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CNC machining plays an important role in mechanical manufacturing. A key issue is to improve the machining feedrate while 
keeping the machining precision and satisfying the acceleration constraints of the CNC machine. For the consecutive mi-
cro-line segments interpolation, the velocities at the junction of two segments are the bottlenecks for the machining efficiency. 
This paper proposes a multi-period turning method to improve the feedrate at the junctions using the linear acceleration and 
deceleration mode, which utilizes the maximal acceleration capabilities of the NC machine while satisfying the machining pre-
cision. A new and more efficient look-ahead method and a feedrate override method are also proposed to boast the global ma-
chining speed. The proposed algorithm has been implemented on Blue Sky NC System, and experimented in real material 
manufacturing. Compared with several existing algorithms, the current algorithm can improve the manufacturing time ranging 
from 50% to 180%, depending on the machining parameters, and also results in better machining quality. In addition, the algo-
rithm also satisfies the need of real-time interpolation. 

CNC, micro-line segment, multi-period turning, look-ahead scheme, real-time interpolation, feedrate override 

 

Citation:  Zhang L X, Sun R Y, Gao X S, et al. High speed interpolation for micro-line trajectory and adaptive real-time look-ahead scheme in CNC machining. 
Sci China Tech Sci, 2011, doi: 10.1007/s11431-011-4329-9 

 

 

 
1  Introduction 

Sculptured surfaces are generally approximated by a se-
quence of micro-segments called G01 codes according to 
the given precision in CNC machining. However, in the 
micro-lines machining, the direction of machining velocity 
may change suddenly at the junction/corner between two 
adjacent micro-lines, which confines the machining velocity, 
or else serious vibration will occur, and is harmful for both 
the machine and the product quality. A simple solution is to 
set turning velocity to zero at corners, which, of course, 
costs efficiency. The key issue is how to improve the ma-
chining efficiency within the precision and acceleration 

constraints to achieve high-speed and high-precision CNC 
machining.  

The existing methods of micro-line segment interpolation 
include: the traditional method of zero turning velocity,  
the method of “turning internal bisector” [1], that is the 
values of ex-turning velocity and post-turning velocity are 
equal and are determined by the maximal acceleration of 
CNC machine. This method still fails to fully utilize the 
acceleration capacity of CNC machine. Other methods use 
fixed Ferguson splines or arc as the turning trace [2, 3]. The 
machining capacity is not fully used either. 

In recent years, spline interpolation [4–7] has become the 
research hotspot in the field of CNC interpolation. In refs. 
[6–8], the authors considered the optimal interpolation con-
trol method under the CNC machine’s maximal acceleration 
and jerk constraints. However, for splines of degree three or 
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higher, the calculations are too complicated. In order to re-
duce the computational complexity as well as optimize the 
processing speed, refs. [4, 9] fitted the G01 micro-line seg-
ments into conics or  NURBS curves, which reduced the 
amount of data transmission between CAD and CNC sys-
tems as well as the computational complexity, and im-
proved the overall machining speed and precision. Ref. [10] 
considered the optimal interpolation algorithm for spline 
path under a given machining error. In general, spline in-
terpolation has the advantage of less data and smooth paths, 
while the G01 codes have the advance of computation sim-
plicity. In the meantime, as the industry standard for many 
years, there exists a large amount of numbers of actual 
workpieces described by the G01 codes. Hence, research on 
the interpolation algorithm of the G01 codes is still very 
important. 

 Based on the above analysis, the turning velocity is the 
bottleneck of the overall speed of consecutive micro-line 
segments interpolation. In this paper, we present a mul-
ti-period turning algorithm (see Figure 1), in which the 
turning acceleration is chosen based on the principle of “full 
use of the maximal acceleration of CNC machine drivers” 
(see Section 2 for details). The turning interpolation time at 
each corner is determined by the machining precision. In 
addition, in this interpolation algorithm, the accelerations 
are limited within the feasible ranges of the drivers’ capaci-
ties, which effectively reduces the machining vibration and 
improves the quality of the machined surface. Other ad-
vantages of this method are the computational simplicity 
and explicit expressions which meet the real-time require-
ment in CNC machining.  The look-ahead scheme guaran-
tees the accessibility of the velocities on every line segment 
and the turning velocities are adjusted accordingly. The 
algorithm achieves optimization under the above con-
straints.  

In this paper, the linear acceleration and deceleration ap-
proach is used for the optimal interpolation. However, there 
is sudden change of acceleration at a corner. Similar re-
search based on S-shaped acceleration and deceleration with 
better servo instantaneous characteristic was also given in 
ref. [11], which will not be discussed in this paper due to the 
limitation of the length of the paper. On the other hand, the 
linear acceleration and deceleration approach has the ad-
vantage of computational simplicity and high efficiency in 
the machining with lower requirement of precision, which 
could be a choice for the balance between feedrate and pre-
cision in rough or finish machining. In addition, in CNC 
machining, we sometimes need to adjust the maximal ma-
chining feedrate (feedrate override) to meet the needs of the 
actual machining requirement, which may affect the results 
of previous look-ahead scheme. Our look-ahead scheme is 
adaptive to the feedrate override . 

 This paper is organized as follows: Section 2 introduces 
the multi-period turning interpolation algorithm taking 
2-axis machining as an example, the results are also ex-

tended into 3-axis and 5-axis NC machining. In Section 3, 
the look-ahead scheme is presented. Section 4 describes 
how to update the previous results of the look-ahead scheme 
when feedrate override occurs. Section 5 introduces re-
al-time interpolation methods. In Section 6, experimental 
results of machining test of our algorithm are presented 
which show the effectiveness of our algorithm.   

2  Multi-period turning algorithm  

In order to improve the turning velocity at a corner, we will 
use the maximal accelerations of CNC machine. This 
method is suitable for 2-axis‒5-axis CNC machines. In this 
section we will take the 2-axis machining as an example. In 
Section 2.2 we will prove Theorems 1 and 2, which show 
that in the case of positive angle, the results we get are op-
timal. In the case of negative angle, the turning velocity is 
optimal under the constraint in Theorem 2. The turning in-
terpolation time is determined according to the requirements 
of precision. Finally, we briefly show how to extend our 
algorithm to 3-axis and 5-axis machining. 

