
1�±SK�

�½. 3eãSK¥ F ´�, V ´ F þ�k���5�m.

§1 'uSK

2. �
q : Mn(R) −→ R

X 7→ tr(X tX).
.

y² q ´ Mn(R) þ��g.¿¦ q �\¶.

y². � X = (xi,j). K

q(X) =
n∑

k=1

(
n∑

i=1

x2ik

)
.

Ï� q(X) ´ n2 ��½� xi,j, i, j ∈ {1, . . . , n}, �à�gõ�ª, ¤± q ´�g.. d

L�ª��, � X 6= O �, q(X) > 0. u´, q ´�½�, Ù\¶�u (n2, 0). �

5. � A ∈ SMn(R) �½. y²: éu?¿ m ∈ Z, Am �½.

y². ky� m ∈ N �, Am �½. � m = 0, 1 �w,¤á. � m > 1 � m− 1 �(Ø

¤á. Ï� A �½, ¤±�3 P∈GLn(R) ¦� A=P tP (1�Ù18ù½n 9.16). u´,

Am = (P tP )(P tP ) · · · (P tP )(P tP )︸ ︷︷ ︸
m

= P t (PP t) · · · (PP t)︸ ︷︷ ︸
m−1

P = P tBm−1P,

Ù¥ B = PP t. 2d1�Ù18ù½n 9.16, B �½. u´, Bm−1 �½(8Bb�). Ï

� Am ∼c B
m−1, ¤± Am �½.

Ï� A�½,¤± A−1 �½(1�Ù18ù~ 9.17). dþ�ã�(Ø��,� m ∈ N
�, A−m ��½. �

6. � A ∈ SMn(R) �½. y²: det(A) �u A �é��þ���È��=� A ´é�

Ý
.

y². �Iy² det(A) �u A �é��þ���È%¹ A ´é�Ý
.

é n 8B. � n=1 �, (Øw,¤á. � n>1 �(Øé n−1 ��½Ý
¤á. �

A =

(
An−1 x

xt a

)
,

Ù¥ An−1 ∈ SMn−1(R), x ∈ Rn−1, a ∈ R. K An−1 �½� a > 0 (1�Ù18ù½n

9.18). d©¬1�����{(1�Ù18gSK�·K 3.1)��

det(A) = det(An−1)(a− xtA−1n−1x).
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Ï� det(A) > 0 Ú det(An−1) > 0, ¤± a− xtA−1n−1x > 0. qÏ� A−1n−1 �½(1�Ù1

8ù~ 9.17), ¤± xtA−1n−1x ≥ 0. dd�Ñ 0 < a− xtA−1n−1x ≤ a.

Ï� det(A)�uÙé�����È� 0 < a−xtA−1n−1x ≤ a, ¤± det(An−1)Ø�u

An−1 �é�����È. d1�Ù18ù~ 9.20, ·�k det(An−1) Ø�u An−1 �é

�����È. u´, det(An−1) �u An−1 �é�����È. d8Bb� An−1 ´é�

Ý
. ?
, xtA−1n−1x = 0. Ï� A−1n−1 �½, ¤± x = 0n−1. dd�Ñ A ´é�Ý
. �

§2 'uÝ
�q

~ 2.1 (i) � A,B ∈ Mn(F ). y²: XJ A �_, K AB ∼s BA.

(ii) � A,B ∈ SMn(R) �½. y²: AB �qu���½Ý
.

y²: (i) ��O� A−1(AB)A = BA. u´ AB ∼s BA.

(ii) d1�Ù18ù½n 9.16, ·��� A = P tP , B = QtQ, Ù¥ P,Q∈GLn(R).
��O��

AB = P tPQtQ ∼s Q(P
tPQtQ)Q−1 = QP tPQt = (PQt)t(PQt).

Ï� PQt ∈ GLn(R), ¤± (PQt)t(PQt) �½(1�Ù18ù½n 9.16). �

5) 2.2 �

A =

(
1 0

0 0

)
Ú B =

(
0 1

0 0

)
.

