ord(g). For θ ∈ Θ and ord(θ) =
O ≥ o, prem(θy, g) can be computed at most 22.376[2(M + 1)(

O−o+m
m )+1]2.376(O+m

m ) F-arithmetic

operations and its degree is bounded by 2(M + 1)(
Ô−o+m

m ). Moreover, if g ∈ F [y, δ1y, · · · , δo
1y],

then prem(δO
1 y, g) can be computed at most 22.376[2(M + 1)(O−o+2)]2.376(O+1) F-arithmetic

operations and its degree is bounded by 2(M + 1)O−o+1.

6 Conclusion

In this paper, we present a Ritt-Wu characteristic set method for Laurent partial differential
polynomial systems. We define the concept of Laurent differential regular chains and prove that
a Laurent differential chain A is a characteristic set of ldsat(A) if and only if A is Laurent regular
and coherent. Then we show that deciding whether an irreducible, coherent and regular chain
is Laurent regular can be reduced to deciding whether a univariate irreducible differential chain
is Laurent regular. For an irreducible differential chain A in the univariate polynomial ring
F{y}, we show that deciding whether δj

1y is invertible w.r.t. A can be reduced to deciding
whether δj

1y is invertible w.r.t an irreducible differential polynomial. In the case of first order,
we give a complete method of deciding whether δj

1y is invertible w.r.t. f . In the general case,
we give a partial method of deciding whether δj

1y is invertible w.r.t. f .
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