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§1 'uSK

5. � A ∈ L(V ), ` ∈ N ¦� ker(A`) = ker(A`+1). y²: éu?¿ i ∈ Z+,

ker(A`) = ker(A`+i).

y². ��y² ker(A`+1) = ker(A`+2) =�. � x ∈ ker(A`+1). K A`+1(x) = 0. u´,

A`+2(x) = A(A`+1(x)) = A(0) = 0.

� x ∈ ker(A`+2). dd�Ñ

ker(A`+1) ⊂ ker(A`+2).

��, � x ∈ ker(A`+2). K A`+2(x) = 0. u´, A`+1(A(x)) = 0. = A(x) ∈ ker(A`+1).

Ï� ker(A`) = ker(A`+1), ¤± A(x) ∈ ker(A`), = A`+1(x)=0. = x∈ ker(A`+1). l

ker(A`+2) ⊂ ker(A`+1). �

5) 1.1 aq/, ·�k

im(A`) = im(A`+1) =⇒ im(A`+1) = im(A`+2).

y². � x ∈ im(A`+2). K�3 y ∈ V ¦� x = A`+2(y) = A`+1(A(y)) ∈ im(A`+1). u

´, im(A`+2) ⊂ im(A`+1).

��, � x ∈ im(A`+1). K�3 y ∈ V ¦�

x = A`+1(y) = A(A`(y)︸ ︷︷ ︸
z

).

Ï� z ∈ im(A`) Ú im(A`) = im(A`+1), ¤±�3 w ∈ V ¦� z = A`+1(w). u´,

x = A`+2(w). � x ∈ im(A`+2). ·��� im(A`+1) ⊂ im(A`+2). �
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§2 Jordan IO.�O�

~ 2.1 � n ´óê. O�

A =



1 0 · · · 0 1

0 1 · · · 1 0
...

...
. . .

...
...

0 1 · · · 1 0

1 0 · · · 0 1


∈ Mn(C)

� Jordan IO..

). ��O� A2 = 2A. Ï� A Ø´ê¦Ý
, ¤± µA = t2− 2t = t(t− 2). u´, A �

é�z(�é�z�O{V)� A ü�A�� λ1 = 0 Ú λ2 = 2. ·����½ JA �Ìé

��þkõ� λ1 Ú λ2 =�. � n = 2k. ��O�� R(λ1, 0) = 2k, R(λ1, 1) = k. Ï�

A2 = 2A, ¤± R(λ1, 2) = k. u´,

N(λ1, 1) = 2k + k − 2k = k.

dd�Ñ N(λ2, 1) = k. �

JA =

(
Ok×k

2Ek

)
. �

~ 2.2 � n ´óê. O� Jn(0)
2 � Jordan IO..

). � e1, . . . , en ´ Cn �IOÄ. K Jn(0) = (0, e1, . . . , en−1). � A ∈ Mn(C). K

AJn(0) = ( ~A(1), . . . , ~A(n))(0, e1, . . . , en−1) = (0, ~A(1), . . . , ~A(n−1)).

u´,

B := Jn(0)
2 = (0, e1, . . . , en−1)(0, e1, . . . , en−1) = (0,0, e1, . . . , en−2).

dd��

AB = (0,0, ~A(1), . . . , ~A(n−2)).

� n = 2k. ·�k

Bk = O � Bk−1 6= O.

� µB = tk. ��O��

nk = rk−1 + rk+1 − 2rk = 2 + 0− 0 = 2.

�â1�Ù1Ôù½n 14.9,

JB =

(
Jk(0)

Jk(0)

)
.
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~ 2.3 O� Jn(λ)
k � Jordan IO., Ù¥ λ ∈ C \ {0}, k > 0.

