
1o±SK�

§1 'uSK

3.1. � sin(x), cos(x) ∈ Map(R+,R). ¯ sin(x), cos(x) ´Ä3 R þ�5�'?

D�{. � λ, µ ∈ R ¦� λ sin(x) + µ cos(x) = 0 for all x ∈ R+. K

λ sin
(π

2

)
+ µ cos

(π
2

)
= 0 Ú λ sin (π) + µ cos (π) = 0.

=

λ = 0 Ú − µ = 0.

u´ sin(x), cos(x) 3 R þ�5Ã'.

�©{. � λ, µ ∈ R¦� λ sin(x)+µ cos(x) = 0 for all x ∈ R+. K λ cos(x)−µ sin(x) = 0.

u´ (
sin(x) cos(x)

cos(x) − sin(x)

)
︸ ︷︷ ︸

A

(
λ

µ

)
=

(
0

0

)
.

5¿� det(A) = −1. u´é?¿�½� x ∈ R+, rank(A) = 2. dd�� λ = µ = 0,

sin(x), cos(x) 3 R þ�5Ã'.

3.2. x2 + k ∈ Map(R+,R), k = 1, 2, . . . , n ´Ä3 R þ�5�'?

õ�ª{. n = 1. x2 + 1 6= 0, 3 R þ�5Ã'.

n = 2. � α1, α2 ∈ R¦� α1(x
2+1)+α2(x

2+2) = 0. K p(x) = (α1+α2)x
2+α1+2α2 = 0

é?¿� x ∈ R Ñ¤á. u´ α1 + α2 = 0 � α1 + 2α2 = 0, =(
1 1

1 2

)
︸ ︷︷ ︸

A

(
α1

α2

)
=

(
0

0

)
.

Ï� A ÷�, ¤± α1 = α2 = 0. u´ x2 + 1 Ú x2 + 2 3 R þ�5Ã'.

n = 3. � α1, α2, α3 ∈ R ¦� α1(x
2 + 1) + α2(x

2 + 2) + α3(x
2 + 3) = 0. Ké?¿�

x ∈ R,

p(x) = (α1 + α2 + α3)x
2 + α1 + 2α2 + 3α3 = 0.

u´ α1 + α2 + α3 = 0 � α1 + 2α2 + 3α3 = 0, =

(
1 1 1

1 2 3

)
︸ ︷︷ ︸

A


α1

α2

α3

 =

(
0

0

)
.
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Ï� A Ø´�÷�, ¤±þã�§|k�²�). u´ x2 + 1, x2 + 2 Ú x2 + 3 3 R þ
�5�'. ?, � n > 3 �, ù n �¼ê 3 R �5�'.

3.3. fk = 1/(x+ k), k = 1, 2, . . . , n ´Ä3 R þ�5�'?

�©{. � α1, . . . , αn−1, αn ∈ R ¦�

α1f1 + · · ·+ αn−1fn−1 + αnfn = 0.

5¿�

f
(m)
k = βmf

m+1
k .

Ù¥ βm ∈ R \ {0}, � k Ã'. u´

wr(f1, . . . , fn−1, fn) = β0β1 · · · βn−1f1 · · · fn det


1 · · · 1 1

f1 · · · fn−1 fn
...

. . .
...

...

fn−1
1 · · · fn−1

n−1 fn−1
n

 6= 0.

d1�Ù1�gSK�ùÂ~ 2.3, f1, . . . , fn 3 R þ�5Ã'.

õ�ª{. b� f1, . . . fn 3 R þ�5�'. Ø��

fn = α1f1 + · · ·+ αn−1fn−1, α1, . . . , αn−1 ∈ R.

Ké?¿ x ∈ R+, (x + 1) · · · (x + k − 1) = p(x)(x + k), Ù¥ p ´��'u x �õ�

ª¼ê. u´, r x w¤�½��þã�ªE¤á. Ï� k /∈ {1, 2, . . . , k − 1}, ¤±
(x+ k) - (x+ 1) · · · (x+ k − 1). gñ.

4.1. � ∆ : C[x] −→ C[x] dúª ∆(f(x)) = f(x+ 1)− f(x) ½Â. �y ∆ ´ C þ��
5N�.

y². � α, β ∈ C, f, g ∈ C[x].

