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4. � V ¢ê�þk���5�m, q ´ V þ�g.. ��3 u,v ∈ V ¦� q(u) > 0 Ú

q(v) < 0. y²: �3 w ∈ V \ {0} ¦� q(w) = 0, � q ´÷�.

y². Ï��3 u,v ∈ V ¦� q(u) > 0 Ú q(v) < 0, ¤± q(u) QØ´��½��Ø´

�K½�. d.5½n, �3 V ��|Ä e1, . . . , en ¦�é?¿ x = x1e1 + · · · + xnen,

·�k

q(x) = x21 + · · ·+ x2k − x2k+1 − · · · − x2k+`,

Ù¥ k > 0 � ` > 0.

- w = e1 + ek+1. K w 6= 0 � q(x) = 1− 1 = 0. � α ∈ R \ {0}. -

z =
α + 1

2
e1 +

α− 1

2
ek+1.

K

q(z) =
(α + 1)2

4
− (α− 1)2

4
= α.

u´, q ´÷�. �

5. � A ∈ SMn(R). y²: �3 δ > 0 ¦�é?¿ ε ∈ (−δ, δ), E + εA �½.

y². � Ak ´ A �c k 1 Ú c k �|¤�Ý
, k = 1, 2, . . . , n. K E + εA �

k �Ìfª ∆k(ε) = det(Ek + εA). §´'u ε �õ�ª. u´, §´'u ε �ëY¼

ê. Ï� ∆k(0) = 1, ¤±�3 δk > 0 ¦�é?¿ ε ∈ (−δk, δk) �, ∆k(ε) > 0. -

δ = min(δ1, . . . , δn). K� ε ∈ (−δ, δ) �, ∆k(ε) > 0, k = 1, 2, . . . , n. d1�Ù18ù½

n 9.18 ��, � ε ∈ (−δ, δ) �, E + εA �½. �

§2 Ä�~f

~ 2.1 � V ��|Ä´ e1, e2, e3, W ��|Ä´ ε1, ε2. �5N� φ d

φ(e1) = ε1 − ε2, φ(e2) = ε1 + ε2, φ(e3) = ε2 − 2ε1.

(½.

(i) ¦ φ 3þãÄ.e�Ý
;

(ii) ¦ rank(φ) Ú ker(φ) ��|Ä;
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(iii) � v1 = 2e1 − e2, v2 = 2e2 − e3, v3 = e1;w1 = ε1 − ε2,w2 = ε1 + ε2. �y v1,v2,v3

´ V ��|Ä, w1,w2 ´ W ��|Ä. ¿¦ φ 3 v1,v2,v3;w1,w2 e�Ý
.

). (i) d φ �½Â��

(φ(e1), φ(e2), φ(e3)) = (ε1, ε2)

(
1 1 −2

−1 1 1

)
︸ ︷︷ ︸

A

.

N� φ 3�½Ä.e�Ý
´ A.

(ii) ��O�� rank(A) = 2. u´ rank(φ) = 2. ± A �Xê�àg�5�§|�

)�m�ê�u 1, ÙÄ.´ (3, 1, 2)t. dd��, ker(φ) �Ä.´ 3e1 + e2 + 2e3.

(iii) dK���

(v1,v2,v3) = (e1, e2, e3)


2 0 1

−1 2 0

0 −1 0


︸ ︷︷ ︸

P

Ú (w1,w2) = (ε1, ε2)

(
1 1

−1 1

)
︸ ︷︷ ︸

Q

.

Ï� P Ú Q Ñ�_, ¤± v1,v2,v3 ´ V ��|Ä, w1,w2 ´ W ��|Ä(1�Ù1

nù½n 5.1). u´, φ 3 v1,v2,v3; w1,w2 e�Ý
´

Q−1AP =
1

2

(
1 −1

1 1

)(
1 1 −2

−1 1 1

)
2 0 1

−1 2 0

0 −1 0

 =
1

2

(
4 3 2

−2 5 0

)
.

~ 2.2 � A ∈ L(V ), W = {X ∈ L(V ) | AX = O}.

(i) �y W ´ L(V ) ¥�f�m.

(ii) O� dim(W ).

). (i) d�fEÜ�5��� φ(X ) = AX ´ L(V ) þ��5�f,  W = ker(φ). ¤

± W ´f�m.

