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Abstract

We give a necessary and sufficient condition for an ODE to have polynomial type general
solutions. For a first order ODEs of degree n and with constant coefficients, we give an
algorithm of complexity O(n®) to decide whether it has a polynomial general solution and to
compute one if it exists. Experiments show that this algorithm is quite effective in solving
ODEs with high degrees and a large number of terms.

1 Introduction

Trying to find elementary function solutions for differential equations may be traced back to
the work of Liouville. As a consequence, such solutions of differential equations are called
Liouwillian solutions. In a pioneering paper [16], Risch gave an algorithm for finding Liouvillian
solutions for the simplest differential equation 3’ = f(z), that is, to find elementary function
solutions to integration [ f(z)dz. In [13], Kovacic presented a method for solving second order
linear homogeneous differential equations. In [19], Singer proposed a method to find Liouvillian
solutions of general homogeneous linear differential equations. Many other interesting results
on finding Liouvillian solutions of linear ODEs are given in [1, 3, 2, 4, 5, 6, 8, 10, 12, 15, 18, 20].
In [14], Li and Schwarz gave a method to find rational solutions for a class of partial differential
equations.

All these results are limited to linear cases. There seems no general methods to find Liou-
villian solutions of nonlinear differential equations. In [7], Cano proposed an algorithm to find
polynomial solutions to equations of the form y' = R(x,y) where R is a rational function in x
and y. In this paper, we try to find polynomial solutions to non-linear differential equations.
Instead of finding arbitrary polynomial solutions, we will find the general solutions for ODEs of
polynomial type. For example, the general solution for (%)2 —4y =01is: y = (v + ¢)?, where ¢
is an arbitrary constant. Three main results are given in this paper. Firstly, we give a sufficient

and necessary condition for an ODE to have polynomial general solutions. We also prove that
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the definition of general solutions of ODEs due to Ritt is equivalent to the definition in the usual
sense, if the general solutions are in polynomial form. Secondly, we give a detailed analysis of
the structure of first order ODEs with constant coefficients which have polynomial general so-
lutions. Based on these results, an algorithm can be easily obtained. Thirdly, by introducing a
novel method to evaluate the coefficients of polynomial general solutions of a first order ODE
with constant coefficients, we get an algorithm to find polynomial general solutions of first order
ODEs with constant coefficients with polynomial complexity. Our experiments show that this
algorithm is quite effective in solving ODEs with high degree and terms.

The paper is organized as follows. In section 2, we give a brief introduction to the charac-
teristic set method. In section 3, a criterion for an ODE to have polynomial general solutions
is given. In section 4, we give the degree bound of solutions of first order ODEs with constant
coefficients and an algorithm. In section 5, we analyse the structure of first order ODEs which
have polynomial general solutions. In section 6, we present a polynomial-time algorithm to find
polynomial general solutions of first order ODEs and some examples.

2 A brief introduction to the characteristic set method

In this section, we introduce some concepts and notations on the characteristic set method.
More details can be found in [11, 17, 22].

Let K be a field and 21, 29, - - -, z,, indeterminants. Considering a polynomial P in K[z1,- -, 2z,],
we can write it as the following form:

— a1 02 ap
P = E Qoyas--ap?l 29° " 2

where aq,ay.-, 7 0 are in the field K and there exists an «j, which is not equal to zero. k is
called the class of P, denoted by cls(P). deg(P, z;) denotes the degree of P with respect to z;
when we regard P as a polynomial in z;. The maximum of oy + - - -+ « is called the total degree
of P, denoted by tdeg(P). For a polynomial P of class p > 0, we may write P as the following
form:

P = adzg + ad,lzg_l +---+ap

where a; are polynomials in z,---,2,—1 for t = 0,---,d and aq # 0. a4 is called the initial of
Pand S = gTP is called the separant of P. Let ) be another polynomial whose class is q. P is

said to be reduced with respect to @ if ¢ > 0 and deg(P, z4) < deg(Q, z;). Let R = prem(P, Q)
be the pseudo-remainder of P with respect to (). We have the following remainder formula for
R:

I°’P=BQ+R

where R is reduced with respect to () and I is the initial of ). A polynomial set A is called an
ascending chain if its polynomials are all non-zero and can be arranged in the following sequence:

A: A17A27”‘7A7‘
satisfying the following conditions:

1. cls(A41) < cls(Ag) < --- < cls(4y)

2. A; is reduced with respect to A; for all ¢ < j.



A polynomial P is said to be reduced with respect to an ascending chain A if P is reduced
with respect to every polynomial in A. An ascending chain A is called irreducible if for any
polynomials Ap, Ay reduced with respect to A, we have prem(A;As, A) # 0. Let A be an
irreducible ascending chain. Let

SAT(A) ={P € Klz1, +,2]| 3J s.t.JP € Ideal(A)}

where J is a product of the initials of the polynomials in A. Then SAT(.A) is a prime ideal and
dimk (SAT(A)) is equal to n — r where r is the number of polynomials in A ([17]).

We will need the following Wu-Ritt’s zero decomposition theorem ([17, 22]).

Theorem 2.1 For any polynomial set PS, there are a finite number of irreducible ascending
chains Ay, such that
Zero(PS) = UyZero(SAT (A))

Let ¥ be a non-trivial prime ideal in K]z, -, z,] and L an extension field of K. For a prime
ideal 3, a zero n € L™ of ¥ is called generic zero of ¥ if for any polynomial P € K|[z1,- - -, 2],
P(n) = 0 implies that P € ¥. It is well known that an ideal ¥ is prime iff it has a generic
zero. Let a generic zero of ¥ be n = (n1,m2,--+,nn). We call the transcendental degree of
K(m,n2,---,mn) over K dimension of n (denoted by dimk (n)) which equals to dimg (%)

3 Polynomial general solution to ODEs

In the following, let K be the differential field of meromorhpic functions in C with differential
operator d . Let y be an indeterminate over K and we denote by y; the ith derivative of y. We
use K{y} to denote the ring of differential polynomials over differential field K, which consists
of the polynomials in the y; with coefficients in K. Let 3 be a system of differential polynomials
in K{y}. A zero of ¥ is an element in an extension field of K, which vanishes every differential
polynomials in 3. The totality of zeros in K is called the restrict manifold of ¥. (see [11, 17])

Let P(y) € K{y}/K. We denote ord(P(y)) the highest derivative of y in P(y), called the
order of P(y). Let ord(P(y)) be o. We can also regard P(y) as an algebraic polynomial in
Y, Y1, -+, Yo with the coefficients in K, then the initial, separant, deg(P(y),y;) and tdeg(P(y))
are defined as algebraic case. The definition of generic zero is also the same as it in algebraic
case.

