
1�±SK�

§1 f�m��Ú

§1.1 f�m

~ 1.1 (i) � T0 = {A ∈ Mn(F )|tr(A) = 0}. y²: T0 ´ Mn(F ) �f�m.

(ii) � D0 = {A ∈ Mn(F )| det(A) = 0}. y²: D0 ´ Mn(F ) �f�m��=� n = 1.

y². (i) � A = (ai,j), B = (bi,j) ´ T0 ¥�Ý
, α, β ∈ F .
(��{).

tr(αA+ βB) = αtr(A) + βtr(B) = 0 =⇒ αA+ βB ∈ T0.

(N�{). Ï� T0 = ker(tr) � tr ´�5�, ¤± T0 ´f�m.

()�m{). T0 ´'u��ê aij, i = 1, . . . , n, j = 1, . . . , n ��§(|)

a1,1 + a2,2 + · · ·+ an,n = 0

3 F n×n ¥�)�m. u´§´f�m.

(ii) � n = 1 �, det ´ðÓN�. � n > 1 �.

diagn(1, 0, . . . , 0) + diagn(0, 1, . . . , 1) = En.

u´ D0 \{Øµ4, Ø´f�m.

~ 1.2 � Ẽ = {f ∈ Map(R,R) | f ´ó¼ê}. � Õ = {f ∈ Map(R,R) | f ´Û¼ê.}.
y²: Ẽ Ú Õ ´f�m.

y². ·�y² Õ ´f�m. � f, g ∈ Õ, α, β ∈ R. Ké?¿� x ∈ R, ·�k

(αf + βg)(−x) = αf(−x) + βg(−x) = −αf(x)− βg(x) = −(αf + βg)(x).

u´, αf + βg ∈ Õ. �

½Â 1.3 � A ∈ Mn(Q). XJ A ¥z�1���Ú±9z�����ÚÑ�u���

Ó�ê, K¡ A ´ Q þ������ (semi-magic square). ù�êP� σ(A). � A ´

���. XJ A �Ìé��þ���Ú±9Bé��þ���ÚÑ�u σ(A), K¡ A

´�� (magic square).
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PÒ. ·�r Mn(Q) ¥���Ú���8Ü©OP� Smagn(Q) Ú Magn(Q). ~X

A =


1 2 2

3 1 1

1 2 2

 ´���; B =


4 9 2

3 5 7

8 1 6

´��.
5¿� σ(A) = 5 Ú σ(B) = 15.

~ 1.4 y²: Smagn(Q) Ú Magn(Q) Ñ´ Mn(Q) �f�m.

y². ·�5y² Smagn(Q) ´f�m. |^)�m{. � A = (ai,j) ∈ Mn(Q). K

A ∈ Smagn(Q) ��=�

n∑
j=1

ai,j =
n∑
k=1

a1,k, i = 2, . . . , n Ú
n∑
i=1

ai,j =
n∑
k=1

a1,k, j = 1, 2, . . . , n.

ù´��'u aij, i = 1, . . . , n, j = 1, . . . , n ���ê�àg�5�§|(�k 2n− 1 �

�§).  Smagn(Q) ´ù��§|3 Mn(Q) ¥�)�m.

éu Magn(Q), ��2\\ü��§

n∑
i=1

ai,i =
n∑
k=1

a1,k Ú
n∑
i=1

ai,n+1−i =
n∑
k=1

a1,k

=�. �

§1.2 �Ú

·K 1.5 � U ´�5�m, V,W,X, Y ´ U �f�m. XJ U = V ⊕W � V = X⊕Y ,

K U = X ⊕ Y ⊕W .

y². � u ∈ U . K�3��� v ∈ V Ú w ∈ W ¦� u = v +w, ��3��� x ∈ X
Ú y ∈ Y ¦� u = x+y. u´�3��� x ∈ X,y ∈ Y Ú w ∈ W ¦� u = x+y+w.

