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1. Introduction

The Hermite normal form (abbr. HNF) is a standard representation for matrices over principal ideal domains such as
7Z and Q[x], which has many applications in algebraic group theory, integer programming, lattices, linear Diophantine
equations, system theory, and analysis of cryptosystems [5,17,21]. Efficient algorithms to compute HNF have been stud-
ied extensively until recently [2,5,9,15,17,22-24]. Note that Z[x] is not a PID and a matrix over Z[x] cannot be reduced to
an HNF. In [12,13], the concept of generalized Hermite normal form (abbr. GHNF) is introduced and it is shown that any
matrix over Z[x] can be reduced to a GHNF. Furthermore, a matrix F = [fq,...,fs] € Z[x]"*S is a GHNF if and only if the
set of its column vectors ff = {f;,...,fs} forms a reduced Grébner basis of the Z[x]-module generated by f in Z[x]" under
certain monomial order. Similar to the concept of lattice [5], a Z[x]-module in Z[x]" is called a Z[x]-lattice which plays the
same role as lattice does in the study of binomial ideals and toric varieties [7]. For instance, the decision algorithms for
some of the major properties of Laurent binomial difference ideals and toric difference varieties are based on the computa-
tion of GHNFs of the exponent matrices of the difference ideals [12,13]. This motivates the study of efficient algorithms to
compute the GHNFs.

The reduced Grobner basis for a Z[x]-lattice can be computed with the Grobner basis methods for modules over rings
[6,16,19]. However, such general algorithms do not take advantage of the special properties of Z[x]-modules and do not
have a complexity analysis. Also note that the worst case complexity of computing Grobner bases in Q[x1, ..., x,] is double
exponential [20].
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The main contribution of this paper is to give an algorithm to compute the GHNF of a matrix F € Z[x]"*® or the reduced
Grobner basis of the Z[x]-lattice generated by the column vectors of F, which is both practically efficient and has polynomial
bit size computational complexity. The algorithm consists of three main ingredients.

The first ingredient comes from the powerful idea in Faugére’s F4 algorithm [11] and the XL algorithm [8] of Courtois
et al. To compute the Grébner basis of the ideal generated by p1,..., pm € Q[X1,...,Xy], these algorithms apply efficient
elimination algorithms from linear algebra to the coefficient matrix of x’j pi for certain k. Although the F4 algorithm can
not improve the worst case complexity, it is generally faster than the classical Buchberger algorithm [4]. In this paper, to
compute the GHNF of F =[fy, ..., ] € Z[x]"*S with columns f;, due to the special structure of the Grébner bases in Z[x],
we design a novel method to do certain prolongations x*f; such that the sizes of the coefficient matrices of those x*f; are
nicely controlled.

The second ingredient is a nice estimation for the degree and height bounds of the polynomials in the GHNF G €
Z[X]"S of F € Z[x]"™*™. We show that the degrees and the heights of the key elements of G are bounded by nd and
6n3d%(h + 1 + log(n®d)), respectively, where d and h are the maximal degree and maximal height of the polynomials in F,
respectively. Furthermore, we show that G = FU for a matrix U € Z[x]™*" and the degrees of the polynomials in U are
bounded by a polynomial in n, d, h, which is a key factor in the complexity analysis of our algorithm. Note that the degree
bound also depends on the coefficients of F. The bounds about the GHNF are obtained based on the powerful methods
introduced by Aschenbrenner in [1], where the first double exponential algorithm for the ideal membership problem in
Z[x1,...,X]) is given. In order to find the degree and height bounds for the GHNF, we need to find solutions of linear
equations over Z[x], whose degree and height are bounded. Due to the special structure of the Grobner basis in Z[x], we
give better bounds than those in [1].

The third ingredient is to use efficient algorithms to compute the HNF for matrices over Z. The computationally dominant
step of our algorithm is to compute the HNF of the coefficient matrices of those prolongations xf; obtained in the first
ingredient. The first polynomial-time algorithm to compute HNF was given by Kannan and Bachem [17] and there exist
many efficient algorithms to compute HNFs for matrices over Z [5,9,23,24] and matrices over Q[x] [2,15,22]. Note that
the GHNF for a matrix over Z[x] cannot be recovered from its HNF over QQ[x] directly. In the complexity analysis of our
algorithm, we use the HNF algorithm with the best bit size complexity bound [23].

The algorithm is implemented in Magma and Maple and their default HNF commands are used in our implementation.
In the case of Z[x], our algorithm is shown to be more efficient than the Grébner basis algorithm in Magma and Maple. In
the general case, the proposed algorithm is also very efficient in that quite large problems can be solved.

The rest of this paper is organized as follows. In Section 2, we introduce several notations for Grébner bases of Z[x]
lattices. In Section 3, we give degree and height bounds for the GHNF of a matrix over Z[x]. In Section 4, we give the
algorithm to compute the GHNF and analyze its complexity. Experimental results are shown in Section 5. Finally, conclusions
are presented in Section 6.

2. Preliminaries

In this section, some basic notations and properties about Grobner bases for Z[x] lattices will be given. For more details,
please refer to [6,12,16].

For brevity, a Z[x] module in Z[x]" is called a Z[x] lattice. Any Z[x] lattice L has a finite set of generators {f;,...,f;} C
Z[x]" and this fact is denoted as L = (f1, ..., f)zp. If fi = [f1i, ..., fail®, then we call M =[fy, ..., f] =[fi jlnxs @ matrix
representation of L = (fy,...,f5)zpq. If n=1, M is called a polynomial vector.

A monomial m in Z[x]" is an element of the form x"ef € Z[x]", where k € N, and e; is the canonical i-th unit vector in
Z[x]". A term in Z[x]" is a product of an integer a € Z and a monomial m, that is am. The admissible order < on monomials
in Z[x]" can be defined naturally: x*e; < xﬂej ifi<jori=jand o <. The order < can be naturally extended to terms:
ax*e; < bxPe; if and only if x*e; < xPe; or i = j, @ = B and |a] < |b|.

With the admissible order <, any non-zero f € Z[x]" can be written in a unique way as a Z-linear combination of
monomials,

N
f=Y cm,
i=1

where ¢; #0 and m; < my < --- < m,. We define the leading coefficient, leading monomial, and leading term of f as LC(f) = cs,
LM(f) = mg, and LT(f) = c;my, respectively.

The order < can be extended to elements of Z[x]" in a natural way: for f, g € Z[x]", f < g if and only if LT(f) < LT(g). We
will use the order < throughout this paper.

For two terms ax“e; and bxﬂej in Z[x]" with b # 0, ax*e; is called {bxﬁej}-recluced if one of the following conditions is
valid: i# j;i=jand ¢ <B; ori=j, @« > B, and 0 <a < |b|. For any f, g € Z[x]" with g+# 0, f is called g-reduced if any
term of f is LT(g)-reduced. If f is not g-reduced, then by the reduction algorithm for the polynomials in Z[x] [19], one can
compute a unique r and a quotient q € Z[x] such that r =f — qg is g-reduced and is denoted as r = eI fis g-reduced,
then set f° to be f. For f e Z[IX]" and G = [g1,...,8nm] € Z[x]™™ with g < ... < gn, f is called G-reduced if every term
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of f is LT(g;)-reduced for i=1,...,m. Let rpyy =fand for i=m,m—1,...,1, set r; =T;; ;. Denote 1 :fc and say f is
reduced to r; by G.

Definition 2.1. Let f, g € Z[x]", LT(f) = ax’e;, LT(g) = bx’ej, s <k. Then the S-vector of f and g is defined as follows: if i # j
then S(f, g) = 0; otherwise

f— 4xk=sg, ifbla;
Sf.g) =1 2f—x"g, ifalb; (1
uf + vxk—sg, ifatb and b{a, where gecd(a, b) =ua + vb.

If n =1, the S-vector is called S-polynomial, which is the same with the definition in [16].

Definition 2.2. A finite set G C Z[x]" is called a Grobner basis for the Z[x] lattice L generated by G if for all f € L, there
exists g € G, such that LT(g)|LT(f). A Grobner basis G is called reduced if for any g € G, g is G\ {g}-reduced. A Grobner basis
G is called minimal if for any g € G, LT(g) is G \ {g}-reduced.

It is easy to see that G is a Grobner basis if and only if EG =0 for any g € (G)z[x. The Buchberger criterion for Grébner
basis is still true: G is a Grobner basis if and only if S(f, g)G =0 for all f, g € G. Grobner bases in this paper are assumed to
be ranked in an increasing order with respect to the admissible order <. That is, if G = {g1, ..., 8} is a Grobner basis, then
g1 < ... < gs. To make the reduced Grobner basis unique, we further assume that LC(g;) > 0 for any g; € G.

We need the following property from [12] for Grébner bases in Z[x].

Proposition 2.3. Let B = {b1, . .., by} be the reduced Grébner basis of a Z[x) module in Z[x], by < - - - < by, and LT(b;) = c;x% e N[x].
Then

1. 0<di <---<d.
. Ck|---lcrand ¢ £ cipq for1 <i<k—1.
3. g—l‘;|bifor1 <i < k. Moreover, if by is the primitive part of b1, then b1|b;, for 1 <i <k.

N

This proposition also applies to the minimal Grébner bases. Here are three Grobner bases in Z[x]: {2, x}, {12, 6x+6, 3x* +
3x, x3 + %%}, {9x +3,3x% +4x +1).

For a polynomial set F ={f1,..., fm} in Z[x], we denote by Content(F) the GCD of the contents of f; and Primpart(F) =
gcd(F)/Content(F) the primitive part of F. Now, we give a refined description of Grobner bases for ideals in Z[x] [18].

Proposition 2.4. G = {g1, ..., g} with deg(gy) < --- < deg(gp) is a minimal Grébner basis of (f1, ..., fm) in Z[x] if and only if
g1 =aby---by_181, gy =ahy gy, and g; = ab; ---by_1h;g1,2 <i <n — 1, such that

i) a = Content(fy,..., fm);
ii) g1 =Primpart(f1,..., fm);
111) h; € Z[x] is monic with degree dj, and 0 < dy < --- < dp;
iv) b; € Z,b; # 1, and hi11 € (hi, bi_1hi—1,...,b3 ...b,-,1h2,b1 ...bj_1),for1 <i<n-—1,whereh; =1.