(ii) � e1, . . . , en ´ V ��|Ä, Φ : L(V ) −→ Mn(F ) ´r�5�fN�À½Ä.

e�Ý
��êÓ�. - Φ(A) = A, Φ(X ) = X. K Φ(W ) = {X ∈ Mn(F ) |AX = O}.
Ï� Φ ´�5Ó�, ¤± dim(W ) = dim(Φ(W )).  Φ(W ) ´�5�f

B : Mn(F ) −→ Mn(F )

X 7→ AX.
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�Ø. d1�Ù1�gùÂ~ 1.13 ��, rank(B) = nrank(A). u´,

dim(Θ(W )) = n2 − nrank(A).

l dim(W ) = n2 − nrank(A).

~ 2.3 � A,B ∈ Mn(F ) � A ∼s B.

(i) y²: é?¿ λ ∈ F , (λE + A) ∼s (λE +B);

(ii) 2� A �_. y²: B �_� A−1 ∼s B−1.

y². � B = P−1AP , Ù¥ P ∈ GLn(F ).

(i)O� P−1(λE+A)P = P−1λEP+P−1AP = λE+B. u´, (λE+A) ∼s (λE+B).

(ii) Ï��´�qØCþ, ¤± B �_. ·�k B−1 = (P−1AP )
−1

= P−1A−1P . u

´, B−1 ∼s A−1. �

,y. � e1, . . . , en ´ V ��|Ä, φ 3 e1, . . . , en e�Ý
´ A. Ï� A ∼s B. B ´

φ 3 V �,�|Ä (ε1, . . . , εn) = (e1, . . . , en)P e�Ý
´ B.

(i) 5¿�ê¦�f λE 3 V �?¿�|Äe�Ý
Ñ´ λE. u´, λE + φ 3

e1, . . . , en e�Ý
´ λE + A, 3 ε1, . . . , εn e�Ý
´ λE +B. �

(λE + A) ∼s (λE +B).

(ii) d�5�fÚÝ
�m��êÓ���, φ−1 3 e1, . . . , en e�Ý
´ A−1, 3

ε1, . . . , εn e�Ý
´ B−1. u´ A−1 ∼s B−1. �

~ 2.4 � A ∈ Mn(F ) �é?¿ P ∈ GLn(F ), PA = AP . y²: A ´ê¦Ý
.

y². � A = (ai,j) Ú Li,j(1) ´1�aÐ�Ý
, i, j ∈ {1, 2, . . . , n}, i 6= j. d

Li,j(1)A = ALi,j(1).

��, �ª�ý3 i 1 i �?��� ai,i + aj,i �u�ªmýÝ
3 i 1 i �?���

ai,i. u´ aj,i = 0. ddíÑ A ´é�Ý
.

� Li,j ´1�aÐ�Ý
. d Li,jA = ALi,j ��, ai,i = aj,j, i, j ∈ {1, 2, . . . , n}. =
A ´ê¦Ý
. �

,y. lþã�êÓ��*:§�~¥�(Ø�duy²: � A ∈ L(V ). XJé?¿�

�_�5�f P ∈ L(V ), PA = AP, K A ´ê¦�f.

£ÁþÆÏ1ÊgSK�(oP�ùÂ)1Ô�~f�(Ø. XJé?¿ v ∈ V , �3

λv ∈ F ¦� A(v) = λvv, K A ´ê¦�f.
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b� A Ø´ê¦�f. K�3 u,v ∈ V �5Ã'¦� A(u) = v. - e1 = u,

e2 = v. K A(e1) = e2. d e1, e2 *¿� V ��|Ä e1, e2, e3, . . . , en. � w = A(e2).

�/1. w 6= e1. - P ´�_�5�f÷v P(e1) = e2, P(e2) = e1. K

AP(e1) = A(e2) = w  PA(e1) = P(e2) = e1.

� PA 6= AP. gñ.

�/2. w = e1. Ï� e1, e2 �5Ã', ¤± e1, e1 + e2 �5Ã'. u´�3�_�5�

f P ¦� P(e1) = e1 + e2, P(e2) = e1.

AP(e1) = A(e1 + e2) = e2 + e1  PA(e1) = P(e2) = e1.

� PA 6= AP. gñ. �

5) 2.5 þã~f�(J�du: XJ���5�f3?ÛÄ.e�Ý
ØC, KT�

f7,´ê¦�f. ù�(Ø�_w,¤á.