2.1  Multi-period turning interpolation algorithm  

The multi-period turning interpolation is shown in Figure 1, 
where the solid dots represent the actual interpolation tra-
jectory in the corner. The ex-turning velocity and post- 
turning velocity are represented by (vs, ve). S and E are the 
starting and ending points of the turning interpolation. We 
call the line segments SP and EP the ex-turning line and 
post-turning line segments. The error caused by deviation 
from the actual trajectory is .  

We assume that the turning trajectory is determined by a 
constant acceleration a for every corner respectively, whose 
rationality will be explained in Sections 2.2 and 2.3. Ac-
cording to the relation between the velocity and acceleration, 
we have 

 e e s s m ,v v t  e e a    (1) 

where es and ee represent the unit vectors of the ex-turning  
 

 

Figure 1  Multi-period turning interpolation at corner. 
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velocity and post-turning velocity respectively, tm is the 
total turning interpolation time. According to eq. (1), the 
relation between ex-turning velocity and acceleration is 

 s m e e s( ) ( ) ,   v t a e e e  (2) 

In the same way, we get the post-turning velocity as fol-
lows: 

 e m s e s( ) ( ).a e e ev t     (3) 

Since the first and the last turning interpolation points 
should be on the adjacent line segments respectively, and 
the coordinate origin is at the point P, as shown in Figure 1, 
the interpolation trajectory is a parabola which can be writ-
ten as the following formula: 

 2
e e s s s s m m0.5 ,e e e al l v t t      (4) 

where s e,l SP l EP   are call the ex-turning distance 

and post-turning distance respectively. Combined with eqs 
(3) and (4), we have 

 2
e s m e s e m( ) (2 ) 2,a e e el t v t     (5) 

 2
s s e m e s s m( ) (2 ) 2.a e e el v t t v t      (6) 

According to eqs. (2) and (3), vs, ve are in proportion to tm 
when the acceleration a is determined. Substituting eqs. (2) 
and (3) into eqs. (6) and (5) respectively, it is easy to see 

that ls, le are in proportion to 2
mt . Hence, the turning inter-

polation trajectory is determined by a single parameter tm, 
which makes the following look-ahead adjustment easy. 

2.2  Single-period optimized turning interpolation in 
two-axis CNC machining  

This section takes two-axis CNC machining as an example 
to illustrate the optimized turning interpolation in the case 
of single period. Suppose that the absolute values of for-
ward and backward maximal acceleration of the driving axis 
are equal, and denote Ax and Ay as the two axis’ maximal 
accelerations. The feasible accelerations in machining are in 
a rectangular area called acceleration rectangle shown in 
Figure 2. A line connecting the origin and the vertex of the 
acceleration rectangle is called a semi-diagonal line. The 
ex-turning and post-turning velocities of a corner both lie in 
the acceleration rectangular plane. A turning acceleration is 
called feasible turning acceleration if the ex-turning and 
post-turning velocities satisfy the condition: vs  0 and ve  0. 
Proposition 1 gives the range of the feasible turning accel-
eration. 

Proposition 1.  The feasible turning accelerations are 
the intersection area of the acceleration rectangle and the 
area formed by ex-turning semi-line segment and post- 
turning semi-line segment with angles less than 180°, which 
is called feasible acceleration polygon. 

Substituting the acceleration in feasible acceleration 
polygon, which is the shady part shown in Figure 2, into eqs. 
(2) and (3), the ex-turning and post-turning velocity of cor-
ner O are both greater than zero, as shown in Figure 2. 

A turning angle at a corner is called positive angle if the 
signs of the x and y components of ex-turning and post- 
turning velocities are the same respectively. Otherwise, we 
call it negative angle. If one of the components of the 
ex-turning or post-turning velocity is zero, we set it to have 
the same sign with the other velocity’s correspondence 
component. As shown in Figure 3, 1 represents the direction 
of ex-turning velocity, and 2, 3, 4 are the directions of post- 
turning velocities. The signs of the x and y components of 1, 
2, 3, 4 are (+, ), (+, ), (+, +), (+, ) respectively. Accord-
ing to the definition, (1, 2) and (1, 4) are positive angles, 
and (1, 3) is a negative angle. 

The best single period turning interpolation is decided by 
the optimized acceleration, because according to eqs. (2) 
and (3), when tm is constant, the values of vs, ve are deter-
mined by the acceleration a. In the coordinate shown in 
Figure 2, a can be written by 

 ,  x x y yA Aa e e  (7) 

where ex, ey are the unit vectors of x and y directions. In the 
case of Figure 2, the range of the turning acceleration is the 
shady part, hence 1 1[ ,1], [ ,1]     . Substituting eq. (7) 

into eq. (2), we have 

 ee
s

e s e s

( )( )
,

( ) ( )

   
 

 

e ee e

e e e e
y yx x

T AT A
v  (8) 

 

Figure 2  Feasible turning acceleration polygon. 

 

Figure 3  Positive angle and negative angle. 
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wher T is one interpolation period. In eq. (8), the first and 
second terms are all greater than zero, so when  = 1,  = 1, 
the value of ex-turning velocity is maximum. In a similar 
way, substituting eq. (7) into eq. (3), we have 

 ss
e

e s e s

( )( )
.

( ) ( )

   
 

 

e ee e

e e e e
y yx x

T AT A
v  (9) 

So when  = 1,  = 1, the value of post-turning velocity is 
maximum.  

Theorem 1.  For a positive angle when the turning in-
terpolation time is constant, the best turning acceleration is 
the semi-diagonal line, which lies in the different quadrants 
with the ex-turning and post-turning lines. Using this accel-
eration the ex-turning and post-turning velocities are both 
maximum.  

Proof.  According to the definition of positive angle 
and eqs. (8) and (9), vs, ve have the same monotonicity with 
a, that is, the right corresponding terms of eqs. (8) and (9) 
have the same sign. Hence, the ex-turning and post-turning 
velocities can reach the maximal value at the same time by 
suitable acceleration selection. 

The geometric interpretation of positive angle is that the 
ex-turning line and post-turning line lie in different quad-
rants. Then there is always a semi-diagonal line in feasible 
turning acceleration polygon. According to eqs. (2) and (3), 
vs, ve are the linear functions of a. Obviously, vs, ve are 
maximal when the turning acceleration is at the boundary of 
acceleration rectangular. 