Next, we introduce the concept of generalized Hermite normal form. Let

c11 ... 1 [] C1 11+] e e e

Cr1,1 Crl Iy Crl I1+1 - e e e
0 Cryi41.1 - Cryq1,ly v o

C=1 0 0 ooy - ﬁﬁf - ()

Cry1 e Cr2_[2 ......
0 .. 0 0 0 -0 cr_ 1+1 1 Cre_q+10p
0 .. 0 0 0 .. 0 CrtJ Cre lg nxm

whose elements are in Z[x]. It is clear that n =r; and m = Zf:1 l;. Assume
I 17} L.
Ci,j = Ci,j,0X™ + -+ +Ci jdy>

and assume ¢; j o > 0. Then the leading term of ¢, j is cri,jioxdfivjerl., where ¢, j is the (I; + --- +1i_1 + j)-th column of .
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Definition 2.5. The matrix % is called a generalized Hermite normal form (abbr. GHNF) if it satisfies the following condi-
tions:

1) 0<dy 1 <dyp<---<dy for any i.
2) cry g0l ---ler 2,006,010

dr. o —dr i Cri,j1,0
3) S(Cr,jy, € jp) =X TERTNRIC, § — =

Cr,.j, can be reduced to zero by the column vectors of the matrix for any
Cri,j2,0
1<i<t,1<ji1<j2=<l

4) ¢, j is reduced with respect to the column vectors of the matrix other than ¢, j, forany 1 <i<t, 1<j<lI;.
We have the following result [12].

Theorem 2.6. {f;, ..., fs} C Z[x]" is a reduced Grobner basis under the monomial order < and f; < f; < ... < fs if and only if the
polynomial matrix [fy, ..., fs] is a GHNF.

3. Degree and height bounds for the GHNF

We first give some notations. Let f € R[x], where R is a subring of C. Denote by |f| the maximal absolute value of the
coefficients of f. Let height(f) =log|f|, with height(0) =0. For F ={fy, ..., fm} C R[x], let deg(F) = max;<j<y deg(f;) and
height(F) = maxj<j<m height(f;).

For a prime p € Z, let Z(p be the local ring of Z at (p). For a = up' € Z where u is a unit in Zy), let vp(a) =t be the
p-adic valuation. Let Z(p) be the completion [1,10] of Zy) and Z(p)[x] the polynomial ring with coefficients in Z(p) Denote
by Z(p)(x) the completion of Z(p) [x] [1,10].

For any subring R of C or Z(p) and fy,...,fs in R[x]", let (f1,...,f5)rx) De the R[x] module generated by fi,...,fs in

R[x]".
3.1. Degree and height bounds in Z[x]

In this section, we give several basic degree and height bounds in Z[x]. By the extended Euclidean algorithm, we have

Lemma 3.1. Let k be a field, f1,..., fm € k[x], and d = max1<ij<;, deg(f;). Then there exist g1, ..., gn € k[x] with deg(g;) < d for
any i, satisfying ged(f1, ..., fm) = fig1+ -+ fim&m-

In this section, we assume f1,..., fm € Z[X], d = maXi<j<m deg(f;), and h = height(fi, ..., fm), unless specified other-
wise explicitly.

Lemma3.2.1f1 e (f1,..., fm)q, then 8§ = f1g81+ -+ fm&m for some § € Z\ {0} with height(§) < d(2h +log(d + 1)) and some
g1, ..., 8m € Z[x] with degree < d. In this case, the height of the GHNF of [ f1, ..., fm] is <d(2h + log(d + 1)).

Proof. By Lemma 3.1, we have 1= fiuq +--- + fmlm, where u; € Q[x] of degree < d. Assume f; = ajg + - - - + ajgx?, uj=

bjo+---+bj4-1x"1. Then we have the matrix equation Ab=[1,0,...,0]° € Z*, where A =[Aq,..., An] with
aio
ai1 4o
Aj = :
ai d aio
Qid / 2dxd
fori=1,...,m,and b=[b1,0,....b1.4-1,---, Dm0, .-, bma-11" € QM. Let t =rank(A) < 2d. By the Cramer’s rule, § can

be bounded by the nonzero t x t minors of A. By the Hadamard’s inequality, we have 0 < § < ((d + 1)a®)?, where a =
max; j |ajj|. So height(8) < d(2h +log(d + 1)). In this case, § € (f1, ..., fm)zx. Hence, the height of GHNF of [f1, ..., fi] is
< height(8). O

The following lemma is given by Gel'fond [14] and a simpler proof can be found in [25, p. 178].

Lemma 3.3. Let P and P, be two monic polynomials in C[x), such that deg(P1) +deg(P3) = d. Then | P1||P2| < (d+1)1/224|P{ P,|.
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The following lemma gives a height bound for the gcd in Z[x].
Lemma 3.4. Let f1, ..., fm € Z[x] and g = gcd(f1, ..., fm) in Z[X]. Then the height of g is bounded by % log(d + 1) +dlog2 + h.

Proof. Since g = gcd(f1,..., fm) is in Z[x], for each i =1,...,m, there exists a g; € Z[x] such that gg; = f;. Let g’ =
g/LC(g) and g{ = gi/LC(gi). Then f/ = fi/LC(f;) = fi/LC(g)LC(g) and |fi| = |f/|ILC(fi)|. Let d; = deg(f;). By Lemma 3.3,
we have |g/||g]| < (d; + 1)1/22%]f]| for each 1 <i <m, where d; = deg(f;). Then |g||gi| = [LC(9)LC(g)IIg'lIg/| < (di +
1)1/22% |LC(g)LC(g) | f{] = (di + 1)!/22%| f;|. We have

height(g) < height(g) + height(g;)

1
< 3 log(d; + 1) + d;log 2 + height(f;) for any i 3)

1
filog(d+l)+dlog2+h. ]

Remark 3.5. By equation (3), we have height(f;/g) < % log(d + 1) +dlog2 + h for any i.
We now give the degree and height bounds for the GHNF in Z[x].

Lemma 3.6. Let fq,..., fm € Z[X] and [g1, ..., g&] the GHNF of [ f1, ..., fm]. Then deg(g;) < d and height(g;) < 2d + 1)(h +
dlog2 + log(d + 1)).

Proof. Obviously, the degree bound of the GHNF in Z[x] is d by the procedure of the Grobner basis computation. Let g =
gcd(f1,..., fm) in Z[x], then, [g1/g,...,8&s/g] is the GHNF of [f1/g, ..., fm/g]. By Lemma 3.4 and Remark 3.5, height(g)
and height(f;/g) are both < %log(d + 1) +dlog2 + h. Moreover, 1 € (f1/8,..., fm/8qix- By Lemma 3.2, height(g;/g) <

d(Z(% log(d + 1) +dlog2 + h) + log(d + 1)) = 2d(h + dlog2 + log(d + 1)). So, height(g;) < 2d(h + dlog2 + log(d + 1)) +
$log(d+1) +dlog2+h < (2d + 1)(h + dlog2 + log(d + 1)). O

Finally, we consider an effective Nullstellensatz in Z)[x], whose proof follows that of Lemma 6.4 in [1].

Lemma3.7.If1 € (fy1,..., fm)Z(leJv then there exist hy, ..., hy € Zp[X] of degree at most 3d2(2h + log(d + 1))/ log p such that
1= fih1+- -+ fmhm.

Proof. Suppose 1€ (fy,..., fm)Z(p)[X], then 1€ (f1,..., fm)ouy- By Lemma 3.2, there exist § € Z \ {0} with height <d(2h +
log(d + 1)) and g1, ..., gm € Z[x] with degrees < d satisfying

8= fig1+-+ fm&m. (4)

If § is a unit in Zp), then

1= f1(g1/8) + -+ + fimn(gm/9).

Let h; = g;/6 for i=1,...,m. Then we have the required properties. Suppose that § is not a unit. Let it =v,(8) > 1. Clearly
we have 1€ (f1,..., fm)(Zp)/pZp))[x]. Then by the Extended Euclidean Algorithm, there exist rq, ...,y € Z[x] with

1—(fi++rmfm) € (D) Zp[X]
and deg(r;) <d for all j=1,...,m. So there exist s1, ..., Sm € Zp)[x] and s € (p*)Z)[x] such that

1—=(fis1+--+ fmSm) =s. (5)
We have deg(s;) < u(2d — 1) —d for all j; hence deg(s) < u(2d — 1). By equations (4) and (5), we have

1= fist+---+ fmSm +s= fih1 + -+ fmhm
with hj =s; 4 (s/8)g; € Zp)[x]. We have

deg(sgj) < pu(2d —1)+d < 3pud.
Since plog p < height(§) < d(2h + log(d + 1)), it follows that deg(h;) is bounded by 3d%(2h + log(d + 1))/logp. O
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Then we can give the degree bound for the global case.

Lemma 3.8.If 1 € (f1,..., fm)z[x, then there exist hq, ..., hym € Z[x] such that 1 = fihy + --- 4+ finhm, with deg(h;) < 3d2(2h +
log(d+1)) fori=1,...,m.

Proof. By Lemma 3.2, we have g1, ..., gn € Z[x] with degrees < d and é € Z satisfying

§=fig1+ -+ fm&m.
Let p1,..., px be all the prime factors of 8. Since 1€ (f1,..., fm)zx, we have 1 ¢ (fla---sfm)Z(p'.)[x]- By Lemma 3.7, there
exist h(lp"), .., h{P? € Z[x] with degrees < 3d?(2h + log(d + 1))/log p; and 8" € Z \ (p)Z satisfying 8P = flhgp") +o
fmh,(ﬁ"). Then there exist a,ay, ..., a, € Z satisfying

1=as+a;8PV + ... 4 qsPv.

Hence letting h; = ag; +01h§‘”) + ~-~+akh§p") e Z[x] for j=1,...,m, we get 1= fihy + --- + fmhm. From this, we can
easily get deg(h;) <3d®2(2h+log(d+1)) fori=1,...,m. O

3.2. Degree and height bounds for solutions to linear equations over Z[x]

Throughout this section, let F = (fj;) € Z[x]"*™, d = deg(F) the maximal degree of entries in F, and h = height(F) the
maximal height of elements in F. For any subring R of C, let

Solgpy(F) = {Y € RIX™ | FY =0}

which is an R[x]-module in R[x]™. Let r be the rank of F and F; the matrix consisting of r linear independent rows of F.
Then, Solg[x(F) = Solgx(F1). So, we assume F is of rank n unless mentioned otherwise in the rest of this section. In this
section, we will show that Solg[x(F) has a set of generators whose degrees and heights can be nicely bounded.

For a prime p, f =0, fux’ € Zp)(x) is called regular of degree s with respect to p, or simply, regular of degree s when
there is no confusion, if its reduction f € Z(p) (x)/pz(p) (x) is unit-monic of degree s, that is, fs # 0, and vp(fi) > 0 for all
i > s, where v is the p-valuation. Now we describe the Weierstrass Division Theorem for Z(p) (x) [1,3]:

Theorem 3.9. Let g Z(p) (x) be regular of degree s. Then for each f € Z(p) (x), there are uniquely determined elements q € Z(p) (x)
and r € Zp)[x] with deg(r) < s such that f =qg +.

Lemma 3.10. Solz(p) w0 (F) has a set of generators in Z[x]™ with degrees < nd.