Let P(y) be a differential polynomial of order o. A differential polynomial Q(y) is said
to be reduced with respect to P(y) if ord(Q(y)) < o or ord(Q(y)) = o and deg(Q(y),yo) <
deg(P(y),yo). For two differential polynomials P(y) and Q(y), let R = prem(P(y), Q(y)) be the
differential pseudo-remainder of P(y) with respect to Q(y). We have the following differential
remainder formula for R(y) (see [11, 17])

Z Bi(y)Q"(y) + R(y)

where J(y) is a product of certain powers of the initial and separant of Q(y), Q¥ (y) is the ith
derivative of Q(y) and B;(y) are differential polynomials. For a differential polynomial P(y) with
order o, we say P(y) is irreducible if P(y) is irreducible when P(y) is treated as a polynomial in

K[yv Y1, -, Z/o}-



Let P(y) € K{y}/K be an irreducible differential polynomial and
Sp = {A € K{y}|SA = 0mod {P(5)}} 1)

Then X p is a prime differential ideal and a differential polynomial Q(y) belongs to Xp if and
only if prem(Q(y), P(y)) = 0. Furthermore, Ritt proved the following basic result [17].

Theorem 3.1 Let F(y) be an irreducible differential polynomial not in K. Then the restrict
manifold of X g is not empty and a differential polynomial which vanishes over the restrict
manifold of X is contained in Xp.

We call a generic zero of X a general solution of F(y) = 0. By a polynomial general solution
of F(y) = 0, we mean a general solution of F(y) = 0 in the following form

§=> ai', (an #0) (2)
1=0

where a; are constants which may be algebraically dependent over C. In the literature in general,
a general solution of F(y) = 0 is defined as a family of solutions with o independent parameters
in a loose sense where o = ord(F(y)). The definition given by Ritt is more precise. From
Theorem 3.3, we can see that if F'(y) = 0 has a polynomial general solution, then its polynomial
general solution has o independent parameters.

Since the solutions of y,+1 = 0 are some polynomials with degrees not greater than n.
Suppose that F'(y) = 0 has a polynomial general solution with degree n. The investigate of the
relation between y,4+1 and F(y) will lead to a sufficient and necessary condition for F'(y) = 0 to
have polynomial general solutions.

Theorem 3.2 Let F(y) be an irreducible differential polynomial. Then F(y) = 0 has polynomial
general solutions iff there is a non-negative integer n such that prem(y,+1, F(y)) = 0.

Proof: (=) Suppose that F(y) = 0 has a polynomial general solution 3 with degree n. Since
Yn+1(Y) = 0, yn+1 € Xp which means that prem(y,+1, F(y)) = 0 by Theorem 3.1.

(«<=) Assume that there exists an n such that prem(y,11, F(y)) = 0 and n is the least. If
n = —1, then F(y) = y. It is obvious. Now we suppose that n > 0. From Theorem 3.1, y,4+1 €
Yr. Hence, all the elements in the restrict manifold of ¥z must have the form: j = Y% a;a°.
In particularly, the generic zero § has the form: § = Y- a;2%. If a,, = 0, then y, () = 0 which
implies that y,, € ¥ r. Hence prem(y,, F(y)) = 0, a contradiction. The proof is complete. |

Theorem 3.3 Let F(y) be an irreducible differential polynomial with order o. If F(y) =0 has
a polynomial general solution of form (2), then the a; depend on o independent parameters.

Proof : Let § be a generic zero of ¥ of the form (2). Let a = (ap,a1,---,a,). Suppose that
dim¢(a) = d. Then we need to prove that d = o. Let

T:K't — Kt
(Z(),Zl,"',Zn) B (yay17"'7yn)

where y = S0 ziz® and yp = > Fi(i —1)--- (i — k + 1)z;2' . Note that if z; € C, yy is the kth
derivative of y. Then T is an invertible linear transformation over K. We have

d = dim¢(a) = dimg (a) = dim (T'(a))

4



Now we consider dimyg (7'(a)). Let F(;)(y) be the ith derivative of F'(y) wrt z fori =0,---,n—o
and S(y) be the separant of F'(y). Now we regard F(;(y) and S(y) as algebraic polynomials
in K[y,y1, -+, ¥yn) and denote them by Fi;)(y,y1,--*,¥n) and S(y,y1, -, yn) correspondingly.
Then we have Fi;)(T(a)) = 0 and S(T'(a)) # 0. Let T'(a) = (10,71, -, Mn)- Since the initials of
Foy(y, 91, ,yn) (i > 0) are S(y,y1,- -+, yn) and yo4; is linear in
Fiy(y, 915+, yn), We have,
 (Fly) = SYo+i)(T'(a))

No+i = S(T(a))
Hence we have d < o. In what follows, we will prove 7g,n1,--,n,—1 are algebraically inde-
pendent over K. Otherwise, there is a polynomial G(y,y1,--,¥o—1) in K[y, y1, -, yo—1] such
that G(no, - -,10—1) = 0. If we regard G(y,y1, *,%—1) as a differential polynomial G(y),
G(y) = G(no,-++,mo—1) = 0 (note that 7y = g) which implies that G(y) € Xp. In the other
word, prem(G(y), F'(y)) = 0, a contradiction. Hence d = o. I

Remark 3.4 Thereom 3.3 shows that Ritt’s definition of general solutions is equivalent to the
definition in usual sense if the general solutions are in polynomial form.