According to eqs. (2) and (3), 

s e e e esin sin ,a e a e ad          

e s s ssin sin ,a e a e aed          

where s represents the angle formed by the acceleration 
and the ex-turning velocity, e is the angle formed by the 
acceleration and post-turning velocity, ds, de are the dis-
tances from the acceleration vector to the ex-turning and 
post-turning velocities respectively. When tm=T, vs, ve are in 
proportion to ds, de. According to the geometric relation 
between the feasible turning acceleration polygon and the 
direction of ex-turning and post-turning velocities, vs, ve are 
both maximal when the turning acceleration is the semi- 
diagonal line lying in different quadrants with ex-turning 
line and post-turning line. We call it optimized turning ac-
celeration.                                      □ 

We will compare this optimized turning method with the 
method of “turning internal bisector”. The ex-turning and 
post-turning velocities in “turning internal bisector” method 
is   

 e s m( ) .e e av t     (10) 

The directions of turning acceleration and the vector eees 
are the same. Hence, the acceleration is the intersection 
point of the internal bisector of the turning angle and the 

acceleration rectangle. This method is also called “turning 
internal bisector method”, as shown in Figure 4. According 
to Theorem 1, the ex-turning and post-turning velocities are 
both maximal when the turning acceleration is equal to a′ 
instead of a. In conclusion, the ex-turning and post-turning 
velocities are optimal in the positive angle case. 

The comparison about the ex-turning and post-turning 
velocities obtained by the above two methods is given by an 
example. The maximal accelerations of x and y axes of 
CNC machine are 2.9 m/s2 and 1 m/s2. The interpolation 
period is 1 ms. The geometric relation between the corner 
and the acceleration rectangle is shown in Figure 5, where 
the angle formed by ex-turning line and x axis is /6 , the 
angle of corner is . 

When the corner angle is positive, that is the angle 
formed by post-turning line and x axis belongs to (/6, 0), 
the comparison of the two methods is shown in Figure 6,  

 

 

Figure 4  Acceleration of “turning internal bisector” method and opti-
mized turning method. 

 

Figure 5  Geometric relation between corner and acceleration rectangle. 

 

Figure 6  The diagram between (vs+ve)/2v and  for positive angles. 



 Zhang L X, et al.   Sci China Tech Sci   June (2011) Vol.54 No.6 5 

where the horizontal coordinate axis represents the value of 
, the vertical coordinate axis is the value of (vs+ve)/2v. 
From this diagram, the velocity of the optimal turning in-
terpolation is 2.4–3.3 times of that of the “internal bisector 
method”.  

According to the definition of negative angle and com-
paring each term on the right side of eqs. (8) and (9), the 
ex-turning and post-turning velocities cannot be maximal 
simultaneously when the acceleration is chosen in the feasi-
ble turning acceleration polygon. So, the turning accelera-
tion is calculated according to the optimal function f = vs+ve, 
and the ex-turning and post-turning velocities are deter-
mined by eqs. (2) and (3) respectively. 

The unit vector of ex-turning and post-turning velocities 
can be written as follows: 

 s s s ,  x ye e e  (11) 

 e e e ,  x ye e e  (12) 

where (s, s), (e, e) represent the x and y components of 
es, ee. Substituting eqs. (11) and (12) into eqs. (9) and (8), 
the optimal function is simplified as follows: 

 e s e s( ( ) ( ) ) ,        y xf A A T   (13) 

where 1 2 1 2[ , ], [ , ]       , 1, 1 ( 1,2)i i i    . Eq. 

(13) is a linear programming problem, the maximal value is 
got when the turning acceleration is at the vertexes of feasi-
ble acceleration polygon. The optimal turning acceleration 
is received by substituting , , which are the solutions of 
optimization of eq. (13), into eq. (7).  

The ex-turning and post-turning velocities of positive 
angle are both maximum, so the sum of them also satisfies 
the optimal function f = vs+ve. Hence, 

Theorem 2.  The turning velocity calculated by the 
method proposed in this section is optimal in the optimiza-
tion function f = vs+ve. 

2.3  Multi-period turning interpolation  

The constant acceleration of single period turning interpola-
tion is determined in the above section, by which the veloc-
ity of the positive angle is optimal and the velocity of the 
negative angle is optimal with respect to optimization func-
tion f = vs+ve. According to eqs. (2) and (3), vs, ve are in 
proportion to tm when a is a constant. So the conclusion 
received in the above section is also suitable for mul-
ti-period turning interpolation. The turning velocity will be 
further increased by multi-period turning interpolation, with 
the turning acceleration determined by the method proposed 
in the above section. The turning interpolation time is de-
termined by the maximal precision, maximal feedrate and 
maximal turning distance. 

The shape precision can be guaranteed in the multi-   
period turning interpolation method due to the following 

property: 
Proposition 2.  The interpolation trajectory of the mul-

ti-period turning interpolation at a corner is a parabola in-
side the triangle SPE, where S and E are the starting and 
ending points of the turning procedure shown in Figure 7. 

Proof.  The turning acceleration in the multi-period in-
terpolation is determined by the method proposed in Section 
2.2. The interpolation trajectory at the corner is 

 2
s s s s( ) 0.5 .    e e as t l v t t  (14) 

From eq. (14), we can see that the trajectory s(t) is a quad-
ratic function with respect to the variable t, which is a pa-
rabola, as shown in Figure 7. The parabola, whose starting 

and ending tangent lines are vectors ,SP PE
 

, can be repre-
sented by the Bezier curve: 

 2 2
m( ) (1- ) 2 (1 ) ( )       S P Es u u u u u u t t . (15) 

Proposition 2 is proved by the convex property of Bezier 
curves.                                         □ 

We need to calculate the error caused by the multi-period 
turning interpolation and guarantee the error within the al-
lowable range. The error direction is defined as the 

weighted slide direction PN


 of the rational Bezier curve 
[12, p188], which is the direction of the line starting from 
the point on the parabola at u = 0.5 to the corner point, 
shown in Figure 7. For a parabola, the length of the 

line PM


 decides the extent of the curve approximate to the 
control polygon. That is: 

.PM 


 

Obviously, the above error is greater than or equal to the 
practical error, so this error guarantees that the actual ma-
chining error is strictly confined in the required range. In 
the meantime, according to eq. (17), if |PM| is taken as ma-
chining error, the error is in proportion to the square of 
turning interpolation time, which effectively improves the 
calculation velocity. 