Proof. Since F is of rank n, we have n <m. Let A be an n x n-submatrix of F with § = det(A) # 0 having the least
p-valuation among all the nonzero n x n minors of F. After permutating the unknowns of y1,---, ym in Fy =0, we may
assume A = (fij)1<i, j<n. Multiplying both sides of Fy =0 on the left by the adjoint of A, the system Fy =0 becomes

) Cln+l - Cim y1 0
: : =1 (6)
8 Cant1 - Cam Ym 0
where § and all the ¢;; are in Z[x] with degrees < nd. Note that, v,(c;j) > v,(8) for all i, j, by the choice of A. Let
—C1,n+1 —C1,m
—Cn,n+1 —Cn,m
vD = B sy = 0 ) (7)
O .
: 0
0 8

Then, Fv® =0fori=1,...,m—nand vV, ... v are in the Z(p)<x)—module Solz, oy (F)- Let L =vp(8). u® = p=ry®
fori=1,...,m—n. Then u® ... u™™ are also in Solz, (4 (F). Multiplying the equation (6) by p~*, we have By =0,
where
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£ dl,n+1 d],m
B = :

& dpnt1 -+ dom

and ¢ is regular of degree s for some integer s < nd. Clearly, the (n + i)-th element of u®) is s. Moreover, ¢ and all the djj
are in Z[x] with degrees < nd.
In the system Fy =0, let

fij=fijo+-+ fijex', yi=Yyjo+-+Yjna X"

for 1 <i<n, 1<j<m, where fijx € Zp) and yji are the new unknowns in Z(p) (x). The i-th equation in Fy =0 may then
be written as

K m
ZZfijl}’j,k—IZO, 0<k<(n+1)d,

1=0 j=1

where we put fij; =0 for [ >d and yj; =0 for [ > nd. Then we obtain a new system F’y’ =0, where F’ € Z("d(”+l))x<m"d)

Y =010, -+ Y1nd=1s - -» Ym0, - - - » Ym.nd—117, whose solutions in ZP) are in a one to one correspondence w1th the solutions
of Fy =0 in Z)[x] of degrees < nd. We have a set of finite generators for F’y’ =0, thus we have finitely many solutions

yO L yMD) ¢ Zpy[XI™ of Fy =0 such that each solution to Fy =0 of degree <nd is a Z(p) linear combination of
Yy Ly

We claim that the above u™, ..., u™=™ yM (M) generate the Zy)(x)-module Sol,, (x)(F). So Solz ., (F) can be
generated by elements in Z,)[x]™ of degrees <nd.

Now we prove the claim. Let w = [wq, ..., wn]* € Z(p)( \™ be e any solution to Fy = 0. Since ¢ is regular of degree s for
some integer s < nd, by Theorem 3.9, there exist Qp+1,...,Qm € Z(p)( y and Ry41,...,Rp € Z(p)[x] whose degrees are less
than s such that Rj=w;— Qjé for j=n+1,...,m. Let z=w — Qpp1uV — ... Q u™m =Thy, ... hy, Rug1, ..., Rml,
which is obvious a solution to By = 0. So we have ¢h; = —d; y11Rnt1 — -+ — dimRm for i=1,...,n. Since ¢,d;; are in
Z(p)[x] with degrees <nd and R; Z(p)[x] are of degrees < s, we have deg(h;) <nd for i =1,...,n. Hence deg(z) < nd,
therefore it can be expressed as the 2(p)[x] combination of y, ..., y™)_ Now it is clear that w is the Z(p)[x] com-
bination of u®, ..., u™m™m y® M) Hence Solg, | (F) as a Z(p) (x)-module can be generated by u»,... uMm="™,

yO L yM) g

In the proof of Lemma 3.10, if we choose A to be any n x n-submatrix of F whose determinant is nonzero, let . =0
and do the computations in Q[x], we can easily give the following lemma:

Lemma 3.11. Solgx (F) can be generated by elements in Z[x]™ of degrees < nd.
Now we describe Corollary 2.7 of [1] in our notations [1]:

Lemma 3.12. Let F be an n x m matrix over Zp[x]. If yV, ...,y € Z,)[x]™ generate the Q[x]-module Solgyy(F) and
zW .z e 7, [x]™ generate the Z ) (x)-module Sol, ) (F)- Then yD oy W,z zM) generate the Zp)[x]-module

SO]Z(,,)[X] (F).
By Lemmas 3.10, 3.11, and 3.12, we have the following corollary:
Corollary 3.13. Solz(p)[x] (F) can be generated by elements in Z[x]™ of degrees < nd.

We describe Lemma 4.2 of [1] in our notations as follows:

Lemma 3.14. Let M be a Z[x]-submodule of Z[x]™. For each maximal ideal (p) of Z, let u(l) .. u;,K") € M generate the
Z(py[x]-submodule M)z, 1x] of Zp[x]™. Then u“) .. ui,Kp), where (p) ranges over all maximal ideals of 7, generate the

Z[x]-module M.
We now give a degree bound for the solutions of linear equations over Z[x].

Corollary 3.15. Let F = (fjj) € Z[x]"™™ and d = deg(F). Then Solz, (F) can be generated by a finite set of elements whose degrees
are <nd.
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Proof. By Lemmas 3.13 and 3.14, we know that Solzjy(F) can be generated by elements whose degrees are < nd. Since
Solzx (F) C Z[x]™ and Z[x]™ is Noetherian, the set of generators must be finite. O

Remark 3.16. In results 3.10, 3.11, and 3.13, 3.15, if F is of rank r, then the generators can be bounded by rd.

In the rest of this section, we give height bounds for Solzx (F). By Remarks of Corollary 1.5 and Lemma 5.1 in [1], we
have the following result [1].

Lemma 3.17. Let A € Z™™, r = rank(A), and h = height(A). Then Solz(A) can be generated by m — r vectors whose heights are
bounded by 2r(h + logr + 1).

Let F = (fij) € Z[x]™™, d = deg(F), h = height(F), and F is of full rank. Then, we have

Theorem 3.18. Solzx (F) can be generated by vectors whose degrees are bounded by nd and heights are bounded by 2(n(n + 1)d +
n)(h +log(n(n+ 1)d +n) + 1).

Proof. By Corollary 3.15, Solzy(F) can be generated by elements of degrees <nd. Let [y1, ..., Ym]® € Solzx(F). Assume
fij = aijo + aijpx +--- + a,jdxd, yi=Yjo+yipx+---+ yj,ndx”d, where ajjx € Z, yji are indeterminants taking values in Z.
Then, Fy =0 can be written as the following matrix equation

Aq
: y/=07 (8)
An

Y =[¥10,---2 Yinds---» Ymos - -» Ymndl®» Ai =[Aits ..., Aiml(+1)d+1) x (m@nd+1))» and

aijo
aij1  dijo
A — :
Y dijd aijo
dGjd /' (n4-1)d+1) x (nd+1)
Aq
fori=1,...,n.50 | : |ezn@+Dd+tmxmmd+D) By [emma 3.17, we have that the equation system (8) can be generated

An

by vectors whose heights are bounded by 2(n(n + 1)d + n)(h +logln(n+ 1)d+n)+1). O

Remark 3.19. Let D = Z[x1,...,xy] and A € D™™ In [1], Aschenbrenner proved that Solp(A) has a set of generators whose
degrees and heights are bounded by (2nd)2N+D"=D and ¢, 2n(d + 1))N*+D°™ (h + 1), respectively, where C is a constant
only depending on A, d =deg(A), h = height(A). Setting N =1 in these bounds, we obtain the degree and height bounds
(2nd)? and C,(2n(d + 1))20m(h + 1), respectively. Due to the special structure of the Grobner basis in Z[x], our results are
much better than that of [1] in the Z[x] case.

Let F € Z[x]™*™, b € Z[x]™. Denote d = deg(F, b) = max(deg(F), deg(b)), h = max(height(F), height(b)). Similar to Theo-
rem 6.5 in [1], we have the following degree bound.

Theorem 3.20. If the system Fy = b has a solution in Z[x]™, then it has such a solution of degree < 3n2d?(hy + log(nd + 1)) +nd,
where hy =2(n(n+ 1)d +n)(h +log(n(n + 1)d +n) + 1).

Proof. By Theorem 3.18, there exist generators z(V, ..., z&) for the Z[x]-module of solutions to the system of (F, —b)z =0,

where z® = [zgk), . zf,’flﬂ’ is a vector of m + 1 unknowns, with deg(z®¥) <nd and

height(z¥) < 2(n(n + 1)d +n)(h + log(n(n + 1)d +n) + 1) = hy

for all k=1,..., K. For each k, let zr(,’;j_l € Z[x] be the last component of z¥). Clearly, Fy =b is solvable in Z[x] if and only
if1e (21(131"“’21(1121)' Moreover, if hi,...,hg are elements of Z[x] such that 1 = hﬂf,}jrl + .- +h1<z,(1.121, then [y, 1]* =

h1zW + ...+ hgz® is a solution to Fy =b. By Lemma 3.8, we have
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deg(hy) < 3n2d®(2hy + log(nd + 1)),
where hy = 2(n(n + 1)d +n)(h + log(n(n + 1)d 4+ n) + 1). It follows that deg(y) < 3n2d?(2hy + log(nd + 1)) +nd. O

3.3. Degree and height bounds in Z[x]"

In this section, we assume F = (fj;) € Z[x]"*™, d = deg(F), h = height(F), and F is of full rank. Let ¢ in (2) be the GHNF
of F. We will give degree and height bounds for %.

In our analysis of the complexity, only the degree and height bounds of c;, x, in the r;-th rows of & will be used. So, we
define deg(%) = max; , deg(cy, ;) and height(%’) = max; i, height(cy, x,). The following theorem gives the degree and height
bounds for the GHNF of F.

Theorem 3.21. We have deg(cy, ;) < (n—r; + 1)d and height(cy, ;) < 6(n—r;j+1)3d?(h+1+log((n—r; + 1)2d)) forany 1 <i <t,
1<j<l.

Proof. Without loss of generality, we need only to prove the theorem for r; =1, in which case deg(cqj) < nd and
height(c1) < 6n3d?(h + 1+ log(n?d)) for 1 < j <I;.

For any [a,O0,---,0]" € (F), which is the Z[x] lattice generated by the columns of F, there exists a u € Z[x]™, such that
[a,0,---,0]" = Fu and hence u € Solz,j(Fn—1), where F,_q is the last n — 1 rows of F. By Theorem 3.18, Solzjyj(Fn—1) can
be generated by polynomials of degrees < (n— 1)d and heights <h; =2(n(n—1)d+ (n—1))(h+log(n(n—1)d+ (n—1))+1),
say {(v(D, ..., v®)}. Then, [a,0,...,0]" € (F) can be generated by (FvD, ... Fv®} and deg(FvY) < nd and height(Fv)) <
h+hy. Let FvW =[t;,0,...,0]° for some t; € Z[x], 1 < j <s. Then, [c11, ..., ¢1,] is the GHNF of [t1, ..., ], and deg(t}) <
nd, height(t;) <h+ hi. By Lemma 3.6, we have deg(cy,j) <nd, i.e. deg(cy ;) <nd for 1 < j <I;. Moreover,

height(c1;)

< (2nd 4+ 1)(h + h1 +ndlog2 + log(nd + 1))

=2nd+1(h+2mn—1)d+ n—1)h+logn(n—Dd+n—1))+1)
+ndlog2 + log(nd + 1))

< (2nd + 1)(h 4 2n%d(h + log(n®d) + 1) + nd log 2 + log(n*d))

<6n’d®(h+1+logn’d)). O

Remark 3.22. Note that, since the last n —r; + 1 rows of F have rank t —i 4 1, by the above proof, we have deg(c;, ;) <
(t —i+ 1)d and height(cy, j) < 6(t — i+ 1)3d?(h + 1+ log((t — i + 1)2d)) where h = height(F), for 1 <i <t, 1< j <l

We have the following degree bound for the transformation matrix U, which satisfying 4’ = FU.

