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§1 'uSK

3. � F ´�, V ´� F þ� n ��5�m. � f, g ∈ V ∗ \ {0}, 
 h : V × V −→ F d

úª∀ (x,y) ∈ V × V, h(x,y) = f(x)g(y) ½Â. �y h ´V�5.¿¦ rank(h).

). �y h´V�5.�L§Ñ.Ï� f 6= 0∗Ú g 6= 0∗,¤±�3 u,v ∈ V ¦� f(u) 6= 0

Ú g(v) 6= 0. u´ h(u,v) 6= 0. � V ��|Ä´ e1, . . . , en, x = x1e1 + · · · + xnen,

y = y1e1 + · · ·+ ynen. K

f(x) = α1x1+· · ·+αnxn = (x1, . . . , xn)


α1

...

αn

 Ú g(y) = β1y1+· · ·+βnyn = (β1, . . . , βn)


y1
...

yn

 .

u´

h(x,y) = (x1, . . . , xn)


α1

...

αn

 (β1, . . . , βn)

︸ ︷︷ ︸
A


y1
...

yn

 .

dd�� rank(h) = rank(A) ≤ 1. Ï� h �", ¤± rank(h) = 1. �

5. � F ´�, V ´� F þ� n ��5�m, h ∈ L2(V ) � rank(h) = 1. y²: �3

f, g ∈ V ∗, ¦�é?¿ (x,y) ∈ V × V , h(x,y) = f(x)g(y).

y². � h 3 V �,|Äe�Ý
´ e1, . . . , en �Ý
´ A. Ï� rank(A) = 1, ¤±�

3�"�þ v ∈ Rn ¦�A = (β1v, . . . , βnv), Ù¥ β1, . . . , βn ∈ F . � v = (α1, . . . , αn)t.

K

A =


α1

...

αn

 (β1, . . . , βn).

é?¿� x = x1e1 + · · ·+ xnen,y = y1e1 + · · ·+ ynen ∈ V , ·�k

h(x,y) = (x1, . . . , xn)A


y1
...

yn

 = (x1, . . . , xn)


α1

...

αn

 (β1, . . . , βn)


y1
...

yn


= (α1x1 + · · ·+ αnxn)︸ ︷︷ ︸

f

(β1y1 + · · ·+ βnyn)︸ ︷︷ ︸
g

. �
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§2 Ä�~f

~ 2.1 � R3 þ�¢�g.´

q = 2(x1 − x2)2 + 3(x1 + x2 + x3)
2 + 7(x1 − x2 + x3)

2 − (3x2 − x1)2.

(½ q �a..

). - y1 = x1 − x2, y2 = x1 + x2 + x3, y3 = x1 − x2 + x3, y4 = 3x2 − x1.
y1

y2

y3

y4

 =


1 −1 0

1 1 1

1 −1 1

−1 3 0


︸ ︷︷ ︸

A


x1

x2

x3

 .

K ~A1, ~A2, ~A3 �5Ã'. 
 ~A4 ´ ~A1, ~A2, ~A3 ��5|Ü. ¯¢þ

~A4 = − ~A1 + ~A2 − ~A3.

�Ä�IC� 
y1

y2

y3

 =


~A1

~A2

~A3



x1

x2

x3

 .

K y4 = −y1 + y2 − y3. 3#��Ie,

q = 2y21 + 3y22 + 7y3 − (y1 − y2 + y3)
2 = y21 + 2y22 + 6y23 + 2y1y2 + 2y2y3 − 2y1y3.

q 3#��Ie�Ý
´

B =


1 1 −1

1 2 1

−1 1 6

 .

B �n�^SÌfª©O´ 1, 1 Ú 1. u´ B �½. �.

~ 2.2 � A ∈ SMn(R) � det(A) < 0. y²�3 x ∈ Rn ¦� xtAx < 0.

y². Ï� det(A) 6= 0, ¤± A ½ö�½, ½öK½, ½öØ½. Ï� det(A) < 0, ¤±

A Ø´�½�. � A K½�, é x ∈ Rn \ {0}, xtAx < 0. � A Ø½. K�3 x ∈ V , ¦

� xtAx < 0. ÄK A 7,��½�. �
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~ 2.3 � A ∈ SMn(R) ´�½Ý
. y² A2 ´�½Ý
.

y². Ï� A �½, ¤±�3�_Ý
 P ¦� A = P tP . u´

A2 = (P tP )(P tP ) = P t(PP t)P ∼c PP
t︸︷︷︸

Q

.