�

~ 1.6 |^~ 1.2 ¥�ÎÒy²µMap(R,R) = Ẽ ⊕ Õ.
y². � f ∈ Map(R,R). K

g(x) =
f(x) + f(−x)

2
∈ Ẽ, h(x) =

f(x)− f(−x)
2

∈ Q̃ � f = g + h.

u´ Map(R,R) = Ẽ + Õ. � f Q´ó¼êq´Û¼ê. K f(x) = f(−x) = −f(x). u
´ 2f(x) = 0, = f ´"¼ê. dd��, Map(R,R) = Ẽ ⊕ Õ. �
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2� Ẽ0 = {f ∈ Ẽ | f(0) = 0}. Ú C̃ ´¤k~�¼ê�8Ü. ����y§�Ñ´

Ẽ f�m. e¡·�5y² Map(R,R) = Ẽ0 ⊕ C̃ ⊕ Õ. ����y Ẽ0 Ú C̃ Ñ´ Ẽ �

f�m. � f ∈ Ẽ. -

g(x) = f(x)− f(0) Ú ∀ x ∈ R, h(x) = f(0).

K g ∈ Ẽ0, h ∈ C̃ � f = g + h. w,, Ẽ0 ∩ C̃ = {0̃}. u´, Ẽ = Ẽ0 ⊕ C̃. d·K 1.5,

Map(R,R) = Ẽ0 ⊕ C̃ ⊕ Õ. �

§2 �5�'5

~ 2.1 � S ⊂ F [x] \ {0}. y²: XJ S ¥���üügêØÓ, K S ´ F þ��5Ã

'8.

y². � f1, . . . , fk ∈ S. Ø�� deg(f1) < deg(f2) < · · · < deg(fk). � α1, . . . , αk ∈ F
¦� α1f1 + · · ·+ αk−1fk−1 + αkfk = 0. XJ αk 6= 0, K�ª�ý´gê� deg(fk) �õ

�ª, gñ. u´, αk = 0. Ó��ín�g��, αk−1 = · · · = α2 = 0. u´ α1f1 = 0.

Ï� f1 6= 0, ¤± α1 = 0. dd��, f1, . . . , fk �5Ã'. l S ´�5Ã'8. �

~ 2.2 � α1, . . . , αn ∈ R. �ä eα1x, . . . , eαnx ´Ä3 R þ�5�'.

e α1, . . . , αn ¥kü�ê�Ó, K eα1x, . . . , eαnx ¥kü�¼ê�Ó. u´ù|¼ê

�5�'. ±e� α1, . . . , αn üüØÓ.

D�{. � β1, . . . , βn ∈ R ¦�

β1e
α1x + · · ·+ βne

αnx = 0. (1)

K� x �?Û¢ê�T�ªÑ¤á. ·�� x = 0, 1, . . . , n− 1 ��.

β1e
α1k + · · ·+ βne

αnk = 0, k = 0, 1, . . . , n− 1.

u´ 

1 1 1 · · · 1

eα1 eα2 eα3 · · · eαn

(eα1)2 (eα2)2 (eα3)2 · · · (eαn)2

...
...

...
. . .

...

(eα1)n−1 (eα2)n−1 (eα3)n−1 · · · (eαn)n−1


︸ ︷︷ ︸

A



β1

β2

β3
...

βn


=



0

0

0
...

0


.

Ï� det(A) 6= 0, ¤± β1 = · · · = βn = 0, = α1, . . . , αn üüØÓ�, eα1x, . . . , eαnx 3 R
þ�5Ã'.
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�©{. é (1) ü>¦ 1 g, 2 g, . . . , n− 1 g�ê�

β1α
k
1e
α1x + · · ·+ βnα

k
ne
αnx = 0, k = 0, 1, 2, . . . , n− 1.

�¤Ý
/ª 

1 1 1 · · · 1

α1 α2 α3 · · · αn

α2
1 α2

2 α2
3 · · · α2

n
...

...
...

. . .
...

αn−11 αn−12 αn−13 · · · αn−1n


︸ ︷︷ ︸

B



β1e
α1x

β2e
α2x

β3e
α3x

...

βne
αnx


=



0

0

0
...

0


.

Ï� det(B) 6= 0, ¤± β1e
α1x = · · · = . . . , βne

αnx = 0. u´, β1 = · · · = βn = 0. ¼ê

eα1x, . . . , eαnx 3 R þ�5Ã'.

� f1, . . . , fn ∈ C∞(a, b), Ù¥ C∞(a, b) ´3m«m (a, b) þ??�¦���ê�¼ê.