Theorem 3.23. Let F € Z[x]"*™, & be its GHNF, and U € Z[x]™*® the transformation matrix satisfying ¢ = FU. Then, deg(U) < D,
where D = 73n8d° (h + 1 + log(n?d)).

Proof. By Theorem 3.21, we have deg(cy, j) < (n — r; + 1)d, height(cy, j) < 6(n —r; + 1)3d?(h + 1 + log((n — r; + 1)2d)) for
i=1,...,t, j=1,...,l;. Denote by Uj, j the column vector of U, satisfying FU,, ; = [*,...,*,cri,j,o,...,O]T. Then Uy, ;
can be determined by Fy_, 11Uy, j=I[cy,j,0,...,0]", where F;_ 1 is the last n —r; + 1 rows of F. In Theorem 3.20, let
deg(F,b) = max; jdeg(F,cy, j) <nd, height(F,b) = max; jheight(F, ¢ j) < 6n3d?(h + 1+ log(nd)). Then we have deg(U) <
3n2d%(hy + log(nd + 1)) + nd, where hy = 2(n(n + 1) deg(F, b) + n)(height(F, b) + log(n(n + 1) deg(F, b) + n) + 1). First, we
have the following inequality:

hy =2(n(n + 1)deg(F, b) + n)(height(F, b) + log(n(n + 1) deg(F,b) +n) + 1)
<2m*n+ 1)d + n)(6n3d?(h + 1 + log(n*d)) + log(n®*(n + 1)d +n) + 1)
<24n%d3(h + 1 + logn?d) foranyn > 2. (9)

One can verify that the above inequality is still valid for n =1, in which case deg(F, b) <d and height(F, b) <d(2h + log(d +
1)) + 3 log(d + 1) + dlogd + h. So we have deg(U) < 3n?d?h; + 3n2d*log(nd + 1) +nd < 73n®d°(h + 1 + logn®d). O

We give an example to illustrate the main idea of the proof.
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1 X

Example 3.24. Let F = <6x3 +1 8¢

), and h = 3log2 = 3 the height of F, where we choose the logarithm with 2 as a

base.

If a = [ay, a]° with ay 0 is a column vector of %, then a; is an element of the GHNF of [6x> + 1, 8x2]. Thus, deg(ay) <
max(deg(6x3 + 1), deg(8x%)) = 3 and by Theorem 3.4, height(ay) < 4log2 +h=7.

If b =[by, 0]% with b; 0 is a column of %, then there exists a U = [ug, u3]? € Z[x]? satisfying

b1 =uy +xuy

b=FU, i.e. { 3 5
0= (6x" 4+ 1)us + 8x“uy

Let g1, ...,gs be the generators of the solutions to 0 = (6x3 + 1)u; + 8x%u;. By Theorem 3.18, deg(g;) < 3 and height(g;) <

14(h+1log7+1). Thus, by is an element of the GHNF of [1, x]-[g1,...,8s] = [h1, ..., hs], where deg(h;) <4, and height(h;) <

28(h +log7 + 1) < 196. Hence, by Theorem 3.21, deg(b1) <4 and height(b1) < 432(h + 1 + log12) < 3456. Moreover, by

Theorem 3.23, we know that the degree bound for the transformation matrix is D = 4478976(h + 1 + log 12) < 35831808.
Actually, the solutions to 0 = (6x> + 1)uq + 8x2u; can be generated by [8x2, —(6x3 + 1)]7. Thus, by is in the GHNF of

[1,x] - [8x%, —(6x3 + 1)] = [—6x* 4 8x% — x]. The GHNF and the transformation matrix are

oo (6 =88 +x 38 -4 +5° —6 + 1) | _ —8x%  —4x®—6x3+1
B 0 1 e+ 3 +5xt

So for some examples, the bounds are far from optimal, and this is the reason we will give an incremental algorithm in
the next section to compute the GHNF.

4. Algorithms to compute the GHNF

In this section, we give an algorithm to compute the GHNF of F € Z[x]"*™. Roughly speaking, the algorithm works as
follows. We will compute the HNF G € Z** for the coefficient matrix of F and check whether a GHNF can be retrieved
from G. In the negative case, certain prolongations are done to G and the procedure is repeated. The key idea is how to do
the prolongation so that the sizes of the matrices G are nicely controlled.

4.1. HNF of integer matrix

In this section, we will introduce several basic results about HNF of an integer matrix, which will be used as the main
computational tool in our GHNF algorithm.

Definition 4.1. A matrix H = (h; j) € Z™™ is called an (column) HNF if there exists an r <m and a strictly increasing map
f from [r +1,m] to [1,n] satisfying: (1) for je[r4+1,m], h@y ;= 1, hij=0if i > f(j) and hyfy j > hfe =0 if k> j;
and (2) the first r columns of H are equal to zero.

Let A€ Z™™ and H™™ be the HNF of A. Then there exists a U € GLy,(Z) [5] such that

H=AU. (10)

Note that H is obtained from A by doing column elementary operations which are represented by the matrix U. We need
the following lemma [5] on the syzygy module of A.

Lemma 4.2. Let (10) be given and assume that the first r columns of H are the 0 columns of H. Then a Z-basis for the Z-module
Syz(A) ={Y € Z™| AY = 0} is given by the first r columns of U.

We will measure the cost of our algorithms in numbers of bit operations. We need the function M (k) = O (klogkloglogk)
which is the cost of multiplications and quotients of two integers a and b with |a, |b| < 2¥. We will give complexity results
in terms of the function B(k) = M(k)logk = O (k(logk)?(loglogk)). We use a parameter 6 such that the multiplication of
two n x n integer matrices needs O (n”) arithmetic operations. The best known upper bound for 6 is about 2.376.

The following result from [23] gives the complexity of computing HNF over Z.

Theorem 4.3. Let A € Z"™ with rank r and height h, and H be the HNF of A. Then height(H) < log 8 = r(% logr + h). The bit
complexity to compute H from A is O (mnr?=2 log M (loglog 8)/loglog B + mnB(log B) logr).
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4.2. The Z[x] case

In this section, we will show how to compute the GHNF in Z[x]. Throughout this section, let F =[f1,..., fim] be a
polynomial vector over Z[x], d = deg(F), and h = height(F). C € Z4+D*M s called the coefficient matrix of F if its columns
represent the polynomials in F such that

F =X4C, where X4 =[1,x,...,x%].

Let [0, H] € Z@+D*Mm he the HNF of C, where H € Z@+DxS contains no zero columns. Then, there is a unimodular matrix
U = [Uq, Uy] such that [0, H] =CU, 0 =CUq, and H = CU,. We call G = XzH the polynomial Hermite normal form (abbr.
PHNF) of F. For simplicity, we denote C = CMAT(F) and

G =PHNF(F) = X4H =X4CU;y = FU,. (11)

Let G =[g1,...,&s] € Z[x]'*5. From the definition of HNF, we have deg(g;) < deg(g>) < --- < deg(gs). We now give the
algorithm.

Algorithm 1 GHNF; (F).

Require: F=[fy,..., fm], fi € Z[x] and d = max; deg(f;).

Ensure: The GHNF, or the reduced Grobner basis, of F.

1: Let Go =PHNF(F) and k =0.

2: (loop) k=k+1.
Py = [Gk—1, XGg—1,d—11, where Gr_q g—1 is the set of polynomials in Gy_; with degrees <d — 1.
Gy = PHNF(Py).
If Gy # Gk—1, repeat Step 2.

3: Let Gy =1[g1,..-, gs] and R =[g1]. For j from 2 to s, if LC(g;_1) #LC(g;), R=RU({g;}.

4: Return R.

(For F=[f1,..., fm]l and G =[g1,..., gm], we use the notation [F, G]=[fi,..., fm:&1,--+s gml.)

Example 4.4. F = [6x3 + 3x% + 12, 6x3 + 3x2 + 6x, 6x> + 15x2, 6x> + 3x2].
Step 1: Go = PHNF(F) =[12, 6x, 12x%, 6x> + 3x2]. We have d = 3.
1-st loop: P1 =[Go, 12x,6x2,12x3], G = PHNF(P1) =[12, 6x, 6x2, 6x3 + 3x2].
2-nd loop: Py =[G1, 12x, 6x%, 6x3], Gy = PHNF(P;) = [12, 6x, 3x%, 6x°].
3-rd loop: P3 =[G>, 12x, 6x%, 3x3], G3 = PHNF(P3) = [12, 6%, 3x2, 3x°].
4-th loop: P4 =[G3, 12x, 6x2,3x3], G4 = PHNF(P4) = [12, 6x, 3x2, 3x>]. The loop is terminated.
Step 3: R =[12, 6x, 3x%] is the GHNF of F.

In the rest of this section, we will prove the correctness of the algorithm and give its complexity.

For a polynomial vector F =[fy,..., fm], we denote (F)z to be Z-module generated by the elements of F. If deg(f;) <
deg(f;) for all i < j, F is called a Z-Grobner basis for the following reason: if F is a Z-Grébner basis and f € (F)z, then
there exists an fi such that LT(fy)|LT(f), or equivalently, f can be reduced to zero by F over Z. Furthermore, if LT(f;) is
not a Z-factor of any monomial of f; for j #i, then F is called a reduced Z-Grébner basis. By Definition 4.1 and (10), we
have

Lemma 4.5. Let G = PHNF(F). Then (F)7 = (G)z and G is a reduced Z-Grdbner basis of (F)z.

In Step 2 of Algorithm GHNFy, if using the following “full” prolongation in the k-th loop, we have

Px =[Gy_1,XG_11, Gk = PHNF(Py), (12)

where 50 = Go. Due to (10), it is easy to check that
(Puz=(Gz=(FUKFli=1,....kDz. (13)

Remark 4.6. Note that {x'F|i = 1,...,k} in (13) are the standard prolongation used in the XL algorithm [8] or a naive
F4 style algorithm. The degree of Gy is d + k which increases with the loop number k, while the degree of G in Algo-
rithm GHNF; is always d, and this is the main advantage of our new prolongation. A key idea in the F4 algorithm and the
XL algorithm is that when k is large enough, a Grébner basis of F can be obtained by doing Gaussian elimination to the
coefficient matrix of P,. We will prove that this is also true for the “partial prolongation” Py in Step 2 of the algorithm.