Ï� Q = (P t)tP t, ¤± Q �½, l
 A2 �½. �

Ún 2.4 � q ´ Rþk���5�m V þ��g.. K q (�)�½��=� −q (�)K

½. aq/, � A ∈ SMn(R). K A (�)�½��=� −A (�)K½.

y². � x ∈ V \ {0}. K

q(x) ≥ 0 ⇐⇒ −q(x) ≤ 0 Ú q(x) > 0 ⇐⇒ −q(x) < 0. �

~ 2.5 � A ∈ SMn(R), ∆1, . . . ,∆n ´ A �^SÌfª. y²: A K½��=�

(−1)k∆k > 0, k = 1, 2, . . . , n.

y². � Ω1, . . . ,Ωn ´ −A �^SÌfª. K Ωi = (−1)i∆i, i = 1, 2 . . . , n. d Sylvester

�O{�� −A �½��=� Ω1 > 0,Ω2 > 0, . . . ,Ωn > 0, = (−1)k∆k > 0, k =

1, 2, . . . , n. dÚn 2.4 ��, A K½��=� (−1)k∆k > 0, k = 1, 2, . . . , n. �

§3 ©¬1�����

·K 3.1 � B ∈ SMn−1(F ) �_, v ∈ F n−1, � a ∈ F . -

A =

(
B v

vt a

)
.

K

(i) �

P =

(
En−1 −B−1v

O1×(n−1) 1

)
.

K

P tAP =

(
B O(n−1)×1

O1×(n−1) a− vtB−1v

)
.

(ii) det(A) = det(B)(a− vtB−1v).
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(iii) � B ∼c diag(λ1, . . . , λn−1). K

A ∼c diag(λ1, . . . , λn−1, a− vtB−1v).

y². (i) 5¿� B−1 �´é¡Ý
. ·���O��

P tAP =

(
En−1 O(n−1)×1

−vtB−1 1

)(
B v

vt a

)(
En−1 −B−1v

O1×(n−1) 1

)

=

(
B v

O1×(n−1) a− vtB−1v

)(
En−1 −B−1v

O1×(n−1) 1

)

=

(
B O(n−1)×1

O1×(n−1) a− vtB−1v

)
.

(ii) d (i) Ú det(P ) = 1 ��íÑ.

(iii) � Q ∈ GLn−1(F ) ¦� QtBQ = diag(λ1, . . . , λn−1). K

Ct

(
B O(n−1)×1

O1×(n−1) a− vtB−1v

)(
Q O(n−1)×1

O1×(n−1) 1

)
︸ ︷︷ ︸

C

=


λ1 · · · 0 0
...

. . .
...

...

0 · · · λn−1 0

0 · · · 0 a− vtB−1v

 .

u´, d (i) �� (iii) ¤á. �

~ 3.2 � B ∈ SMn−1(R) �½, v ∈ Rn−1, � a ∈ R. -

A =

(
B v

vt a

)
.

y²: XJ det(A) = 0, K A ��½.

y². Ï� B �½, ¤± B ∼c En−1. dþã·K (iii) ��

A ∼c

(
En−1 O(n−1)×1

O1×(n−1) α

)
︸ ︷︷ ︸,

Ù¥ α ∈ R. Ï� rank(A) = rank(M), ¤± det(M) = 0, = α = 0. u´ A �\¶´

(n− 1, 0), A ��½. �
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§4 �Ä{

·K 4.1 � A ∈ SMn(R). XJ A �¤kÌfªÑ�K, K A ��½.

y². � t ∈ R+. � Bi = tEi + Ai, Ù¥ Ai ´ A ¥c i 1Ú i ��¤�fÝ
,

i = 1, 2, . . . , n. K

det(Bi) = ti + αi,i−1t
i−1 + · · ·+ αi,1t+ αi.0,

Ù¥ αi,i−1, . . . , αi,1, αi,0 ∈ R. d1�Ù1�gSK�·K 5.4��,é k = 0, 1, . . . , i−1,

αi,k = (−1)i−k ×−Ai �¤k (i− k) �Ìfª�Ú = Ai �¤k (i− k) �Ìfª�Ú.

