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§1 'uSK

4. � A ∈ Mn(F ), Ù¥ F ´�. �
 A �,P� tr(A). - f(t) = det(tE − A) ∈ F [t].

(i) y²: degt(f) = n.

(ii) y²: f ¥'u tn−1 �Xê�u −tr(A).

(iii) �: f 3 F ¥k n �� α1, . . . , αn. y²: α1 + · · ·+ αn = tr(A).

y². � A = (ai,j)n×n. K

f(t) = det


t− a1,1 −a1,2 · · · −a1,n
−a2,1 t− a2,2 · · · −a2,n
...

...
. . .

...

−an,1 −an,2 · · · t− an,n

 .

5¿�31�ª�½Âúª¥z�¦È¥Ñy���5gØÓ�1ÚØÓ��, u´

f(t) = (t− a1,1)(t− a2,2) · · · (t− an,n) + g,

Ù¥ deg(g) < n− 1. ��[1`ù´Ï�XJ��¦È¥Ñy
é��þ� n− 1 ��

�, @o�e�@���7,�3é��þ. dd��, f(t) ¥'u tn Ú tn−1 �Xê�

(t− a1,1)(t− a2,2) · · · (t− an,n) ¥'u tn Ú tn−1 �Xê�Ó. ·���

f = tn − (a1,1 + · · ·+ an,n)t
n−1 + h,

Ù¥ deg(h) < n− 1. ù�Òy²
 (i) Ú (ii). ��|^ Vieta ½n·��� (iii). �

ù�SK�(Ød��k��í2. §3�5�ê¥kA^. ½Â

MA

(
i1, . . . , ik

i1, . . . , ik

)

´ A ��� k �Ìfª, Ù¥ 1 ≤ i1 < · · · < ik ≤ n. Kþãõ�ª f(t) ¥'u tn−k �

Xê´ (−1)k ¦± A �¤k k �Ìfª�Ú, k = 1, 2, . . . , n. 'uù�(Ø�y²��

ùÂ�N¹.

5. � F ´�, h ∈ F [x1, . . . , xn] \ F ´àg�õ�ª. y²: h 3 F [x1, . . . , xn] ¥�Ïf

Ñ´àg�.
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y². � h = pq , Ù¥ p, q ∈ F [x1, . . . , xn] � p, q �gêÑ�u". b� p ´�àg�.

K p �àg©)äk/ª

p = pk + pk−1 + · · ·+ p`,

Ù¥ pi ´ i àg�, i = `, · · · , k − 1, k, � k > `, pk 6= 0, p` 6= 0.  p �àg©)äk

/ª

q = qs + qs−1 + · · ·+ qt,

Ù¥ qi ´ i àg�, i = t, · · · , s− 1, s, � s ≥ t, qs 6= 0, qt 6= 0. K

h = (pk + pk−1 + · · ·+ p`)(qs + qs−1 + · · ·+ qt).

u´ h ¥gê�p��"àg©|´ pkqs gê�$��"àg©|´ p`qt. Ï�

k + s > `+ t, ¤± h ��kü�ØÓgê�àg©|, = h ´�àg�. gñ. �

6. XÛO� p ∈ Q[x] �Ø��üÏf�È? (üÏf´�ê�u 1 �Ïf).

). � p = pm1
1 · · · p

mk
k , Ù¥ p1, . . . pk ∈ Q[x] \ Q ´üüpØ���Ø��õ�ª,

m1, . . . ,mk ∈ Z+. d1"gùÂ¥½n 5.1 �y²��:

g = gcd(p, p′) = pm1−1
1 · · · pmk−1

k Ú h =
p

gcd(p, p′)
= p1 · · · pk.

K

gcd(g, h) =
k∏

i=1,mi>1

pi.