Let G s and AGJk’S be the sets of polynomials in G and ak with degrees <'s, respectively. Denote gi j and gy ; to be the
polynomials in Gy and Gy with degree j, respectively. If there exist no such polynomials, gi j and gy j are set to be zero.
Clearly, g4 #0 and gy q4i#0 fori=0,... k.
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Lemma 4.7. We have LC(gy, d)lLC(gk d+1)| - |LC(8k.d+k) and for f € (ﬁk+l)z with | = deg(f), ifd <l <d-+k+ 1 then f €
(Crds XGr1—1)z; if | < d then f € (Gy.g, XCk d—1)z.-

Proof. For convenience, denote S; j = G, FLS; xG, kford—1<k<d+i—1.Since deg(S;ix) =k+1, Six C (5i+1)Z‘ and G,-H
is a Z-Grobner basis, we have S; ; C (G,H k+1)Z

We prove the lemma by induction on the number of loops. For k = 0, since xgo 4 is the only element in Py with degree
d+ 1, we have LT(g; 4+1) = LT(xZp 4)- As a consequence, if f € (P1)Z and deg(f) <d then f e (Spq4-1)z.If f € (Pl)Z and
deg(f) =d + 1, then it is obvious that f € (So.4)z = (PI)Z The lemma is proved for k=0.

Suppose the lemma is valid for k <i. By the induction hypothesis, since gii1 j € P,+1, we have Zit1,j € (Sij—1)z if
d<j<d+i+1and g1, € (Sig—1)z if j <d. We first assume that d < j <d +i. Since xg; j_1 is the only polynomial with
degree j in S;_1, we have

git1,j =Xgij—1+1i (14)

for some ; j € (Si,j—2)z C (Git1,j—1)z. Then, Lc(§i+l,j) = LC(E,',]'_O, and thus LC(§1+1’1)|LC(E1+1’j+1) for j=d+1,...,d+i
by the induction hypothesis. Moreover, since ;1.4 € (Si4—1)z and g; 4 and xg; 4_1 are the only polynomials in S; g4 with
degree d, we have LC(8j11.4)[LC(Z; 4). Then LC(gi11,4)ILC(it1.a+1) follows from LC(gi41.44+1) = LC(gi a). The first part of
the lemma is proved.

To prove the second part, we first show that if d <q<d+i+ 1, then

Zir1q€ Giv1.9-1,XGiv1,4-1)7- (15)
. ~ ~ LC Nl‘ .. ~ ~ ~ ~ .
Since LC(gi+1,q-1)ILC(gi+1,9), = L—c(-;if—qg is in Z. By (14), 8i+1,q — 0Xgi+1,g-1 = X(gi,g—1 — OX&i q—2) +li ¢ — axl; q—1. Since
deg(g, q-1— axgl q-2) <q—1, we have g; _1 —ax8i 42 € (G1+1 q—1)z. Also note [; j € (G1+1 j—1)z. Then (15) is proved Let
e (Pis2)z = Cisgarisns XCisr,aris)z With [ = deg(f). Using (15) repeatedly, we may assume f € (Gi+1.4.xCis1.5)z for
some s. Since deg(G1+1,d) d and deg(xG,ﬂ,S) =s+1,wehaves=1—1ifl>dand s=d—1if | <d, and the lemma is
proved. O

Lemma 4.8. We have Gy = Gk,d forany k> 0.

Proof. This lemma is obviously valid for k = 0. Suppose it is valid for k=i — 1, that is, G, 1.4 = Gi—1. Since deg(G;) <d,
G; C (G )z, and G, is a Z-Grobner basis, we have (Gi)z = (Pi)z C (G, 4)z. By Lemma 4.7 and the induction hypothesis,
we have G,d C (G, 1d,xGl 1.d-1)7 = (G, 1,XGi_1,4-1)z = (Pi)z. Hence, (Gj)z = (G,d)Z By Lemma 4.5, G; and G,d are
reduced Z-Grobner bases. Hence G; = G,,d O

Lemma 4.9. Suppose that Step 2 of Algorithm GHNF; terminates at the k-th loop. Then (G;)Z C (G, X8k.d» - - - ,x"gk,d)z fori>0.

Proof. We have Gy = Gg41 =---. We prove the lemma by induction on i. The lemma is valid for i =0, since Go =
Go C (Gy)z. Suppose that the lemma is valid for i =t. From (12), (G[+1)Z = (G[,th)Z By the induction hypothesis,
Gi C (Gk, X8k.d» - - - X 8k.a)z. Then any f € G; can be written as f=fo+ Z] Oc]xlgkd, where fo € de 1 and cj € Z.
Then xf = xfp + Z;:o cix gy 4. Since xfo € (XGr.4-1)z C (Giy1)z = (Gi)z, We have xf € (Gi, X8k ---. X " gk q)z and the
lemma is proved. O

Theorem 4.10. Algorithm GHNF; is correct. Furthermore, Step 2 of Algorithm GHNF; terminates in at most D + d loops, where
D =73d>(h +logd + 1).

Proof. Suppose Step 2 of the algorithm terminates in_the k-th loop. Then, Gy = Giyq =---. We will show that Gy is a
Grobner basis of (F)zx. By (13), (F)zix = (Gk)zix = (Gk)Z[xJ To show that G is a Grobner ba51s we will prove that any
f € (F)zxq can be reduced to zero by Gg. By (13), there exists an integer I, such that f € (Gl)Z Since (G )7, C (G )z for
i < j, we may assume that [ > k. By Lemma 4.9 f € (Gi, X8k, -- .,xgk,d)z. Since {Gg, Xgk.d, ..., X gk,d} is a Z-Grobner basis,

we have TG" =0 and Gy is a Grobner basis of (F)z[y. Step 3 of the algorithm picks a reduced Grébner basis, or the GHNF
of F, from Gy.

We now prove the termination of the algorithm. By Theorem 3.23 and (13), Gp contains the GHNF of F and hence a
Grobner basis of (F)zx by Theorem 2.6. By Lemma 3.6, the reduced Grobner basis of (F)z(x has degree <d. By Lemma 4.8,
Gp = Gp ¢ contains the reduced Grobner basis of (F)zx. From Example 4.4, the termination condition may not be satisfied
immediately even if G; is a Grobner basis of (F)z[y. We will show that Step 2 will run at most d extra loops after Gy is
a Grobner basis. Suppose Gy = [gks,, ---» 8k,d] is already a Grobner basis of (F)z for some k < D and suppose Hy 1 =
[k s+ ---» &k, p] such that p is the maximal integer satisfying gk p = gk+1,p. Then, Hy 1 is also a Grobner basis of (F)zx). If
p =d, then, Hy 1 = G, clearly Gy = Gi11 and Step 2 terminates at (k + 1)-th loop. Otherwise, p <d and Hy 1 C G; for [ > k.
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Let hy p4q be the remainder of xgy , reduced by Hy 1 over Z and Hy 3 = [8k,s,: - - -» 8k,p» Hk,p+1]. Then LT(hy pyq) = LT(xgx p)
and CMAT(Hy ) is an HNF. Since hy p1 is the minimal element in (F) with degree p 41 and reduced w.r.t. Hy 1, we have
8k+l,p+1 = hi,p41 for I > 1, or equivalently Hy C G; for [ > k + 1. Similarly, we can prove that after each loop of Step 2, at
least one more element of G; will become stable. As a consequence, Step 2 will terminate at most D +d loops. O

Theorem 4.11. The bit size complexity of Algorithm GHNF; is O (d'119+¢ (h 4 logd)2*¢ + d”*¢ (h + logd) B(d® (h + logd))), where
& > 0 is any sufficiently small number.

Proof. The computationally dominant step of the algorithm is Step 2 and we will estimate the complexity of this step. In the
k-th loop of Step 2, we need to compute the HNF of the coefficient matrix Cj of Py. It is clear that Cj is of size (d +1) x s
for some s < 2d + 1. Also note that the height of Cj is the same as that of CMAT(Gy). By Lemma 4.8 and (13), CMAT(Gy) is
part of the HNF of CMAT(UX_ x*F). By Theorem 4.3, the height of Cy is < (k+d)(} log(k+d) +h) < hy = (D +2d)(} log(D +

1

2d) + h) = 0(d®(h + logd)?), since the loop will terminate at most D +d steps. Let n=d+1,t =2d + 1,r =d + 1, then
the log 8 in Theorem 4.3 is log 8 = r(% logr + hy) = 0(d®(h + logd)). To simplify the formula for the complexity bound, we
replace O (log?(s) loglog(s) logloglog(s)) by O(s?) for a sufficiently small number &. Hence, the complexity for each loop is
o (tnr? 2 (log B)M(loglog B)/loglog B + knlogrB(log B))
< 0(d%**8 (h +logd) '™ + d?>T¢B(d®(h + logd))) for any & > 0.
By Theorem 4.10, the number of loops is bounded by D + d. So the worst complexity of the Algorithm GHNF; is (D +
d)O (d8*9+¢ (h + logd) 1€ + d2+¢B(dS(h + logd))) = O (d11t0+¢ (h + logd)?t% + d7*+¢(h + logd)B(d®(h + logd))). O

In Theorem 4.11, setting & = 2.376 and & = 0.004 and noticing that d’*¢(h + logd)B(d?(h + d))) can be omitted now
comparing to the first term, we have

Corollary 4.12. The bit size complexity of Algorithm GHNF; is O (d13-38 (h 4 logd)2-904).

Remark 4.13. The number m in the input of Algorithm GHNF; is not in the complexity bound. The reason is that the size of
the polynomial vector Py in Step 2 of the algorithm depends on d only. Only the complexity of Step 1 depends on m and by
Theorem 4.3, the complexity of Step 1 is 0~ (md?*+!(h + d)) which is comparable to the complexity bound in Theorem 4.11
only when m = 07~ (d'®). We therefore omit this term.

Finally, we prove a property of the syzygy modules of Z[x] ideals, which will be used in the next section. In Algo-
rithm GHNFq, for any k > 1, let vy_1 = #(Gk_1) be the number of columns of Gy_1. Then uy = #(Py) =2vi_1 — 1. Let

1 x

Xy =

Vi—1 XUk

Then Py = Gy_1 Xk = XgMy, where My = CMAT(Py). Let [0, Hi] = MUy be the HNF of My, where Uy = [Uj, 1, Uk2] is a
unimodular matrix satisfying 0 = MUy 1, Hx = MUy 2. By (11),

Gk = PkUk2=FUo2X1 -+ Ug—12XkUk,2, Pr=FUo2X1 - Ug—1,2Xk.
where Go =PHNF(F) = FUy . For any k > 1, we define a map
@ Z[X]M — Z[x]™
u = onle cee U]<_1’2Xkll.

