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4. � p Ú q ´ Cn þü��g.§§�3IOÄe�Ý
©O� A Ú B. y²µA ∼c B
��=� rank(p) = rank(q).

y². � A ∼c B. K rank(A) = rank(B) (1�Ù1où·K 7.5). u´ rank(p) =

rank(q) (V�5.��½Â). ��, � rank(p) = rank(q). K rank(A) = rank(B). �

r = rank(A). K r = rank(B). Ï� A,B ∈ SMn(C), ¤±

A ∼c

(
Er O

O O

)
Ú B ∼c

(
Er O

O O

)
.

�(1�Ù1Êù·K 7.19). u´, A ∼c B. �

5. � q ∈ R[x1, . . . , xn]à�g. y² q 3 R[x1, . . . , xn]¥����=�½ö rank(q) = 1

½ö q �\¶´ (1, 1).

y². � x = (x1, . . . , xn)t, q(x) = xtAx, Ù¥ A ∈ SMn(R). - y = (y1, . . . , yn)t, Ù¥

y = P−1x, Ù¥ P ∈ GLn(R) ¦�

P tAP =


Ek O O

O −E` O

O O O

 .

K

q̃(y) := q(Py) = ytP tAPy = y21 + · · ·+ y2k − y2k+1 − · · · − y2k+`.

� q(x) = f(x)g(x), Ù¥ f, g ∈ R[x1, . . . , xn] ´à�g. K

q̃(y) = f(Py)︸ ︷︷ ︸
f̃(y)

g(Py)︸ ︷︷ ︸
g̃(y)

.

u´§

q(y) = y21 + · · ·+ y2k − y2k+1 − · · · − y2k+`
3 R[y1, . . . , yn] ¥��. d1�Ù1Êù~ 8.11 ��, rank(q̃) ≤ 2. u´ q̃ ��U´e

ãÊ«�¹:

q̃ = y21, q̃ = −y21, q̃ = y21 + y22, q̃ = y21 − y22, q̃ = −y21 − y22.

Ù¥�k y21, −y21 Ú y21 − y22 ��. = rank(q) = 1 ½ q �\¶ (1, 1).

��, q̃(y) ��U´ y21, −y21 Ú y21 − y22. §�Ñ´���. ÏLC� y = P−1x ��

'u q(x) �©). �
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Ún 1.1 � f1, . . . , fd ∈ V ∗ �5Ã'. � e1, . . . , en ´ V ��|Ä, fi 3TÄe�Ý


´ ai ∈ F 1×n, i = 1, 2, . . . , k. K a1, . . . , ad �5Ã'.

y². � α1, . . . , αd ∈ F ¦�

α1a1 + · · ·+ αkak = O1×n.

Kéu?¿ x = x1e1 + · · ·+ xnen ∈ V ,

(α1f1 + · · ·+ αkfd)(x) = (α1a1 + · · ·+ αdad)


x1
...

xn

 = 0.

(�1�Ù1nù~ 5.6.) u´ α1f1 + · · · + αdfd = 0∗. dd�Ñ α1 = · · · = αd = 0. =

a1, . . . , ad �5Ã'. �

6. � F ´A�Ø�u 2 ��, V ´ F þ� n ��5�m, f1, . . . , fk ∈ V ∗. �N�

q : V −→ F dúª∀x ∈ V, q(x) = f1(x)2 + · · ·+ fk(x)2. y² rank(q) ≤ dim〈f1, . . . , fk〉.

y². � h(x,y) = f1(x)f1(y) + · · ·+ fk(x)fk(y). u´ h ∈ L+
2 (V ) � q(x) = h(x,x). �

q ´�g..