The maximal turning interpolation time is determined by 
the allowable maximal machining error. Substituting u = 0.5 
into eq. (15), we have ( 2 ) 4  M S P E . Substituting it  

 

 

Figure 7  The error of multi-period turning interpolation. 
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into the above equation, we get the error expresion: 

 e e s s4 4,e ePE SP l l    
 

 (16) 

which means that the error caused by multi-period turning 
interpolation equals a quarter of the module of the differ-
ence of the ex-turning displacement vector and post-turning 
displacement vector. As shown in Figure 7, we have 

4PM PN . 

Substituting eqs. (5) and (6) into eq. (16) and combining 
with eq. (1), we thus have 

 2
m 8.a t    (17) 

Proposition 3.  The maximal interpolation time within 
the error bound is determined by 

 m 8 .at   (18) 

The ex-turning distance ls and post-turning distance le 
should be within the half of the micro-line segments. The 
ex-turning distance or post-turning distance is calculated by 
substituting eq. (18) into eqs. (5) and (6) respectively. In 
order to guarantee that the actual line segment is greater 
than zero as shown in Figure 8, we have 

s 1

e

0.5

0.5 .





,i

i

l d

l d
 

If the above equation is not satisfied, the turning interpola-
tion time can be adjusted according to the above equation, 
eqs. (5) and (6), we have 

 m m 1 s emin( 0.5 , 0.5 ).   i it t d l d l  (19) 

In actual machining, the turning velocity should be with-
in the given maximal feedrate vm. We have the following 
proposition. 

Propostion 4.  The maximal velocity of the whole mul-
ti-period turning interpolation is either the ex-turning or 
post-turning velocity. 

Proof.  The velocity of the ith interpolation period is 

s s e aiv v iT  in the multi-period turning interpolation, 

as shown in Figure 9. According to the triangle geometric 
relation, when the angle formed by ex-turning line segment 
and the acceleration direction satisfies 2   , the turning 

interpolation velocity monotonously increases with the in-
terpolation time, so the post-turning velocity is the maximal 

 
 

 

Figure 8  The ex-turning distance and post-turning distance are within 
half of the line segments  

 

Figure 9  The turning velocity variation in multi-period turning interpola-
tion (</2). 

value. 
When the angle formed by ex-turning line segment and 

turning acceleration direction satisfies </2, we consider 
two cases. For the negative angle, the interpolation velocity 
monotonously decreases first and increases subsequently 
with interpolation time; for positive angle, the interpolation 
velocity is either the same with the case of negative angle or 
monotonously decreases with interpolation time as shown in 
Figure 10. In conclusion, the maximal velocity is the ex- 
turning velocity or post-turning velocity in the whole turn-
ing interpolation                                 □ 

According to Proposition 4, if the value of ex-turning and 
post-turning velocities is not larger than the maximal ma-
chining feedrate vm, the whole turning interpolation velocity 
is within the constrained condition of vm. Otherwise, the 
turning interpolation time should be adjusted as follows: 

 m m m s emax( , ).t t v v v    (20) 

As stated above, the final turning interpolation time is 
finally decided by maximal error , the length of interpo-
lated line, and the maximal machining feedrate vm together, 
and is calculated by eqs. (18), (19), and (20) respectively. 

2.4  Multi-period turning interpolation in 3-axis and 
5-axis CNC machining  

The algorithm of multi-period turning interpolation in 
3-axis and 5-axis CNC machining is similar to 2-axis ma-
chining. The turning interpolation parameters are calculated 
by eqs. (2), (3), (5), and (6). In the case of 3-axis machining, 
the range of feasible turning acceleration is the intersection 
of the plane where the corner lies in and the cube with the 
three maximal accelerations of the driving axis as edges, 
which is the hexagon or quadrilateral shown in Figure 11.  
 
 

 

Figure 10  The turning velocity variation in multi-period turning interpo-
lation (</2). 
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Figure 11  The range of turning acceleration of 3-axis machining. 

When the ex-turning and post-turning velocity is above zero, 
the range of turning acceleration is in the shade area. 

Similarly, the turning acceleration of 4-axis and 5-axis 
machines is the intersection of plane where the corner lies in 
and the 4D and 5D region formed by the maximal accelera-
tions of 4 or 5 driving axis, which is a polygon area. 

The optimal turning acceleration is determined by the 
optimization function of f = vs+ve in 3-axis, 4-axis, or 5-axis 
machining. By decomposing the vectors es, ee into two co-
ordinate axes, the 3-axis, 4-axis and 5-axis machining is 
also a linear programming problem similar to the algorithm 
of the 2-axis machining. The maximal value of optimization 
function is obtained when the turning acceleration is at the 
vertex of polygon. In actual calculation, substituting all the 
vertexes of polygon into the optimization function, the op-
timal acceleration is the vertex corresponding to the maxi-
mal value of optimization function. 

In the 4-axis and 5-axis CNC machining, the theoretical 
error is not equal to the actual error because the rotation 
axes are not equivalent to the translating axes. There is a 
nonlinear map between the two errors. We connect the ma-
chine coordinate system with workpiece coordinate system 
by coordinate transformation. The approximated map be-
tween the two coordinate systems is obtained by the first 
order of Taylor expansion of the derivative of the coordi-
nate transformation. The specific algorithm is explained by 
two-rotary-table CNC machine, shown in Figure 12. 

Let (x, y, z) and (X, Y, Z) be the translational coordinates  

 

 

Figure 12  Machine and workpiece coordinate system (two-rotary-table 
machine). 

in workpiece coordinate and in machine coordinate. The 
transformation between the two coordinates is as follows: 

0

0

0

cos cos sin sin cos

cos sin cos sin sin

sin 0 cos

X xx B C C B C

y B C C B C Y y

z B B Z z

     
          

          

 

and B, C are the rotation angles of rotary tables, p = (x0, y0, 
z0) is the initial coordinates of the origin point of machine 
coordinate system in workpiece coordinate system. 

The differential of the above equation about variables of 
X, Y, Z, B, C is 

d dμ A η , 

where    T T
d d d d , d d d d d d , μ ηx y z X Y Z B C  

0 0

c c s s c c

c s c s s s ,

s 0 c ( )c ( )s 0

  
    
    

A

B C C B C z C y

B C C B C z C x

B B x X B z Z B

 

where cB, sB, cB, sC represent cosB, sinB, cosC, sinC re-
spectively. 

According to the above equation, the error in the work-
piece coordinate system 2 = (d)T(d) and the error in the 
machine coordinate system E2 = (d)T(d) have the follow-
ing approximate relation: 

2 T T T(d ) (d ) (d ) (d )  μ μ η A A η . 

The error produced by the rotation axis can be controlled by 
the above equation. 