In particular, let g : Z[x]™ — Z[x]™ be the identity map. The following result shows how to find a set of generators for the
syzygy module Syz(F).
Proposition 4.14. For any u € Syz(F) C Z[x]™ and deg(u) = I, we have u € (U;(:0 Ulj_:li) xfgok(Uk,]))Z. Moreover, Syz(F) =

(U0 96Uk 1)) z1x-

Proof. By Theorem 3.18, Syz(F) can be generated by elements in Z[x]™ with degrees < d. We need only to show the first
statement. Let Po =F, ug =u.
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Since Foy(Uk1) = FUg2X1 -+ - Uk—12XkUg1 = PrUk 1 = XgMUk 1 =0 for any k > 0, we have ¢ (U 1) C Syz(F). By
Lemma 4.2, the lemma is valid for [ =0. If | > 0, it suffices to show that, for any 0 < g </, there exists a u[] € Z[x]"a with
deg(u{l) <1—gq, such that u= <pq(uf1) mod (Uz;:] gi%xj¢k(U,<’1))Z. In this case, Pquy = FUq2 X3 ~-~Uq_1,2Xqu{] =Fu=0.
It is valid for g = 0. Suppose it is also valid for g =i. Let uj € Z[x]"i with deg(u}) <[ —1i, such that u = g;(u))

mod (U;;l0 Ik X @p(Ug.1))z and Piu; = 0. Let u] = Ui_1u; = [u1,...,uvé,vi,0,...,0]f + [0,...,O,uvg,viﬂ,...,uv;]f.

j=0
Then, u} = Uju] = Ui,][ul,...,uv;_,,i]’ + Uiyz[u,,;_,,iﬂ,...,u‘,;]’. Take u; = [uv;_viﬂ,...,uv;]f. Then, u} = Uj,u;
mod (UIJ:O XjUiJ)Z, Giu; = PiUjpu; = P,'l.l; =0.
For simplicity, denote w; as w; = [uy,...,uy;]%. Then deg(u,,) <! —i—1 and deg(uj) <! —1i for 1 < j < v;. Let

uj=ujo+ pjx for 1 <j<v;, where ujoeZ and p; € Z[x] and deg(p;) < deg(uj) —1<1—i— 1. Take u§+1 =[u1,0, P1,

. i —k i
() <l—i—1and u = X;i;1u/ . Hence, u =i 1 (1, ;) mod (Uj_o U5 ¥ @r(Ur.1)z

1 = Giju; = 0. The lemma is proved. O

<+ Uy;—1,0, Py;—1, Uy;]°. Then deg(u
and Pip1ui ;= GiXip1uj
4.3. The Z[x]" case

In this section, an algorithm will be given to compute the GHNFs for Z[x]-lattices in Z[x]", which is a generalization of
Algorithm GHNF;.

In this section, we assume F = (fij)nxm = [f1,...,fm] € Z[x]"™™ and denote by m = #(F) the number of columns of F.
Let v; = maxi<j<m(deg(fij), i=1,...,n, and
1 x ... x"
1 x ... x2
X = . , (16)
1 x ... x'n
nxs

where s = Y"1, (v;+1). Then, F can be written in the matrix form: F = X¢C, where C € Z**™ is called the coefficient matrix
of F and is denoted by C = CMAT(F). Let [0, H] = C[U1, U] be the HNF of C, where H has no zero columns and 0 = CU;
and H = CU,. Then F{ = XfH is called the PHNF of F and is denoted by

F1 =PHNF(F) = XfH =XfCU;, = FU>. (17)
For a matrix M € Z[x]"*™, denote M(-,i) to be the i-th column of M and M(i, -) to be the i-th row of M. For f € Z[x]",
denote f(t) to be the polynomial in the t-th row of f. For F =[fy, ..., f,] € Z[x]"*™, define the operation Partition as follows

Partition(F) = (Q1, ..., Qn),

where Q; = [fi,,,....f 1€ Z[x]™*t is a matrix consisting of columns f,, of F, satisfying f ,(t) # 0 and fi,,(j) =0
for i=1,...,s; and j>t; and Q; =¥ if such fi,, do not exist. In other words, Q; consists of those columns f of F
such that the t-th entry of f is non-zero and the j-th entry is zero for all j > t. Furthermore, it is always assumed that
deg(fy, , () <--- < deg(fkmt (t)). For d € N, denote

d
t()=[fkf,1,~~-,fkt.s]

such that deg(fy, ;(¢)) <d fori=1,...,s and deg(fkrﬁj(t)) >d for j=s+1,...,s:. We now give the algorithm.

Algorithm 2 GHNF,, (F).

Require: F € Z[x]"*™ and with d = deg(F).
Ensure: G € Z[x]™*S, which is the GHNF of F.
1: Go =PHNF(F), k=0.
2: (loop) k=k+1;
(Gk—1.1s -+ Gg—1.n) = Partition(Gy_1).
Pre =G . xG" V) t=1,....n, where d; = (n—t + 1)d.
Py =1[Pk1,--., Pi.nl. G = PHNF(Py).
If Gy # Gg_1, repeat Step 2.
3: For ¢ from 1 to n, let Gg—1r = [8k-1.1,---» Zk—14 ] Pr = [8k-1.11;
for j from 2 to ke, if LC(gk—1,j—1(t)) # LC(gk—1,j(t)), Pr =Pt U {m"f},
4: Return G =[Pq,..., Pnl.

Note that the number d; is from Theorem 3.21. We give the following illustrative example.
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[ 6x+1 3x .
Example 4.15. Let F = ( 2% 5x41 ) We have d =1.
S _ [ 24x+5 —9x-2
Step 1: Go = PHNF(F) = ) X+ 1 )

1-st loop: (Go,1, Go2) = Partition(Gp), where

Goq] =[] Go’z = Go. AlSO, we have dl = 2,d2 =1.

24x+5 24x* +5x —9x—2>

P1,1=[],P1$2=< 2 “ox X4+ 1

24x* +11x+1 —24x—5 —9x—2
P1=[P1.1,P1,z],c1=PHNF<P1)=< +lxt )

0 2 x+1

2-nd loop: (G1,1, G1,2) = Partition(G1), where

24x2 +11x+ 1 —24x—5 —9x—2
Gi1= ,G12= 2 .

0 x+1
p (24 +1x+1Y ([ -24x—5 —24x* —5x —Ox—2
S 0 22T 2 2x x+1
_ _ (24 +11x+1 —24x—5 —9x—2
Py =[P2,1, P2.2], G2 =PHNF(P3) = ( 0 2 x+1 )

G, = Gq and the loop terminates.

In Step 3, we can easily get the GHNF of F: G = G».

Similar to GHNF;, we consider the following “full prolongation”
ﬁk,t = [akfl,tﬂ XEk*],t]v t= 13 cee
Pe=1[Pi1,.... Penl = [Ck1, XCy_1], (18)
Gk = PHNF(Py), [Gk.1. .- .. Gin] = Partition(Gy),
where Eo = Go. Due to (10), it is easy to check that
Coz=Pyz=FUKFli=1,... k). (19)

We define a new monomial order as follows: x¥e; <’ xﬁej if and only if « < 8 or « = and i < j. Similar to the order <,
the order <’ can be extended to the polynomial vectors of Z[x]". Moreover, the S-vector of f, g € Z[x]™ is similar to the one
described in (1). A nice property of the order <’ is: if max(deg(f), deg(g)) < d, then deg(S_/(f, g)) < d. We can easily obtain
the following result.

Lemma 4.16. Let F € Z[x]"*™ and d = deg(F). Then Syz(F) has a Grébner basis with degree < nd w.r.t. <'.

Proof. Let S = {u|u € Syz(F), deg(u) <nd}. By Theorem 3.18, S generates Syz(F). Then, S contains a Grébner basis G of
Syz(F) w.r.t. </, since the S-vector of any u,ve S w.rt. <" is still in S. O

Let F(; € Z[x]™*™ be the last ¢t rows of F and

St ={u e Z[x]" |u € Syz(F (), deg(u) < td}. (20)
By Lemma 4.16, S; contains a Grébner basis G; with deg(G;) < td. Then, for any u € Syz(F)) with deg(u) <k, we have
ue (S, xS, ..., xmx0 k=td gy, Moreover, we have (S1)zp 2 (S2)zp 2 -+ 2 (Sn)zix-
d do— .

Let uy; = #(G,(Cj)), Vi = #(G,ﬁ_g 1)), Wi = #(Gir), and 1 r = Ug—1¢ + Vik—1,c = #(Pg ). Define a matrix Xy = (x; j) €
Z[x]"kt ¥t as follows. If Gpr =[], then Xi =[ ]. Otherwise, x;; =1 for i =1,..., ups, Xjy,+i =% fori=1,..., vy, and
all other x; ; are zero. Then, we have

Pyt = Gr—1,tXk—1.t (21)

for any k and t. Let My = CMAT(Py) and [0, Hi] = MU} the HNF of M. From (17), we have [0, Gy] = Py Uk.
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For each k > 0, let U be defined as above and ﬁk,n be the last ry, rows of Ux. We rewrite ﬁk,n as Gk,n =[Vk1, Vka2l,

where V1 consists of the column vectors of ﬁk,n N Syz(F)). Let Qg =[Pk1, ..., Pxn—1] and Uy = (‘c/:'l VVVIk,z ) From
,1 k,2

[0, Gi] = P, Uy, we have

w w
[0,Gi1s -, Gen—11= Pi ( v ) [Qk. Pyl ( v ) = QiWi1 + PiaVi1.
k,1 k.1

%% %1%
Gin = Py < V:; ) =[Qk, Prnl < V:; ) = QWi+ PrnVio.

From the above equations, we have Gy ,(n,-) = Pk n(n, -)Vi 2, since the elements in the last row of Qj are all 0. Since
PgnVi.1 € (Pr)z = (Gr)z and the last row of Py ,Vy 1 is zero, we have

(PxnViz € (Gr1s ... Grn—1)z. (22)
Similarly, Gk — PknVik2 = QWi € (Gk1, ..., Grn—1)z, that is, Ggn = PgnVi2 mod (Gg1, ..., Gkp—1)z. Similar to the
Z[x] case, for k > 0, we define a map ¢:

Hr : LX) — Zx]™

u—> VooXin- Vo1 2Xkatt,

where Xy, is from (21). Let Po, =F, ro,n =m and ¢q : Z[x]™ — Z[x]™ be the identity map in particular. Thus, we have

Gikn(n, ) =Prn(n, )Vi2=Fm, )Vo2X1n " Vik—1.2XknVk 2,
Pyna(n, ) = Gk71,n n, )Xk—1n=Fn,)Vo2X1pn--- Vl<71,2xk,n~

From (22), we have

Fop(Vi1) = FVo2Xin- Vike12Xkn Vi1 = Prn Vi1 C(Gi1s - -+ Gkn—1)z (23)
for each k > 0. Hence, ¢y (Vi 1) C Syz(F(1)).

