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1. � Q3 ¥�n��þ

v1 =


1

2

0

 , v2 =


1

0

1

 , v3 =


0

2

−1

 .

O� V := 〈v1,v2,v3〉 ��|Ä Ú Q3/V ��|Ä.

). � A = (v1,v2,v3). Ï� rank(A) = 2� v1,v2 �5Ã',¤± V ��|Ä´ v1,v2.

r v1,v2 *¿¤ Q3 ��|Ä:

v1,v2,u =


1

0

0

 .

K Q3/V ��|Ä´ u+ V . (�1�Ù1�ùÚn 4.14 �y²) �

4. � p ´�ê, λ1, . . . , λn ∈ Zp, Ø��", V ´ λ1x1 + · · ·+ λnxn = 0 3 Zn
p ¥�)�

m. O� dim(V ) Ú card(V ).

). �§�XêÝ
´ A = (α1, . . . , αn). Ï� α1, . . . , αn Ø��", ¤± rank(A) = 1.

u´ dim(V ) = n− 1. � v1, . . . ,vn−1 ´ V ��|Ä. K

V = {α1v1 + · · ·+ αn−1vn−1|α1, . . . , αn−1 ∈ Zp}.

d�I���5�� card(V ) = pn−1. �

5. 3Ý
�m M2(Q) ¥. � Mag2(Q) ´�����¤�f�m, U Ú V ©O´d(
1 0

0 1

)
Ú

(
0 1

1 0

)

)¤�f�m. O� dim(Mag2(Q)) ¿(½ Mag2(Q) + U + V ´Ø´�Ú.

). Ý


(
a b

c d

)
∈ Mag2(Q)⇐⇒



c+ d = a+ b

a+ c = a+ b

b+ d = a+ b

a+ d = a+ b

b+ c = a+ b

⇐⇒ a = b = c = d.
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u´ dim(Mag2(Q)) = 1. ? Mag2(Q) �Ä´

S2 =

(
1 1

1 1

)
.

Ï�

S2 =

(
1 0

0 1

)
+

(
0 1

1 0

)
,

¤± Mag2(Q) ∩ (U + V ) 6= {O}. � Mag2(Q) + U + V Ø´�Ú. �

5. � V ´� F þ� n �f�m, V1, . . . , Vk ´ V �f�m. y²: XJ

dimV1 + · · ·+ dimVk > n(k − 1),

K V1 ∩ · · · ∩ Vk 6= {0}.
y². ky²�3 (k − 1) �f�m W1, . . . ,Wk−1 ¦�

dim(V1) + · · ·+ dim(Vk) = dim(W1) + · · ·+ dim(Wk−1) + dim(V1 ∩ · · · ∩ Vk). (1)

é k 8B. � k = 1 �, w,. � k > 1 � (1) é (k − 1) �f�m¤á. K�3f�m

W1, . . . ,Wk−1 ¦�

dim(V1)+ · · ·+dim(Vk−2)+dim(Vk−1) = dim(W1)+ · · ·+dim(Wk−1)+dim(V1∩· · ·∩Vk−1).

u´

dim(V1) + · · ·+ dim(Vk−2) + dim(Vk−1) + dim(Vk)

= dim(W1) + · · ·+ dim(Wk−1) + dim(Vk) + dim(V1 ∩ · · · ∩ Vk−1)

= dim(W1) + · · ·+ dim(Wk−1) + dim(Vk + V1 ∩ · · · ∩ Vk−1︸ ︷︷ ︸
Wk

) + dim(V1 ∩ · · · ∩ Vk−1 ∩ Vk)

(é Vk Ú V1 ∩ · · · ∩ Vk−1 ^�êúª¤.

u´, (1) ¤á. Ï� dim(Wi) ≤ n, i = 1, 2, . . . k, ¤± (1) %¹X

n(k − 1) < n(k − 1) + dim(V1 ∩ · · · ∩ Vk).

l dim(V1 ∩ · · · ∩ Vk) > 0. ?, V1 ∩ · · · ∩ Vk 6= {0}. �
,��y². Ø�� k > 1. �Ä�5N�

φ : V1 × V2 × · · · × Vk −→ V × · · · × V︸ ︷︷ ︸
k−1

(v1,v2, . . . ,vk) 7→ (v1 − vk, . . . ,vk−1 − vk).
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����y φ ´�5�. 5¿�d1�Ù1�gSK�~ 3.1 ���í�Ñ

dim(V1 × V2 × · · · × Vk) = dim(V1) + · · ·+ dim(Vk).

d1�Ù1�ù·K 4.15 (iii),

dim(ker(φ)) ≥ dim(V1×V2×· · ·×Vk)−dim(V × · · · × V︸ ︷︷ ︸
k−1

) ≥ dim(V1)+· · ·+dim(Vk)−(k−1)n > 0.

u´, �3�"�þ (v1, . . . ,vk−1,vk) ∈ ker(φ). d φ�½Â, vi = vk, i = 1, 2, . . . , k− 1.