§3 |^Ø�û�my²Ý
��£Ø¤�ª

Ä�Ú½Xe:

(i) rÝ
n)��5N�. � A ∈ Fm×n. K A�±�Ll F n � Fm ��5N�dú

ª ∀ x ∈ F n, x 7→ Ax �Ñ, = A(x) = Ax.

(ii) |^éóúª dim(ker(A)) + rank(A) = n rÝ
��^Ø��êL«.

(iii) �ÄØ�m�m��¹'Xïá�5N�, |^�5N�Ä�½n I p�Ñü�

(iv) |^ü��±���m��ê±9û�m�êúªy²Ø�ª, �p�ü��´÷

�����ª.

PÒ. � A ∈ Fm×n, KA �L A �Ø§IA �L A ��, dA �L dim(KA), rA �L

rank(A) = dim(IA). d�, éóúª�±{ü/L«� dA + rA = n.

~ 3.1 � A ∈ Fm×k, B ∈ F k×n. y²: XJ AB = Om×n, K rA + rB ≤ k.

y². Ø�ª rA + rB ≤ k �du k − dA + n − dB ≤ k, = dA + dB ≥ n. 5¿�

KB ⊂ KAB. ½Â�5N�

φ : KAB −→ KA

x 7→ Bx
.
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5¿ A(φ(x)) = A(B(x)) = (AB)(x) = 0m. u´ φ(x) ∈ KA, = φ ´û½Â�. φ w,

´�5�. Ï� KB ⊂ KAB, ¤± KB = ker(φ). d�5N�Ä�½n I ��, p��

φ̄ : KAB/KB −→ KA ´ü�5N�. u´

dim(KAB/KB) ≤ dim(KA) =⇒ dAB − dB ≤ dA
dAB=n
=⇒ dA + dB ≥ n. �

~ 3.2 � A ∈ Fm×k, B ∈ F k×n. y² rAB ≥ rA + rB − k.
y². Ø�ª rAB ≥ rA+rB−k �du n−dAB ≥ k−dA+n−dB−k, = dA+dB ≥ dAB.

5¿� KB ⊂ KAB. ½Â�5N�

φ : KAB −→ KA

x 7→ Bx
.

5¿ A(φ(x)) = A(B(x)) = (AB)(x) = 0m. u´ φ(x) ∈ KA, = φ ´û½Â�. φ w,

´�5�. Ï� KB ⊂ KAB, ¤± KB = ker(φ). d�5N�Ä�½n I ��, p��

φ̄ : KAB/KB −→ KA ´ü�5N�. u´

dim(KAB/KB) ≤ dim(KA) =⇒ dAB − dB ≤ dA =⇒ dA + dB ≥ dAB. �

~ 3.3 � A ∈ Fm×k, B ∈ F k×`, C ∈ F `×n. y² rAB + rBC ≤ rB + rABC .

y². þãØ�ª�du `−dAB+n−dBC ≤ `−dB+n−dABC,= dB+dABC ≤ dAB+dBC .

5¿� KBC ⊂ KABC. ½Â�5N�

φ : KABC −→ KAB

x 7→ Cx
.

5¿ AB(φ(x)) = AB(C(x)) = (ABC)(x) = 0m. u´ φ(x) ∈ KAB, = φ ´û½Â�.

φ w,´�5�. 25¿� KB ⊂ KAB. u´, kûN� π : KAB −→ KAB/KB. �

ψ = π ◦ φ. K
ψ : KABC −→ KAB/KB

x 7→ Cx +KB

.

·�ke���ã

KABC KAB

KAB/KB.

ψ

φ

π

e¡�y ker(ψ) = KBC. � x ∈ ker(ψ). K Cx ∈ KB. dd�� BCx = 0k, =

x ∈ KBC. ��, � x ∈ KBC. K Cx ∈ KB. dd�Ñ ψ(x) = 0` + KB, = x ∈ ker(ψ).

�y�.. u´p�N� ψ̄ : KABC/KBC −→ KAB/KB ´�5ü�. ·�k

dim (KABC/KBC) ≤ dim(KAB/KB) =⇒ dABC−dBC ≤ dAB−dB =⇒ dABC+dB ≤ dAB+dBC . �
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