
1��±SK�

ÎÒ�½. XJØ\AÏ(², V ´� F þ� n ��5�m.

§1 'uSK

2. �

J2 =

(
0 1

0 0

)
, A =

(
J2 O

O O

)
4×4

, B =

(
J2 O

O E2

)
4×4

, C =


J2 O

O

(
2 0

0 0

)
4×4

.

O� µA, µB Ú µC.

). ÄkO�� µJ2 = t2, µO = t, µE = t− 1, µM = (t− 2)t, Ù¥

M =

(
2 0

0 0

)
.

u´,

µA = lcm(µJ2 , µO) = lcm(t2, t) = t2, µB = lcm(µJ2 , µE) = lcm(t2, t− 1) = t2(t− 1),

µC = lcm(µJ2 , µM) = lcm(t2, t(t− 2)) = t2(t− 2). �

6. � A ∈ L(V ). y²e�(Ø.

(i) ker(A0) ⊂ ker(A) ⊂ ker(A2) ⊂ · · · Ú im(A0) ⊃ im(A) ⊃ im(A2) ⊃ · · · .

(ii) �3 k ∈ N, ¦� ker(Ak) = ker(Ak+1). d�é?¿ i ∈ N, k

ker(Ak) = ker(Ak+i) Ú im(Ak) = im(Ak+i).

(iii) � k X (ii) ¤ã. K ker(Ak)⊕ im(Ak) = V .

y². (i) � i ∈ N. XJ x ∈ ker(Ai), K Ai(x) = 0. u´,

Ai+1(x) = A(Ai(x)) = A(0) = 0.

dd�Ñ ker(Ai) ⊂ ker(Ai+1). �·�k

ker(A0) ⊂ ker(A) ⊂ ker(A2) ⊂ · · · .
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XJ x ∈ im(Ai+1), K�3 y ∈ V ¦� x = Ai+1(y). u´, x = Ai(A(y)) ∈ im(Ai).
dd��, im(Ai+1) ⊂ im(Ai). �

im(A0) ⊃ im(A) ⊃ im(A2) ⊃ · · · .

(ii) d ker(A0) ⊂ ker(A) ⊂ ker(A2) ⊂ · · · , ·���Ã¡4OS�:

dim(ker(A0)) ≤ dim(ker(A)) ≤ dim(ker(A2)) ≤ · · · (1)

Ï�TS�¥z��ÑØ�u dim(V ), ¤±�3 k ∈ N ¦�é?¿ i ∈ Z+

dim(ker(Ak)) = dim(ker(Ak+i)).

ddÚ (i) �Ñ ker(Ak) = ker(Ak+i). dØ��êúªÚ (1) ��, é?¿ i ∈ Z+,

dim(im(Ak)) = dim(im(Ak+i)).

ddÚ (i) �Ñ im(Ak) = im(Ak+i).
(iii) Ï� im(Ak) = im(A2k), ¤± rank(Ak) = rank(A2k). �âØ�©)½n I,

ker(Ak)⊕ im(Ak) = V . �

§2 Ä�~f

~ 2.1 �kn�þÝ


A =


2 3 1

3 2 4

0 0 −1

 , B =


5 4 2

4 5 2

2 2 2

 .

´Ä�±é�z? XJ�±, ¦�_Ý
 P ∈ M3(Q) ¦� P−1AP ½ P−1BP ´é�
.

). ��O��

χA(t) = (t− 5)(t+ 1)2, χB(t) = (t− 10)(t− 1)2.

�ÄÝ
 A. Ï� 5 ��ê­ê�u 1, ¤± dim(V 5) = 1.

rank(−E − A) = rank


−3 −3 −1
−3 −3 −4
0 0 0

 = 2 =⇒ dim(V −1) = 1.

dé�z�O{II, A ØUé�z.
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�ÄÝ
 B. Ï� 10 ��ê­ê�u 1, ¤± dim(V 10) = 1.

rank(E −B) = rank


−4 −4 −2
−4 −4 −2
−2 −2 −1

 = 1 =⇒ dim(V 1) = 2.

dé�z�O{II, B �é�z.

O�A��þ

10E −B =


5 −4 −2
−4 5 −2
−2 −2 8

 =⇒ V 10 = 〈


2

2

1

〉
Ú

E −B =


−4 −4 −2
−4 −4 −2
−2 −2 −1

 =⇒ V 1 = 〈


1

0

−2

 ,


0

1

−2

〉.
Ý


P =


2 0 1

2 1 0

1 −2 −2

 ,

Ù¥ ~P (1) ∈ V 10, ~P (2), ~P (3) ∈ V 1.