��O�� rank(AB) = 1 Ú rank(BA) = 0. u´, AB �s BA.

5) 2.3 �¢Ý


A =

(
1 0

0 2

)
Ú B =

(
2 1

1 2

)
.

��O��

AB =

(
2 1

2 4

)
.

§Ø´é¡Ý
. dþ~��, AB �qu��(é¡�)�½Ý
.

~ 2.4 � A ∈ Mn(F ) ÷v tr(A) = 0. y²: � F �A��u"�, A �qu��é�

�þ���Ñ�u"��
.

y². ·�ky²e�äó.

äó. � A = (ai,j) XK¤�. K A �qu M = (mi,j) ∈ Mn(F ), Ù¥ m1,1 = 0.
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äó�y². � a1,1 6= 0. XJ�3 i > 1 ¦� ai,1 6= 0. - λ = −a1,1/ai,1, � L1,i(λ) ´

r E �1 i 1� λ �\�1�1éA�1�aÐ�Ý
. K L1,i(λ)
−1 = L1,i(−λ). K

A ∼s L1,i(λ)AL1,i(−λ) =

(
0 B1×(n−1)

C(n−1)×1 D(n−1)×(n−1)

)
︸ ︷︷ ︸

G

L1,i(−λ).


e��¦{�UC G �1 i �. u´, äó¤á. aq/��, ��3 i > 1 ¦�

a1,i 6= 0., äó�¤á.

e¡� ai,1 = a1,i = 0, i = 2, 3, . . . , n. Ï� tr(A) = 0 � a1,1 6= 0, ¤±�3

i ∈ {2, . . . , n} ¦� ai,i 6= 0. qÏ� F �A��u", ¤±�±?�Úb� a1,1 6= ai,i.

r A w�l F n � F n ��5N�. §3IOÄ e1, e2, . . . , en e�Ý
´ A. ·�

�ÄN� A 3Ä. e1 + ei, e2, . . . , en e�Ý
 B. d�ÄC��

(e1 + ei, e2, . . . , en) = (e1, e2, . . . , en)Li,1(1).

u´,

B = Li,1(−1)ALi,1(1)

=



a1,1 0 · · · 0 · · · 0

0 a2,2 · · · a2,i · · · a2,n
...

...
. . .

...
. . .

...

−a1,1 ai,2 · · · ai,i · · · ai,n
...

...
. . .

...
. . .

...

0 an,2 · · · an,i · · · an,n


Li,1(1) =



a1,1 0 · · · 0 · · · 0

ai,2 a2,2 · · · a2,i · · · a2,n
...

...
. . .

...
. . .

...

ai,i − a1,1 ai,2 · · · ai,i · · · ai,n
...

...
. . .

...
. . .

...

ai,n an,2 · · · an,i · · · an,n


.

Ï� ai,i − a1,1 6= 0, ¤±·�£�®²?nL��/. äó¤á.

e¡·�é n 8B. � n = 1 �, A = (0). (Øw,¤á. � n > 1 � n− 1 �(

Ø¤á. däó��

A ∼s

(
0 C1×(n−1)

D(n−1)×1 H

)
.

Ï� tr(A) = 0 + tr(H) = 0, ¤± tr(H) = 0. d8Bb��3 P ∈ GLn−1(F ) ¦�

P−1HP �é��þ��Ñ�u". K(
1 O

O Q−1

)(
0 C1×(n−1)

D(n−1)×1 H

)(
1 O

O Q

)
=

(
0 ∗
∗ Q−1HQ

)
︸ ︷︷ ︸

N

,

Ù¥ ∗ �L·�¿Ø'%�Ý
. dd�Ñ, A ∼s N � N �é��þ��Ñ�u". �
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§3 Ä�~f

~ 3.1 � A ∈ L(V ) ÷v A2 = 2A− E,

B =

(
1 1

0 1

)
,

f = t2 − 2 ∈ F [t]. O� f(A), f(B) Ú µB.