2.5  The flowchart of multi-period turning parameter 
calculation  

The main contents of Section 2 are (1) calculation of turning 
acceleration which optimizes the f = vs +ve within all feasi-
ble accelerations; (2) calculation of the turning interpolation 
time according to the allowable machining error;  (3) ad-
justment of the turning interpolation time tm rendering the 
ex-turning distance and post-turning distance smaller than a 
half of the line segments respectively; (4) adjustment of tm 
according to the requirement that the turning interpolation 
velocity is not larger than the maximal machining federate; 
(5) calculation of the ex-turning and post-turning velocities, 
ex-turning distance and post-turning distance according to 
turning acceleration and turning interpolation time. The 
main flowchart is shown in Figure 13. 

The multi-period turning interpolation method satisfies 
the maximal feedrate, precision, and acceleration constraints. 
The turning velocity is improved greatly by the multi-period 
transition with the acceleration of every driving axis fully 
used. The turning interpolation parameters are adjusted by 
the turning interpolation time uniformly. The calculation is 
simple and also suitable for 3-axis‒5-axis CNC machines. 
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Figure 13  Flowchart of calculation of the optimal turning interpolation parameters. 

3  Look-ahead scheme  

The main task of look-ahead scheme is to ensure that all the 
processing speeds at both ends of line segments are accessi-
ble. The algorithm realizes the smooth speed variation and 
high machining speed automatically combining with geo-
metric characteristics of machining path and the characteris-
tics of the acceleration and deceleration control system. The 
efficiency of production has been improved under linear 
acceleration and deceleration control by look-ahead scheme 
in refs. [13, 14]. In ref. [15], the machining efficiency and 
quality are improved by look-ahead scheme based on linear 
and S-shaped acceleration and deceleration considering the 
error and dynamic performance confinement. Refs. [16, 17] 
introduced the double-linked list look-ahead scheme based 
on linear and cosine acceleration and deceleration. The 
speed variation chart is introduced based on the characteris-
tics of acceleration and deceleration in ref. [18]. Refs. [19, 
20] introduced the look-ahead scheme of NURBS and 
Bezier curve interpolation. 

3.1  The algorithm of look-ahead scheme 

The interpolation of G01 codes includes the interpolation of 

line segments and interpolation of corners by multi-period 
turning interpolation, as shown in Figure 14. di and Li rep-
resent the total and actual interpolation length of the line 
segment. li,e and li+1,s represent the post-turning and 
ex-turning distances of the ith line segment. We have the 
following equation: 

 ,e 1,s .  i i i iL d l l  (21) 

The maximal acceleration ai,m of every line segment inter-
polation is determined by the feasible accelerations of CNC 
machine and the direction of the line segment. For 3-axis 
CNC machine, the acceleration of line segment is 

,m min , , ,
cos cos cos  

 
   

 

yx z
i

x y z

AA A
a  

where x, y, z represent the angles formed by the interpo- 

 

 

Figure 14  Interpolation on the line and the corner. 
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lated line segment and the direction of three linear driving 
axes. For 5-axis CNC machine including 3 linear driving 
axes and 2 rotation axes, we have 

,m min , , , , ,
cos cos cos cos cos    

 
   

 

yx z A B
i

x y z A B

AA A A A
a  

where, 
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, , , ,x y z A B      represent the increment of components 

of adjacent G01 codes in the five directions of driving axes 
x, y, z, A, B. 

The beginning interpolation velocity of a line segment is 
equal to the post-turning velocity of the starting point of the 
line, and the final interpolation velocity of a line segment is 
equal to the ex-turning velocity of the final point of the line 
segment. In order to guarantee the accessibility of the two 
ends’ velocities of every line segment, the look-ahead 
scheme is executed as following:  

Step 1.  Data preread. Read m line segments before 
machining and the look-ahead segment number m is deter-
mined by the performance of CNC system. The beginning 
velocity of the first line segment and the final velocity of 
the last line segment are set to be zero. The other turning 
velocities are determined by the method stated in Section 2. 

Step 2.  Reverse accessibility check in acceleration 
mode. Starting with the last line segment, the accessibility 
of the velocities in acceleration mode at the endpoints of 
every line is checked in the reverse order until the first line 
segment or the termination condition given below is satis-
fied, and the look-ahead scheme is finished.   

The accessibility in acceleration mode refers to that the 
ending velocity of the ith line segment can reach the starting 
velocity with the maximal acceleration on the line within 
the interpolation length of the line if the ending velocity is 
smaller than the starting velocity. If the ending velocity is 
larger than or equal to the starting velocity, the accessibility 
condition is automatically satisfied. We denote the vi,rs, vi,re 
as the starting and ending velocities of the ith line segment 
which satisfy the accessibility in acceleration mode. 

The accessibility test is stated as: if the velocity of end-
points satisfies the condition: +1,rs ,ei iv v  or +1,rs ,ei iv v   

and 2 2
i ,e +1,rs ,m( ) (2 ) i i iL v v a , the velocity is said to be 

reachable, and we set vi,re = vi,e. Otherwise, the velocity vi,e 
of the starting point should be reduced to vi,re, and satisfies 
the following equation: 

 2 2
,re +1,rs ,m( ) (2 ). i i i iL v v a  (22) 

According to eqs. (5), (6), and (22), we have 

 2 2
,re ,m +1,rs +1,m ,re +1,rs ,m0.5 0.5 ( ) 2 ,   i i i i i i i id v t v t v v a (23) 

where ,mit , +1,mit  represent the turning interpolation times 

of the starting and ending points of the line segment. The 
turning velocity is in proportion to the turning interpolation 
time, so we have 

 ,m ,m ,re ,e ,  i i i it t v v  (24) 

where ti,m represents the turning interpolation time corre-
spondent to the post-turning velocity vi,e. Substituting eq. 
(24) into eq. (23), we obtain the reachable velocity 

 
2
+1,rs ,m ,m +1,rs +1,m

,re
,m ,m ,e

( 2 )
.

(1 / )

 



i i i i i i

i
i i i

v a d a v t
v

a t v
 (25) 

The ex-turning velocity and the correspondent turning in-
terpolation time are adjusted accordingly: 

 
,rs ,s ,re ,e

,m ,m ,re ,e

,

.

 
   

i i i i

i i i i

v v v v

t t v v
 (26) 

The ex-turning and post-turning distances are adjusted in 
the similar way according to eqs. (5) and (6). 