Let
ID(a) = {P € Clzo, -, zn]|P(a) = 0}

where a = (ag,a1,--,a,) is as in the proof of Theorem 3.3. Then ID(a) is a prime ideal.
Let A be an irreducible ascending set of ID(a). Then A can be computed explicitly with the
characteristic set method [17, 22]. Let z = "I , z;z*. Substituting y by z to F(y), let PS be
the set of the coefficients of the powers of = in F(z) which is a set of polynomials in z;. From
Theorem 3.1, we get the following decomposition of the zero set of PS :

Zero(PS) = U;Zero(SAT(A;))

where A; are irreducible ascending chains and any SAT(A;) do not include each other. Then
we have the following theorem:

Theorem 3.5 Suppose that F(y) = 0 has polynomial general solutions of the form (2). Then
there is a unique A;, in the above decomposition such that SAT(A;,) = ID(a). Furthermore,
all SAT(A;) but SAT(A;,) satisfy dime(SAT(A;)) < dime(ID(a)).

Proof : Let ord(F(y)) = o. Then dim¢(ID(a)) = o. Firstly, we show that for every i,
dim¢(SAT(A;)) < o. Let & = (&0,&1,--,&n) be a generic zero of SAT(A;) and 7; =
ZZ:O f@]gxk. Let

Yo = {P(y) € K{y}| P(i) = 0}

Then ¥, are differential prime ideals and ~; are their generic zeros. From (P32, [17]), we
know that there exist differential polynomials G;(y) € K{y} such that X, are general so-
lutions of G;(y). That is said, ¥,, = ¥g, (¥¢, as in (1)). From Theorem 3.3, we have
dime(SAT(A;)) = ord(Gi(y)). Since & € Zero(PS), F(v;) = 0 which implies that F(y) € X,,.
Hence ord(Gi(y)) < o, that is, dim¢(SAT(A;)) < o. Since a € Zero(PS), there is an A;, such
that a € Zero(SAT(A;,)). We will show that SAT(A;,) = ID(a). Since a is a generic zero of
D(a), SAT(A;,) C ID(a). Hence dim¢(SAT(A;,)) = dime(ID(a)) so that SAT(A;,) = ID(a).
If there is another SAT(Ay) such that dim¢(SAT(Ag)) = o, then ord(Gi(y)) = ord(Gi,(y)) = o
which implies that F(y) = 0Gk(y) = AG;,(y) where A\, § € K and all are not zero. Hence



Y, = Ty = Br. Let P(z0,---,2n) € SAT(Ag). Then P(T~!((y,y1, -+, ya))) € K{y} where
T is as in Theorem 3.3. Then

P(T™ () = P(&) = 0 <= P(T (5,51, +,yn))) € By = By
= P(T" " (7iy)) = P(&,) =0 <= P(20, -, 2n) € SAT(A;,)

Hence SAT(Ay) = SAT(A,;,). Since SAT(A;) do not include each other, the proof is complete.
1

Remark 3.6 The coefficients of F(y) in above sections and this section are in K and the
order of F(y) is arbitrary. In the following sections, we will always assume F(y) has constant
coefficients and order one.

4 An algorithm for first order ODEs

In this section and following sections, if there is no other statement, F(y) will always be a
non-zero first order irreducible differential polynomial with coefficients in C.

Theorem 4.1 Let j = I a;x* be a solution of F(y) = 0, where a; € C, n > 0 and @, # 0.
Then for an arbitrary constant c,

Nl

n
= Z ai(x +c)’ (3)
i=0
is a polynomial general solution for F(y) = 0.

Proof : Tt is easy to show that ¢ is still a zero of X . For any G(y) € K{y} satisfying G(y) = 0,
let R(y) = prem(G(y), F(y)). Then R(y) = 0. Suppose that R(y) # 0. Since F(y) is irreducible
and deg(R(y),y1) < deg(F(y),y1), there are two differential polynomials P(y),Q(y) € K{y}
such that P(y)F(y) + Q(y)R(y) € K[y] and P(y)F(y) + Q(y)R(y) # 0. Thus (PF + QR)(9) =
0. Because c is an arbitrary constant which is transcendental over K, we have P(y)F(y) +
Q(y)R(y) = 0, a contradiction. Hence R(y) = 0 which means that G(y) € ¥r. So ¢ is a generic
zero of Y. The proof is complete. I

The above theorem reduces the problem of finding polynomial general solutions to the prob-
lem of finding a polynomial solution. In what below, we will show how to find such a solution.

Lemma 4.2 Suppose that deg(F(y), y1) = m > 0. If j = Y% qa;2x" (@, # 0) is a solution of
F(y) =0 where a; € C , then n < m.

Proof : Assume that F(y) = Y, caigiyaiylﬁ", where cq,3, # 0 and (o, Bi) # (ay, B;) if
i # j. Substituting y in F(y) by ¢, we get a polynomial F(y) in . Assume that n > m > 0.
Then n > 2. We consider the highest degree of x in F(y) which is the largest number in
{na; + (n—1)3; fori=0,---,1}. If g is a solution of F(y) = 0, all the coefficients of F(7)
are zero. Hence the number of the terms yo‘iy/l6 * such that na; + (n — 1)5; is the largest are at
least two. Without lost of generality, we suppose that two of them are nay + (n — 1)3; and
nag + (n — 1)fB2. Then we have n(a; — ag) = (n — 1)(B2 — (1). Assume that By > (1. Since



(n,n—1) =1, we have n|(f2 — #1). But 0 < 3 — 1 < m < n, which implies that 51 = .
Hence a; = ag. This contradicts (a1, 1) # (a2, B2). Hence n < m. I

From Lemma 4.2 and Theorem 3.2, we have an algorithm to find a polynomial solution of
F(y) = 0 if it exists.