= vk ∈ Vi, i = 1, 2, . . . , k − 1, � vk 6= 0. AO/ vk ∈ V1 ∩ V2 ∩ . . . ∩ Vk. �

§2 V�5.�Ý
Ú�

~ 2.1 �V�5.

f : F 3 × F 3 −→ F
x1

x2

x3

 ,


y1

y2

y3

 7→ 5x1y2 − 3x3y1 + x3y3.

¦ f 3IOÄ e1, e2, e3 e�Ý
Ú rank(f).

). � A = (ai,j)3×3 ´¤¦Ý
. 5¿� ai,j = f(ei, ej), = ai,j ´ f �L�ª¥ xiyj

�Xê. u´

A :=


0 5 0

0 0 0

−3 0 1

 .

Ý
 A ���u 2.

§3 1���C�

� Fi,j ´ n �1�aÐ�Ý
, i, j ∈ {1, . . . , n}, Fi,j(λ) ´1�aÐ�Ý
, Ù¥

i, j ∈ {1, . . . , n}, i 6= j, λ ∈ F .
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Ún 3.1 � A = (ak,`) ∈ SMn(F ), B = F t
i,jAFi,j ´é¡Ý
�

B =

↓i ↓j

a1,1 · · · a1,j · · · a1,i · · · a1,n
...

. . .
...

. . .
...

. . .
...

aj,1 · · · aj,j · · · aj,i · · · aj,n
...

. . .
...

. . .
...

. . .
...

ai,1 · · · ai,j · · · ai,i · · · ai,n
...

. . .
...

. . .
...

. . .
...

an,1 · · · an,j · · · an,i · · · an,n



→ i

→ j

.

y². Ï� Fi,j é¡, ¤± B ∼c A. d A é¡�Ñ B é¡. dÐ�1C��� Fi,jA =

=�� A �1 i Ú1 j 1. 2dÐ��C��� (Fi,jA)Fi,j ==�� Fi,jA �1 i Ú1

j �. l, B = Fi,jAFi,j. �

Ún 3.2 � A = (ak,`) ∈ SMn(F ), B = Fi,j(λ)
tAFi,j(λ) ´é¡Ý
�

B =

↓i ↓j

a1,1 · · · a1,i · · · a1,j + λa1,i · · · a1,n
...

. . .
...

. . .
...

. . .
...

ai,1 · · · ai,i · · · ai,j + λai,i · · · aj,n
...

. . .
...

. . .
...

. . .
...

aj,1 + λai,1 · · · aj,i + λai,i · · · aj,j + 2λai,j + λ2ai,i · · · aj,n + λai,n
...

. . .
...

. . .
...

. . .
...

an,1 · · · an,i · · · an,j + λan,i · · · an,n



→ i

→ j

.

y². Ý
 B w,é¡. dÐ�1C��� F t
i,j(λ)A ==r A �1 i 1Ï¦ λ �\�

1 j 1þ. 2dÐ��C��� (Fi,j(λ)
tA)Fi,j(λ) ==r A �1 i �Ï¦ λ �\�1 j

�þ. l, B = Fi,j(λ)
tAFi,j(λ). �

éé¡Ý
�k�gþãü�Ún¥�ö����Ý
¡�ÏL(Ð�)1���C

����Ý
.

Ún 3.3 �� F �A�Ø�u 2, A ∈ SMn(F ). XJ A ¥é��þ��Ñ�u"�

A 6= O, K·��±ÏL1���C�r A C¤é¡Ý
 B = (bi,j) ¦� b1,1 6= 0. AO

/, A ∼c B.

y². � A = (ak,`)n×n, Ù¥,� ai,j 6= 0, � i 6= j. K Fi,j(1)
tAFi,j(1) 31 j 1 j �?

