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5. � V ´ F þ�k���5�m, f, g ∈ V ∗ \ {0∗}. y²: ker(f) = ker(g) ��=��

3 λ ∈ F ¦� f = λg.

y². � f = λg. Ï� f Ú g ÑØ�u 0∗, ¤± λ 6= 0. u´, é?¿ v ∈ V ,

f(v) = 0⇐⇒ g(v) = 0. dd�� ker(f) = ker(g).

��,� ker(f) = ker(g). � e1, . . . , en´ V ��|Ä.K�3 α1, . . . , αn, β1, . . . , βn ∈
F ¦�é?¿ x = x1e1 + · · ·+ xnen,

f(x) = α1x1 + · · ·+ αnxn Ú g(x) = β1x1 + · · ·+ βnxn.

� Vf Ú Vg ©O´�§ α1z1 + · · ·+αnzn = 0 Ú β1z1 + · · ·+ βnzn = 0 3 F n )�m. Ï

� rank(α1, . . . , αn) = 1, ¤± dim(Vf ) = n− 1 (�§��éó½n). K

x ∈ ker(f)⇐⇒


x1
...

xn

 ∈ Vf Ú x ∈ ker(f)⇐⇒


x1
...

xn

 ∈ Vg.
Ï� ker(f) = ker(g), ¤± Vf = Vg. u´, Vf = Vf ∩ Vg ´�§|{

α1z1 + · · ·+ αnzn = 0

β1z1 + · · ·+ βnzn = 0

�)�m. Ï� dim(Vf ) = n− 1, ¤±þãàg�§|�Ý


A =

(
α1 · · · αn

β1 · · · βn

)

���u 1. u´ A �ü1�5�'. Ï�ùü1Ñ�", ¤±�3 λ ∈ F ¦�

(α1, · · · , αn) = λ(β1, . . . , βn).

u´é?¿ x1, . . . , xn ∈ F

α1x1 + · · ·+ αnxn = λ(β1x1 + · · ·+ βnxn) =⇒ f(x) = λg(x). �

“��” Ü©�,��y².

Ún 1.1 � dim(V ) = n, f ∈ V ∗ \ {0∗}. K f ´÷�� dim(ker(f)) = n− 1.
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y². Ï� f 6= 0∗, ¤±�3 v ∈ V ¦� f(v) = α ∈ F \ {0}. é?¿ β ∈ F ,

f(βα−1v) = βα−1α = β. u´ f ´÷�. Ï� im(f) = F , ¤± dim(im(f)) = 1. u´

dim(ker(f)) = n− 1 (éó½n��5N��). �

dþãÚn, ·��� ε1, . . . , εn−1 ´ ker(f) �Ä, §�´ ker(g) �Ä. dÄ*¿

½n V kÄ. ε1, . . . , εn−1, εn. u´ f(εn) = α ∈ F \ {0}. � g(εn) = β ∈ F \ {0}.
- h = f − αβ−1g. K h(εi) = 0, i = 1, 2, . . . , n − 1, ù´Ï� εi ∈ ker(f) = ker(g),

i = 1, 2, . . . , n− 1. 

h(εn) = f(εn)− αβ−1g(εn) = α− αβ−1β = 0.

d1�Ù1�ù½n 4.12 (�5N�Ä�½nII) �� h = 0∗. u´ f = (αβ−1)g. �

6. � V ´ F þ� n ��5�m, U ´ V � d �f�m. �

U0 = {f ∈ V ∗ | ∀ u ∈ U, f(u) = 0}.

y²: dim(U0) = n− d.
y². � e1, . . . , ed ´ U ��|Ä. dÄ*¿½n, V k�|Ä e1, . . . , ed, ed+1, . . . , en.

� e∗1, . . . , e
∗
d, e

∗
d+1, . . . , e

∗
n ´ÙéóÄ. K e∗i (ej) = 0, i ∈ {d + 1, d + 2, . . . , n}, j ∈

{1, , 2, . . . , d}. Ï� U = 〈e1, . . . , ed〉, ¤± e∗d+1, . . . , e
∗
n ∈ U0.

� f = α1e
∗
1+· · ·+αde

∗
d+αd+1e

∗
d+1+· · ·+αne

∗
n ∈ V ,Ù¥ α1, . . . , αd, αd+1, . . . , αn ∈ F .