Algorithm 4.3 The input is F(y). The output is a polynomial general solution of F(y) = 0 if
it exists.

1. Let n = deg(F(y),y1).

2. Compute R(y) = prem(yn+1, F'(y)). If R(y) # 0, then the algorithm terminates by Theo-
rem 5.1, else goto step 3.

3. Let z = apx™+- - -+ a1z + ag where a; are indeterminants. Substitute y in F(y) by z. Let
PS be the set of the coefficients of F'(z) as a polynomial in . Solve PS. If Zero(PS) # 0,
we will get a polynomial general solution of F(y) = 0. If Zero(PS) = (), then F(y) has no
polynomial general solutions.

It is known that general methods of equation solving are exponential algorithms. Therefore,
the above algorithm might be ineffective.

In the next section, we will analyse the structure of the first order ODEs with constant
coefficients which have polynomial solutions. After doing so, we can obtain an polynomial-time
algorithm.

5 The structure of first order ODEs

If we have obtained a polynomial solution § = > ;2% of F(y) = 0, we regard z, y, y1 as the
independent indeterminants and eliminate z in the polynomial set {31 ; a;z' —y, Sr a1 —
y1}. Then we will obtain a new differential polynomial R(y). Theorem 5.2 below will give the

relation between R(y) and F(y).

Lemma 5.1 Let fi(y) = Yt pair’ —y, foly) =3 " g™ —y1 (n>1,a, #0,a; €C).
Ifn > 2, let R(y) be the Sylvester-resultant of fi(y) and fa(y) with respect to x and if n =1, let
R(y) = fa(y). Then R(y) is an irreducible polynomial in C[y,y1] and has the form

R(y) = (=1)"ap 'y + (~1)"'n"any " + Gly, m) (4)

where tdeg(G) <n —1 and G does not contain the term y* .

Proof : When n = 1, it is clear. Assume that n > 2. We know that R(y) is the following
determinant which has 2n-1 columns and rows.

an an—1 an—2 ai a —yY
an Gn—1 az ai ao —y
an an—1 an—2 T ai ag — Y
nan (n—1)ap-1 (n—2)an—2 --- a1 — v
Nnan (TL - 1)5,n71 T as ar — Y1
Nnan (TL — 1)?1”_1 (n — 2)&n_2 s a2 ai—yi



Regard a; in the above determinant as indeterminants. Let R =} c,, f;iyaiy{i ‘, where (ay, 3;) #

(e, Bj) if i # j and cq,, are non-zero polynomials in ag, - - -, @,. We define a weight
w: C[I)y)ylvdi] — Z

which satisfies w(st) = w(s) + w(t), w(z) = 1, w(a;) = n — i, w(y) = n, w(y1) = n — 1 and
w(k) =0 for k € C. Then f; and fy are isobaric polynomials with the weight n and n — 1. From
[9], we know that the resultant of two homogeneous polynomials is still homogeneous. By the
same way, we can show that the resultant of two isobaric polynomials with the weight n and n—1
is still an isobaric polynomial with the weight n(n—1). Hence R(y) is an isobaric polynomial with
the weight n(n —1). We have w(yaiyfi) =na; + (n—1)8; < n(n—1), which implies a; <n —1
and §; < n. If a; > 0 then we have «o; + 3; < n, because na; + (n —1)8; = a; + (n — 1) (i + 3;).
Since w(y}) = w(y™ ') = n(n — 1), the coefficients of y} and y"~! in R(y) must be polynomials
in @,. By the computation of the above determinant, the coefficients of y7 and y"~ ! in R(y)
are (—1)"a”~! and (—1)""!n"a". Then the form of R(y) is as (4). In the following, we take
a; as complex numbers. If R(y) is reducible, we assume that R(y) = Fi(y)F2(y), where 0 <
tdeg(F1(y)), tdeg(F2(y)) < n. Since R(y) = P(y)f1(y) + Q(y)f2(y), where P(y), Q(y) are two
differential polynomials, we have R(y) = 0 which implies that Fj(y) = 0 or F5(y) = 0. But
we know that it is impossible by Lemma 4.2, because deg(Fi(y),y1), deg(Fa(y), y1) < n, a
contradiction. I

Theorem 5.2 Use the same notations as in Lemma 5.1. If § = Y% qa;x" is a polynomial
solution of F(y) = 0, then R(y)|F(y). Since F(y) is irreducible, F(y) = AR(y), where A € C
and \ # 0.

Proof : From Lemma 4.2 and Lemma 5.1, we know deg(F(y),y1) > n = deg(R(y),y1). Let
T(y) = prem(F(y), R(y)). Then we have the remainder formula J(y)*F(y) = Q(y)R(y) + T (y),
where J(y) is the initial of R(y) and Q(y), T(y) € Cly, y1] and deg(T'(y),y1) < deg(R(y),y1)-
Since F(y) = 0 and R(y) = 0, we have T'() = 0. By Lemma 4.2, T(y) = 0. That is J(y)*F(y) =
Q(y)R(y) which implies that R(y)|F(y) because R(y) is irreducible. Since F'(y) is irreducible,
it is clear that F'(y) = AR(y) where X € C and \ # 0. I

From Lemma 5.1 and Theorem 5.2, if F(y) has polynomial solutions § = 31" ; @;x*, it must
be the following form

F(y) = ay! +by" ' + Gy, 1) (5)

where a,b € C are not zero, tdeg(G) < n — 1 and G does not contain the term y" 1.

As a consequence of Theorem 5.2 and Lemma 5.1, we have

Corollary 5.3 Let F(y) be of the form (5) and have a polynomial solution of the form (3).
Then

g, = ——0_. (6)

n"a

Lemma 5.4 Let F(y) be of the form (5) and have a polynomial general solution of the form
(8). Then we may construct a new general solution of the following form for F(y) =0
n—2
Q:&n(a:+c)"+26i(ﬂs+c)i. (7)
i=0



In other words, we may assume that a,—1 = 0 in the general solution of F(y) = 0.

