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§1 'uSK

3. � C ∈ GLn(F ), A : Mn(F ) −→ Mn(F ) dúª A(X) = C−1XC �Ñ.

(i) �y A ´ Mn(F ) þ��5�f.

(ii) �yé?¿ X, Y ∈ Mn(F ), A(XY ) = A(X)A(Y ).

(iii) ¦ rank(A).

y². (i), (ii) Ñ. (iii) � A(X) = O. K C−1XC = O. u´, X = O. d1�Ù1�ùí
Ø 1.19 ��, A ´÷�. � rank(A) = dim(Mn(F )) = n2. �

6. � A,B ∈ L(V ). y²µ

(i) rank(A) = rank(BA) + dim(im(A) ∩ ker(B)).

(ii) éu?¿ i ∈ Z+, dim(im(Ai−1) ∩ kerA) = dim(ker(Ai))− dim(ker(Ai−1)).

y². (i) - KA=ker(A), KBA=ker(BA), KB=ker(B), IA=im(A). 2- n=dim(V ). d

Ø��êúª��§¤Iy²��ª�du

n− dim(KA) = n− dim(KBA) + dim(im(A) ∩ ker(B)),

z{�

dim(im(A) ∩ ker(B)) = dim(KBA)− dim(KA). (1)

½Â

φ : KBA −→ im(A) ∩ ker(B)
x 7→ A(x)

.

k�y φ ´û½Â�. w,, A(x) ∈ IA. Ï� x ∈ KBA, ¤± B(A(x)) = 0. u´

φ(x) = A(x) ∈ im(A) ∩ ker(B). N� φ ´û½Â�.

Ï� φ´A3KBAþ���,¤±§´�5�. Ï�KA ⊂ KBA,¤± ker(φ) = KA.

e¡5�y φ ´÷�. � v ∈ IA ∩KB. Ï� v ∈ IA, ¤±�3 u ∈ V ¦� v = A(u).
Ï� v ∈ KB, ¤±�3 0 = B(v) = BA(u). u´, u ∈ KBA. Ï� φ(u) = A(u) = v. d

Ø��êúª dim(ker(φ)) + dim(im(φ)) = dim(KBA) ��

dim(KA) + dim(im(A) ∩ ker(B)) = dim(KBA). �
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(ii) 3 (1) ¥, r A O�¤ Ai−1, r B O�¤ A =�. �

(i) �,y. � φ = B|IA . KdØ��êúª

dim(IA ∩KB) + dim(im(φ)) = dim(IA) = rank(A).


 im(φ) = B(IA) = BA(V ) = im(BA). u´,

dim(im(φ)) = rank(BA).

(Üùü�'u�êÚ���ªy² (i). �

§2 Ä�~f(O�)

~ 2.1 O�e�¢Ý
3 R2 ¥�A��þ.

A =

(
cos θ − sin θ

sin θ cos θ

)
Ú B =

(
1 0

0 −1

)
,

Ù¥ θ ∈ (0, 2π).

). O�

χA(t) =

(
t− cos θ sin θ

− sin θ t− cos θ

)
= t2 − 2(cos θ)t+ 1.

Tõ�ª��Oª�u 4(cos θ)2 − 4 ≤ 0.

� θ 6= π �, A Ã¢A��, �vkA��þ.

� θ = π �, χA(t) = t2 + 2t + 1. u´, specR(A) = {−1}. d�, A = −E2 ´ê¦

Ý
. u´, R2 ¥?Û�"�þÑ´ A �'u −1 �A��þ(1�Ù1nù~ 8.4).

O�

χB(t) =

(
t− 1 0

0 t+ 1

)
= t2 − 1.

u´, specR(B) = {−1, 1}.
A�f�m V −1 ´ (

−2 0

0 0

)(
x1

x2

)
=

(
0

0

)
�)�m. u´, V −1 = {(0, c)t | c ∈ R}. A�f�m V 1 ´(

0 0

0 2

)(
x1

x2

)
=

(
0

0

)
�)�m. u´, V −1 = {(c, 0)t | c ∈ R}.

Ý
 B �A��þ´
(
V −1 ∪ V 1

)
\ {0}.
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~ 2.2 �

A =


1 0 1

0 1 0

−1 0 1

 ∈ M3(R).

(i) O� A �¤k¢A��Ú¢A��þ;

(ii) O� A �¤kEA��ÚEA��þ.

). O�

χA(t) =


t− 1 0 −1
0 t− 1 0

1 0 t− 1

 = (t− 1)(t2 − 2t+ 2).

u´, specR(A) = {1}, specC(A) = {1, 1 +
√
−1, 1−

√
−1}.