Step 3.  Real time interpolation. Take the first line 
segment in the look-ahead buffer queue. Calculate the in-
terpolation point and implement the task of Step 4 once in 
an interpolation period time. Real time machining is carried 
on according to the interpolation points. 

Step 4.  Add a line segment into the end of the buff-
erqueue. The ending velocity of this line segment is set to 
be zero, and the starting velocity of this line is calculated by 
the multi-period turning method. The reverse acceleration 
accessibility is checked once again from the end of the 
queue according to Step 2. 

We now give the termination condition for the jth reverse 
accessibility check in look-ahead scheme: the post-turning 

velocity ,re
j

iv  of the starting point in the jth look-ahead 

scheme is the same with the result 1
,re
j

iv  of the (j–1)th 

look-ahead scheme. When the termination condition is sat-
isfied, the jth reverse accessibility check will stop, and the 
rest of the turning velocities will stay unmodified.   

When the interpolation of current line is finished, this 
line is deleted from the queue, then we take Steps 3 and 4 
repeatedly.  

The look-ahead scheme flowchart is shown in Figure 15, 
the dashed frame I is the process of data preread, where i is 
the sequence number of the waiting interpolation data. The 
dashed frame II represents the reverse accessibility check in 
Step 2. The real-time interpolation algorithm will be intro- 
duced in Section 5 in details.  
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Figure 15  Flowchart of look-ahead scheme. 

Using the idea in refs. [7, 10], we can show that the ve-
locity obtained with our method is globally time-optimal in 
the case of single period turning. 

3.2  Experimental results of look-ahead scheme 

The look-ahead scheme checks the reverse accessibility in 
acceleration mode from the last line segment whose ending 
velocity is set zero in the buffer in every interpolation peri-
od. If the starting velocity of the interpolated line segment is 
greater than the ending velocity, look-ahead scheme guar-
antees the accessibility in deceleration mode in real-time 
interpolation. The test of forward acceleration accessibility 
will be introduced in the next section. 

The turning interpolation parameters of m corners in the 
look-ahead buffer are calculated in step 1, so we need only 
to calculate the turning interpolation parameters of the last 
corner in Step 4 of the look-ahead scheme. In the 5-axis 
machining of a blade in Figure 25(a), the average calcula-
tion time of turning interpolation parameters is 0.00558 ms 
which satisfies the real-time look-ahead needs for 2‒5-axis 
CNC machines. 

This look-ahead scheme needs no backtracking and the 
processing time is shorter. In the meantime, the look-ahead 
scheme will be terminated when the termination condition is 
satisfied, hence the number of look-ahead segments can be 
adjusted dynamically according to the current computation-
al time when the termination condition is satisfied. The 
processing time and look-ahead segments are improved 
accordingly. By experimental tests, the capacity of this 

look-ahead scheme can reach 2000‒ 5000 segments in 
common CNC machine. The look-ahead scheme is real-time 
interactive and online response to the feedrate override, 
which will be introduced in Section 4. 

The actual machining result of Figure 16 employing the 
look-ahead scheme is shown as Figure 16(b). The compari-
son of computational time between our look-ahead scheme 
and the traditional method is shown in Table 1, where the 
data in the first row of our algorithm represent the time of 
the look-ahead scheme for Steps 1 and 2, and the data in the 
second row for Step 4. Since there is no backtracking and 
the adoption of the termination condition, the computational 
time of our algorithm is less than the available algorithm’s. 
The average number of actually needed look-ahead seg-
ments in Step 4 is about 200 when the termination condition 
is satisfied.  

 

 

Figure 16  The original graphic and the machining result. 
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Table 1  The comparison of computational time 

Look-ahead 
segment 

Computational time (ms) 

our method 
available method 

preread add a new G01 code 

1000 0.14 0.027 0.25 

2000 0.24 0.025 0.46 

3000 0.38 0.031 0.70 

4000 0.49 0.032 0.96 

4  Feedrate override 

In practical CNC machining, the result of the look-ahead 
scheme would not be suitable when there is a feedrate over-
ride that is the changes of machining parameters such as the 
maximal programming feedrate. In order to keep fast re-
sponse to the feedrate override and improve the machining 
velocity at the confinement of maximal accelerations of 
every axis, the look-ahead result should be adjusted accord-
ing to feedrate override, which will be introduce in this sec-
tion. 

4.1  Maximal feedrate rise 

The ex-turning and post-turning velocities are determined 
by the maximal machining error , ex-turning and post- 
turning distances, and the maximal feedrate vm. The ex- 
turning and post-turning velocities determined by maximal 
error and turning distance are denoted by (vs, ve), based on 
which, the turning velocity determined by maximal feedrate 
is denoted by s e( , )v v  . The velocities of s e( , )v v   will be 

adjusted as follows when the maximal feedrate rises to vm. 
Step 1.  When s e mmax( , )v v v , the turning velocity 

will not be affected by the new vm, otherwise, the turning 
velocities need to be recalculated by mv and . 

Step 2.  Carry out the reverse acceleration accessibility 
check again from the last modified turning velocity when 
the maximal feedrate is increased. As shown in Figure 17, 
the reverse acceleration accessibility is carried out when the 
starting velocity of the ith line segment increases according 
to the maximal feedrate, which is the last modified velocity 
in the look-ahead buffer. If the reverse acceleration accessi-
bility is not satisfied, the turning velocity is modified ac-
cording to eqs. (25) and (26). The procedure is carried out 
until the accessibility is satisfied, then jump to the previous 
modified turning velocity and carry on the same procedure  

 

 

Figure 17  The look-ahead segments. 

until all the modified velocity is checked by the reverse ac-
celeration accessibility. 

4.2  Maximal feedrate decrease 

When the maximal feedrate falls, all the turning velocities 
which are greater than the new maximal feedrate will be 
calculated again according to eqs. (20), (2), and (3). Com-
pared with the case that the maximal feedrate increases, the 
look-ahead result will not be affected in this case. 

However, there is another problem when the maximal 
feedrate falls: the forward deceleration is inaccessible for 
the current interpolating segment if its ending velocity is 
modified according to the new maximal feedrate and the 
two conditions are satisfied simultaneously: 1,re 2,rsv v  

and 2 2
1 1,re 2,rs 1,m( ) 2 L v v a , because the starting velocity 

cannot be modified in the implementation of interpolation. 
In order to reduce the speed to the new maximal feedrate 
within the maximal deceleration capacity of every axis, the 
adopted approach is introduced as follows: 

(1) Calculate the accessible minimum ending velocity of 
the current interpolating line segment from the starting ve-
locity through deceleration mode in the length L1 range of 
the line. 