���´

aj,j + 2ai,j + ai,i = 2ai,j 6= 0.
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ù´Ï�Ún 3.2 Ú 2 6= 0. �âÚn 3.1, B = F1,j(Fi,j(1)
tAFi,j(1))F1,j. �

½n 3.4 �� F �A�Ø�u 2, A ∈ SMn(F ). K·��±ÏLÐ�1��C���

é�Ý
.

y². ·�é n 8B. � n = 1 �, A ´é�
. ½nw,¤á. � n > 1 �½né

n − 1 ¤á. ·��Ä n �é¡Ý
 A. XJ A = O, K A ®²´é�Ý
. e¡�

A = (ai,j) 6= O.

dÚn 3.3, ·��±?�Úb� a1,1 6= 0. dÚn 3.2,

F1,n

(
−an,1
a1,1

)t

· · ·F1,2

(
−a2,1
a1,1

)t

AF1,2

(
−a2,1
a1,1

)
· · ·F1,n

(
−an,1
a1,1

)
︸ ︷︷ ︸

M

=

(
a1,1 O1×(n−1)

O(n−1)×1 B

)
.

Ù¥ B ∈ SMn−1(F ). d8Bb��3 Q ∈ GLn(F ) ´1�aÚ1�aÐ�Ý
�È¦

� QtBQ ´é�Ý
. -

P =

(
1 O1×(n−1)

O(n−1)×1 Q

)
.

K (MP )tA(MP ) ´é�
. �

~ 3.5 �

A =


0 1 1

1 0 1

1 1 0

 ∈ SM3(R).

|^1���C�r A z¤é�
 B, ¿O� P ∈ GL3(R) ¦� B = P tAP .

).

(A|E) =


0 1 1 | 1 0 0

1 0 1 | 0 1 0

1 1 0 | 0 0 1


r121\�111

−−−−−−−−− −→


1 1 2 | 1 1 0

1 0 1 | 0 1 0

1 1 0 | 0 0 1

 é¡ö�
−−−− −→


2 1 2 | 1 1 0

1 0 1 | 0 1 0

2 1 0 | 0 0 1


111Ï¦ − 1

2
\�121

−−−−−−−−− −→


2 1 2 | 1 1 0

0 −1
2 0 | −1

2
1
2 0

2 1 0 | 0 0 1

 é¡ö�
−−−− −→


2 0 2 | 1 1 0

0 −1
2 0 | −1

2
1
2 0

2 0 0 | 0 0 1


111Ï¦ −1\�131
−−−−−−−−− −→


2 0 2 | 1 1 0

0 −1
2 0 | −1

2
1
2 0

0 0 −2 | −1 −1 1

 é¡ö�
−−−− −→


2 0 0 | 1 1 0

0 −1
2 0 | −1

2
1
2 0

0 0 −2 | −1 −1 1
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�

P =


1 −1

2
−1

1 1
2
−1

0 0 1

 =⇒ P tAP = diag

(
2,−1

2
,−2

)
.

§4 �òzV�5.Ý


� dim(V ) = n, f ∈ L2(V ). XJ rank(f) = n, K¡ f ´�òz�.

~ 4.1 � V ´ F þ�k���þ�m, f(x,y) ´ V þ�òzV�5.. K

φ : V −→ V ∗

v 7→ f(x,v)

´�5Ó�.

y². Ï� f V�5, ¤±�½ v � f(x,v) ∈ V ∗. � α1, α2 ∈ F Ú v1,v2 ∈ V . K

φ(α1v1 + α2v2) = f(x, α1v1 + α2v2) = α1f(x,v1) + α2f(x,v2) = α1φ(v1) + α2φ(v2).

u´ φ ´�5N�. Ï� dim(V ) = dim(V ∗), ¤±·���y² f ´ü�=�. �

e1, . . . , en ´ V ��|Ä, A ´ f 3TÄe�Ý
. � v = λ1e1 + · · ·+ λnen. Ké?¿

� x = x1e1 + · · ·+ xnen ∈ V , ·�k

f(x,v) = (x1, . . . , xn)A


λ1
...

λn

 .

� φ(v) = 0∗. Kdþª�� é?¿ x1, . . . , xn ∈ F ,

(x1, . . . , xn)A


λ1
...

λn

 = 0.

u´

A


λ1
...

λn

 =


0
...

0

 .

Ï� A ÷�, ¤± λ1 = · · · = λn = 0. u´ v = 0. d1�Ù1�ù·K 2.3, φ ´ü�.

�
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