(i) V 1 ´�§| 
0 0 −1
0 0 0

1 0 0



x1

x2

x3

 =


0

0

0


�)�m. u´, V 1 = {(0, c, 0)t | c ∈ R}, A �¢A��þ´ (0, c, 0)t, Ù¥ c 6= 0. §�

éA�A��Ñ´ 1.

(ii) d (i) ¥O���, V 1 = {(0, c, 0)t | c ∈ C}. A�f�m V 1+
√
−1 ´�§|

√
−1 0 −1
0

√
−1 0

1 0
√
−1



x1

x2

x3

 =


0

0

0


�)�m.

u´, V 1+
√
−1 = {c(1, 0,

√
−1)t | c ∈ C}. aq/, V 1−

√
−1 = {c(1, 0,−

√
−1)t | c ∈ C}.

Ý
 A �A��þ´ (V 1 ∪ V 1+
√
−1 ∪ V 1−

√
−1) \ {0}.

~ 2.3 O�Ý


A =



−fn−1 1 0 · · · 0

−fn−2 0 1 · · · 0
...

...
...

. . .
...

−f1 0 0 · · · 1

−f0 0 0 · · · 0


,

Ù¥ f0, f1, . . . , fn−1 ∈ F �A�õ�ª.
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). U1��Ðme�1�ª�

t+ fn−1 −1 0 · · · 0

fn−2 t −1 · · · 0
...

...
...

. . .
...

f1 0 0 · · · −1
f0 0 0 · · · t


= (t+ fn−1)t

n−1 +
n∑
i=2

(−1)i+1fn−i(−1)i−1tn−i.

u´, χA(t) = tn + fn−1t
n−1 + · · ·+ f1t+ f0.

~ 2.4 � A ∈ Mn(F ) � rank(A) = 1. O� specF (A).

). Ï� rank(A) = 1, ¤± A ���fªÑ�u". dd�Ñ

χA(t) = tn − tr(A)tn−1

(�1�Ù1nù½Â 8.14 ���ã). XJ tr(A) = 0, K specF (A) = {0}. ÄK
specF (A) = {0, tr(A)}. �

§3 Ä�~f(y²)

~ 3.1 � A ∈ Mn(F ). y²µ

(i) χA(0) 6= 0 ��=� A �_;

(ii) χA = χAt.

y². (i) 5¿� χA(0) = det(A) (�1�Ù1nù·K 8.13). (i) g,¤á.

(ii) ��O��

χA(t) = |tE − A| = |(tE − A)t| = |tE − At| = χAt(t). �

~ 3.2 � A ∈ L(V ), α, β ∈ specF (A) � α 6= β. � u ∈ V α,v ∈ V β ´ü��"�þ.

y²: u+ v Ø´ A �A��þ.

y². b� u+v ´ A �A��þ. K�3 λ∈F ¦� A(u+ v)=λ(u+ v). ,��¡,

A(u+ v) = A(u) +A(v) = αu+ βv.

u´, (λ−α)u+(λ−β)v = 0. Ï� α 6= β, ¤±Ø�b� λ−α 6= 0. dd�Ñ, u = ξv,

Ù¥ ξ = −(λ− β)(λ− α)−1. u´ u ∈ V β, = A(u) = βu. l
·�k αu = βu. Ï�

u 6= 0, ¤± α = β. gñ. �
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,y. b� u + v ´ A �A��þ. K�3 λ ∈ F ¦� u + v ∈ V λ. e λ = α, K

u+ v ∈ V α. u´, v ∈ V α. gñ. Ón λ 6= β. d1�Ù1nùÚn 9.7, V α + V β + V λ

´�Ú.u´, (V α+V β)∩V λ = {0} (1�Ù1�ù½n 1.12 (iii)). dd�Ñ, u+v = 0.

� u+ v ∈ V α. gñ. �

~ 3.3 Þ~`²A��þØ´�qØCþ.

) �

A =

(
0 1

1 0

)
∈ M2(R).

O�� χA = t2 − 1. ¤± specR(A) = {1,−1}. u´ V 1 = 〈(1, 1)t〉 Ú V −1 = 〈(1,−1)t〉.
�

P =

(
1 1

1 −1

)
K

P−1 =
1

2

(
1 1

1 −1

)
.

?


P−1AP =

(
1 0

0 −1

)
.

� A �A��þ (1, 1)t Ø´ B �A��þ.

~ 3.4 � A,B ∈ Mn(F ) �q, λ ∈ specF (A). K λ ∈ specF (B) � dimV λ
A = dimV λ

B , Ù

¥ V λ
A Ú V λ

B ©O�L A Ú B 'u λ �A�f�m.

y². � P ∈ GLn(F ) ¦� B = P−1AP . ½Â:

φ : V λ
A −→ V λ

B

x 7→ P−1x.

·��I�y φ ´�5Ó�.

