
1�n±SK�

ÎÒ�½. XJØ\AÏ(², V ´� F þ� n ��5�m.

§1 'uSK

5. � A ∈ L(V ) ÷v A5 −A3 = 3A. y²: � F �A�Ø�u 3 �§

ker(A)⊕ im(A) = V.

y². � f(t) = t5 − t3 − 3t ∈ F [t]. K f(A) = O. Ï� 3t 6= 0, ¤± t 3 f(t) ¥�ê

�u 1. Ï� µA(t)|f(t) (1�Ù1�ùÚn 4.2), ¤± t 3 µA(t) ¥�êØ�u 1. d

Ø�©)½n II (1�Ù1�ù½n 6.10) ��:

ker(A)⊕ im(A) = V. �

§2 O�¢~

~ 2.1 � n ≥ 2, A ∈ L(F n) 3IOÄ e1, . . . , en e�Ý
´

A =



0 0 0 · · · 0 0

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 1 0


.

(i) (½ F n ´Ø´ A-Ì��, XJ´, ¦ F n ���'u A-�Ì��þ, (½ F n ´

Ø´ A-Ø�©�.

(ii) (½ F n ´Ø´ A2-Ì��, XJ´, ¦ F n ���'u A2-�Ì��þ, (½ F n ´

Ø´ A2-Ø�©�.

). (i) � B ∈ Fm×n. K

BA = ( ~B(1), ~B(2), . . . , ~B(n))



0 0 0 · · · 0 0

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 1 0


= ( ~B(2), ~B(3), . . . , ~B(n),0n). (1)
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dd��,

A2 =



0 0 · · · 0 0 0

0 0 · · · 0 0 0

1 0 · · · 0 0 0
...

...
. . .

...
...

...

0 0 · · · 1 0 0


, A3 = ( ~A(3), ~A(4), . . . , ~An−1,0n,0n,0n), . . .

u´, µA = tn, F n ´ A-Ì��m(1�Ù1où½n 10.7).

� C ∈ F n×m. K

AC =



0 0 0 · · · 0 0

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 1 0





~C1

~C2

~C3

...

~Cn


=



01×n

~C1

~C2

...

~Cn−1


.

- e1, . . . , en ´ F n �IOÄ. K

e2 = Ae1, e3 = Ae2 = A2e1, . . . .

u´, e1 ´�� A-Ì��þ. d1�Ù1ÊùÚn 12.8 ��, F n ´ A-Ø�©�.

(ii) �â (1) ��§

BA2 = ( ~B(3), ~B(4), . . . , ~B(n),0n,0n).

u´, � n = 2k �, µA = tk, � n = 2k + 1 �, µA = tk+1. �â1�Ù1où½n

10.7, F n Ø´ A2-Ì��. 2�â1ÊùÚn 12.8, F n ´ A2-�©�. �

5) 2.2 3þã~f¥- n = 2k. K A-Ø�©�m©)´

F 2k = (F [A] · e1) ⊕ (F [A] · e2)
q q

〈e1, e3, . . . , e2k−1〉 〈e2, e4, . . . , e2k〉
.

~ 2.3 � A∈L(V ) � V ´ A-Ì��. � U ´ V � A-f�m. y²: U ´ A-Ì��.

y². ·�Äk5y²*Ð� Bezout 'X. =� f1, f2, . . . fk ∈ F [t], g = gcd(f1, . . . , fk).

K�3 h1, h2, . . . , hk ∈ F [t] ¦�

g = h1f1 + · · ·+ hkfk. (2)
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é k 8B. � k = 2 �, (2) ´Ï~� Bezout 'X(�þÆÏ1ÊÙ1�ù½n 2.7).

� k > 2 � k − 1 � (2) ¤á. � p = gcd(f1, f2, . . . , fk−1). d8Bb���, �3

q1, q2, . . . , qk−1 ¦�

p = q1f1 + · · ·+ qk−1fk−1. (3)

Ï� g|fi, i = 1, 2, . . . , k−1, k, ¤± g|p� g|fk. u´, g| gcd(p, fk). aq/, gcd(p, fk)|fi,
i = 1, 2, . . . , k − 1, k. ·�k gcd(p, fk)|g. dd�Ñ g = gcd(p, fk). �âÏ~� Bezout

'X, �3 a, b ∈ F [t] ¦� ap+ bfk = g. ^ (3) �mýO� p �¤
8B{.

� v ´ V ���Ì��þ, U ��|Ä´ u1, . . . ,uk. d1�Ù1où·K 10.2

(i), �3 f1(t), . . . , fk(t) ∈ F [t] ¦�

ui = fi(A)(v), i = 1, 2, . . . , k.