). ��O��

f(A) = A2 − 2E = 2A− E − 2E = 2A− 3E

Ú

f(B) = B2 − 2E =

(
1 2

0 1

)
− 2E =

(
−1 2

0 −1

)
.

Ï� B Ø´ê¦Ý
, ¤± µB �gê��´ 2 g�. � µB(t) = t2 + α1t + α0, Ù¥

α1, α0 ∈ F �½. d B2 + α1B + α0E = O �(
1 + α1 + α0 2 + α1

0 1 + α1 + α0

)
= O ⇐⇒ α1 = −2, α0 = 1.

u´ µB = t2 − 2t+ 1.

~ 3.2 � A ∈ L(V ), U ⊂ V ´ A f�m. y²: é?¿ f ∈ F [t], U ´ f(A) ØC�.

y². é k ∈ N 8By² U ´ Ak-ØC�. é?¿ u ∈ U , E(u) = u ∈ U . u´ k = 0 �

(Ø¤á. � k > 1 �(Øéu k−1 ¤á. K Ak(u) = A(Ak−1(u)). Ï� Ak−1(u) ∈ U
(8Bb�), ¤± Ak(u) ∈ U (U A-ØC).

� f = fmt
m + · · ·+ f1t+ f0, fi ∈ F . K f(A)(u) = fmAm(u) + · · ·+ f1A(u) + f0u.

dþã(Ø f(A)(u) ∈ U . �

~ 3.3 � A ∈ L(V ) 3Ä. e1, . . . , en ´

A =

(
B O

O C

)
,

Ù¥ B ∈ Md(F ), C ∈ Mn−d(F ). y²: U = 〈e1, . . . , ed〉, W = 〈ed+1, . . . , en〉 ´ A-f�
m, � V = U ⊕W .

y². � x ∈ U . K�3 x1, . . . , xd ∈ F ¦� x = x1e1+ · · ·+xded. - xd = (x1, . . . , xd)
t

K A(x) 3TÄ.e��I�u

A

(
xd

0n−d

)
=

(
B O

O C

)(
xd

0n−d

)
=

(
Bxd

C0n−d

)
=

(
Bxd

0n−d

)
.
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Ï�� (n− d) ��IÑ�u", ¤± A(x) ∈ U , = U ´ A-ØC�. aq/�y W ´

A-ØC�.

Ï� dim(U) = d, dim(W ) = n− d, � U +W = V , ¤±

dim(U +W ) = dim(U) + dim(W ).

d1�Ù1�ù·K 4.16, V = U ⊕W . �

§4 'u�fÚ�þ�4�õ�ª

� A ∈ L(V ),v ∈ V, f(t) ∈ F [t]. XJ f(A)(v) = 0, K¡ f(t) ´ÏL A "z v �

õ�ª. �"!gê���ÏL A "z v �õ�ª¡�ÏL A "z v �4�õ�ª.

T4�õ�ªP� µA,v, §Ï~´Ä��.

5¿� µA(A)(v) = O(v) = 0. u´, µA,v �3. � f(A)(v) = 0. dõ�ª�{Ø

{��

f(t) = q(t)µA,v(t) + r(t),

Ù¥ q, r ∈ F [t], deg(r) < deg(µA,v). �\ A � O = q(A)µA,v(A) + r(A). üýÓ��
^3 v þ��

0 = q(A)µA,v(A)(v) + r(A)(v) = 0+ r(A)(v).

u´, r(A)(v) = 0. Ï� deg(r) < deg(µA,v), ¤± r(t) = 0. dd�Ñ µA,v|f . AO/,

µA,v|µA.
e¡�(Øk­��A^.

·K 4.1 � A ∈ L(V ). K �3 v ∈ V ¦� µA,v = µA.

