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§1 õ�õ�ª

§1.1 \{!¦{Úgê.

~ 1.1 � f = x1 − (x3x2)(x2 + x34)
2 − x3 ∈ Z2[x1, x2, x3, x4]. O� deg(f) Ú degxi(f),

i = 1, 2, 3, 4.

).

f = x1 − (x3x2)(x
2
2 + x64)− x3 (Freshmen’s dream)

= x1 + x3 + x3x
3
2 + x3x2x

6
4 (A� 2 �, 1 = −1).

degx1(f) = 1, degx2(f) = 3, degx3(f) = 1, degx4(f) = 6 � deg(f) = 8.

§1.2 ü�ª

� M = xi11 · · ·xinn Ú N = xj11 · · ·xjnn ´ü�ü�ª. w,

M |N ⇐⇒ i1 ≤ j1, . . . , in ≤ jn.

ü�ª�S.

~ 1.2 (i) Xi;S. ·�` M 3Xi;Se$u N , XJ�3 k ∈ {1, 2, . . . , n} ¦�

i1 = j1, . . . , ik−1 = jk−1, ik < jk.

(ii) �gê+Xi;S. ·�` M 3�gê+Xi;Se$u N , XJ½ö deg(M) <

deg(N), ½ö deg(M) = deg(N) � M 3Xi;Se$u N .

r~ 1.1 ¥ f �ü�ªlp�$ü�.

• Xi;S. f = x1 + x32x3 + x2x3x
6
4 + x3.

• �gê+Xi;S. f = x2x3x
6
4 + x32x3 + x1 + x3.

§1.3 àgõ�ªÚàg©)

~ 1.3 O�~ 1.2 ¥ f �àg©)�

f = x2x3x
6
4︸ ︷︷ ︸

h8

+x32x3︸︷︷︸
h4

+x1 + x3︸ ︷︷ ︸
h1

,

Ù§àg©|Ñ�u".
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~ 1.4 � f ∈ R[x1, . . . , xn]. y² f ´à dgõ�ª��=�éu?¿� p ∈ R[x1, . . . , xn]

f(px1, . . . , pxn) = pdf(x1, . . . , xn).

y². �ü�ª M(x1, . . . , xn) = xd11 · · ·xdnn �gê´ d. K

M(px1, . . . , pxn) = (px1)
d1 · · · (pxn)dn = pd1+···+dnxd11 · · ·xdnn = pdM.

� f ´à d g�. K f =
∑k

i=1 αiMi, Ù¥ αi ∈ F , Mi ∈ Xn � deg(Mi) = d, i =

1, 2, . . . , n. dþª��,

f(px1, . . . , pxn) =
n∑
i=1

αip
dMi = pdf.

��, � f(px1, . . . , pxn) = pdf(x1, . . . , xn) é?¿ p ∈ F [x1, . . . , xn] ¤á. b� f

Ø´àg�. K�?�Úb�

f = hk + hm + hm−1 + · · ·+ h0,

Ù¥ hk ´ k àg�, hm ´ m àg�, k > m, hk 6= 0, hm 6= 0, � hi ´ i àg�,

i = 0, 1, . . . ,m− 1. - p = x1. dþãy²�� f(x21, x1x2, . . . , x1xn) �ü�àg©)

xd1hk + xd1hm + xd1hm−1 + · · ·+ xd1h0 = xk1hk + xm1 hm + xm−11 hm−1 + · · ·+ x01h0.

dàg©)���5�� xd1hk = xk1hk Ú xd1hm = xm1 hm. u´ deg(xd1hk) = deg(xk1hk)

Ú deg(xd1hm) = deg(xm1 hm). lk d+ k = 2k Ú d+m = 2m, ddíÑ k = m. gñ.

�

§2 Vieta ½n

~ 2.1 � A ∈ Mn(F ), Ù¥ F ´�. -f(t) = det(tE − A) ∈ F [t].

(i) y²: degt(f) = n �Ä�.

(ii) y²: f(0) = (−1)n det(A).

(iii) �: f 3 F ¥k n �� α1, . . . , αn. y²: α1 · · ·αn = det(A).

y². � A = (ai,j)n×n. K

f(t) =

∣∣∣∣∣∣∣∣∣∣∣

t− a1,1 −a1,2 · · · −a1,n
−a2,1 t− a2,2 · · · −a2,n
...