∆(αf + βg) = (αf + βg)(x+ 1)− (αf + βg)(x)

= α(f(x+ 1)− f(x)) + β(g(x+ 1)− g(x))

= α∆(f) + β∆(g). �

4.2. � pn = x(x+ 1) · · · (x+ n). O� ∆(pn).

∆(pn) = (x+ 1) · · · (x+ n)(x+ n+ 1)− x(x+ 1) · · · (x+ n) = (n+ 1)(x+ 1) · · · (x+ n).

4.3. (½ ker(∆) Ú im(∆).
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). � ∆(f) = 0, Ù¥ f = fnx
n + fn−1x

n−1 + · · ·+ f1x+ f0, fi ∈ C[x], n > 0 � fn 6= 0.

∆(f) = fn(x+1)n+fn−1(x+1)n−1+ · · ·+f1(x+1)+f0−(fnx
n+fn−1x

n−1+ · · ·+f1x+f0).

u´ ∆(f) ¥'u xn−1 �Xê´ nfn 6= 0. u´ ∆(f) = 0. dd��, ker(∆) = C.

dþãO���, é?¿� n ∈ N �3 gn ∈ im(∆) ÷v deg(gn) = n. Ï�

g0, g1, . . . , gn−1 �5Ã'(�1�Ù1�gSK�~ 2.1) � g0, g1, . . . , gn−1 ∈ C[x](n) Ú

dimC[x](n) = n. u´, g0, g1, . . . , gn−1 ´ C[x](n) ��|Ä. u´, é?¿ n ∈ N

C[x](n) = 〈g0, g1, . . . , gn−1〉 ⊂ im(∆), (∵ g0, g1, . . . , gn−1 ∈ im(∆).)

dd�Ñ im(∆) = C[x].

5. �� F ¹kÃ¡õ���. K F þk���5�m V Ø´k�õ�ýf�m�¿.

y². b�(ØØ¤á. K� V1, . . . , Vk ´ V �ýf�m¦�

V = V1 ∪ V2 ∪ · · · ∪ Vk.

Ø�?�Úb� k ´¦�þª¤á������ê. K k > 1 �

Vi  V1 ∪ · · · ∪ Vi−1 ∪ Vi+1 ∪ · · · ∪ Vk, i = 1, 2, . . . , k.

� v1 ∈ V1 \ V2 Ú v2 ∈ (V2 \ V1 ∪ V3 ∪ · · · ∪ Vk). Ï� card(F ) =∞, ¤±

{λv1 + v2 |λ ∈ F \ {0}}

´Ã¡8. d|<�n(pigeon hole principle)�3 λ1, λ2 ∈ F \ {0}, Ù¥ λ1 6= λ2, Ú�3

i ∈ {1, 2, . . . , k} ¦� λ1v1 + v2, λ2v1 + v2 ∈ Vi. XJ i = 1, K

λ1v1 + v2 ∈ V1 =⇒ v2 ∈ V1.

� v2 �ÀJgñ. XJ i = 2, K

λ1v1 + v2 ∈ V2 =⇒ λ1v1 ∈ V2 =⇒ v1 ∈ V2.

� v1 �ÀJgñ. XJ i > 2, K

λ2(λ1v1 + v2)− λ1(λ2v1 + v2) = (λ2 − λ1)v2 ∈ Vi =⇒ v2 ∈ Vi.

� v2 �ÀJgñ. �

þãSK��±léó�*:y². äNy²��ùÂ�N¹.

5) 1.1 e F k�. K F n k�. � F n ¥z��"�þ)¤���f�m, §��¿

w,´ F n.
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§2 ÄC�Ú�IC�

~ 2.1 (R2 ¥��I^=) � e1, e2 ´ R2 �IOÄ. rTÄ._��^= θ ��,�

|Ä ε1, ε2. K

(ε1, ε2) = (e1, e2)

(
cos θ − sin θ

sin θ cos θ

)
︸ ︷︷ ︸

A

.

��O�� A = At. � v = x1e1 + x2e2 = y1ε1 + y2ε2. K(
y1

y2

)
=

(
cos θ sin θ

− sin θ cos θ

)(
x1

x2

)
.

~ 2.2 3 R3 ¥, �

u1 =


1

1

1

 ,u2 =


1

1

2

 ,u3 =


1

2

3

 ;v1 =


1

1

0

 ,v2 =


1

0

1

 ,v3 =


0

1

1

 .