Ï� Ai �Ìfª´ A �Ìfª, ¤± αi,k ≥ 0. Ï� t > 0, ¤± det(Bi) > 0. u´, B

�^SÌfª det(B1), . . . , det(Bn) Ñ´��. dd�� B = tE + A �½ (Sylvester �

O{, ½n 9.18). é?¿ t ∈ R+,x ∈ Rn, ·�k

xt(tE + A)x ≥ 0 =⇒ txtx + xtAx ≥ 0
t→0+
=⇒ xtAx ≥ 0.

u´, A ��½. �.

5) 4.2 þã·K��{¡�”�Ä{”.

~ 4.3 � F ´?¿��, A ∈ Mn(F ). y² A∨B∨ = (BA)∨.

y². � A Ú B Ñ�_. K A∨ = |A|A−1, B∨ = |B|B−1.

A∨B∨ = |A|A−1|B|B−1 = |A||B|A−1B−1 = |BA|(BA)−1 = (BA)∨.

� A Ú B ¥��d��Ø�_. - t ´ F þ��½�. K |tE + A| Ú |tE + B|
´ F [t] ¥��"õ�ª. u´, tE + A Ú tE + B ´�� F [t] �©ª�þ��_Ý
.

dffy²�(Ø��

(tE + A)∨(tE +B)∨ = ((tE +B)(tE + A))∨.

5¿�þã�ª´ n2 � F [t] õ�ª��ª. u´, �r t D��"�ù
�ª¤á. 


ù
�ª��E��9õ�ª�\{Ú¦{�D�N�´�Ó�. ¤±·��±éþã

Ý
�ª��D��� A∨B∨ = (BA)∨. �
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§5 Hadamard ¦{(Ö¿SN)

� A = (ai,j), B = (bi,j) ∈ Fm×n. AÚ B � HadamardÈ´Ý
 C = (ci,j) ∈ Fm×n,

Ù¥ ci,j = ai,jbi,j, i = 1, 2, . . . ,m, j = 1, 2, . . . , n. P C = A�B. Hadamard Ý
¦{�

¡� children’s product of matrices. w, A�B = B �A �÷v(ÜÆ§?
§�Ý

\{÷v©�Æ.

~ 5.1 � A,B ´ n �(�)�½Ý
. K A�B �´(�)�½�.

y². Ï� A,B é¡, ¤± A�B �é¡. � A = (ai,j) Ú B = (bi,j). Ï� B ´(�)�

½�, ¤±�3Ý
 M = (mi,j) ∈ Mn(R) ¦� B = M tM (½n 9.16). u´

bi,j =
n∑

k=1

mk,imk,j. (1)

� x = (x1, . . . , xn)t ∈ Rn. K

xt(A�B)x =
n∑

i=1

n∑
j=1

ai,jbi,jxixj
(1)
=

n∑
i=1

n∑
j=1

ai,j

(
n∑

k=1

mk,imk,j

)
xixj

=
n∑

k=1

n∑
i=1

n∑
j=1

ai,j (mk,ixi)︸ ︷︷ ︸
yk,i

(mk,jxj)︸ ︷︷ ︸
yk,j

=
n∑

k=1

(yk,1, . . . , yk,n)︸ ︷︷ ︸
yt
k

A (yk,1, . . . , yk,n)t︸ ︷︷ ︸
yk

.

k� A Ú B Ñ��½. K yt
kAyk ≥ 0, k = 1, 2, . . . , n. u´ xt(A�B)x ≥ 0. = A�B

��½. 2� A Ú B Ñ�½. K M �_. � x 6= 0. KØ�� x1 6= 0. b� yk = 0,

k = 1, . . . , n, K yk,1 = 0, = mk,1x1 = 0. dd�� mk,1 = 0, k = 1, 2, . . . , n. Ý
 M Ø

�_. gñ. u´, �3 ` ∈ {1, 2, . . . , n}¦� y` 6= 0. dd�Ñ yt
`Ay` > 0. 2dþã�

ª�Ñ xt(A�B)x > 0, = A�B �½. �

±þ(J¡� Schur ½n.
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