Lemma4.17. Let F € Z[x]"™™. For any u € Syz(F 1)) and deg(u) =1 > 0, we haveu € (Uizo Ulj_:ko xj¢k(V;¢,1))ZforI< > 0. Moreover,
ifl <d,we have Fue (G 1,...,Gin-1)z.

Proof. The proof of the first statement is similar to the proof of Proposition 4.14. Assume | < d. We have xf(GkJ,...,
Gin-1)z C (Gksj1, -, Gryjn—1)z for any j < d—k, by our prolongation. By (23), we have Fu G(UL:O U'jf:ko foqsk(vk,l))Z C

Ukeo US89 (Giet . Grn-1)2)z € (GL1. ... Gn)z. O
Lemma 4.18. Forany 1 <s <n — 1, we have Gy j =5k,jfork§sdand1 <j<n-s.

Proof. First, let s=1. Gg = Go = FUog,2. Then, Go ; = GOJ for 1 < j <n. This lemma is valid for k = 0. Suppose it is
valid for k=1 <d, i.e, G”_G,] for 1< j<n-—1. We need to show G,+1]_G,+1, for 1<j<n-—1. For any fe
(G,+1,1, - G,+1,,,_1)Z C (P,+1)Z = (F,xF,...,x"1F)y, there exists a u € Z[x]™, such that f= Fu with deg(u) <I+1, and
u € Syz(F1)). By Lemma 4.17, we have f= Fu € (G111, ..., Giy1,n-1)z. Thus, we have G1; =Gyqj for 1<j<n—-1,
since G11,j C Gl+1 j and both of them are reduced Z-Grébner bases. The lemma is valid for s =1.

Suppose the lemma is valid for s = p — 1. Then we have G_1)q,j = G(p nd,j for 1< j<n—p+41. By (20) and (19),
FSp—1 C (Cp—1yd,1s -+ Gp—tydn—ps1)z = (F)z, where F' =[G 1yd15 -, Gp—1)dn—p+1l-

When s =p, for any (p —1)d <k < pd and f e (Gk1,.. Grn—p)z C (Py)z, there exists a u € Z[x]™ with deg(u) <k,
such that f= Fu and u € Syz(F(y)) C Syz(F(p—1)). By Lemma 4.16, u € (Sp—_1)zjx and u € (Sp_1, ..., x<"P=Dds, 1), Then,
f=Fue (F,... x*"@"DIF); Hence we have f= F'v for some v € Syz(F(,) with deg(v) <k — (p — 1)d <d and F{,
being the last p rows of F’. Since the last p — 1 rows of F’ are all zeros, it can be reduced to the s =1 case. Considering
the algorithm GHNF,(F’) and the analysis for the s =1 case, we have f=FV' € (Gy 1, ..., Gk n—p)z. Thus, Gy j =Gy ; for
1<j<n—-p. O

The following lemma asserts that the last s rows of 1~°k do not contribute to the first (n — s) rows of 5k for k > sd.

Lemma 4.19. Let R =[Gy 1, ..., Gsg n—s]. Then we have Elc,n,s C (R)zxq for 1 <s <n—1 and k > sd. In particular, Ek,n,s C
(R, xR, ..., X"IR)7 C (Pg.1,..., Pun_s)zfor 1 <s<n—1and k> sd.
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Proof. Let k > sd. For any f Gk ns C (Pk)Z, there exists a u € Syz(F)) with deg(u) <k, such that f = Fu. By Theorem 3.18,

U € (S5)zjx- By Lemma 4.16, u € (Ss, ..., X"5455)7. By Lemma 4.18, Ggg j = Gsgj for 1 < j<n—s, 1 <s <n. Then, by (20)
and (19), FSs C (Gsg.1---» Gsan_s)z = (R)z. Thus, f= Fu C (R, xR, ..., X"5IR); C (R)zx-

To show the second statement, first, let k = sd + 1. We have f € (R, xR)z = (IN’th 1, - ﬁsdH n—s)z. The lemma is valid
for k =sd +1 Suppose the lemma is valid for k =1 > sd. Then, Gl nes C (R,XR, ... X~ S‘7’R)Z - (Pl 1. P,,n s)z. We need
to show Gl+1.n s C (P1+1,1s .. P,H n_s)z. For any f e G,H n_s, we have f e (R, xR x—SAHIRy, — ((R xR, ..., x—sdRyu
X(R, xR, ..., x54R)); C (61,1, .. Gl,n S,xGm, .. xGLn )z = (P,Jr],], .. Pl+1 n— S)Z The lemma is also valld for k =
I+1. O

Lemma 4.20. For any k > 1 and 1 <t <m, let Ry = [AGJ,Ed_f)l t,xG,((pkl ]r[ 1)] where Py_1.+ = max(ds, MaXec g, |, deg(g(t))). Then

we have f € (Ri1, ..., Rkn—s)z whenever f=[f1,..., fns,0,...,0]" € (Pkyl, e ﬁk,n,s)z,

Proof. First, let s=n — 1. If k < (n — 1)d, by Lemma 4.18, we have Ry 1 = 75,(,1. Then, f e (5;{,1)2 = (Rk,1)z. Otherwise,
k> (n —1)d, by Lemma 4.19, f € (Px 1)z C (Gn-1)d,1)z[x- By Lemma 4.7, (P 1)z = (Rk,1)z. The lemma is valid for s =n —1.

Suppose the lemma is valid for s=1+1<n—1, ie. for any k>0 and fe (Pk1,.. Pkn -1z, f€ Re1, ..., Rkn—1-1)z.
Let s=1, f=[f1,..., fn_,0,...,0]" € (Pk1,.. Pkn Dz. If k <1Id, then, Ry = Pk] for 1 <j<n-—1L Thus, fe
(Rk.15 -+, Rn—1)z. Otherwise, k >ld. If fo1=0, fe (Gk,1, e Gk,n—l—l)Z- In this case, if k < (I + 1)d, Ry j = Pk,] = Py for
1<j<n-—1-1 by Lemma 4.18. fe (Py1,... 7£k,n—l)Z = (Rk.1s -+ Ren—i=1, Pkn—)z C (Rk1, - .., Rkn—1)z by Lemmas 4.7
and 4.17. If k > (I+ 1)d, by Lemma 4.19, f € (Px1,..., Pkn—1—1)z. By the induction hypothesis, fe (Ri 1, ..., Rkn—i—1)z.
If fat #0, by Lemma 4.19 we have f ¢ (1’31{,1, ey T’Jk,n_,)z C (Gig1,--->Glgn—Dz[x- Then, for k > Id we have f ¢
(Pk1, .-+, Pkn—i—1, Rk n—1)z by Lemmas 4.7 and 4.17. Thus, by induction, f e (R 1, ..., Rgn—1)z. The lemma is proved. O

Lemma 4.21. We have G,(f;)(t, )= 5,&‘_1;)(& Sforanyk>0,1<t<n.

Proof. Note that d, =d and for the n-th row of F, Algorithm GHNF, and Algorithm GHNF; are exactly the same. Hence,
by Lemma 4.8, we have G(d">(n D)= G(d”)(n -) for any k> 0. Set s=n —t in Lemma 4.18, we have G j = ij for any
1<t<n-1k=@-1t)d, and 1<j <t. We thus proved the lemma when k < (n — t)d. Set s=n —t in Lemmas 4.19 and
4.20, we have ij C (PkJ,...,Pk,t)Z C (Rk1,....Rkp)z for 1 <t <n—1 and k > (n — t)d. Note that Lemma 4.20 is the
analog of Lemma 4.7 in the case of n > 1. Thus, similar to Lemma 4.8, we can prove G,Edg)(t, )= G(dt)(t ) for k > (n —t)d.
The lemma is proved. 0O

Lemma 4.22. Suppose Step 2 of Algorithm GHNF, terminates at the k-th loop and let gk r .4, be the last column vector of G,idg). Then
deg(gx.r.4,) = de and for any i > 0, (Gi)z C (Hi 1, ..., Hin)z, where Hi ¢ = (Gk Y X8t dys -, XMXEO—(-Ddgy .

Proof. It is sufficient to show Ei,t C (Hi1,...,Hit)z for any i >0 and 1 <t <n. If deg(Gx_1,) < d;, then deg(Gy) >
deg(Py ) > deg(Gk_1,) and the algorithm does not terminate. Therefore, if Gy ; # ¢, then we have k >d; —d = (n —t)d and
hence deg(g.¢,q,) = dt.

First, let t = 1. Clearly, for any i < (n — 1)d, 5,-1 =Gi1 C (G(dl))z, where = is based on Lemma 4.18 and C is

valid because (Gg‘f}))z - (Gfﬁ; Dz for any j > 0. Thus, we have G(n 1d1 = Gu— 1,1 C (G( ”)Z C (Hp-1yd.1)z- Sup-
pose it is valid for i = j > (n — 1)d. From (18) and Lemma 4.19, (G]H 17 = (GJ 1,xG]1)Z By induction hypothe-

sis, Gj.1 C (Hj1)z where Hj; = (G,id}),xgk,lydl,..., max(jk)—(—Tdg, | 1 )7. Then, any g€ G;1 can be written as g =

K 1d di— ) di— d d
g + Zmax(] )= (n-1) ciX'g1.4,, Where go € G,ﬁ} D and ¢ € Z. Since xgg € (xG,({’i Dy, ¢ (G,EJ:{J)Z = (G,(( }))Z, we have
Gz C (Gk,l JXEk1dys - - - XPXUFLO=(=Ddg, | ), The lemma is valid for any i >0 and t = 1.
Suppose the lemma is valid for any i >0 and t <s <n. Then (Gj1,...,Gjs)z C(Gj1,...,Gjs)z C(Hj1,...,Hjs)z for
any j>0.

By induction, (Gi1, ..., Gis+1)z = (Gi1,---,Gis+1)z C (Hi1, ..., His, Gis+1)z for i < (n—s—1)d. Moreover, (G(ds“)) c
(ds ds . . .
(Gix1.15--+5Gix1.s Gz+Irls)+1)Z C (Hit1,1,---, Hit1s, GL{LL)Z for any i > 0. Since d+i <dsy1 and Hj; = Hy for any j <k
and 1 <t <n, we have (G,J, ey G,-,s+1)z C (Hga, ..., Hes, G;ﬁjﬁ)z C (Hi1,...,His, His+1)z and the lemma is valid for
i<(n-s-—1)d. _ ~ ~
Suppose the lemma is valid for i = j > (n —s — 1)d. From (18), (Gjt+1,5+1)z = (G}, 5+1,XG1 s+1)z- By the induction hy-
pothesis, 5]-,54_1 C(Hj1,...,Hjst1)z. Then, any g e GJ s+1 can be written as g = Z[ 1(gt 0+ Zmax(’ l—m=td . ,lx’gkyt,dt),

where g € G,Edt“]), and c; | € Z. Moreover, since for any i >0 and t <s+1, (G(d‘))z C (Gi+1.1s -+ Git1.0-1, l(i‘]) )z C
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d q q

(Hiz1,1, - Hig1,0-1, G,{ﬁ,t)z‘ we have xgro € (Gry1,15---» Gry1,e-1, G,(Hf)lqt)z C (Hig1,15 -5 Hig -1 G,ﬁﬁl,[)z = (Hes1,1
d - ) - , -

coos Hiep1,6-15 G,({j))z- Then, (Gjt1.5+1)z C (Hgt1,15 - -5 Hea1,541)z- Since deg(Gjy1.s41) <d +j+ 1, we have (Gji1,541)z C

(Hj+1,1,---» Hjy1,s41)z. O

Notice that in the proof of Lemma 4.22, we need only Gf{d;) = G&)l . for 1 <t <n. Then, we have the following corollary.