(i) y² u1,u2,u3 Ú v1,v2,v3 ´ R3 �ü|Ä.

(ii) ¦l u1,u2,u3 � v1,v2,v3 =�Ý
.

). (i) � A = (u1,u2,u3) Ú B = (v1,v2,v3). ��O�� rank(A) = rank(B) = 3.

u1,u2,u3 Ú v1,v2,v3 ´ R3 �ü|Ä.

(ii) � e1, e2, e3 ´ R3 �IOÄ. K

(u1,u2,u3) = (e1, e2, e3)A Ú (v1,v2,v3) = (e1, e2, e3)B.

u´

(v1,v2,v3) = (u1,u2,u3)A
−1B.

=�Ý
´

A−1B =


1 1 −1

1 −2 1

−1 1 0




1 1 0

1 0 1

0 1 1

 =


2 0 0

−1 2 −1

0 −1 1

 .

~ 2.3 3 C[x](d) ¥, � p1 = (x+ α1)
d−1, . . . , pd = (x+ αd)

d−1, Ù¥ α1, . . . , αd ∈ C, ü
üØÓ. y² p1, . . . , pd ´ F [x](d) ��|Ä, ¿¦l 1, x, . . . , xd−1 � p1, p2, . . . , pd �=

�Ý
.
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y². d��ª½n��,

(x+ α)d−1 =
d−1∑
i=0

(
d− 1

i

)
xiαd−1−i = (1, x, . . . , xd−1)


(
d−1
d−1

)
αd−1(

d−1
d−2

)
αd−2

...(
d−1
0

)
α0

 .

u´

(p1, p2, . . . pn) = (1, x, . . . , xd−1)


(
d−1
d−1

)
αd−1
1

(
d−1
d−1

)
αd−1
2 · · ·

(
d−1
d−1

)
αd−1
d(

d−1
d−2

)
αd−2
1

(
d−1
d−2

)
αd−2
2 · · ·

(
d−1
d−2

)
αd−2
d

...
...

. . .
...(

d−1
0

)
α0
1

(
d−1
0

)
α0
2 · · ·

(
d−1
0

)
α0
d


︸ ︷︷ ︸

A

.



det(A) =

(
d− 1

d− 1

)(
d− 1

d− 2

)
· · ·
(
d− 1

0

)
det


αd−1
1 αd−1

2 · · · αd−1
d

αd−2
1 αd−2

2 · · · αd−2
d

...
...

. . .
...

α0
1 α0

2 · · · α0
d

 6= 0.

u´ p1, p2, . . . , pd ´ F [x](d) ��|Ä, A ´¤¦�=�Ý
.

§3 éó�m

~ 3.1 � V = R[x](n). é i = 0, 1, . . . , n, ½Â:

ψi : V −→ R
f 7→ 1

i!
dif
dxi (0)

.

y² ψ0, . . . , ψn−1 ´ 1, x, . . . , xn−1 ��|éóÄ.

y². k�y ψi ∈ V ∗. 5¿� d/dx ∈ Hom(V, V ), D�Ó� φ0 ∈ Hom(R[x],R), Ù¥

φ0(f) = f(0). 

ψi =
1

i!
φ0 ◦

d

dx
◦ · · · ◦ d

dx︸ ︷︷ ︸
i

.

u´ ψi ∈ V ∗. dùÂ¥½n 5.2 �y²��, ·��I�y ψi(x
j) = δi,j, i, j ∈

{0, 1, . . . , n−1}=�.� j < i�, ψi(x
j) = 0. ù´Ï� xj � i��êð�u". � j > i

�, ψi(xj) = φ0(αi,jx
j−i) = 0, Ù¥ αi,j ´,�knê. � j = i �, ψi(x

i) = φ0(1) = 1.

�y�.. �
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5¿� ψi ´� f ¥'u xi ��Xê. ��A^·�O�

p = ((x+ 1)100 − (2x2 + 2x− 3)10)2

¥ x �Xê.

p′ = 2((x+ 1)100 − (2x2 + 2x− 3)10)(100(x+ 1)99 − 10(2x2 + 2x− 3)9(4x+ 2)).

p′(0) = 4× (1− 310)(100 + 10× 39) = 40(1− 310)(10 + 39) = −46513290560.

§4 N¹µ1�g��¥1ÊK,)

e¡·�^éó�*:5y²�Ù1�g���1ÊK.