Ø�� f1, . . . , fd ´ 〈f1, . . . , fk〉 ��|Ä. K

q(x) =
d∑
i=1

d∑
j=1

αi,jfifj, (1)

Ù¥ αi,j ∈ F. � e1, . . . , en ´ V ��|Ä. � fi 3TÄe�Ý
´ ai ∈ F 1×n, i =

1, 2, . . . , k. dÚn 1.1, a1, . . . ad ´�5Ã'. � P ∈ GLn(F ) ¦� P �c d 1´

a1, . . . , ad. �Ä�IC�

y1
...

yd
...

yn


= P


x1
...

xn

 =


a1

...

ad
...



x1
...

xn

 =


f1
...

fd
...

 .

3T�IC�e (1)C�
∑d

i=1

∑d
j=1 αi,jyiyj. u´,3Ä. (ε1, . . . , εn) = (e1, . . . , en)P−1

e, é?¿� y = y1ε1 + · · ·+ ynεn, q(y) =
∑d

i=1

∑d
j=1 αi,jyiyj. ? q 3#Ä.e�Ý


äk/ª (
Bd×d O

O O

)
.

u´ rank(q) = rank(B) ≤ d. �
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§2 SK 6 �ÿÐ

¯K. � V ´� F þ� n �5�m. �½ f1, . . . , fk ∈ V ∗, XÛÏL V O� f1, . . . , fk

���4��5Ã'|.

·K 2.1 Xþã¯K¤�. - e1, . . . , en ´ V ��|Ä, a1, . . . , ak ∈ F 1×n ©O´

f1, . . . , fk ´3TÄe�Ý
. � ai1 , . . . , aid ´ a1, . . . , ak �4��5Ã'|,K fi1 , . . . , fid

´ f1, . . . , fk �4��5Ã'|, �

dim
(
∩ki=1 ker(fi)

)
= n− d.

y². Ø�� a1, . . . , ad ´ a1, . . . , ak �4��5Ã'|. � α1, . . . , αd ∈ F ¦� α1f1 +

· · ·+ αdfd = 0∗. Kéu?¿ x = x1e1 + · · ·+ xnen,

0 = 0∗(x) = α1f1(x) + · · ·+ αdfd(x) = (α1a1 + · · ·+ αdad)


x1
...

xn

 .

d x1, . . . , xn �?¿5��, α1a1 + · · · + αdad = O1×n. u´ α1 = · · · = αd = 0. =

f1, . . . , fd �5Ã'. r f1, . . . , fd *¿� f1, . . . , fk ���4��5Ã'|. Ø���

f1, . . . , fd, fd+1, . . . , fd+`. dÚn 1.1 �� a1, . . . , ad, ad+1, . . . , ad+` �5Ã'. dd��,

` = 0 (1�Ù1�ù·K 4.4 (ii)). = f1, . . . , fd ´ f1, . . . , fk ���4��5Ã'|.

� A ∈ F k×n Ù1�þ´ a1, . . . , ak. K

x ∈ ∩ki=1 ker(fi)⇐⇒


x1
...

xn

 ∈ VA (± A �Xê�àg�5�§|�)�m).

ù�7�¿©^��Ñ
l ∩ki=1 ker(fi) � VA ��5Ó� (ò1�Ù1nù~ 5.8 ¥�

�5Ó���3 ∩ki=1 ker(fi) =�). d1�Ù1�ù½n 4.13.

dim
(
∩ki=1 ker(fi)

)
= dim(VA) = n− rank(A) = n− d. �

~ 2.2 � V ´ R þ� n ��5�m, f1, . . . fk ∈ V ∗. K�g. q = f 2
1 + · · ·+ f 2

k ��

�u dim〈f1, . . . , fk〉.
y². � d = dim〈f1, . . . , fk〉 Ú r = rank(q). dSK 6 ��, r ≤ d. 5¿� q ´��½

�. u´ r ´ q ��.5�ê. @o V ¥k�� n−r ��m W ¦�éu?¿ w ∈ W ,

q(w) = 0. = f1(w)2 + · · ·+ fk(w)2 = 0. u´ f1(w) = · · · = fk(w) = 0. dd�Ñ

W ⊂ ∩ki=1 ker(fi) =⇒ dim(W ) ≤ dim
(
∩ki=1 ker(fi)