� g = gcd(f1, . . . , fk). K�3 gi(t) ∈ F [t]÷v fi(t) = gi(t)g(t). u´ ui = gi(A)g(A)(v).
- w = g(A)(v). K ui = gi(A)(w), i = 1, 2, . . . , k. ·�k U ⊂ F [A] ·w. �â (2),

g(A) = h1(A)f1(A) + · · ·+ hk(A)fk(A)

=⇒ g(A)(v) = h1(A)f1(A)(v) + · · ·+ hk(A)fk(A)(v)

=⇒ w = h1(A)(u1) + · · ·+ hk(A)(uk).

Ï� U ´ A-ØC�, ¤± w ∈ U , l F [A] ·w ⊂ U . ·��� U = F [A] ·w. �

~ 2.4 � A ∈ L(V ), F = C. y² A ´��é��fÚ���"�f�Ú.

y². � specC(A) = {λ1, . . . , λs}. K�3 m1, . . . ,ms ∈ Z+ ¦�

µA = (t− λ1)m1 · · · (t− λs)ms .

�â2ÂA�f�m©),

V = K1 ⊕ · · · ⊕Ks,

Ù¥ Ki = ker((t− λi)mi), i = 1, 2, . . . , s. � πi ´ V � Ki 'uþã�Ú�ÝK. -

B = λ1π1 + · · ·+ λsπs.

Kéu?¿ xi ∈ Ki,

B(xi) = λ1π1(xi) + · · ·+ λsπs(xi) = λixi.

u´, xi ∈ V λi
B (�f B 'u λi �A�f�m). dd�Ñ Ki ⊂ V λi

B . dþã�ÚÚ1�

Ù1nùÚn 9.7 ��,

V = V λ1
B ⊕ · · · ⊕ V

λs
B .
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dé�z�O{II, B �é�z.

� C = A − B. ·�y² C ´�"�. 5¿� π1, . . . , πk ´������|. Ï�

E = π1 + · · ·+ πs, ¤±

A = Aπ1 + · · ·+Aπ`.

u´

C = (A− λ1E)π1 + · · ·+ (A− λsE)πs.

é?¿ x ∈ V , �3 x1 ∈ K1, . . . ,xs ∈ Ks ¦�

x = x1 + · · ·+ xs =⇒ A(x) = A(x1) + · · ·+A(xs).

Ï� K1, . . . , Ks ´ A-ØC�, ¤±é?¿ i ∈ {1, 2, . . . , s},

πi(A(x)) = A(xi) = A(πi(x)).

u´, πi � A ��. l, A − λjE � πi ��, Ù¥ i, j ∈ {1, 2, . . . , s}. aq1�Ù1
ogSK�1n!���O�, ·�k

Ck = (A− λ1E)kπ1 + · · ·+ (A− λsE)kπs.

� k ≥ max(m1, . . . ,ms). K

Ck(x) = (A−λ1E)kπ1(x)+· · ·+(A−λsE)kπs(x) = (A−λ1E)k(x1)+· · ·+(A−λsE)k(xs) = 0.

� C ´�"�. �

5) 2.5 dþãy²wÑ, A,B, C 'u�f�¦{´����.

§3 'u AB Ú BA

SK 6. � A,B ∈ L(V ) ÷v AB = BA. y²:

(i) XJ V λ ´ A �A�f�m, K V λ ´ B-ØC�;

(ii) � F = C. K A Ú B kú��A��þ.

y². (i) � x ∈ V λ. K

A(B(x)) = B(A(x)) = B(λx) = λB(x).

u´, B(x) ∈ V λ. = V λ ´ B-ØC�.
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(i) �,y. 5¿� V λ = ker(A− λE). d1�Ù1�ùÚn 6.4, V λ ´ B-ØC�.

(ii) 5¿� specC(A) 6= ∅. �� λ ∈ specC(A). d (i) ��, C = B|V λ ´ A 'u λ

�A�f�mþ��5�f. Ï� specC(C) 6= ∅, ¤±�3 v ∈ V λ ´ C �A��þ. u

´, v Q´ A �A��þ�´ B �A��þ. �

~ 3.1 � A,B ∈ Mn(C) ÷v AB = BA. y²: �3 R ∈ GLn(C) ¦� R−1AR Ú

R−1BR Ñ´þn�Ý
.

y². é n 8B. � n = 1 �, (Øw,¤á. � n − 1 �(Ø¤á. dþãSK��,

�3 v ∈ Cn \ {0} ¦�:

Av = αv Ú Bv = βv,

Ù¥ α, β ∈ C. � v1 = v,v2, . . . ,vn ´ Cn ��|Ä, � P = (v1, . . . ,vn). K P ´�

_�. ·�O�:

P−1AP = P−1(Av1, Av2, . . . , Avn)

= P−1(αv1, Av2, . . . , Avn)

= (αP−1 ~P (1), P−1Av2, . . . , P
−1Avn)

= (αe1, P
−1Av2, . . . , P

−1Avn)

=

(
α ∗

O(n−1)×1 A′

)
,

Ù¥, A′ ∈ Mn−1(C). aq/,

P−1BP =

(
β ∗

O(n−1)×1 B′

)
,

Ù¥, B′ ∈ Mn−1(C).
Ï� AB = BA. ¤± (P−1AP )(P−1BP ) = (P−1BP )(P−1AP ). u´(

α ∗
O(n−1)×1 A′

)(
β ∗

O(n−1)×1 B′

)
=

(
β ∗

O(n−1)×1 B′

)(
α ∗

O(n−1)×1 A′

)
.

dd�Ñ, A′B′ = B′A′. �â8Bb�, �3 Q ∈ GLn−1(C) ¦� Q−1A′Q Ú Q−1B′Q

Ñ´þn�/Ý
. -

R = P

(
1 O1×(n−1)

O(n−1)×1 Q

)
.

K R−1AR Ú R−1BR Ñ´þn�/Ý
. �
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~ 3.2 � A,B ∈ GLn(C) ÷v AB = BA, � B ´�"�. y²: χA(t) = χA+B(t).

y². dþ~��, �3 P ∈ GLn(C) ¦� S = P−1AP Ú T = P−1BP Ñ´þn�Ý


. Ï� B �", ¤± T �". u´, T �Ìé��þ���Ñ�u". dd�� S+T

Ú S �Ìé��þ���Ó. ·�k χS = χS+T . 5¿� A ∼s S, A + B ∼s S + T (∵

S = P−1AP Ú T = P−1BP Ñ´þn�Ý
) . u´, χA = χA+B. �

Ún 3.3 � A,B∈L(V ), C=AB−BA. K½ö ker(A)⊂ ker(C) ½ö im(C)∩im(A) 6={0}.

y². b� ker(A) * ker(C). K�3 x ∈ ker(A) ¦� y = C(x) 6= 0.

y = C(x) = AB(x)− BA(x) = A(B(x)) =⇒ y ∈ im(A) =⇒ y ∈ im(C) ∩ im(A). �

~ 3.4 � F = C, A,B ∈ L(V ) ÷v rank(AB − BA) ≤ 1. y²: A Ú B kú��A�
�þ.

y². � n = dim(V )Ú C = AB−BA. XJ A = O,K(Øw,¤á. XJ rank(A)=n,
K·��±^ A−λE 5�� A, Ù¥ λ ´ A �,�A��. d� rank(A−λE) < n.

u´, ·�Ø�b� 0 < rank(A) < n ��/. é n 8B. � n = 1 �w,¤á. �

n > 1 �(Øé�ê�u n ��mÑ¤á.

�/�: ker(A) ⊂ ker(C). é?¿ x ∈ ker(A), C(x) = 0. =

AB(x)− BA(x) = A(B(x)) = 0.

u´, B(x) ∈ ker(A). dd��, ker(A) ´ B-ØC�. 5¿� 0 < dim(ker(A)) < n. �

A′ = A|ker(A) Ú B′ = B|ker(A). K rank(A′B′ − B′A′) ≤ 1. d8Bb�, A′ Ú B′ kú�
A��þ. ù��þ�´ A Ú B �ú�A��þ.

�/�: ker(A) * ker(C). dÚn 3.3, im(C) ∩ im(A) 6= {0}. u´, �3�"�þ

im(C)∩ im(A) 6= {0}. Ï� dim(im(C)) ≤ 1, ¤± im(C) ⊂ im(A). e¡·��y im(A)
´ B-ØC�. � y ∈ im(A). K�3 x ∈ V ¦� y = A(x). ·�O�

C(x) = (AB − BA)(x) = A(B(x))− B(A(x)) = A(B(x))− B(y).

u´, B(y) = A(B(x))− C(x) ∈ im(A) + im(C) = im(A). �y�..

dd��, im(A) Q´ A-ØC�, q´ B-ØC�. Ï� ker(A)6={0} � ker(A)6=V ,

¤± 0 < dim(im(A)) < n.

� A− = A|im(A) Ú B− = B|im(A). K rank(A−B− − B−A−) ≤ 1. d8Bb�, A−

Ú B− kú�A��þ. ù��þ�´ A Ú B �ú�A��þ. �
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