§´ p ¥¤kê�u 1 �Ø��Ïf�È. u´, p �¤k�Ïf�È�u

h

gcd(g, h)
=

k∏
j=1,mj=1

pj. �

§2 û�m!Ä.Ú�ê

~ 2.1 (i) � e1, . . . , ed ´ F n �c d �IOÄ¥���(0 < d < n), V = 〈e1, . . . , ed〉.
O� F n/V ��|ÄÚ�ê.

(ii) � p ∈ F [x] \ {0}, V = {f ∈ F [x] | p|f}. �y V ´f�m¿O� F [x]/V ��|Ä

Ú�ê.

). (i) dùÂ¥Ún 4.14 �y²��, ed+1 + V, · · · , en + V ´ F n/V ��|Ä. u´,

dim(F n/V ) = n− d.
(ii) � f, g ∈ V . d1�ÆÏ1ÊÙùÂ�¥�Ún 2.1 ��, éu?¿� α, β ∈ F ,

αf + βg ∈ V . ·��y
 V ´f�m.
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� d = deg(p). ·�5�y 1 + V, x + V, . . . , xd−1 + V ´ F [x]/V ��|Ä. �

α0, α1, . . . , αd−1 ∈ F ¦�

α0(1 + V ) + α1(x+ V ) + · · ·+ αd−1(x
d−1 + V ) = V.

K

(α0 + α1x+ · · ·+ αd−1x
d−1)︸ ︷︷ ︸

h

+V = V =⇒ h ∈ V.

Ï� p|h � deg(h) < deg(p), ¤± h = 0 =⇒ α0 = α1 = · · · = αd−1 = 0. u´,

1+V, x+V, . . . , xd−1+V �5Ã'.� f+V ∈ F [x]/V ,Ù¥ f ∈ F [x]. � r = rem(f, p, x).

K f − r ∈ V . u´ f + V = r + V . Ï� deg(r) < d, ¤± r ´ 1, x, . . . , xd−1 3 F þ

��5|Ü. dd��, r + V ´ 1 + V, x + V, . . . , xd−1 + V 3 F þ��5|Ü. l

1 + V, x+ V, . . . , xd−1 + V ´ F [x]/V ��|Ä� dim(F [x]/V ) = d.

5¿�, ��mÚf�mÑ´Ã¡��, §��û�m�±´k���.

~ 2.2 �àg�5�§| Ax = 0m, Ù¥ A ∈ Fm×n, x = (x1, . . . , xn)
t Ú 0m ´ Fm ¥

�"�þ. - B ∈ F k,n, #��§|�(
A

B

)
x = 0m+k.

�ùü��§|�)�m©O´ U Ú V . y² dim(V ) ≥ dim(U)− k.
y². (�{1) |^þÆÏ�(Ø, XêÝ
�� + )�m��ê = ��ê��ê. ·

�k

rank(A)+dim(U) = rank

(
A

B

)
+dimV =⇒ dim(U)−dim(V ) = rank

(
A

B

)
−rank(A) ≤ k.

u´ dim(V ) ≥ dim(U)− k.

(�{2) kyXeØ�ª, � W1,W2 ´ n ��5�m W �f�m� dim(W2) ≥ n− 1.

K

dim(W1 ∩W2) ≥ dim(W1)− 1.

ù´Ï�

dim(W1∩W2) = dim(W1)+dim(W2)−dim(W1+W2) ≥ dim(W1)+n−1−n = dim(W1)−1,

¤±þãØ�ª¤á.
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� Ui �± B ¥1 i 1�XêÝ
�àg�§�)�m, K dim(Ui) ≥ n − 1, ,

i = 1, 2, . . . , k.  V = U ∩ U1 ∩ U2 ∩ · · · ∩ Uk. dþãØ�ª�

dim(U ∩ U1) ≥ dim(U)− 1

=⇒ dim((U ∩ U1) ∩ U2) ≥ dim(U)− 2

...