~ 2.2 � A ∈ L(R3) 3IOÄe�Ý
´

A =


1 1 0

0 −1 1

1 0 0

 , v =


1

1

1

 .

O� R[A] · v ��|Ä.

). O�� A0(v) = v, A(v) = Av = (2, 0, 1)t. §�´�5Ã'�. 2O�

A2(v) = A(2, 0, 1)t = (2, 1, 2)t.

���y�� v,A(v),A2(v) ´�5Ã'�. ùn��þ�¤ R[A] · v ��|Ä. �

~ 2.3 � A,B ∈ L(V ), A ´Ì��f, AB = BA. y²: B ∈ F [A].
y². � V = F [A] ·v. K v,A(v), · · · ,An−1(v) ´ V ��|Ä(1�Ù1où·K 10.2

(iii)). �â1�Ù1où·K 10.2 (i), �3 f ∈ F [t] ¦� B(v) = f(A)(v). Kéu?
¿ k ∈ Z+, ·�k

B(Ak(v)) (∵AB=BA)
= Ak(B(v)) = Akf(A)(v) = f(A)(Ak(v)).
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u´, B Ú f(A) 3þãÄ.¥z��þe���Ó. �â�5N�Ä�½nII (1�Ù

1�ù½n 4.12), B = f(A). �

~ 2.4 � n > 1 �
φ : Mn(F ) −→ Mn(F )

A 7→ At
.

(i) �y φ ´ Mn(R) þ��5�f;

(ii) ¦ rank(φ);

(iii) O� φ �A��ÚA�f�m;

(iv) (½ φ ´Ø´�é�z.

). (i) Ï�é?¿ α, β ∈ F , A,B ∈ Mn(R), (αA+ βB)t = αAt + βBt. ¤± φ �5.

(ii) Ï� φ2 = E, ¤± φ �_. u´, rank(φ) = n2.

(iii)� F �A�Ø�u 2. Ï� n > 1, ¤± φØ´ê¦�f. u´, µA = t2−1. d
1�Ù1oùíØ 10.12, specF (φ) = {1,−1}. 5¿� A ∈ SMn(F ) ��=� φ(A) = A.

u´, 1 ´A��� V 1 = SMn(F ). aq/, A ∈ SSMn(F ) ��=� φ(A) = −A.
� F �A��u 2. Ï� n > 1, ¤± φ Ø´ê¦�f. u´, µA = (t− 1)2. d1

�Ù1oùíØ 10.12, specF (φ) = {1}. 5¿� A ∈ SMn(F ) ��=� φ(A) = A. u

´, 1 ´A��� V 1 = SMn(F ).

(iv) d1�Ù1où~ 9.23, � F �A�Ø�u 2 �, φ �é�z. ÄK, Ø�é

�z. �

(iii), (iv) �,). � A = (ai,j) ∈ Mn(R). A ��þz´�

vec(A) = (a1,1, a2,2, . . . , an,n, b1, c1, . . . , bn(n−1)/2, cn(n−1)/2)
t,

Ù¥ bk, ck ©O�L ai,j, aj,i, (i < j) � b1, c1, . . . , bn(n−1)/2, cn(n−1)/2 � A ¥�é��þ

�����éA. K

vec(At) = (a1,1, a2,2, . . . , an,n, c1, b1, . . . , cn(n−1)/2, bn(n−1)/2).

� φ 3IOÄe�Ý
´ B ∈ Mn2(R). K

vec(At) =



En O O · · · O

O T2 O · · · O

O O T2 · · · O
...

...
...

. . .
...

O O O · · · T2


vec(A), Ù¥ T2 =

(
0 1

1 0

)
.
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u´, χφ(t) = (t − 1)n(t2 − 1)
n(n−1)

2 = (t − 1)
n(n+1)

2 (t + 1)
n(n−1)

2 . dd�Ñ� F �A�Ø

�u 2 �, specF (φ) = {1,−1}. ÄK, specF (φ) = {1}.
� F �A�Ø�u 2�, rank(E−B) = n(n−1)/2, rank(−E−B) = n(n+1)/2. u

´, dim(V 1) = n(n+1)/2, dim(V −1) = n(n−1)/2. dd�Ñ, dim(V 1)+dim(V −1) = n2.

dé�z�OOKIII, φ �é�z.