XJ f ∈ U0, Ké?¿ j ∈ {1, 2, . . . , d}, f(ei) = 0, =

0 = f(ei) =
n∑

k=1

αke
∗
k(ei) = αi.

dd�Ñ, f ∈ 〈e∗d+1, . . . , e
∗
n〉. u´ U0 = 〈e∗d+1, . . . , e

∗
n〉. l dimU0 = n− d. �

5) 1.2 1 5 K“��”Ü©�q�y². � U = ker(f). dÚn 1.1, dim(U) = n− 1.

u´ dim(U0) = 1 (1 6 K�(Ø). qÏ� U = ker(g), ¤± f, g ∈ U0. u´ g ´ U0

�Ä. l�3 λ ∈ F ¦� f = λg. �

§2 'u�g.�O�

�½. � F ´A�Ø�u 2 ��, p(x1, . . . , xn) ∈ F [x1, . . . , xn] ´à�g�. ·�` p ´

F n þ��g., ´� p : F n −→ F dúª (α1, . . . , αn)t 7→ p(α1, . . . , αn) �Ñ.

~ 2.1 O� R3 þ�g. q(x) = x21− 3x23− 2x1x2 + 2x1x3 + 2x2x3 ��|5�ÄÚ3T

Äe�5�., ¿O� q �\¶.
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). �g. q 3IOÄe�Ý
´

A =


1 −1 1

−1 0 1

1 1 −3

 .

|^Ð���1C��

(A|E) =


1 −1 1 | 1 0 0

−1 0 1 | 0 1 0

1 1 −3 | 0 0 1


111\�121

−−−−−−−−− −→


1 −1 1 | 1 0 0

0 −1 2 | 1 1 0

1 1 −3 | 0 0 1

 é¡ö�
−−−− −→


1 0 1 | 1 0 0

0 −1 2 | 1 1 0

1 2 −3 | 0 0 1


111Ï¦ −1\�131
−−−−−−−−− −→


1 0 1 | 1 0 0

0 −1 2 | 1 1 0

0 2 −4 | −1 0 1

 é¡ö�
−−−− −→


1 0 0 | 1 0 0

0 −1 2 | 1 1 0

0 2 −4 | −1 0 1


121Ï¦ 2\�131
−−−−−−−−− −→


1 0 0 | 1 0 0

0 −1 2 | 1 1 0

0 0 0 | 1 2 1

 é¡ö�
−−−− −→


1 0 0 | 1 0 0

0 −1 0 | 1 1 0

0 0 0 | 1 2 1

 .

�

P =


1 1 1

0 1 2

0 0 1


K P tAP = diag(1,−1, 0). u´ q 3 ~P (1), ~P (2), ~P (3) e�Ý
´ diag(1,−1, 0). � y =

y1 ~P
(1) + y2 ~P

(2) + y3 ~P
(3). K

q(y) = y21 − y22.

q �\¶´ (1, 1). �

,).

q = x21 − 3x23 − 2x1x2 + 2x1x3 + 2x2x3

= (x1 − x2 + x3)
2 − x22 − 4x23 + 4x2x3

= (x1 − x2 + x3)
2 − (x2 − 2x3)

2.
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� 
y1

y2

y3

 =


1 −1 1

0 1 −2

0 0 1


︸ ︷︷ ︸

Q


x1

x2

x3

 .

K q = y21 − y22. 5�Ä´ Q−1 ���þ, Ù¥

Q−1 =


1 1 1

0 1 2

0 0 1


q �\¶´ (1, 1). �

~ 2.2 O� Rn þ�g. pn =
∑

1≤i<j≤n 2xixj. �\¶.

). pn 3IOÄe�Ý


An =



0 1 1 · · · 1 1

1 0 1 · · · 1 1

1 1 0 · · · 1 1
...

...
...

. . .
...

...

1 1 1 · · · 0 1

1 1 1 · · · 1 0


.

� n = 2 �,

A2 =

(
0 1

1 0

)
111\�121

−−−−−−−−− −→

(
1 1

1 0

)
é¡ö�
−−−− −→

(
2 1

1 0

)
111Ï¦ −1/2\�121
−−−−−−−−− −→

(
2 1

0 −1
2

)
é¡ö�
−−−− −→

(
2 0

0 −1
2

)
.

\¶´ (1, 1).

� n = 3 �, dþ±��ÚSK��ùÂ��, \¶´ (1, 2).
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y3�Ä���/. An →

111\�121
−−−−−−−−− −→



1 1 2 2 · · · 2 2

1 0 1 1 · · · 1 1

1 1 0 1 · · · 1 1

1 1 1 0 · · · 1 1
...