The new ending velocity 2,rsv  satisfies the following 

condition: 

 
2 2
1,re 2,rs

1 1,re 1,m 2,rs 2,m
1,m

( 0.5 0.5 ) ,
2

v v
d v t v t

a


     (27) 

where 1,m 2,m,t t  are the turning interpolation time of the 

starting and ending corners of the line segment, and we 
have 

2,rs 2,rs 2,m 2,m ,v v t t   

v2, rs is the ex-turning velocity of the starting corner of the 
current interpolating line before feedrate override. Substi-
tuting the above equation into eq. (27), we have 

 
2

2,m 1,re 1,m 1,re2
2,rs 1

2,rs 1,m 1,m

1
.

2 2 2 2

 
      

 

t v t v
v d

v a a
 (28) 

According to eq. (28), the following cases are discussed: 

(a) If 2,m 1,m 2,rst a v and
2

1,re 1,m 1,re
1

1,m

0
2 2

v t v
d

a
   , then 

the range of ending velocity 2,rsv is  

 
2

1,m 1 1,re 1,m 1,m 1,re
2,rs

1,m 2,m 2,rs

2
0 .

( ) 1

a d v t a v
v

a t v

 
 


  (29) 

(b) If 2,m 1,m 2,rst a v  and 
2

1,r 2 1 1,r 2
1

m

0
2 2

v t v
d

a
   , then 



12 Zhang L X, et al.   Sci China Tech Sci   June (2011) Vol.54 No.6 

the range of ending velocity 2,rsv  is 

 
2

1,m 1 1,re 1,m 1,m 1,re
2,r1

1,m 2,m 2,rs

2
.

( ) 1

a d v t a v
v

a t v

 
 


 (30) 

(c) If 2,m 1,m 2,rst a v and 
2

1,r 2 1 1,r 2
1

m

0
2 2

v t v
d

a
   , the 

equation is always valid. 
Hence, forward deceleration inaccessibility would not 

occur for cases (a) and (c) in the feedrate override, and the 
ending velocity of the current interpolating line is modified 
as 

2
1,m 1 1,re 1,m 1,m 1,re

2,rs
1,m 2,m 2,rs

2
.

( ) 1

a d v t a v
v

a t v

 
 


 

The corresponding post-turning velocity is  

2,re 2,re 2,rs 2,rs .  v v v v  

If 2,re mv v  , the deceleration accessibility must be satis-

fied for the next line segment, the following look-ahead 
result will not be influenced by the feedrate override. If 

2,re mv v   and the starting velocity and ending velocity of 

the next line are deceleration inaccessible, we adjust the 
turning acceleration to keep the 2,rsv  invariable and the 

2,rev  as close as possible to the new maximal feedrate mv . 

Take the 3-axis CNC machine as an example, the main cal-
culation is as follows: 

(2) The range of turning acceleration a is the shady part 
in Figures 18 and 19, and the optimal turning acceleration is 
the point b in Figure 18 and point a in Figure 19. 2,rsv and 

2,rev  are known, according to eq. (2), we have 

 e 2,rs e s 2,m 2( ) ,a e e ev t u     (31) 

 e 2,re e s 2,m 1( ) .   v t ua e e e  (32) 

The turning acceleration a corresponding to the ex-turning 
velocity 2,rsv  is on the line ab in Figure 18 and point a in 

Figure 19, where the line l2 is parallel to the direction of 
post-turning velocity ee with distance u2. Similarly, the 
turning acceleration a corresponding to 2,rev  is the point b 

in Figure 18 and on the line ab in Figure 19, where the line 
l1 is parallel to the direction of es with distance u1. If 

2,re mv v  , then a is on the line cd (Figures 18 and 19), and 

the line 1l  is parallel to es with distance 1u . Because of 

m 2,rev v   and according to eq. (32), we have 1 1u u  . In 

Figure 18, the intersection point g of cd and ab is in the 
available range of acceleration, so acceleration a1 on point g 
corresponds to 2,rsv  and mv . But the acceleration of every  

 

Figure 18  The available range I of the turning acceleration. 

 

Figure 19  The available range II of the turning acceleration. 

axis is not fully used, so the turning interpolation time is 
adjusted by 

 2,m 2,m 1 2 .a at t   (33) 

When the intersection point g is not in the available 
range of acceleration in Figure 19, the post-turning velocity 
cannot be modified to mv  by the change of turning accel-

eration at a time. Steps (1) and (2) are carried on once again 
in the next line segment until the maximal feedrate is satis-
fied. 

5  Real-time interpolation algorithm 

The overall interpolation algorithm is divided into the cor-
ner interpolation and the line segment interpolation. In cor-
ner interpolation algorithm, the interpolation point sequence 
can be calculated by eq. (4) in every interpolation period 
and the optimal turning interpolation parameters are ob-
tained in Section 3. The line segment interpolation algo-
rithm is the calculation of the interpolation point sequence 
on the line segment according to the optimal turning inter-
polation parameters after look-ahead scheme in linear 
acc/dec mode. 

The forward deceleration accessibility on a line segment 
is always satisfied because of the processing of reverse ac-
celeration accessibility in the look-ahead scheme. Before 
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interpolation, we need to check the forward acceleration 
accessibility of the starting velocity and ending velocity of 
the current interpolating line segment: 

2 2
1 2,rs 1,re 1,m( ) 2L v v a  , 

where the subscripts 1 and 2 represent the starting corner 
and ending corner of the current interpolating segment. If 
the above inequality is satisfied, then we can carry on the 
line segment and corner interpolation; otherwise, the 
ex-turning velocity of the ending corner of the line segment 
is adjusted according to the method proposed in Section 3: 

 
2
1,re 1,m 1 1,m 1,re 1,m

2,rs
1,m 2,m 2,rs

( 2 )

(1 / )

v a d a v t
v

a t v

 
 


 (34) 

and other turning interpolation parameters are adjusted ac-
cording to 2,rsv . The interpolation on line segment and 

corner is implemented according to 1,rev  and 2,rsv . 