Proof : 1t is clear that

n—2

~ _ Qp—1 n ~ Gn—1 i
=an(r+c— + E ai(x +c—
Y n( nanp ) P Z( Na, )
Since ¢ — a;(_;l is still an arbitrary constant, replacing ¢ — Gn_1 by ¢ in the above equation, we

get the formn(7) and it is still a general solution of F'(y) = 0. ! I

The following theorem will tell us that the value of a; only depends on the values of a; for
i > k if F(y) = 0 has polynomial general solutions.

Theorem 5.5 Let F(y) be of the form (5) and z = (—b/n"a)x" +an_12" ' +an_oz™ 2+ -+ag
where a; are indeterminants. Substituting y by z in F(y), the coefficients of g(n=D*+i=1 iy F(z)
are of the following form

—b n—2 . .

— )" *(n—1—1)ba; + hi(an—1,--,aiy1) fori=n—2,---,0 (8)

n"a

(

where hi(an—1,---,a;+1) are polynomials in ap—1,- -+, aj41.

Proof : Let C; be the coefficient of (~1*+~1 in F(z) for i = 0,---,n — 2 where
F(2) =az! + 2" 4+ G(2, 21)

As in the proof of Lemma 5.1, we define a weight w. Then z = (=b/n"a)x"™ +an_12" ' +- - -4 ag

is an isobaric polynomial with the weight n. Hence 2% z;” is still an isobaric polynomial with
the weight naj; + (n — 1)3;. Now we consider C;. By computation, we know that the highest
weight of the terms in F'(z) is n(n —1). Hence the highest weight in C; is not greater than n —i.
So ag can not appear in C; for k < ¢ — 1 and if a; appears in C;, then it must be linear and
its coefficient must be constant. In the coefficients of z(®~1*+i=1 in az + b2""1 the term in
which a; appears are (2 )" lin"aa; + (%)"_Q(n — 1)ba;. In the coefficients of z(m~1D*+i-1 iy

n"a n"
G(z, z1), since the weight of each term is less than n — i (for tdeg(G) < n), a; can not appear.
Therefore C; has the form (8). I

6 A polynomial-time algorithm and experiment results

From the results of section 5, we have the following algorithm:

Algorithm 6.1 The input is F(y). The output is a polynomial general solution of F(y) = 0 if
1t exists.

1. If F(y) can be written as the form (5), then goto step 2. Otherwise, by Theorem 5.2,
F(y) = 0 has no polynomial general solutions and the algorithm terminates.

2. Let F(y) be of degree n in y;. Let a, = —n—fia, an—1 =0,
a; = — (_b};irggz)‘;j;(’zijll)_i)b,i =n—2,---,0, where h; are from Lemma 5.5. We have a; € C.



3. Let y = 31" ya;z*. If F(j) =0 then § = 31y a;(x + ¢)’ is a polynomial general solution
of F(y) = 0. Otherwise, F'(y) = 0 has no polynomial general solutions.

The correctness of Step 3 is due to the following facts. By Corollary 5.3, Lemmas 5.4 and
5.5, if F(y) = 0 has polynomial general solutions, then § = > a;(x + ¢)* must be such a
solution. By Theorem 4.1, to check wether ¢ is a polynomial general solution we need only to
check whether g is a polynomial solution of F(y) = 0.

Now we give some examples.

Example 6.2 Consider the differential polynomial:

Fi(y) = yi* —8uy1® + (6 4 24y) 112 + 257 + 528 y> — 256 > — 552y

1. Fi(y) can be written as the form:

Fi(y) =" — 256y + Gy, 1)

where
Gly,y1) = —8y1° + (6 + 24y) 2 + 257 + 528y — 552y
tdeg(G) <3
2. If Fi(y) = 0 has a polynomial general solution, then its degree is four and the coefficient
of x* must be ay = % =1.

3. Let
8,

2z = 2* + agx® + a1 + ag. Replacing y by z in Fy(y), we compute the coefficients of
22, 219, which are

768 as + 528 — 384 a5 — 768 ag

—512 —512a;
384 — 256 aq
Then we have ag = 1L,a1 = —1,ap = 3

4. Letj = 2 + %xQ —x+ %. Substituting y by y in F1(y), F1(y) becomes zero. Hence a
polynomial general solution of F1(y) =0 is

3 17
g=(r+e)' +S(x+e)® —(z+e)+
2 16
Example 6.3 Consider differential polynomial
Foy) =y — 164" + 4 +v* — 1y
Similar as Example 6.2, the coefficient of ° must be a5 = é—ﬁ = %. Compute the coefficients
of z1°, 26, 217 28 which are
147456 262144
- a3 — ————————a
48828125 7 30517578125
49152 196608
-5 — ———————a
488281253 30517578125
131072 65536

T 305175781252 30517578125

10



Hence we have a3 =as =a1 =ag=0 and y = %:ﬁ. Substituting § to Fa(y), we have

256 o, 256 4096

12
B _ U0 0
1953125° T o765625° T 2a4140625° 7

Fy(y) =

Hence F>(y) = 0 has no polynomial general solutions.

In Step 2 of Algorithm 6.1, we need to compute F'(z) where z = —%:ﬂ”+an,1xn_l +--+ag
and a; are indeterminants. The complexity of it is very high. In order to give a polynomial-time
algorithm, we should modify Step 2. From Theorem 5.5, to compute the value of a;, we need only
compute hg(@n_1,- -, dk4+1). In other words, we need only compute F(z) where z = 37, a;z".
Moreover, we need only compute the coefficient of z(™D***=1 in F(z). To compute F(2), we
need to compute multiplication of two univariate polynomials which can be computed by the

classical method or Karatsuba method ([21]).

Algorithm 6.4 The inputs are F(y) as the form (5) and zZ = apa™ + --- + ag where a; € C.
The output is the coefficient of (=D k=1 Gy F(2) for some k.

