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ÎÒ�½. XJØ\AÏ(², V ´� F þ� n ��5�m.

§1 'uSK

4. � D ´ R[x]n þ�¦��f, A = xD, B = D2. �ä R[x]n ´Ø´ A-Ì��m, ´

Ø´ B-Ì��m. XJ´, ¦��Ì��þ.

). 5¿�

(xD)(1, x, x2, . . . xn−1) = (0, x, 2x2, . . . , (n− 1)xn−1)

= (1, x, x2, . . . xn−1)



0 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 2 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · n− 2 0

0 0 0 · · · 0 n− 1


.

︸ ︷︷ ︸
A

Ï� A´é�Ý
�é��þ���pØ�Ó,¤± µA = t(t−1)(t−2) · · · (t−(n−1)).

Ï� deg(µA) = n, ¤± deg(µA) = n. �â1�Ù1où½n 10.7, R[x]n ´ A-Ì��.

§���Ì��þ´

1 + x+ · · ·+ xn−1.

(�â1�Ù1où~ 10.8).

� n = 2k �, Bk = O. � deg(µB) < n. d1�Ù1où½n 10.7 ��, R[x]n Ø´
B-Ì��. � n = 2k + 1 �, Bk+1 = O. �� n > 1 �, deg(µB) < n. d1�Ù1où½

n 10.7 ��, R[x]n Ø´ B-Ì��. � n = 1 �, R é?Û�fÑ´Ì���Ì��
þ��?Û�"¢ê. �

5. �:

C =



0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

1 0 0 · · · 0


∈ Mn(C).

(i) y²: C �é�z.
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(ii) � f ∈ C[t]. ¦ det(f(C)).

). (i) O� C �A�õ�ª:

χC(t) = det


t −1 0 · · · 0

0 t −1 · · · 0
...

...
...

. . .
...

−1 0 0 · · · t


n×n

= t det


t −1 · · · 0

0 t · · · 0
...

...
. . .

...

0 0 · · · t


(n−1)×(n−1)

− (−1)n+1 det


−1 0 · · · 0

t −1 · · · 0
...

...
. . .

...

0 0 · · · −1


(n−1)×(n−1)

= tn − 1.

Ï� gcd(χC , χ
′
C) = 1, ¤± C 3 C ¥d n �pØ�Ó��. u´, C �é�z(1�Ù

1oùíØ 9.8).

(ii) P n gü �´

εk = e
2kπ
n , k = 0, 1, . . . , n− 1.

§�´ C � n �ü �. = C � n �A��. (�1�ÆÏ1ÊÙ1nù1n�). �â

(i), �3 P ∈ GLn(C) ¦�

C = P−1diag (ε0, ε1, . . . , εn−1)P.

Ké?¿ m ∈ C,
Cm = P−1diag

(
εm0 , ε

m
1 , . . . , ε

m
n−1
)
P.

� f =
∑d

i=0 fit
i. K

f(C) = P−1diag

(
d∑

i=0

fiε
i
0,

d∑
i=0

εi1, . . . ,

d∑
i=0

fiε
i
n−1

)
P = P−1diag (f(ε0), f(ε1), . . . , f(εn−1))P.

u´,

det(f(C)) = f(ε0)f(ε1) · · · f(εn−1). �

·K 1.1 � C XþK Ú f = fn−1t
n−1 + fn−2t

n−2 + · · ·+ f1t+ f0 ∈ F [t]. K

f(C) =



f0 f1 f2 · · · fn−2 fn−1

fn−1 f0 f1 · · · fn−3 fn−2
...

...
...

. . .
...

...

f2 f3 f4 · · · f0 f1

f1 f2 f3 · · · fn−1 f0


.
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y². ·�ky²e¡�úª. � A ∈ Mn(C). K

∀ k ∈ {1, 2, . . . , n− 1}, ACk = ( ~A(n−k+1), . . . , ~A(n−1), ~A(n), ~A(1), ~A(2), . . . , ~A(n−k)). (1)

↑
k.

� k = 1 �, (1) ���O��y. � k − 1 � (1) ¤á. K

ACk = ( ~A(n−k+2), . . . , ~A(n−1), ~A(n), ~A(1), ~A(2), . . . , ~A(n−k+1))C

= ( ~A(n−k+1), . . . , ~A(n−1), ~A(n), ~A(1), ~A(2), . . . , ~A(n−k)).

(1) ¤á.