=⇒ dim((U ∩ U1 ∩ · · · ∩ Uk−1) ∩ Uk︸ ︷︷ ︸
V

) ≥ dim(U)− k. �

§3 �5�m�(k�È

� V Ú W ´ F þ��5�m. 3 V ×W þ½Â

∀ v1,v2 ∈ V,w1,w2 ∈ W, (v1,w1) + (v2,w2) = (v1 + v2,w1 +w2)

Ú

∀ α ∈ F, α(v1,w1) = (αv1, αw1).

����y V ×W ´ F þ��5�m, Ù"�þ´ (0V ,0W ). d	·�ko�g,�

�5N�. ü�g,i\´

φV : V −→ V ×W
v 7→ (v,0W )

Ú
φW : W −→ V ×W

w 7→ (0V ,w).

ü�g,Ý�´

ψV : V ×W −→ V

(v,w) 7→ v
Ú

ψW : V ×W −→ W

(v,w) 7→ w.

~ 3.1 � V Ú W Ñ´k���5�m. y²: dim(V ×W ) = dim(V ) + dim(W ).

y². (�{1) � v1, . . . ,vn ´ V �Ä, w1, . . . ,wn ´ W �Ä. ���y² (v1,0W ),

. . . , (vm,0W ), (0V ,w1), . . . , (0V ,wn) ´ V ×W �Ä.

(�{2) �Äg,Ý� ψV . ·�k ker(ψV ) = {0V } ×W � im(ψV ) = V . d·K 4.15

��, dim(V ×W ) = dim(ker(ψV )) + dim(im(ψV )) = dim(W ) + dim(V ). �

§4 ���Ú��

~ 4.1 � n > 2, E ´Mn(Q)¥�ü Ý
, Ê ´Mn(Q)¥Bé����Ñ´ 1,Ù§

��Ñ�u"�Ý
. - U = {λE |λ ∈ Q}Ú Û = {λÊ|λ ∈ Q}.y²: Magn(Q)+U+Û .

´�Ú.
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y². � A + λE + µÊ = O, Ù¥ A ∈ Magn(Q). K λE + µÊ ∈ Magn(Q). � n = 2m

�, ·�k λ+µ = 2mλ = 2mµ. 2d m > 1 �� λ = µ = 0. l A = O. dùÂ¥�

Ú��d^��� Magn(Q) +U + Û ´�Ú. � n = 2m+1 �, λ+µ = (2m+1)λ+µ.

Ï� m > 0, ¤± λ = 0. l µ = 0. dd��, Magn(Q) + U + Û ´�Ú. �

§5 N¹µA�õ�ª�Xê�Ìfª

Ún 5.1 � P = (pij)n×n, Ù¥ pij ∈ F [x], ′ = d/dx. K

|P |′ =

∣∣∣∣∣∣∣∣∣∣∣

p′1.1 p1,2 · · · p1,n

p′2,1 p2,2 · · · p2,n
...

...
. . .

...

p′n,1 pn,2 · · · pn,n

∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣

p1.1 p′1,2 · · · p1,n

p2,1 p′2,2 · · · p2,n
...

...
. . .

...

pn,1 p′n,2 · · · pn,n

∣∣∣∣∣∣∣∣∣∣∣
+ · · ·+

∣∣∣∣∣∣∣∣∣∣∣

p1.1 p1,2 · · · p′1,n

p2,1 p2,2 · · · p′2,n
...

...
. . .

...

pn,1 pn,2 · · · p′n,n

∣∣∣∣∣∣∣∣∣∣∣
.

y². d1�ª�½Â��

|P | =
∑
σ∈Sn

εσpσ(1),1pσ(2),2 · · · pσ(n),n.

d�ê�¦{5K��

|P |′ =
∑
σ∈Sn

εσp
′
σ(1),1pσ(2),2 · · · pσ(n),n+

∑
σ∈Sn

εσpσ(1),1p
′
σ(2),2 · · · pσ(n),n+· · ·+

∑
σ∈Sn

εσpσ(1),1pσ(2),2 · · · p′σ(n),n.