) ·K 2.1
=⇒ n− r ≤ n− d =⇒ r ≥ d.

l r = d. �
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~ 2.3 � V ´ R þ� n ��5�m, q = f 2
1 + · · · + f 2

s − f 2
s+1 − · · · − f 2

s+t, Ù¥

f1, . . . fs+t ∈ V ∗. K q ��.5�ê ≤ s, K.5�ê ≤ t.

y². � q �\¶´ (k, `). ·�y² k ≤ s. b� k > s. K V ¥ k�� k �f�m U

¦�é?¿�"�þ u ∈ U , q(u) > 0. d·K 2.1, dim (∩si=1 ker(fi)) ≥ n − s > n − k.
u´, �3�"�þ

u ∈ U ∩
(
∩ki=1 ker(fi)

)
.

K q(u) > 0 � q(u) ≤ 0. gñ. �

§3 V�5.����d�x£Ö¿�£¤

� f ∈ L2(V ). é u ∈ V , ½Â

Lu : V −→ F

x 7→ f(x,u)
Ú

Ru : V −→ F

y 7→ f(u,y)
.

K Lu, Ru ∈ V ∗. � U∗L = 〈{Lu, |u ∈ V }〉 Ú U∗R = 〈{Ru, |u ∈ V }〉.

Ún 3.1 � e1, . . . , en ´ V ��|Ä. K

U∗L = 〈Le1 , . . . Len〉 Ú U∗R = 〈Re1 , . . . Ren〉.

y². � u ∈ V . K�3 α1, . . . , αn ∈ F ¦� u = α1e1 + · · ·+ αnen. Ké?¿ x ∈ V ,

(α1Le1 + · · ·+ αnLen)(x) = α1Le1(x) + · · ·+ αnLen(x) = α1f(x, e1) + · · ·+ αnf(x, en)

= f(x, α1e1 + · · ·+ αnen) = f(x,u) = Lu(x).

u´, Lu = α1Le1 + · · ·+αnLen . dd U∗L = 〈Le1 , . . . Len〉. aq�y U∗R = 〈Re1 , . . . Ren〉.

Ún 3.2 rank(f) = dim(U∗L) = dim(U∗R).

y². � e1, . . . , en ´ V ��|Ä, A ´ f 3TÄe�Ý
. KÝ
�1 i 1´

(f(ei, e1), . . . , f(ei, en)) = (Rei(e1), . . . , Rei(en)),

´ Rei 3 e1, . . . , en e�Ý
L«. d·K 2.1 ��, rank(A) = dimU∗R. aq�y

rank(At) = dimU∗L. u´ rank(f) = dim(U∗L) = dim(U∗R). �.

� d = dim(U∗L + U∗R). 3õ�5�ê¥ d ¡� f �“�”. þãÚn%¹

d ≥ rank(f).
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� f ∈ L+(V ) �, Lu = Ru. � f ∈ L−(V ) �, Lu = −Ru. u´, � f ∈ L+(V ) ½

f ∈ L−(V ) �, U∗L = U∗R. AO/ d = rank(f).

SK 6 � f1, . . . , fk ∈ V ∗. �g. q(x) =
∑k

i=1

∑k
j=1 fi(x)fj(x)��Ø�u dim〈f1, . . . , fk〉.

y². � f(x,y) =
∑k

i=1

∑k
j=1 fi(x)fj(y) ´é¡V�5.. é?¿ u ∈ V ,

Lu(x) =
k∑
i=1

(
k∑
j=1

fj(u)

)
︸ ︷︷ ︸

αi∈F

fi(x).

u´ Lu =
∑k

i=1 αifi ∈ 〈f1, . . . , fk〉. dd��, U∗L ⊂ 〈f1, . . . , fk〉. AO/,

dim(U∗L) ≤ dim〈f1, . . . , fk〉 := h.