...
...

...
. . .

...
...

1 1 1 1 · · · 0 1

1 1 1 1 · · · 1 0


é¡ö�
−−−− −→



2 1 2 2 · · · 2 2

1 0 1 1 · · · 1 1

2 1 0 1 · · · 1 1

2 1 1 0 · · · 1 1
...

...
...

...
. . .

...
...

2 1 1 1 · · · 0 1

2 1 1 1 · · · 1 0



111Ï¦ −1/2\�121
−−−−−−−−− −→



2 1 2 2 · · · 2 2

0 −1
2 0 0 · · · 0 0

2 1 0 1 · · · 1 1

2 1 1 0 · · · 1 1
...

...
...

...
. . .

...
...

2 1 1 1 · · · 0 1

2 1 1 1 · · · 1 0


é¡ö�
−−−− −→



2 0 2 2 · · · 2 2

0 −1
2 0 0 · · · 0 0

2 0 0 1 · · · 1 1

2 0 1 0 · · · 1 1
...

...
...

...
. . .

...
...

2 0 1 1 · · · 0 1

2 0 1 1 · · · 1 0



111Ï¦ −1\�131
−−−−−−−−− −→



2 0 2 2 · · · 2 2

0 −1
2 0 0 · · · 0 0

0 0 −2 −1 · · · −1 −1
2 0 1 0 · · · −1 −1
...

...
...

...
. . .

...
...

2 0 1 1 · · · 0 1

2 0 1 1 · · · 1 0


é¡ö�
−−−− −→



2 0 0 2 · · · 2 2

0 −1
2 0 0 · · · 0 0

0 0 −2 −1 · · · −1 −1
2 0 −1 0 · · · 1 1
...

...
...

...
. . .

...
...

2 0 −1 1 · · · 0 1

2 0 −1 1 · · · 1 0


...

u´

An ∼c

(
M O

O N

)
,

Ù¥

M =

(
2 0

0 −1
2

)
Ú N = −



2 1 1 · · · 1

1 2 1 · · · 1

1 1 2 · · · 1
...

...
...

. . .
...

1 1 1 · · · 2


.

5¿� det(N) = (−2 + (n − 3)(−1))(−1)n−3 = (1 − n)(−1)n−3, n = 3, 4, .... (�þÆÏ

ùÂ1��ù1 6 ��~f).
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� ∆i ´ N � i �Ìfª, i = 1, 2, . . . , n − 2. � ∆0 = 1. K ∆i+1/∆i < 0,

i = 1, 2, . . . , n− 2. d Jacobi úª.

N ∼c diag

(
∆1

∆0

,
∆2

∆1

, . . . ,
∆n−2

∆n−3

)
∼c −En−2.

u´�3 P ∈ GLn(F ) Ú Q ∈ GLn−2(F ) ¦�

(
E2 O

O Q

)t

P tAnP

(
E2 O

O Q

)
=

(
E2 O

O Q

)t(
M O

O N

)(
E2 O

O Q

)
=


(

2 0

0 −1
2

)
O

O −En−2

 .

dd��, pn �\¶´ (1, n− 1). �

§3 'u�g.�y²

~ 3.1 � p ∈ C[x1, . . . , xn] �"�à�g. y²: p 3 C[x1, . . . , xn] ����=�

rank(p) ≤ 2.

y². d��ùÂ¥~ 8.11 ��, p ���5%¹ rank(p) ≤ 2.

��, � rank(p) ≤ 2. � rank(p) ≤ 2 � p 3 Cn �IOÄe�Ý
� A. Kd�

�ùÂ~ 7.19 ���3 P ∈ GLn(C) ¦�

P tAP =

(
Er Or×(n−r)

O(n−r)×r O

)
,

Ù¥ r = 1 ½ r = 2. u´

p = (x1, . . . xn)A


x1
...

xn

 = (x1, . . . xn)(P−1)t

(
Er Or×(n−r)

O(n−r)×r O

)
P−1


x1
...

xn

 .

- 
y1
...

yn

 = P−1


x1
...

xn

 .

K p = y21 + · · ·+ y2r . � r = 1 �, p = y21. � r = 2 �, p = (y1 +
√
−1y2)(y1 −

√
−1y2).

d½Â y1 Ú y2 Ñ´'u x1, . . . , xn ��gõ�ª. ¤± p 3 C[x1, . . . , xn] ¥��. �
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