1. Compute z"™ and Z{“l where z; is the derivative of z wrt . We compute z" step by step.
That is, we compute 2z firstly, then compute multiplication of z? and z, and so on. Note
that, after we computed 2", we have also obtained z* for i < n. For Z{“l, we compute it
by the same way.

2. Write F'(y) as the form: F(y) = > o(do; +diy+---+ dn,my”_i)y% where d; ; € C.
3. For i from 0 to n, compute p; = do; +d1 ;2 + -+ dn_iyién_i

4. result:=0
For j from 0 to n
For i from 0 to (n —1)2 +k —1
result:=result+coeff(p;, , i)xcoeff(y], x, (n — 1) + k — 1 —4)
where coeff(p, z, k) means the coefficient of z* in p.

5. return(result)

In Algorithm 6.4, the complexity of Step 1 is O(n*). The complexity of Step 2 is O(n?). The
complexity of Step 3 is O(n*). The complexity of Step 4 is O(n?®). Hence the complexity of
Algorithm 6.4 is O(n*). Here, we only consider the complexity on multiplications.

Algorithm 6.5 The inputs are F(y) as the form (5) and z = ap@™ + ay_12" 1 +- - -+ ag where
a; are interminates. The output is a; for i =n,---,0 in Step 2 of Algorithm 6.1.

1. Let C_Ln = Thna’ (_lnfl = 0.

2. Leti=n—2.
while 7 > 0 do

a) §:i=ana"” + -+ a1zt
+

; :=the coefficient of z\"~ '~ in F(g) by Algorithm 6.4.
b) C; :=the coefficient of z(*~D*+~1 in F(3) by Algorithm 6.4

P C;
(c) @i:= T =b/nra)r X(n—1—1)b"

11



(d) i:=1i—1.

It is easy to know that the complexity of Algorithm 6.5 is O(n®). In Step 3 of Algorithm 6.1,
we verify whether g is a polynomial solution of F(y) = 0. If 3 is not a polynomial solution of
F(y) = 0, that is said F'(y) # 0, then F(y) will be a polynomial in = with degree not greater than
n(n—1). Hence, if F'(y) # 0, then F(g) = 0 as an equation in = has n(n—1) roots at most. So we
can verify it by numerical computation. If F(g)(k) =0 for k = —”(”T_l), —n(”T_l) +1,---, @,
then F(y) = 0. Otherwise, F(y) # 0.

Algorithm 6.6 The inputs are F(y) as the form (5) and §j = Y% a;x" as in Algorithm 6.1.
The output is “Yes” or “No” where “Yes” means y is a solution of F(y) =0 and “No” means
g is not a solution of F(y) = 0.

1. Write F'(y) as the form: F(y) =37 o(do; +dijy+ -+ dp_j y" 9 )yl where d; ; € C.
2. For k from —n(n —1)/2 to n(n —1)/2

(a) Compute k* for i = 1---n by the same way as Step 1 of Algorithm 6.4.

(b) Substitute ! by k* in 4 and #;. Then we get the values of § and #; at k denoted by
y(k) and g1 (k). Compute 7 (k)" and (k) for i =1---n.

(c) result:=0
For j from 0 to n, compute p;(k) = do j + di1 ;4(k) + - - - + dp—j j5(k)?
result:=result-+p; (k)1 (k)

(d) If result# 0 then return(No)

3. return(Yes)

It is easy to see that the complexity of Algorithm 6.6 is O(n3). So we have the following
theorem.

Theorem 6.7 We can decide whether F(y) =0 has a polynomial general solution and compute
one if it exists with O(n®) multiplications.

Table 1 shows the statistic results of running our algorithm for ten differential equations.
Differential polynomials in our experiments are given in the Appendix of this paper. We only
give the total degrees and terms of these differential polynomials here. In the table, F; and G;
denote differential polynomials. Here, the coefficients of F; and G are integers. The coefficients
of Fj are less than 10° but that of Gj may be very large. The unit of running time is seconds.
The column of “solution” means whether they have a polynomial general solution or not. The
program is written in Maple. The running time is collected on a computer with Pentium 4,
2.66GHzCPU and and 256M memory.

7 Conclusion

We give a polynomial-time algorithm to compute a polynomial general solution of first order
ODEs with constant coefficients. Our experiments show that the algorithm can be used to solve
very large ODEs.

It is interesting to see whether the result can be extend to the case when the coefficients of
first order ODEs are not constant or the case of high order ODEs with constant coefficients.

12



tdegree | term | time(s) | solution tdegree | term | time(s) | solution
Gs 6 17 0.077 Y Fs 6 22 0.063 N
G7 7 22 0.125 Y Fr 7 28 0.266 N
Gs 8 30 0.312 Y Fyg 8 37 1.141 N
Gy 9 38 1.468 Y Fy 9 45 3.500 N
Gho 10 47 8.108 Y Fio 10 55 10.656 N
G11 11 57 16.062 Y F11 11 60 31.345 N
G1o 12 68 34.250 Y Fis 12 74 70.438 N
Gis 13 80 78.203 Y Fi3 13 80 | 148.984 N
Gy 14 93 | 178.469 Y Fiy 14 90 | 273.065 N
Gis 15 106 | 306.250 Y Fis 15 110 | 434.514 N
Table 1: Statistics on Solving Differential Equations
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8 Appendix

Fs = 334y% + 279967y° + 194478 — 19838y%y1 + 113804yy; — 381141y%y? — 219431y; + 209023y + 167749y3y? —
382588yyT — 7242412y3 + 72865y y1 + 220632y y1 4+ 213575yy1 + 27976Tyy? — 276548y° — 148190y? + 90647y> +
37783yt + 46451y3 — 248636y* — 385166y

Fr = 34579 4 25778y%y1 + 80625yy} + 78679y y? + 43313y + 46139y; — 73345y° — 50398y + 218y] + 96281y° +
6542y y1 + 36183y°y} — 119686y°y1 — 48030y y7 + 69685yyT + 93551y yi + 74603yy; + 45035y°y3 + 32219y3y: +
21648y*y; — 111353yy1 + 36169yy? + 51768y> + 4297y? — 147755y1 — 3302515 + 112279y + 89315y3