...
. . .

...

−an,1 −an,2 · · · t− an,n

∣∣∣∣∣∣∣∣∣∣∣
.
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(i) d1�ª�½Â��, f(t) ¥'u t ��p�Ñy3 (t − a1,1) · · · (t − an,n), 

3Ù§¦È¥ t ��pgê�õ´ n− 1. u´ f ´gê� n �Ä�õ�ª.

(ii) d f(t) �1�ªL«Ú��õ�ªD�Ó���, f(0) = det(−A). u´

f(0) = (−1)n det(A).

(iii) d (i) �� f(t) = tn + βn−1t
n−1 + · · ·+ β0, Ù¥ βn−1, βn−2, . . . , β0 ∈ F . d (ii)

�� β0 = (−1)n det(A). �â Vieta ½n,

α1 · · ·αn = (−1)nβ0 = (−1)n(−1)n det(A) = det(A). �

§3 Ã²�Ü©

~ 3.1 � f = xn + a ∈ Q[x], Ù¥ n > 1, a ∈ Q. y² f ´Ã²����=� a 6= 0.

y². 5¿� f ′ = nxn−1. u´

f +
−x
n
f ′ = a.

� a 6= 0 �, d Bezout 'X��, gcd(f, f ′) = 1. u´ f Ã²�. ��, � f Ã²�. Ï

� n > 1, ¤± xn Ø´Ã²��. u´ a 6= 0. �

~ 3.2 � p ´�ê, f ∈ Zp[x]. y² f ′ = 0 ��=� �3 g ∈ Zp[x] ¦� f = gp.

y². XJ f = gp, K f ′ = pgp−1g′ = 0. ù´Ï� Zp �A��u p.

��. �

f = fnx
n + fn−1x

n−1 + · · · f1x+ f0,

Ù¥ fn, fn−1, . . . , f1, f0 ∈ Zp. d

f ′ = nfnx
n−1 + (n− 1)fn−1x

n−2 + · · ·+ f1 = 0.

u´, ·�k kfk = 0, k = 1, 2, . . . , n. XJ fk 6= 0, K p|k. dd��

f = fi1x
j1p + · · ·+ fi`x

j`p,

Ù¥ fi1 , . . . , fi` ∈ Zp \ {0̄} � i1 = j1p, . . . , i` = j`p. d Fermat �½n, é?¿ a ∈
Zp \ {0̄}, ·�k ap−1 = 1. u´, ap = a. l,

f = fpi1x
j1p + · · ·+ fpi`x

j`p =
(
fi1x

j1
)p

+ · · ·+
(
fi`x

j`
)p
.

�EA^ Freshmen’s dream ��

f =
(
fi1x

j1 + · · ·+ fi`x
j`
)p
. �
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§4 Ö¿SN: é¡õ�ªÄ�½n

·�|^Xi;Sü� Xn ¥�ü�ª. � f ∈ R[x1, . . . , xn] \ 0. K�3���

α1, . . . , αk ∈ R \ {0} Ú M1, . . . ,Mk ∈ Xn, üüØÓ, ¦�

f = α1M1 + · · ·+ αkMk.

� M1 ´ M1, . . . ,Mk ¥S�p�ü�ª, ¡� f �Þ�, P� hm(f). dXi;S�½

Â����y

∀ f, g ∈ R[x1, . . . , xn] \ 0, hm(fg) = hm(f)hm(g).

~ 4.1 � εk =
∑

1≤i1<···<ik≤n xi1 · · ·xik . K hm(εk) = x1x2 · · ·xk.

Ún 4.2 � ε1, ε . . . , εn ´'u x1, . . . , xn �Ð�é¡õ�ª. K

hm
(
εd11 ε

d2
2 · · · εdnn

)
= xd1+···+dn1 xd2+···+dn2 · · ·xdnn .

y². d~ 4.1 ��, hm
(
εdkk

)
= xdk1 · · ·x

dk
k . 

hm
(
εd11 ε

d2
2 · · · ε

dn
n

)
= hm

(
εd11

)
hm
(
εd22

)
· · · hm

(
εdnn

)
= xd1+···+dn1 xd2+···+dn2 · · ·xdnn . �

3� f �àg©)�

f = hd + hd−1 + · · ·+ h0.