½Â

wr(f1, . . . fn) = det


f1 f2 · · · fn

f ′1 f ′2 · · · f ′n
...

...
. . .

...

f
(n−1)
1 f

(n−1)
2 · · · f

(n−1)
n

 .

¡�� f1, . . . , fn � Wronskian.

~ 2.3 � f1, . . . , fn ∈ C∞(a, b). y²: XJ f1, . . . , fn3 Rþ�5�',K wr(f1, . . . , fn)=0.

y². � α1f1 + · · ·+ αnfn = 0, Ù¥ α1, . . . , αn ∈ R Ø��". K

α1f
(k)
1 + · · ·+ αnf

(k)
n = 0, k = 0, 1, . . . , n− 1.

u´ 
f1 f2 f3 · · · fn

f ′1 f ′2 f ′3 · · · f ′n
...

...
...

. . .
...

f
(n−1)
1 f

(n−1)
2 f

(n−1)
3 · · · f

(n−1)
n


︸ ︷︷ ︸

C


α1

α2

...

αn

 =


0

0
...

0

 .

Ï� α1, . . . , αn Ø��", ¤± det(C) = 0, = wr(f ′1, . . . , f
′
n) = 0. �

5) 2.4 þã(Ø�_·K3�½^�e�¤á. ~X: � n = 2 � f1 ð���,

wr(f1, f2) = 0 =⇒ f1, f2 3 R þ�5�'.
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·K 2.5 � f1, . . . , fn ∈ Map(R,R). K f1, . . . , fn3 Rþ�5Ã'��=��3 a1, . . . , an∈R
¦�1�ª

Dn = det


f1(a1) f2(a1) f3(a1) · · · fn(a1)

f1(a2) f2(a2) f3(a2) · · · fn(a2)
...

...
...

. . .
...

f1(an) f2(an) f3(an) · · · fn(an)

 6= 0.

y². � λ1, . . . , λn ∈ R ¦� λ1f1 + · · ·+ λnfn = 0. Ké?¿� a1, . . . , an ∈ R, ·�k
λ1f1(ai) + · · ·+ λnfn(ai) = 0, i = 1, 2 . . . , n. |^Ý
·���

f1(a1) f2(a1) f3(a1) · · · fn(a1)

f1(a2) f2(a2) f3(a2) · · · fn(a2)
...

...
...

. . .
...

f1(an) f2(an) f3(an) · · · fn(an)


︸ ︷︷ ︸

A


λ1

λ2
...

λn

 =


0

0
...

0

 . (2)

XJ�3 a1, . . . , an ¦� det(A) 6= 0. K (2) �k²�). u´, f1, . . . , fn 3 R þ
�5Ã'.

��, ·�� f1, . . . , fn 3 R þ�5Ã'. ·�é n 8B. � n = 1 �, f1 6= 0. u´

�3 a1 ∈ R¦� f1(a1) 6= 0. (Ø¤á. � n > 1�(Øé n−1¤á. Ï� f1, . . . , fn−1

3 R þ�5Ã', ¤±�3 a1, . . . , an−1 ∈ R ¦�

Dn−1 = det


f1(a1) f2(a1) f3(a1) · · · fn−1(a1)

f1(a2) f2(a2) f3(a2) · · · fn−1(a2)
...

...
...

. . .
...

f1(an−1) f2(an−1) f3(an−1) · · · fn−1(an−1)

 6= 0.

XJØ�3 an ∈ R ¦� Dn 6= 0. Kéu?¿� x ∈ R, ·�ké?¿� x ∈ R,

det



f1(a1) f2(a1) · · · fn−1(a1) fn(a1)

f1(a2) f2(a2) · · · fn−1(a2) fn(a2)
...

...
. . .

...
...

f1(an−1) f2(an−1) · · · fn−1(an−1) fn(an−1)

f1(x) f2(x) · · · fn−1(x) fn(x)


= 0.

U���1Ðm�

(−1)2nDn−1fn(x) + µn−1fn−1(x) + · · ·+ µ1f1(x) = 0.

Ï� Dn−1 ∈ R \ {0}, µn−1, . . . , µ2, µ1 ∈ R, ¤± f1(x), . . . , fn−1(x), fn(x) 3 R þ�5�
'. gñ. �
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