Fy = 68521 —52460y2y1 +184098yy+ — 74708y>y? +117y§ + 301474y " — 216839y %y5 +431395y y1 —2221291°% +
190990y 3y1 4-28550y 1S — 253369y y? — 130938y —29609y: —21177y" + 127956y +239821y{ —37748y° —266235y%y7 —
199885y3y$ — 465274y y1 — 88894y yf —105279yyT +27277y>y3 —111371yys —47233y%ys — 51283y y1 — 213137y y1 —
79729yy1 — 70345yy? — 255233y° — 64054y? — 53393y + 16305y + 123710%5 + 91518y* — 16463333

Fy = 897 —171475y%y1 +66023yyT — 16859012 y? — 1569215 — 212470y” + 18496315 —90533y°y1 —458442¢°y? —
3000y3y1 +168380yy$ — 26402y 43 — 2060608 +194497y1 +116603y° — 122110y +77511y7 +62578y° +301315¢%y7 —
109153y3y$ — 221726y5y; + 34509y y? — 2411965 + 54585y°y? + 330628y°y? + 66y + 210958y° — 185552y  y1 +
404735y°y% +17586yyT +464890y°y? +41859y5y3 — 91674y y T +25318yy — 28988y y3 — 320359y y1 — 125446y %y, +
41842yy? — 186212y° — 65069y7 — 29310y + 40296y7 — 93934yF — 29771y* — 80489y3

Fio = 165y1° — 113025y + (—65389 + 46498y)y} + (123249y> + 914y — 176941)y] + (136118 — 73765y
+ 74818y° + 130026y2)y? + (64371 4+ 117228y — 155272y + 340028y*)yS + (—16102y% + 229851°
— 113723y3 4 31597 — 8059y — 123590y* )yt + (—11444y> — 35359 — 42369* + 26633y° — 116171y° + 560y
+46163y°)y + (32057y — 74344 — 52794y" — 81935y — 94960y° + 184612y° — 59057y> + 125386y" )7
+ (8323 4 14585y 4+ 102546y° — 104936y* + 9467y + 74815y" +267618y" +114803y> — 289906y°)y1 + 82996 — 57968y
— 227361y° 4+ 42500y" — 85907y? — 16447y® — 137894y% — 30298y* — 699553 + 633215y°

Fip = 181y{" + 3840y1° + (—94780 + 12878y)y; + (22493y + 11288)y; + (—35340y — 72422y> + 4368
+9846y%)y] + (—19922y* — 71119 + 100156y°)yS + (—93819y* + 146671y* + 22174y> — 72274y — 138109y
+77309)y5 4 (107128y* — 24814y? — 28027y + 138939y° 4 68990y + 55960y°)y1 + (75561 4 149929y° — 8166y”
+ 57489y + 24849y> + 112586y + 33916y° — 7177y*)y} + (36767y" — 83358y° + 30821 + 58285y — 50458y°
—196760y?)y3 + (128186y° — 16846 — 18936y + 125736y" + 45710y + 235415y° + 40485y + 112299y + 88202y°
— 6533y%)y1 + 9868 — 90092y” 4 71113y + 77724y° + 116126y° + 355681y"" 4 47172y* + 17818y> — 14449y°
+ 23335y° + 28742y
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Fio = 76y1% + 33722y " + (84791y + 114149)y1° + (89932y — 162740 — 49006y )y! + (—26588 — 214315y
+16457y* — 137569y)y5 + (69935y" + 87663y> + 20764 — 181741y> + 61867y)y; + (—36780 — 62219y° — 139248y*
— 29929y + 520419y + (— 186473 + 71854y + 72238y — 30765y + 118595y + 146395y° + 97372y )37 + (—31080y°
+19498y° — 175150y° — 50050y * — 188845y " — 153372y — 6591 + 658532yt + (214886y° +28473y> — 11026+ 49527y
+107562y° — 78969y + 53763y” — 1578441° )y§ + (—56973y° + 698052 — 44284y — 33937y* 4 50907y> + 79689y”
— 108231y — 237536y — 14906 + 254349 )yf 4 (112707y" — 399652y'° — 32365y 4 166580y + 150190y° + 206297y>
+ 7389y — 17873y + 21677y%)y1 + 53290 + 19052y° — 98408y — 25953y° + 256939y” + 242773y + 127722y°
+93910y° + 222482y° + 105244y"° — 125372y*

Fiz = 135y1% + 47352y1% + (39554y + 114974)y1 " + (—26453y — 108472y )y1® + (—45881y + 3448y> + 161186
— 78531y + 88457y 3% + (—83844 + 90607y° + 131365y" + 101407y> + 34645y°> — 139975y )yT + (116213y + 49054y>
— 47811y° — 35338y? + 120450y* + 45941)y$ + (70947 — 11375132 + 82734y + 104310y + 51842y* + 46985y°)y}
+ (—161375y° + 25599y” + 47165y> + 29838y> + 260685y° 4- 86300y 4- 89863y — 7438 + 54365y )yT + (—78286y"
+299955y° — 30142y* + 21679y° — 12137y° + 20605y% + 119671y> + 5052 4 275301y° — 45018y)ys + (110220y°
— 43563y° + 50465y® — 163044y — 14511y7 — 104411y 4 38802y> — 153933y'° + 74317y° — 33522y2)y? + (75894y*
+19612y7 + 64802y° — 308216y 4 219785y% — 75054y° — 84388y® + 107556y — 73832y° + 118842y%)y:1 + 28303
+ 21829y° + 86381y% — 257554y'? — 75232y° + 31873y — 6535y* — 23695y° — 14463y" — 4424204 + 573943
— 13745y