2A^1�ª�½Â�þ¡� n �ÚªÒy²
Ún. �

� A ∈ Mn(F ), t ´ � F þ��½�. χA = det(tE − A) ∈ F [t] ¡� A �A�õ

�ª. dc¡��£��, deg(χA) = n Ú lc(χA) = 1. e¡·�5(½ χA �¤kXê.

Ún 5.2 � k ∈ {0, 1, . . . , n− 1}, B = tE − A. K

χ
(k)
A = k!× B �¤k (n− k) �Ìfª�Ú,

Ù¥ χ
(k)
A �L χA 'u t � k ��ê.

y². 5¿�é |B| ¥,��¥��¦�, rù�¥Ø
¹k t ���C¤ 1 	, Ù§�

�ÑC¤". éÓ�1¦üg��T1C¤
"�þ. dÚn 5.1 ��

χ
(k)
A = k!

∑
1≤j1<···<jk≤n

|B|(j1,...,jk),

Ù¥ |B|(j1,...,jk) �L B ¥ j1 �, j2 �, . . . , jk �¦��g��Ý
�1�ª, 1 ≤ j1 <

· · · < jk ≤ n. 5¿��êÏf k! 5g^Ún 5.1 ¦õg�êé�½� k �kØÓ�^
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S,� k!�^S.� {i1, i2, . . . , in−k} = {1, 2, . . . , n}\{j1, . . . , jk}� i1 < i2 < · · · < in−k.

K

|B|(j1,...,jk) =MB

(
i1, . . . , in−k

i1, . . . , in−k

)
.

dþãüªÚn¥�ª¤á. �

Ún 5.3 � F �A��", A ∈ Mn(F ). K

χA(t) = tn +
n−1∑
k=0

αkt
k,

Ù¥ αn−k = (−1)n−k × A �¤k (n− k) �Ìfª�Ú .

y². Ï� F �A��", k! 3 F ¥�_. u´, Taylor úª�Ñ:

χA(t) =
n∑
k=0

χ
(k)
A (0)

k!
tk. (1)

dÚn 5.2 ��,

χ
(k)
A (0) = k!× −A �¤k (n− k) �Ìfª�Ú = (−1)n−kk!× A �¤k (n− k) �Ìfª�Ú.

rdª�\ (1) ��Ún. �

·K 5.4 � F ´?¿A���, A = (ai,j) ∈ Mn(F ). K

χA(t) = tn +
n−1∑
k=0

αkt
k,

Ù¥ αn−k = (−1)n−k × A �¤k (n− k) �Ìfª�Ú .

y². e F �A��u", K·KdÚn 5.3 ¤á. � F �A�´ p > 0. � X =

(xi,j)n×n,Ù¥ xi,j´�½�, i, j ∈ {1, 2, . . . , n}. 3�� Z[x1,1, . . . , x1,n, . . . , xn,1, . . . , xn,n][t]
¥�ÄA�õ�ª χX(t). �

φ : Z −→ F

n 7→ n1F .

����y φ´�Ó�. dD�Ó�½n φ�*¿���l Z[x1,1, . . . , x1,n, . . . , xn,1, . . . , xn,n][t]
� F [[t] ��Ó�¦�

φ(xi,j) = ai,j, i, j ∈ {1, 2, . . . , n} Ú φ(t) = t.
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u´ φ(χX(t)) = χA(t). dd��, φ r X �¤k (n − k) �Ìfª�ÚN� A �¤k

(n−k)�Ìfª�Ú.Ï� Z[x1,1, . . . , x1,n, . . . , xn,1, . . . , xn,n]�©ª�A��u",¤±

χX(t) ¥'u tk Xê�u

(−1)n−k × X �¤k (n− k) �Ìfª�Ú.

2d φ(χX(t)) = χA(t) ��, χX(t) ¥'u tk Xê�u

(−1)n−k × A �¤k (n− k) �Ìfª�Ú. �
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