�âÚn 3.2, rank(f) ≤ h. Ï� f ´ q ��4, ¤± rank(q) ≤ h. �.

§4 ��

~ 4.1 � A = (ai,j)n×n Ú B = (bi,j)n×n ´�½Ý
. y² A�B �½.

y². Ï� A Ú B é¡, ¤± A�B é¡. Ï� B �½, ¤±�3

M = (mi,j)n×n ∈ GLn(R)

¦� B = M tM . K

bi,j =
n∑
k=1

mk,imk,j, i, j ∈ {1, 2, . . . , n}.

� x = (x1, . . . , xn)t. K

xt(A�B)x =
n∑
i=1

n∑
j=1

ai,jbi,jxixj =
n∑
i=1

n∑
j=1

n∑
k=1

(ai,jmk,imk,jxixj).

��ÚÒ�

xt(A�B)x =
n∑
k=1

(
n∑
i=1

n∑
j=1

ai,j(mk,ixi)(mk,jxj)

)
=

n∑
k=1

ytkAyk,

Ù¥ yk = (mk,1x1, . . . ,mk,nxn)t. Ï� A �½, ¤±é?¿ k ∈ {1, 2, . . . , n}, ytAy ≥ 0.

� x 6= 0. K x k���I�". Ø�� x1 6= 0. 5¿� y1, . . . ,yn �1���

I©O´ m1,1x1, . . . ,mn,1x1. Ï� M �_, ¤± M �1��Ø´"�þ. u´�3

` ∈ {1, . . . , n}¦� m`,1 6= 0. ·�k y` 6= 0. l yt`Ay` > 0. dd�Ñ xt(A�B)x > 0,

= A�B �½. �

5



§5 �(

1�ÚnÙ¥²~^���£

1. k���5�m(�5�'5),Ä.(Ä*¿),�I(ÏL�I3Ä��5�m¥O�),

ÄC�Ú�IC�.

2. f�m���Ú§�Ú§f�m��êúª.

3. �5N��Ä�5�(Ä�½n I, II, �5Ó�, EÜ), Ý
L«.

4. Ø���m��ê'X.

5. V�5.�Ä�5�ÚÝ
L«, �.

6. é¡Ý
(é¡V�5.§�g.)�Ý
L«§�Ú5�.�O�.

7. ¢é¡Ý
(¢�g.)�.5½n, \¶�O�.

8. (�)�½Ý
((�)�½�g.)��«�d�xÚ�O{.

1�ÚnÙ¥ó,^���£

1. û�mÚéó�m.

2. f�m�éó�x.

3. �é¡Ý(�é¡V�5.)
�5�..

§6 ��£Ö¿�£¤

~ 6.1 � n > 2, E ´ Mn(Q) ¥�ü Ý
, Ê ´ Mn(Q) ¥Bé����Ñ´ 1, Ù

§��Ñ�u"�Ý
. - U = {λE |λ ∈ Q} Ú Û = {λÊ|λ ∈ Q}. y²:

Smagn(Q) = Magn(Q)⊕ U ⊕ Û . (2)

´�Ú.

y². � A + λE + µÊ = O, Ù¥ A ∈ Magn(Q). K λE + µÊ ∈ Magn(Q). � n = 2m

�, ·�k λ+µ = 2mλ = 2mµ. 2d m > 1 �� λ = µ = 0. l A = O. dùÂ¥�

Ú��d^��� Magn(Q) +U + Û ´�Ú. � n = 2m+ 1 �, λ+µ = (2m+ 1)λ+µ.

Ï� m > 0, ¤± λ = 0. l µ = 0. dd��, Magn(Q) + U + Û ´�Ú.
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Ï� U Ú Û Ñ´ Smagn(Q) �f�m, ¤± Magn(Q)⊕U ⊕ Û ⊂ Smagn(Q). d·

K 4.16 Úfy²�(Ø��

dim(Magn(Q)⊕ U ⊕ Û) = dim(Magn(Q)) + dim(U) + dim(Û) = dim(Magn(Q)) + 2.