We use linear acc/dec mode, which consists of three or 
two stages as shown in Figures 20 and 21. The acceleration 
time, constant velocity time, and the deceleration time ta, tc, 
td are calculated by the length L1 of the interpolated line 
segment and 1,rev , 2,rsv . We have 

1 1 1,re 1,m 2,rs 2,m0.5 0.5L d v t v t   . 

The maximal velocity in the line segment interpolation is 

v1,m. If 2 2 2
m 1,re 2,rs 1,m 1(2 )v v v a L   , then 

 1,m m.v v  (35) 

Otherwise, 

 2 2
1,m 1,m 1 1,re 2,rs(2 ) / 2,v a L v v    (36) 

where a1,m is the maximal acceleration in the line segment 
interpolation, vm is the maximal feedrate velocity. After vm 
is obtained, we can compute ta, tc, td as follows: 

1,m 1,re 1,m

2 2 2
1 1,m 1,re 2,rs 1,m m

1,m 2,rs 1,m

( ) ,

max(( (2 ) ) ,0),

( ) .

 
    
  

a

c

d

t v v a

t L v v v a v

t v v a

 

 

 

Figure 20  Acceleration-time graphs for the line segment interpolation. 

The velocity-time graph is shown in Figure 21. The in-
terpolation point sequence is calculated according to the 
sample period. 

The starting position of corner interpolation is the last 
point on the line segment interpolation. The following in-
terpolation point sequence is calculated by eq. (14) shown 
as the solid dots (A, B, C,  ) in Figure 22. In practical 
machining, te interpolation time of the join point between 
line segment and corner might not be integer times of the 
interpolation period, that is the interpolation time t′ satisfies: 
(n1)T<t′<nT, as shown in Figure 22. The actual interpola-
tion trajectory is the hollow points sequence (A′, B′,  ). 
The calculation formula of new interpolation point sequence 
is 

 ... ,
A A B B C C

AB BC CD


  
      (37) 

where A′ is calculated by the algorithm for line segment 
interpolation. The new interpolation point sequence calcu-
lated by eq. (37) satisfies the acceleration requirement be-
cause of the convex property. 

The main flowchart of the real-time interpolation is 
shown in Figure 23. 

6  Experimental results 

The multi-period turning interpolation algorithm shown in 
Figure 23 for consecutive micro-line segments is imple-
mented in 3-axis and 5-axis Sky-Blue CNC systems. The 
machining velocity and quality are both improved. The vi-
bration of the CNC machine is weakened because the ac-
celeration is strictly within the maximal value of every  
 

 
Figure 21  Velocity-time graphs for line segment interpolation. 

 
Figure 22  Joint of line segment and corner. 
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Figure 23  Flowchart of real-time interpolation. 

driving axis. As a consequence, the quality of products is 
also improved. 

The machining test of our algorithm is implemented on 
the “vase” design. Figure 16(b) is the actual machined 
product. The CNC machine used is shown in Figure 24(a). 
The total G01 codes of this design have 116000 line seg-
ments with total length 20.25 m, in which the shortest line 
segment is 0.09 mm. The machined material is wood. The 
machining parameters are: the maximal acceleration of both 
the x-axis and y-axis is 1000 mm/s2, the maximal feedrate is 
200 mm/s, the allowable machining error is 0.01 mm. The 
total machining time is 22.78 min by the multi-period turn-
ing interpolation algorithm proposed in this paper. 

The comparison is shown in Table 2 between our algo-
rithm and two existing methods: “turning internal bisector” 
method and the traditional method of zero turning velocity 
with different machining parameters. 

Table 3 is the machining time in the process of a small 
blade and a large blade. Figure 25 is the comparison of the 
actual machining result: blade 1 is manufactured by the ex-  

 
 

 

Figure 24  The 3-axis and 5-axis CNC machines used in our experiments. 

Table 2  Interpolation time comparison between different interpolation algorithms for “vase machining” 

Acc limitation of x, y-axes (mm/s2) 
Overall interpolation time (min) Velocity improvement (%) 

our algorithm bisector stop our algorithm vs. bisectors our algorithm vs. stop 

1000/1000 22.78 40.52 57.13 77.88 150.79 

3000/1000 18.62 31.59 44.16 69.66 137.16 

3000/3000 13.15 21.22 34.92 61.37 165.55 

6000/6000 9.30 14.33 26.15 54.09 181.18 

Table 3  Interpolation time comparison between different interpolation algorithms for “blade machining” 

Operation 
Maximal acceleration of 

every axis (mm/s2, rad/s2) 
Program feedrate 

(mm/min) 
Spindle rotation speed 

(round/min) 

Overall interpolation time (min) Velocity 
improvement (%) our algorithm bisectors 

Channel rough machining 

x, y, z-axes: 200 / 200 / 200 
A, B-axes: 120 / 120 

4000 12000 10.3 17.5 69.90 

Rough milling large blade 1500 8000 26.5 40 50.94 

Rough milling small blade 1000 8000 8.7 14.2 63.22 

Finish milling large blade 4000 12000 6.9 12.1 75.36 

Finish milling small blade 4000 12000 4.9 10.6 116.32 
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Figure 25  The overall and local comparison of manufacturing results. (a) Manufacturing result; (b) Blade 1; (c) Blade 2. 

isting algorithm and blade 2 is by our algorithm. The CNC 
machine used is shown in Figure 24 (b). The machined ma-
terial is aluminum. From the local magnified pictures, we 
can see that the multi-period turning interpolation algorithm 
also improves the manufacturing quality, due to the turning 
interpolation parameters determined by maximal error al-
lowance, the maximal feedrate and acceleration of the used 
CNC machine. From Table 3, we can see that our new 
method is also faster than the existing methods. 

7  Conclusion 

The key issue of high speed and high precision CNC ma-
chining of micro-line interpolation is the turning velocity 
improvement at the corners. We propose the multi-period 
turning interpolation algorithm with a constant acceleration 
at the corner, which satisfies the machining error allowance, 
the maximal acceleration bound and feedrate bound. In cer-
tain sense, the turning velocity is optimal. The look-ahead 
scheme effectively predetermines the global accessibility 
efficiently. As a result, the vibration caused by the sudden 
velocity change is weakened. Our algorithm improves the 
machining speed significantly compared with the existing 
algorithms. In the meantime, the calculations are simple 
which meets the requirements of the real-time interpolation 
and online feedrate override. This algorithm also has the 
advantage of broad applications suitable for 2-axis to 5-axis 
CNC machining. At last, the practical CNC machining re-
sults of this algorithm show the advantages of the method. 
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