). 5¿� λE 3 Mn(C) �¥%. ��O��

Jn(λ)
k = (λE + Jn(0))

k = λkE + kλk−1Jn(0) +
k∑

i=2

(
k

i

)
λk−iJn(0)

i.

u´,

Jn(λ)
k =



λk kλk−1 ∗ · · · ∗ ∗
0 λk kλk−1 · · · ∗ ∗
...

...
...

. . .
...

...

0 0 0 · · · λk kλk−1

0 0 0 · · · 0 λk


.

� A = Jn(λ)
k. K χA = (t− λk)n. Ï�

rank(A− λkE) = rank



0 kλk−1 ∗ · · · ∗ ∗
0 0 kλk−1 · · · ∗ ∗
...

...
...

. . .
...

...

0 0 0 · · · 0 kλk−1

0 0 0 · · · 0 0


= n− 1.

¤± λk �AÛê�u 1. dd�Ñ, JA �k�� Jordan ¬. = JA = Jn(λ
k). �

§3 �_Ý
� Jordan IO.

Ún 3.1 � A ∈ Mn(C) � χA = (t−λ1)n1 · · · (t−λs)ns, Ù¥ λ1, . . . , λs ∈ C, üüØÓ.

� f ∈ C[t]. K
χf(A) = (t− f(λ1))n1 · · · (f − f(λs))ns .

y². �â1�Ù1nù~ 8.12 ½EÝ
� Jordan IO., �3�_Ý
 P Úþn�

Ý
 T ¦�

A = P−1TP.

� T �é��´ α1, . . . , αn. K α1, . . . , αn ∈ {λ1, . . . , λs}, � λi 3S� α1, . . . , αn ¥Ñ

y�ê´ ni, i = 1, 2, . . . , s.

dÝ
¦{$���é?¿ k ∈ N, T k �é��´ αk
1, . . . , α

k
n. �

f = fdt
d + fd−1t

d−1 + · · · f0.
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K

f(A) = P−1f(T )P = P−1

(
d∑

i=0

fiT
i

)
P = P−1


∑d

i=0 fiα
i
1 ∗ · · · ∗∑d

i=0 fiα
i
2 · · · ∗

. . .
...∑d

i=0 fiα
i
n

P.

� f(A)�é��´ f(α1), f(α2), . . . , f(αn). �â1�Ù1ÔùÚn 15.1, f(A) ∼s f(T ),

u´ χf(A) = χf(T ). dd�Ñ,

χf(A) = (t− f(α1)) · · · (t− f(αn)) = (t− f(λ1))n1 · · · (f − f(λs))ns . �

~ 3.2 � A ∈ GLn(C). y² specC(A) = {1} ��=�é?¿� k ∈ Z+, A ∼s A
k.

y². � specC(A) = {1}, �

JA =


Jd1(1)

. . .

Jd`(1)

 .

K

Ak ∼s


Jd1(1)

k

. . .

Jd`(1)
k.

 .

(�1�Ù1ÔùÚn 15.1). �â~ 2.3, é?¿ i ∈ {1, 2, . . . , `}, Jdi(1)k ∼s Jdi(1). u

´, Ak ∼s JA ∼s A. � Ak ∼s A.

��, � A ∼s A
k, k ∈ Z+. � specC(A) = {λ1, . . . , λs}. dþãÚn��,

specC(A
k) = {λk1, . . . , λks} = specC(A).

5¿� λk1 ∈ specC(A), k = 1, 2, . . . . u´, �3 i, j ∈ Z+ ÷v i < j � λi1 = λj1. �

λi−j1 = 1. dd��é?¿ ` ∈ {1, 2, . . . , s}, �3 m` ∈ Z ¦� λm`
` = 1. -

m = lcm(m1, . . . ,ms).

K λm` = 1, ` = 1, 2, . . . , s. l specF (A
m) = {1}. � specC(A) = {1}. �

~ 3.3 � A ∈ GLn(C). y²é?¿� k ∈ Z+, �3 X ∈ GLn(C) ¦� Xk = A.
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y². ky²�3 Y ∈ GLn(C) ¦� Y k = Jn(λ), Ù¥ λ 6= 0. 5¿�

Jn(λ) = λ



1 λ−1

1 λ−1

. . .