� F �A��u 2�, rank(E−B) = n(n−1)/2. u´, dim(V 1) = n(n+1)/2 < n2.

dé�z�OOKIII, φ Ø�é�z. �

§3 Ì©)½n

½n 3.1 (�dA|71�ò 117 �) � A ∈ L(V ) �é�z. K

(i) �3��� λ1, . . . , λk ∈ F , üüØÓ, Ú������| π1, . . . , πk ÷v

A = λ1π1 + · · ·+ λkπk;

(ii) �3 f1, . . . , fk ∈ F [t] ÷v fi(λj) = δi,j, πi = fi(A), i, j ∈ {1, 2, . . . , k}.

y². (i) Ï� A �é�z, ¤±

V = V λ1 ⊕ · · · ⊕ V λk , (2)

Ù¥ λ1, . . . , λk ´ A �pØ�Ó�A��. (�é�z�O{II). � πi ´'uþã�Ú

�1 i �ÝK, i = 1, 2, . . . , k. K π1, . . . , πk ´������|(1�Ù1Ôù·K 12.2).

é?¿ x ∈ V . d (2) ��, �3 x1 ∈ V λ
1 , . . . ,xk ∈ V λ

k ¦�

x = x1 + · · ·+ xk.

u´

A(x) = A(x1) + · · ·+A(xk) = λ1x1 + · · ·+ λkxk.

Ï� πi(x) = xi, i = 1, 2, . . . , k, ¤±

A(x) = λ1π1(x) + · · ·+ λkπk(x) = (λ1π1 + · · ·+ λkπk)(x).

d x �?¿5��, A = λ1π1 + · · ·+ λkπk. �35¤á.

2� σ1, . . . , σm´��������|÷vA = α1σ1+· · ·+αmσm,Ù¥ α1, . . . , αm∈F ,
üüØÓ. �â 1�Ù1Ôù·K 12.4,

V = im(σ1)⊕ · · · ⊕ im(σm) (3)
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� σi ´'uT�Ú�1 i �ÝK, i = 1, 2, . . . ,m. � x1 ∈ im(σ1) \ {0}. K�3 y1 ∈ V
¦� x1 = σ1(y1). u´

A(x1) = (α1σ1 + α2σ2 · · ·+ αmσm)(σ1(y1))

= α1σ
2
1(y1) + α2σ2σ1(y1) + · · ·+ αmσmσ1(y1)

= α1σ1(y1) (����)

= α1x1.

u´, α1´A�A��� x1 ∈ V α1 . � λ1, . . . , λk´A�Ü�A��.�Ø�� α1 = λ1.

dd�Ñ im(σ1) ⊂ V λ1 . aq/, ·�N�eI�·��y αi = λi � im(σi) ⊂ V λi ,

i = 2, 3, . . . ,m. AO/, m ≤ k. d (2), (3) Úþã�¹'X�Ñ

V = V λ1 ⊕ · · · ⊕ V λm ⊕ · · · ⊕ V λk⋃
· · ·

⋃
V = im(σ1) ⊕ · · · ⊕ im(σm)

.

dd�Ñ k = m. =

V = V λ1 ⊕ · · · ⊕ V λk⋃
· · ·

⋃
V = im(σ1) ⊕ · · · ⊕ im(σk)

. (4)

�â1�Ù1�ù·K 4.16, ·�k

dim(V ) = dim(V λ1) + · · · + dim(V λk)∨
‖ · · ·

∨
‖

dim(V ) = dim(im(σ1)) + · · · + dim(im(σk))

.

u´,

dim(V ) = dim(V λ1) + · · · + dim(V λk)

‖ · · · ‖
dim(V ) = dim(im(σ1)) + · · · + dim(im(σk))

.

d (4) �Ñ

V = V λ1 ⊕ · · · ⊕ V λk

‖ · · · ‖
V = im(σ1) ⊕ · · · ⊕ im(σk)

.

·�y²
 k = m,αi = λi, σi = πi, i = 1, 2, . . . , k. ��5¤á.

(ii) é i = 1, 2, . . . , k, �

fi(t) =
(t− λ1) · · · (t− λi−1)(t− λi+1) · · · (t− λk)

(λi − λ1) · · · (λi − λi−1)(λi − λi+1) · · · (λi − λk)
∈ F [t].
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K fi(λj) = δi,j, i, j ∈ {1, 2, . . . , k}. � g(t) = gdt
d + · · · + g1t + g0 ∈ F [t], Ù¥

g0, g1, . . . , gd ∈ F .

g(A) =
d∑
i=0

giAi

=
d∑
i=0

gi(λ1π1 + · · ·λkπk)i

=
d∑
i=0

gi(λ
i
1π1 + · · ·+ λikπk) (1�Ù1Ôg��K 4)

=

(
d∑
i=0

giλ
i
1

)
π1 + · · ·+

(
d∑
i=0

giλ
i
k

)
πk

= g(λ1)π1 + · · ·+ g(λk)πk.

u´, é?¿ i ∈ {1, 2, . . . , n}, fi(A) =
∑k

j=1 fi(λj)︸ ︷︷ ︸
δi,j

πj = πi. �
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