é?¿ σ ∈ Sn, � φσ : R[x1, . . . , xn] −→ R[x1, . . . , xn] ¦� φσ(xi) = xσ(i), i = 1, . . . , n

Ú φσ(r) = r é?¿� r ∈ R. K

φσ(f) = φσ(hd) + φσ(hd−1) + · · ·+ φσ(h0).

���wÑ φσ(hi) ´à i g�. dd��, � f 'u x1, . . . , xn é¡�, ·�k hi =

φσ(hi). l, f é¡���=� f �z�àg©|´é¡�.

Ún 4.3 � f ∈ R[x1, . . . , xn] \ {0} Ú hm(f) = xk11 x
k2
2 · · ·xknn . XJ f é¡, K

k1 ≥ k2 ≥ · · · ≥ kn.

y². � σ ∈ Sn. Ï� φσ(f) = f , ¤± xk1σ(1) · · ·x
kn
σ(n) Ñy3 f ©ÙªL«¥�Øpu

hm(f). d σ �?¿5�� k1 ≥ max(k2, . . . , kn). ÄK¬�3 τ ∈ Sn ¦� φτ (f) �Þ�

� f �Þ�ØÓ, � f �é¡5gñ. Ón�y

ki ≥ max(ki+1, . . . , kn), i = 2, 3, . . . , n− 1. �

k
þã�O�, ·�5QãÚy²é¡õ�ªÄ�½n.
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½n 4.4 � ε1, . . . , εn ´'u x1, . . . , xn �Ð�é¡õ�ª, f ∈ R[x1, . . . , xn]. K f '

u x1, . . . , xn ´é¡���=��3���õ�ª p ∈ R[y1, . . . , yn] ¦�

f(x1, . . . , xn) = p(ε1, . . . , εn).

y². � σ ∈ Sn. ·�O�:

φσ (p(ε1, . . . , εn)) = p (φσ(ε1), . . . , φσ(εn)) (φσ ´�Ó�)

= p(ε1, . . . , εn) (ε1, . . . , εn ´é¡õ�ª.)

u´, p(ε1, . . . , εn) ´'u x1, . . . , xn �é¡õ�ª.

��, � f é¡. dþãO�ó�¥�(J, ·�Ø�?�Ú� f ´ d àg�. -

hm(f) = xk11 x
k2
2 · · ·xknn

�T�éA�Xê´ a0 ∈ R \ {0}. dÚn 4.3 ��,

p0 = yk1−k21 yk2−k32 · · · ykn−1−kn
n−1 yknn ∈ R[y1, . . . , yn].

2dÚn 4.2 ��,

hm (p0(ε1, . . . , εn)) = hm(f).

N´wÑ p0(ε1, . . . , εn) ´'u x1, . . . , xn é¡�à d gõ�ª, �ÙÞ�éA�Xê�

u 1. u´, f − a0p0 ´é¡�à d gõ�ª, ÙÞ�$u hm(f). é f − a0p0 Eþã
Ú½k�g, ·�7,¬��"õ�ª. ù´Ï�gê� d �ü�ª�kk��. u´�

3 a0, a1, . . . , a` ∈ R, p0, p1, . . . , p` ∈ R[y1, . . . , yn] ¦�

f = a0p0(ε1, . . . , εn) + a1p1(ε1, . . . , εn) + · · ·+ a`p`(ε1, . . . , εn).

- p = a0p0 + a1p1 + · · ·+ a`p`. K f = p(ε1, . . . , εn). �35¤á.

�
y²��5, ·���y²é?¿ g ∈ R[y1, . . . , yn],

g(ε1, . . . , εn) = 0 =⇒ g(y1, . . . , yn) = 0.

b� g 6= 0. - g �©ÙªL«´

g = β1N1 + · · ·+ βsNs,

Ù¥ β1, . . . , βs ∈ R \ {0}, N1, . . . , Ns ´'u y1, . . . , yn �ü�ª, üüØÓ. K

0 = g(ε1, . . . , εn) = β1N1(ε1, . . . , εn) + · · ·+ βsNs(ε1, . . . , εn).

dÚn 4.2 ��, N1(ε1, . . . , εn), . . . , Ns(ε1, . . . , εn) � s �Þ�üüØÓ. u´§�¥S

�p�Þ�Ø�U���. gñ. �

5