T·K�y²�©AÚr. Äk, ·�y²��ÛÜ(J.

Ún 4.2 � A ∈ L(V ) � µA = pk, Ù¥ p ∈ F [t] Ø��ÚÄ�. K�3 v ∈ V ¦�

µA,v = µA.

y². Ï� µA,v|µA � p Ø��, ¤± µA,v = pmv , Ù¥ 1 ≤ mv ≤ k. b�Ø�3 v ¦

� mv = k. Ké?¿ v ∈ V , mv ≤ k − 1. u´ pk−1 = qvµA,v, Ù¥ qv ∈ F [t]. ·�k

pk−1(A) = qv(A)µA,v(A) =⇒ pk−1(A)(v) = qv(A)µA,v(A)(v) = qv(A) (µA,v(A)(v)) = 0.

d v �?¿5�Ñ pk−1(A) = O. gñ. �

Ùg, ·��ÑlÛÜ(JLÞ��N(J�óä. 5¿�1�Ù1�gùÂ·K

6.5 `²é?¿ f ∈ F [t], ker(f(A)) ´ A-ØC�.
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½n 4.3 (*Ð�ØØ©)½n) � A ∈ L(V ), f(t) ∈ F [t] \ {0} � f(A) = O. �
f = pm1

1 · · · pms
s ´ f 3 F [t] ¥�Ø��©). é i ∈ {1, 2, . . . , s}. - Ki = ker(pi(A)mi).

Ai = AKi
. K

V = K1 ⊕ · · · ⊕Ks.

� f = µA �, µAi
= pmi

i , i = 1, 2, . . . , s.

y². é s 8B5y²�Ú©)Ü©. � s = 1 �, ½n´²��. � s > 1 � s− 1 �

½n¤á. - p = pm1
1 · · · p

ms−1

s−1 , K µA = ppms
s � gcd(p, pms) = 1 (1�Ù1�gùÂÚ

n 5.5). dØØ©)½n(1�Ù1�gùÂ½n 3.3), V = Kp ⊕ Ks. 5¿� Kp ´ A
f�m(1�Ù1�gùÂ·K 6.5), p(AKp) = O. é Kp,AKp , p ^8Bb���¤I�

�Ú©).

2� f(t) = µA(t). Ï� pi(Ai) = O, ¤± µAi
|pmi

i (1�Ù1�gùÂÚn 4.2),

i = 1, 2, . . . , s. u´, µA1 , . . . , µAs üüp�. �â1�Ù1�gùÂ½n 6.9,

µA = lcm(µA1 , . . . , µAs) = µA1 · · ·µAs (1�Ù1�gùÂ·K 5.6).

u´,

pm1
1 · · · pms

s = µA1 · · ·µAs .

2|^ µAi
|pmi

i , i = 1, 2, . . . , s ��, µAi
= pmi

i , i = 1, 2, . . . , s. �

·K 4.1 �y². |^þã½n�PÒ, é i ∈ {1, 2, . . . , s}, Ai ∈ L(Ki) � µAi
´ F [t]

¥��Ø��õ�ª��g. �âÚn 4.2, �3 vi ∈ Ki ¦� µAi
= µAi,vi

.

- v = v1 + · · ·+ vs. K,

0 = µA,v(A)(v) = µA,v(A)(v1) + · · ·+ µA,v(A)(vs).

Ï� V = K1⊕ · · · ⊕Ks, �z� Ki Ñ´ A ØC�, ¤± µA,v(A)(vi) ∈ Ki. d�Ú�Ä

�5�(�1�Ù1�ù½n 1.12 (ii)), µA,v(A)(vi) = 0. u´, µAi,vi
|µA,v, i = 1, 2, . . . , s.

dd��, µAi
|µA,v, i = 1, 2, . . . , s. l
 µA = lcm(µA1 , . . . , µAs)|µA,v. qÏ� µA,v|µA.

·�k µA = µA,v. �
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