� A = E. K (1)C¤ Ck = (en−k+1, . . . , en−1, en, e1, e2, . . . , en−k), k=1, 2, . . . , n−1.
3\þ C0 = (e1, . . . , en). d f(C) = fn−1C

n−1+ fn−2C
n−2+ · · ·+ f1C + f0C

0 �Ñ f(C)

�1�ªúª. �

kþã~fÚ·K��
Ì�Ý
�1�ªúª(�1�ÆÏ1ÊÙ1nù1n�

�~f).

6. � A ∈ Mn(C) ÷v Ak = A, Ù¥ k > 1. y²:

(i) A �é�z;

(ii) � k = 2 �, A ∼s

(
Er O

O O

)
� tr(A) = rank(A).

y². (i) � f(t) = tk − t. K f(A) = O. u´ µA|f . Ï� f(t) ´Ã²��, =

gcd(f, f ′) = 1, ¤± µA 3 C ¥��Ñ´��. dé�z�O{V, A �é�z.

(ii) d� µA|(t2 − t). Ý
 A �A����U´ 1 Ú 0 (Hamilton-Cayley ½n�\

r�(1�Ù1Êù½n 12.3)). � A 'u 1 �ê´ r. �â (i),

A ∼s

(
Er O

O O

)
︸ ︷︷ ︸

B

.

Ï��Ú,Ñ´�qØCþ, rank(A) = rank(B), tr(A) = tr(B). dd��

rank(A) = r = tr(A). �

§2 $�Ý
 Jordan IO.�O�

~ 2.1 (½ M3(C) ¥¤k� Jordan IO..
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). � A ∈ M3(C), χA = (t− λ1)(t− λ2)(t− λ3), λ1, λ2, λ3 ∈ C.
�/ 1: λ1, λ2, λ3 ü�ØÓ. d� A �é�z(1�Ù1oùíØ 9.8). u´,

JA =


λ1 0 0

0 λ2 0

0 0 λ3

 =


J1(λ1)

J1(λ2)

J1(λ3)

 .

�/ 2: χA = (t − λ1)2(t − λ2). � λ1 6= λ2. XJ µA = (t − λ1)(t − λ2), K A �é�

z(é�z�O{V). u´,

JA =


λ1 0 0

0 λ1 0

0 0 λ2

 =


J1(λ1)

J1(λ1)

J1(λ2)

 .

XJ µA = (t− λ1)2(t− λ2), K A Ø�é�z(é�z�O{V). u´,

JA =


λ1 1 0

0 λ1 0

0 0 λ2

 =

(
J2(λ1)

J1(λ2)

)
.

�/ 3: λ1 = λ2 = λ3 =: λ. XJ µA = t− λ, K A �é�z(é�z�O{V). u´,

JA =


λ 0 0

0 λ 0

0 0 λ

 =


J1(λ)

J1(λ)

J1(λ)

 .

XJ µA = (t− λ)2, K JA ¥'u λ � Jordan ¬����ê�u 2. u´

JA =


λ 1 0

0 λ 0

0 0 λ

 =

(
J2(λ)

J1(λ)

)
.

XJ µA = (t− λ)3, K JA ¥'u λ � Jordan ¬����ê�u 3. u´

JA =


λ 1 0

0 λ 1

0 0 λ

 = J3(λ). �

5) 2.2 þãü�~f`²: � A,B ´ü�n�EÝ
�, A ∼s B ��=� χA = χB

Ú µA = µB.
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~ 2.3 � 4 �EÝ


A =

(
J2(0)

J2(0)

)
, B =


J2(0)

J1(0)

J1(0)

 .

K χA = χB � µA = µB. � rank(A) 6= rank(B). � A �s B. �

§3 'uÖþ�SK

~ 3.1 � A ∈ Mn(C). y²: XJ tr(Ak) = 0, k = 1, 2, . . . , n, K A ´�"�.

y². � χA = tn0(t−λ1)n1 · · · (t−λs)ns,Ù¥ λ1, . . . , λs ∈ C\{0},üüØÓ, n0, n1, . . . , ns∈N.
d1�Ù1nù~ 8.12, �3�_EÝ
 P Úþn�EÝ
 B ¦�

B = P−1AP.

Ï� χ=χB � B ´þn��, ¤± B �é��d n0 � 0, n1 � λ1, . . . , ns Ú λs |¤.

u´, Bk = P−1AkP ´þn��� Bk �é��d n0 � 0, n1 � λk1, . . . , ns Ú λks |

¤. Ï� tr(Bk) = tr(Ak)(1�Ù1�ù·K 2.5), ¤± tr(Bk) = 0. ddÚ λ0 = 0 �Ñ

s∑
i=1

niλ
k
i = 0, k = 1, 2, . . . , s.

= 
λ1 λ2 · · · λs

λ21 λ22 · · · λ2s
...