Ún 4.1 �� F ¹kÃ¡õ���, f ∈ F [x1, . . . , xn]. XJéu?¿� α1, . . . , αn ∈ F ,

f(α1, . . . , αn) = 0,

K f(x1, . . . , xn) = 0.

y². é n 8B. � n = 1 �, f(α) = 0 é F ¥¤k�� α ¤á. Ï� f 3 F ¥kÃ

¡õ��, ¤± f = 0. � n > 1 �(Øé (n− 1) �õ�ª¤á.

�Ä n��/. XJ xnØÑy3 f ¥,K(Ød8Bb����Ñ.b� degxn
(f) =

d > 0. K

f = fdx
d
n + fd−1x

d−1
n + · · ·+ f0,

Ù¥ fd, fd−1, . . . , f0 ∈ F [x1, . . . , xn−1] � fd 6= 0. d8Bb�, �3 β1, . . . , βn−1 ∈ F ¦
� fd(β1, . . . , βn−1) 6= 0. u´

f(β1, . . . , βn−1, xn) =fd(β1, . . . , βn−1)x
d
n + fd−1(β1, . . . , βn−1)x

d−1
n

+ · · ·+ f0(β1, . . . , βn−1) ∈ F [xn] \ {0}.

l�3 βn ∈ F ¦� f(β1, . . . , βn−1, βn) 6= 0. gñ. u´ xn ØÑy3 f ¥. �

Ún 4.2 � V ´ n ��5�m, U ´ V � n − 1 �f�m. K�3 f ∈ V ∗ ¦�

U = ker(f).

y². � π : V −→ V/U ´ûN�. Ï� dim(V/U) = 1 (�1�Ù1�gùÂÚn 4.14),

¤±�3 φ : V/U −→ F ´�5Ó�(�1�Ù1�gùÂ½n 4.13). K f = φ◦π ∈ V ∗.
·��y U = ker(φ). � u ∈ U . K π(u) = u + U = U ´ V/U ¥�"�. Ï�

φ(U) = 0,¤± f(u) = 0. ·�k u ∈ ker(f). dd�Ñ U ⊂ ker(f). ��,� v ∈ ker(f).

0 = f(v) = φ(v + U).
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Ï� φ ´ü�5N�, ¤± v + U = U , = v ∈ U . dd�� ker(f) ⊂ U . �

��, ·�5y²1ÊK�(Ø. b�

V = U1 ∪ · · · ∪ Uk,

Ù¥ U1, . . . , Uk ´ V �ýf�m. ·�Ø��z� Ui ��êÑ´ n− 1. ù´Ï���

ýf�m�½�¹u�� n− 1 �f�m¥. dÚn 4.2, �3 f1, . . . fk ∈ V ∗ ¦�

V = ker(f1) ∪ · · · ∪ ker(fk)

‖ ‖
U1 Uk.

- f = f1 · · · fk. K f : V −→ F dúª f(v) = f1(v) · · · fk(v), Ù¥ v ´ V ¥?¿�

þ. dþª���3 i ∈ {1, 2, . . . , k} ¦� v ∈ ker(fi). u´ fi(v) = 0. l f(v) = 0,

= f ´"¼ê.

� e1, . . . , en ´�|Ä, v = α1e1 + · · ·αnen,Ù¥ α1, . . . , αn ∈ F . 2� ai,j = fi(ej),

i ∈ {1, . . . , k}, j ∈ {1, . . . , n}K fi(v) = ai,1α1 + · · ·+ai,nαn. u´é?¿ α1, . . . , αn ∈ F ,

f(v) =
k∏

i=1

fi(v) =
k∏

i=1

(ai,1α1 + · · ·+ ai,nαn) = 0.

- g �uõ�ª
∏k

i=1(ai,1x1 + · · · + ai,nxn) ∈ F [x1, . . . , xn]. Ké?¿ α1, . . . , αn ∈ F ,

g(α1, . . . , αn) = f(v) = 0. dÚn 4.1 ��, g = 0. Ï� F [x1, . . . , xn] ´��, ¤±∏k
i=1(ai,1x1 + · · ·+ ai,nxn) ¥,�Ïf�u". Ø��

a1,1x1 + · · ·+ a1,nxn = 0.

K a1,1 = · · · = a1,n = 0, = f1 = 0∗. u´ ker(f1) = V = U1. = dim(U1) = n. gñ. �
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