Fiq = 47051 + 35691* + 181442y 4 23911y1° — 49639y™® + (—19535 — 149735y)y1> + (—32591 + 11835y
— 137727y)yi° + (—55189y> + 95505y + 88591 — 23143y )y! + (—268746 — 13262y° + 36597y> — 94570y°)y%
— 322849y%yi " + (58130y° — 60834y> + 173440 + 71192y° 4 29352y)yT + (66865y° — 25802y + 26422y" + 22248
+ 77469y + 96906y + 13758y° — 1587y)yS + (84650y + 274940y® + 53913y + 30005y2 + 20384y — 151580y"
+ 74588y° — 48558)y% + (—37977y* — 2615415 + 70806y" 4 209515y* — 428549° — 98749y° — 78896 — 75562y°
— 31196y°)yt + (76236 + 5397y° + 21870y° — 19996y + 6261y> + 47483y"° + 465¢° 4 39112y° + 146292y5)y3
+ (—182775y" + 74844y* + 53406y"" — 13323 + 26335y + 13293y" + 77477y® — 8099y'® — 25121y° — 61377y )y}
+ (84612y® — 326734y% + 163086y° + 4332y — 115290y* — 43952y* — 86323 4 202105y5 — 97418y° — 58002y°
+15187y%)y1 + 85262y + 6192y° — 47024y + 56564y> — 135289y° — 76342y° — 37712y" + 93617y* — 41180y°
— 181057y° + 28294y*°

Fi5 = —36816 — 60506y°y1® — 148408yy1 — 72370y%y1 + 96066yy1 + 75950y°yS — 135970yy] + 151078y 1
— 5598247 + 83916y + 171344y 410 + 46677y%y] — 148125y %y, — 233944yy? — 89697y y? — 303934y}
+ 74483y2y} + 96626y*y? + 97843y Ty — 65185yF — 67716y7 + 1155267 — 40601y°y1 — 91459y — 33266y°y3
+ 79906y°yF + 132103y°y} + 465yy1 + 17963yy? + 326yyS — 19920y°y3 + 142508y°y1 + 93012y 1
— 5325945y + 156381y°%y+ + 86181y%y1 + 50879y°y? + 64251y*yT — 158941yry; — 7502y°y5 + 69757y5y?
+ 79041y%yi" — 92201yyi® + 1811y y? 4 8039y + 99967y + 98128y° — 478957 + 28509y + 97742y5 + 2288315
+ 154374y11 + 46882y1% — 114968y'! — 27662y° — 89980y° + 190735y'® + 9465915 — 68247y1 + 105849y1°
+ 53268y2y? + 18113y°%y? + 19294yy5 + 19646yy} + 163996y°y3 — 96431593 + 25209y%y] — 136485y 747
— 85493y%y7 — 54862y y] + 42306y yT + 83210y%y§ 4 24478y5yF + 56630y°yt + 134851y°y§ — 33406y*y?
— 18545yy$ — 108243y %yf — 178390y°yT + 125488y8yT — 225991912 — 48811y'? — 141750y1% — 110379y '%y?
— 7414193911 — 71653y — 763981y + 46557y°yT + 83305y°%45 — 300131%°%y3 + 23870yy1' + 100912y°y?
— 162450y yT — 7384y1* + 33389y + 35253y°yS — 145295y ¢ + 6315318y — 882361y T — 89364y 1y?
+ 97372y 211 4 68222y°%4% — 91325¢'%9F + 131315 + 145908y + 29104y 1 y$ — 11487y Oy — 220024yyi>
+ 1428944%4% — 341817y 3y,

Ge = —2239270123370508y3y? — 73341166685799522yy? — 348625916485227762y%y? — 26354822582727505764yy?
— 27745457202367122742187604y — 197214350631643527807y* + 101621504799y% — 753859215536440896y°
— 1070342996332933617532896y% — 20573126268413982250380y° + 8503059068264 1y — 462685425924899921661y2
+ 719253911615634948y5 + 20536740304090707y+ — 138423274168410yy; — 90930477113712y2y5
— 286540171729997268651373524

G7 = —678223072849y° + 20902831344442y3y? + 8066721334y3y> — 2567711542105192yy> — 1697982202yy?
+ 8334405125940453y%y? + 589727809087102378yy? + 1742252379y y; — 58714498185y%y? — 39371277985848853484874y —
30730347648989695y* + 583372188y% + 372111226698414y° — 1187254524283627954343y? — 14332059261886623712y> —
117649y] — 861043913576y +12733330795044051633y? — 86753350653756045y5 +342142329427591y ] + 5177695276740y y+ —
16895153027179y2y$ — 473227055411360698612017

Gs = 190264709996177168667528y® — 1469716239890230031664y3y? — 130100372330945885424y°y3
+21359685551682284182368yy3 + 6359262398400950784yy? + 52694015782570975922904y2y? — 404245085651347968y>y? +
28738267971613360128y%y? — 1203724710545891328y%y} — 299353206754154967582816yy? + 53117606495566455624y%yT —
1159897918917794331600y*y? + 88600645401588006912y°y? — 27513669434654592yy$ — 28423949231763757993575168 +
20104890609108772136359296y — 874170892507510121714208y* + 188446772808576072yS — 740887900495546107497472y5 —
5774830264424750829183936y2 + 4644307275161609610006624y3 — 12116574790945106558976y7 — 575155251049320y] +
10030613004288y%5 — 27023008529215963800y + 475744413407534130837024y? — 41979673480845703249728y3
+ 1551265382743879297176y;+ — 572043928477107148992yy+ — 2814782203669331710944y2y3
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Gy = 132420130032638282yy] + 16204809674296757323936668719y° + 628435646223841423296146380y°y?
+ 1145295513375833522781988y %y + 20650006484455249417883020900yy5 — 21241691983549563578444yy?
— 106642300578892626995652927110y%y? — 1487180845984510262114y%y> — 71036559243059989242824y 1y
— 24932623886362180116898y3y? — 5643707609509233251023697305728yy? — 1357961334735693032y3y>
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