Corollary 4.23. In the Algorithm GHNEF,, if G,id;) = G,(fﬁt for 1 <t < s for some positive integer s < n, then (5,-.5)2 €

(Hi1,...,His)z, where Hi s = (G,ﬁ"j{), X8tdps - - XTMXERO—(=0dgy Yy foranyi>0,1<t<s.
By this result, we obtain an equivalent termination condition for the Algorithm GHNF;:
Lemma 4.24. In the Algorithm GHNEF,, Gy = Gy is equivalent to Gy ¢(t, -) = Gg41,¢(t,-) for 1 <t <n.
Proof. Clearly, if Gy = Gk4+1, we have Gg((t, ) = Ggy1,(t,-) for 1 <t <n. We just need to show the opposite direction.

In this condition, we prove Gy = Gy41, by induction on t. Since G;(1,:) = G; 1 for any j, the lemma is valid for
t = 1. Suppose Gi; = Gygi1r for 1 <t <s <n. Since Gy;(t,") = Gpy1,(t,-) for 1 <t <n, for any g € Gyy1 541, there

exists a g € Gy 41 satisfying gis+1) =g/ (s+1). If ge G,f;_f]), we have g € (Gyy1)z. Then, g — g € (Gry1)z. Since
(g—g)t)=0for s+1<t<n, we have g — g € (Gx+1.1>--.,Gk+1.5)z = (Gk1, ..., Gks)z. Thus, g € (Gk_1,...,G,(f;rl))Z
and (Gk+1,1,-~~,Gl<+1,svc;((jffs)+1)z = (Gk,la~-~aGk.s»Gl(<’i,§1]1))Z- Then, G,((‘?;ill) = G,E‘:f;’}s)ﬂ since both of them are reduced
Z-Grobner bases. If g ¢ G,f;j’r‘]), we have g ¢ (Gk"],...,Gk,S,Gli?;i]]),xgk,5+l,ds+],...,Xlgk’5+]’ds+1)z for some | > 0 by
Corollary 4.23. So is g since G,f;i‘l) = G,E'iffs)ﬂ. Thus we have g — g € (Gk1,...,Gks) since (Gk’],...,Gk’S,G,(f;j:‘l),
X8,s+1,dsy1r - - .,x’gk,”],dm)z is a Z-Grobner basis. Then (Gk 1, ..., Gks+1)zZ = (Gk+1.1> - - - » Gk+1.5+1)z. Since both of them

are reduced Z-Grobner bases, we have Gi 511 = Ggt1,541. O
We now show the correctness of the algorithm.

Theorem 4.25. Algorithm GHNEF, is correct. Furthermore, Step 2 of Algorithm GHNF,, terminates in at most D + nd loops, where
D =73n%d° (h + log(n?d) + 1).

Proof. Suppose Step 2 of the algorithm terminates in the k-th loop. The fact that Gy is a Grébner basis of (F)z[y can be
proved similarly to that of Theorem 4.10, where instead of Lemma 4.9, we use Lemma 4.22.

We now prove the termination of the algorithm. By Theorem 3.23 and (19), Gp contains the GHNF of F and hence
a Grobner basis of (F)z[x by Theorem 2.6. By Lemma 3.6, if ¢ is the GHNF of F and has form (2), then deg(€'(r;,-)) <
dy, =Mm—r;+1d, i=1,...,t. Hence, Gp also contains a Grobner basis of (F)zjx by Lemma 4.21. Similar to the Z[x]
case, the termination condition may not be satisfied immediately even if G; is a Groébner basis of (F)zx. By Lemma 4.24,
Algorithm GHNEF, terminates at the (k + 1)-th loop if and only if Gy (t, ) = Gg41,.(t,-) for 1 <t <n. By Lemma 4.19
and Lemma 4.21, after the nd-th loop, deg(G;(t,)) =d; and the computation of G;((t,-) only depends on G;;(t,-) for
1 <t <n. Also note that if G; is a Grobner basis, then G;; is either empty or a Grébner basis. Then, similar to the proof of
Theorem 4.10, we can show that after D-loop, G;(t, ) are Grobner bases for t =1, ...,n and after that the loop terminates
for at most d; = dn extra steps. O

Theorem 4.26. The worst bit size complexity of Algorithm GHNF,, is

O(n26+29+8d15+9+8(h+log(n2d))4+£+n19d11(h+log(n2d))2 log(nzd)B(nlldG(h+10g(n2d))2)),

where h = height(F) and ¢ > 0 is a sufficiently small number.

Proof. In the k-th loop in Step 2, we need to compute the HNF of an integer matrix Mj whose size is n(d + k+ 1) x s,
where s<2d+ 1)+ @d+1)+---+ 2nd + 1) =n(n + 1)d + n. By Theorems 4.3, 4.25, and (19), the height of M; <
n(D +nd + 1)(3 log((D + nd + 1)) + h) = 0 (n°d® (h + log(n?d))?) := h. The log B in Theorem 4.3 can be taken as log =
(n(n + 1)d +n)(3 log(n(n + 1)d + n) + hy) = 0 (n'1d®(h + log(nd))?). To simplify the formula for the complexity bound, we
replace 0 (log?(s) loglog(s) logloglog(s)) by O(s?) for a sufficiently small number &. The complexity in the k-th loop is
0(n(d+k+1) - (n(n+ 1)d +n)’ T (log )M (loglog B)/ (loglog B)
+n(d+k+1)- (n(n+1)d+n)log(n(n+ 1)d +n)B(log B))
= (d+k+ 10N+ H0+e (4 log(n?d))? T + nddlog(n®d)B(n'1d® (h + log(n?d))?)),
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Fig. 1. Comparison of GHNF; and GrébnerBasis in Magma and Maple: the Z[x] case.

for any € > 0. Hence the total complexity is

D+nd
D (d+k+1)0 OB (h  Jog(n®d))>tE + n’dlog(n®d)B(n''d® (h + log(nd))*))
k=0

= 0 M**F¥Fed 0 (h 1 log(nd))**e +n'%d'! (h + log(n*d))? log(n®d)B(n''d®(h + logn®d)®)). O
Similar to Corollary 4.12, by setting & = 2.376 and ¢ = 0.001, we have
Corollary 4.27. The worst bit size complexity of Algorithm GHNEF, is 0 (n3%-723d17-377 (h + log(n?d))4901).

Similar to Remark 4.13, the number m in the input is omitted in the complexity bound.
5. Experimental results

The algorithms presented in Section 4 have been implemented in both Maple 18 and Magma 2.21-7. The timings given
in this section are collected on a PC with Intel(R) Xeon(R) CPU E7-4809 with 1.90 GHz. For each set of input parameters, we
use the average timing of ten experiments for random polynomials with coefficients between [—100, 100].

Fig. 1 shows the timings of the Algorithm GHNF; in Magma 2.21-7 and Maple 18, and that of the GrébnerBasis command
in Magma 2.21-7. From Theorem 4.11, the degree of the input polynomials is the dominant factor in the computational
complexity of the algorithm. In the experiments, the length of the input polynomial vectors is fixed to be 3. The degrees
are in the range [45, 80].

From the figure, we have the following observations. The new algorithm is much more efficient than the GrobnerBasis
algorithm in Magma. As far as we know, the GrébnerBasis algorithm in Magma also uses an F4 style algorithm to compute
the Grobner basis and is also based on the computation of HNF of the coefficient matrices. In other words, the GrébnerBasis
algorithm in Magma is quite similar to our algorithm and the comparison is fair. The reason for Algorithm GHNF; to be
more efficient is due to the way how the prolongation is done in Step 2 of algorithm GHNF;. By prolonging xg1, ..., xgr—1
instead of xg1,...,xg;, the size of the coefficient matrices is nicely controlled. This fact is more important in Algorithm
GHNF,,. Our second observation is that the complexity bound O (d'3-38h2-9%4) in Corollary 4.12 is not reached in most cases
and the algorithm terminates in a much smaller number of loops. So a further problem is to find a better complexity bound
or the average complexity for the algorithm.

In Table 1, we give the timings for several inputs where the polynomials have larger degrees. Other parameters are the
same. We see that for input polynomials with degree larger than 150, the GrébnerBasis algorithm in Magma cannot compute
in the GHNF in reasonable time. The difference for the timings of Algorithm GHNF; in Magma and Maple is mainly due to
the different implementations of the HNF algorithms.

Fig. 2 plots the timings of Algorithm GHNF, implemented in Magma 2.21-7 and Maple 18, where the input random
polynomial matrices are of size 3 x 3 with degrees in [2,30]. There is no implementation of Grébner bases methods in
Magma for Z[x]-modules, so we cannot make a comparison with Magma in this case. In line with our complexity analysis
given in Section 4, algorithm GHNF;,, slows down rapidly when n > 1.
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Table 1
Comparison of GHNF; and GrobnerBasis in Magma and Maple: the Z[x] case.
d GHNF; in Maple 18 GHNF; in Magma 2.21-7 GB in Magma 2.21-7
100 50.5932 19.048 21491
150 202.8135 104.827 >1000
200 590.7763 384.946 >1000
801 B
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wv 40,
]
£ 30
L od
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104
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Fig. 2. Timings of GHNF, in Magma and Maple.

Table 2

Timings of GHNF, in Magma and Maple.
d GHNF,, in Maple 18 GHNF,, in Magma 2.21-7
40 245.689 236.029
50 554.452 637.05

In Table 2, we list the timings of Algorithm GHNF, for several examples with larger degrees. This shows the polynomial-
time nature of the algorithm, because the algorithm works for quite large d. Also, for large d, the Maple implementation
becomes faster.

6. Conclusion

In this paper, a polynomial-time algorithm is given to compute the GHNFs of matrices over Z[x], or equivalently, the
reduced Grobner basis of a Z[x]-lattice. The algorithm adopts the well-known F4 strategy to compute Grobner bases, where
a novel prolongation is designed so that the coefficient matrices under consideration have smaller sizes than existing meth-
ods. Existing efficient algorithms are used to compute the HNF for these coefficient matrices. Finally, nice degree and height
bounds of elements of the reduced Grobner basis are given and the complexity of the algorithm is obtained from these
bounds. The algorithm is implemented in Maple and Magma and is shown to be more efficient than existing algorithms.
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