1 λ−1

1


︸ ︷︷ ︸

B

.

d~ 2.3 ��, B ∼s B
k. ��3 P ∈ GLn(C) ¦� B = P−1BkP . � C = P−1BP . K

Ck = B. - Y = λ
1
nC. K Y k = λB = Jn(λ).

2y²�3 Z ∈ GLn(C) ¦� Zk = JA. �

JA =


Jd1(λ1)

. . .

Jd`(λ`)

 .

Ï� A �_, ¤± λ1, . . . , λs ÑØ�u". u´�3 Yi ∈ GLdi(C) ¦� Y k
i = Jdi(λi),

i = 1, . . . , `. -

Z =


Y1

. . .

Yk

 .

=�. � A = P−1JAP , Ù¥ P ∈ GLn(C). - X = P−1ZP . K

Xk = P−1ZkP = P−1JAP = A. �

§4 Jordan-Chevalley ©)

½n 4.1 � A ∈ L(V ), Ù¥ F = C. K�3��� S,N ∈ L(V ) ÷v A = S +N , S
�é�z, N �" Ú SN = NS. ?, S,N ∈ C[A].

y². �é�z�f S Ú�"�f N ��3��5®²y²(�35�1�Ù1ÊgS

K�~ 2.4, ��5�1�Ù18gþSK�·K4.1). e¡y² S,N ∈ C[A]. ��y²
S ∈ C[A] =�.

� specC(A) = {λ1, . . . , λs}. K�3 m1, . . . ,ms ∈ Z+ ¦�

µA = (t− λ1)m1 · · · (t− λs)ms .
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�â2ÂA�f�m©),

V = K1 ⊕ · · · ⊕Ks,

Ù¥ Ki = ker((t− λi)mi), i = 1, 2, . . . , s. � πi ´ V � Ki 'uþã�Ú�ÝK. �â1

�Ù1ÊgSK�~ 2.4

N = λ1π1 + · · ·+ λsπs.

u´, ·��Iy² π1, . . . , πs ∈ C[A]. Ø�y² π1 ∈ C[A]. �ÄÓ{�§|
f(t) ≡ 1 mod (t− λ1)m1

f(t) ≡ 0 mod (t− λ2)m2

...

f(t) ≡ 0 mod (t− λs)ms

�âõ�ª��¥I�{½n(1"ÙùÂ½n 6.6), �3 f ∈ F [t] ÷vþã�§|. e

¡�y: π1 = f(A). � x ∈ V . K x = x1 + · · ·+ xs, Ù¥ x1 ∈ K1, . . . ,xs ∈ Ks. Ï�

f(t) ≡ 1 mod (t− λ1)m1 ,

¤±�3 h1 ∈ F [x] ¦� f(t) = h1(t)(t− λ1)m1 + 1. u´

f(A) = h1(A)(A− λ1E)m1 + E .

dd�Ñ

f(A)(x1) = h1(A)(A− λ1E)m1(x1) + E(x1)
x1∈K1= E(x1) = x1. (1)

Ï�é?¿ i ∈ {2, . . . , s},
f(t) ≡ 0 mod (t− λi)mi ,

¤±�3 hi ∈ F [x] ¦� f(t) = hi(t)(t− λi)mi . u´

f(A) = hi(A)(A− λiE)mi .

dd�Ñ

f(A)(xi) = hi(A)(A− λiE)mi(xi)
xi∈Ki= 0. (2)

u´,

f(A)(x) = f(A)(x1) + f(A)(x2) + · · ·+ f(A)(xs)
(1),(2)
= x1 = π1(x).

�y�.. ·��� π1 ∈ C[A]. aq/�� πi ∈ C[A], i = 2, 3, . . . , s. �
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