 Magn(Q) ´ Smagn(Q) �àg�5�§|V\
ü�àg�5�§���§|�)

�m(�1�Ù1�gSK�ùÂ¥~ 1.4). d1�Ù1�gSK�ùÂ~ 2.2 ��

dim(Magn(Q)) ≥ dim(Smagn(Q))− 2.

u´,

dim(Magn(Q)⊕ U ⊕ Û) ≥ dim(Smagn(Q)).

� Magn(Q)⊕U ⊕ Û ⊂ Smagn(Q). �â·K 4.15 (i), Magn(Q)⊕U ⊕ Û=Smagn(Q). �

~ 6.2 O� dim(Magn(Q)), Ù¥ n > 2.

y². dþ~�� Smagn(Q) = Magn(Q)⊕ U ⊕ Û . ·�k

dim (Smagn(Q)) = dim (Magn(Q)) + 2.

u´��O� dim (Smagn(Q)). �

S =


1 1 · · · 1

1 1 · · · 1
...

...
. . .

...

1 1 · · · 1

 Ú Smag0
n(Q) = {A ∈ Smagn(Q) |σ(A) = 0} .

·�k5�y

Smagn(Q) = Smag0
n(Q)⊕ 〈S〉. (3)

5¿� Smag0
n(Q) ´àg�5�§|�). u´§´f�m.  〈S〉 ¥���Ñ´��.

u´ Smagn(Q) ⊇ Smag0
n(Q) + 〈S〉. � A ∈ Smagn(Q) K

A− σ(A)

n
S ∈ Smag0

n(Q) =⇒ Smagn(Q) ⊂ Smag0
n(Q) + 〈S〉.

dd�Ñ Smagn(Q) = Smag0
n(Q)+〈S〉.� A ∈ Smag0

n(Q)∩〈S〉.K A = αS � σ(A) = 0.

dd�� α = 0, = A = On×n. u´, Smagn(Q) = Smag0
n(Q)⊕ 〈S〉.

e�Ú, ·�5O� dim
(
Smag0

n(Q)
)
. é i, j ∈ {1, 2, . . . , n− 1}, �

Mi,j =

(
E

(n−1)
i,j ui

vj 1

)
,
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Ù¥ E
(n−1)
i,j ´ (n − 1) × (n − 1) ��
, 3 i 1 j �?�u 1, Ù§/��u 0,

ui ∈ Qn−1, 31 i ��I�u −1, Ù§?�u 0, vj ∈ Q1×(n−1), 31 i ��I�u

−1, Ù§?�u 0. K

Ω = {Mi,j | i, j ∈ {1, 2, . . . , n− 1}}

�5Ã'.ù´Ï� E
(n−1)
i,j , i, j ∈ {1, 2, . . . , n−1}�5Ã'.e¡·��y Ω´ Smag0

n(Q)

��|Ä. w, Ω ⊂ Smag0
n(Q). u´, ·����y Smag0

n(Q) = 〈Ω〉.
� A = (ai,j) ∈ Smag0

n(Q). - B =
∑n−1

i=1

∑n−1
j=1 ai,jMi,j. K

A−B =

(
O(n−1)×(n−1) u′

v′ α

)
∈ Smag0

n(Q),

Ù¥ u′ ∈ Qn−1, v′ ∈ Q1×(n−1), α ∈ Q. u´ u′ Ú v′ Ñ´"�þ. l α = 0. ·��

Ñ A ∈ 〈Ω〉.
dd��

dim
(
Smag0

n(Q)
)

= (n− 1)2

(3)
=⇒ dim (Smagn(Q)) = (n− 1)2 + 1

(2)
=⇒ dim (Magn(Q)) = (n− 1)2 − 1. �
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