...
. . .

... · · ·
λs1 λs2 · · · λss


︸ ︷︷ ︸

C


n1

n2

...

ns

 =


0

0
...

0

 .

Ï�

det(C) = (λ1 · · ·λs) det


1 1 · · · 1

λ1 λ2 · · · λs
...

...
. . .

... · · ·
λs−11 λs−12 · · · λs−1s


︸ ︷︷ ︸

D

� det(D) 6= 0. u´, det(C) 6= 0. dd�Ñ n1 = · · · = ns = 0. = χA(t) = tn0 = tn. �

â Hamilton-Cayley ½n, A ´�"�. �
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~ 3.2 � A,B ∈ Mn(C). y²: XJ AB −BA = B, K B ´�"�.

y². d1�Ù18ùíØ 13.5 ��, �3 P ∈ GLn(C) ¦� B = P−1JBP . u´,

A(P−1JBP )− (P−1JBP )A = P−1JBP.

z{�

(PAP−1)JB − JB(PAP−1) = JB.

- C = PAP−1. ·�k

CJB − JBC = JB. (2)

-

JB =


Jd1(λ1)

Jd2(λ2)
. . .

Jdk(λk)

 .

u´, (3) %¹

CiJdi(λi)− Jdi(λi)Ci = Jdi(λi), (3)

Ù¥ Ci ´d C ¥ 1 d0 + · · · + di−1 + 1, d0 + · · · + di−1 + 2, . . . , d0 + · · · + di−1 + di 1

Ú�|¤�fÝ
, i = 1, 2, . . . k � d0 = 0. dd��§·���y²:

AJn(λ)− Jn(λ)A = Jn(λ) =⇒ λ = 0.

d�ý��ª�Ñ:

A(λEn + Jn(0))− (λEn + Jn(0))A = (λEn + Jn(0))

=⇒ AJn(0)− Jn(0)A = (λEn + Jn(0))

=⇒ (0, ~A(1), . . . , ~A(n−1))−


~A2

...

~An

0

 = (λEn + Jn(0)).

é�����ªü>�^ tr � (A = (ai,j)n×n):

(0+a2,1+a3,2+· · ·+an,n−1)−(a2,1+a3,2+· · ·+an,n−1+0) = nλ =⇒ 0 = nλ =⇒ λ = 0. �
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§4 �f\{©)���5

·K 4.1 � A ∈ L(V ), Ù¥ F = C. y²�3��� S,N ∈ L(V ) ÷v A = S +N ,

S �é�z, N �" Ú SN = NS.

y². �35�1�Ù1ÊgSK�~ 2.4. e¡·�5�Ä��5.

2� S ′,N ′ ∈ L(V ) ÷v A = S ′ +N ′, S ′ �é�z, N ′ �" Ú S ′N ′ = N ′S ′. ·
���y² S = S ′ =�. - χA = (t− λ1)n1 · · · (t− λs)ns ´ χA 3 C[t] ¥�Ø��Ïª
©). d2ÂA�f�m©)�A�õ�ª�(1�Ù1Êù½n 12.7),

V = K1 ⊕ · · · ⊕Ks,

Ù¥ Ki = ker((A− λiE)ni). Ï� SN = NS, ¤± SA = AS Ú NA = AN . �â1�

Ù1�ù·K 6.5, Ki ´ S-ØC�Ú N -ØC�. - Ai = A|Ki
, Si = S|Ki

Ú Ni = A|Ki
.

K Ai = Si + Ni. d�é�z�O{V, Si ´�é�z�(µSi |µS %¹ µSi ´Ã²��).

 Ni w,´�"�. �â1�Ù1ÊgSK�~ 3.2, specC(Si) = specC(Ai). �ö�

u {λi}. (�2ÂA�f�m©)�A�õ�ª�(1�Ù1Êù½n 12.7 (ii))). u´,

Si = λiE , i = 1, 2, . . . , s.

- S ′i = S ′|Ki
. aq/, S ′i = λiE , i = 1, 2, . . . , s. u´ Si = S ′i, i = 1, 2, . . . , s. �

x ∈ V . K�3 x1 ∈ K1, . . . ,xs ∈ Ks ¦�

x = x1 + · · ·+ xs.

u´,

S(x) = S(x1) + · · ·+ S(xs) = S1(x1) + · · ·+ Ss(xs).

S ′(x) = S ′(x1) + · · ·+ S ′(xs) = S ′1(x1) + · · ·+ S ′s(xs).

Ï� Si = S ′i, i = 1, 2, . . . , s, ¤± S = S ′. �
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