Äk�yû½Â. Ï� B = P−1AP , ¤± BP−1 = P−1A. é?¿ x ∈ V λ
A ,

B(P−1x) = (BP−1)x = (P−1A)x = P−1(Ax) = P−1(λx) = λ(P−1x).

u´, φ(x) = P−1x ∈ V λ
B . N� φ ´û½Â�. Ù�55dÝ
¦{����. ½Â:

ψ : V λ
B −→ V λ

A

x 7→ Px.
.

Ó��±�y ψ ´û½Â�. Ï� PP−1 = P−1P = E, ¤± φ ◦ψ Ú ψ ◦ φ Ñ´ðÓN
�. � φ ´�5Ó�. AO/, dimV λ

A = dimV λ
B . �
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§4 'uØCþ

½Â 4.1 � A,B ∈ Fm×n. XJ�3 P ∈ GLm(F ) Ú Q ∈ GLn(F ) ¦� B = PAQ, K

¡ A � B Ð��d, P� A ∼e B.

Ý
��´Ð�ØCþ. ¯¢þ, A ∼e B ⇐⇒ rank(A) = rank(B) (�1�ÆÏ1�Ù

1Êù½n 6.1 (ii)). d�, �´(�|)'uÐ��d���ØCþ.

½Â 4.2 � A,B ∈ Mn(F ). XJ�3 P ∈ GLn(F ) ¦� B = P tAP , K¡ A � B Ü

Ó, P� A ∼c B.

Ý
��´ÜÓØCþ, é¡Ú�é¡5�´ÜÓØCþ.

• � A,B ∈ SMn(C). K A ∼c B ⇐⇒ rank(A) = rank(B) (�1�Ù1où~ 7.19).

=éuEé¡Ý

ó, �´(�|)'uÜÓ�d���ØCþ.

• � A,B ∈ SMn(R). K A ∼c B ⇐⇒ §��\¶�Ó (�1�Ù1Êù½n 9.1). =

éu¢é¡Ý

ó, \¶´(�|)'uÜÓ�d���ØCþ.

• � A,B ∈ SSMn(F ), Ù¥ F �A�Ø�u 2. K A ∼c B ⇐⇒ rank(A) = rank(B)

(�1�Ù1ÔùíØ 11.8). =éu�é¡Ý

ó, �´(�|)'uÜÓ�d��

�ØCþ.

½Â 4.3 � A,B ∈ Mn(F ). XJ�3 P ∈ GLn(F ) ¦� B = P−1AP , K¡ A � B �

q, P� A ∼s B.

Ý
��, ,, 1�ª, ��Ìfª�Ú, 4�õ�ª, A�õ�ª, A��´�qØC

þ(©O�1�Ù1�ù·K 2.5, 1�ù·K 4.9, 1nù½Â 8.6 Ú 8.14 �e�ã). �

|���qØCþò38��Ñ.

½Â 4.4 � f : Mn(F ) −→ S �N�, Ù¥ S ´��8Ü. XJé?¿ A,B ∈ Mn(F ),

f(AB) = f(BA), K¡ f ´'u�
���ØCþ.

Ý
�,, 1�ª´��ØCþ(©O�1�Ù1�ù·K 2.5 �y²Ú1�ÆÏ1nÙ

1�ù½n 2.3).

·K 4.5 Ý
�A�õ�ª´��ØCþ.

y². � A,B ∈ Mn(F ). ·��y² χAB(t) = χBA(t).

� A �_�, AB ∼s BA (�1�Ù1�gSK�ùÂ~ 2.1 (i)). Ï�A�õ�ª

´�qØCþ, ¤± χAB(t) = χBA(t).
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e¡·�^�Ä{y²���/. - z ´ F þ��#��½�, p(z) = det(zE+A).

K p ∈ F [z] ´ n gÄ�õ�ª. AO/, p 6= 0. � K = F (z), =�� F (z) �©ª�. K

A,B, zE + A ∈ Mn(F ), � zE + A 3 Mn(K) ¥�_. �âþ�ã�(Ø, ·�k

|tE − (zE + A)B| = |tE −B(zE + A)|.

þª´ü� F [z, t] ¥���õ�ªð�. u´, �\ z = 0 ´7,���. dur z �

\���´(D�)Ó�, ·��� |tE − AB| = |tE −BA|, = χAB(t) = χBA(t). �

5) 4.6 dþã·K��, ��Ìfª�Ú�A���´��ØCþ.

~ 4.7 4�õ�ªØ´��ØCþ. �

A =

(
1 0

0 0

)
Ú B =

(
0 1

0 0

)
.

��O�� rank(AB) = 1 Ú rank(BA) = 0. u´ µBA = t � µAB 6= t. ¯¢þ,

µAB = t2.
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