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§1 'uSK

3. O� Jn(λ)
k, Ù¥ Jn(λ) ´'u λ � n � Jordan ¬, k ∈ N.

). ��O��

Jn(λ)
k = (λE + Jn(0))

k

=
k∑
i=0

(
k

i

)
(λE)k−iJn(0)

i (Ï� λE 3 Mn(C) �¥%)

=
k∑
i=0

(
k

i

)
λk−iJn(0)

i.

5¿�

Jn(0)
i =


(0, . . . ,0︸ ︷︷ ︸

i

, e1, . . . , en−i), 0 ≤ i ≤ n− 1

On×n i ≥ n.

u´,

Jn(λ)
k =

min(k,n−1)∑
i=0

(
k

i

)
λk−i(0, . . . ,0︸ ︷︷ ︸

i

, e1, . . . , en−i)

=



λk kλk−1
(
k
2

)
λk−2 · · ·

(
k

n−2

)
λk−n+2

(
k

n−1

)
λk−n+1

0 λk kλk−1 · · ·
(

k
n−3

)
λk−n+3

(
k

n−2

)
λk−n+2

0 0 λk · · ·
(

k
n−4

)
λk−n+4

(
k

n−3

)
λk−n+3

...
...

...
. . .

...
...

0 0 0 · · · λk kλk−1

0 0 0 · · · 0 λk


,

Ù¥
(
a
b

)
= 0, a < b.

� pk(x) = xk. K

Jn(λ)
k =



pk(λ)
pk(λ)

′

1!
pk(λ)

′′

2!
· · · pk(λ)

(n−2)

(n−2)!
pk(λ)

(n−1)

(n−1)!

0 pk(λ)
pk(λ)

′

1!
· · · pk(λ)

(n−3)

(n−3)!
pk(λ)

(n−2)

(n−2)!

0 0 pk(λ) · · · pk(λ)
(n−4)

(n−4)!
pk(λ)

(n−3)

(n−3)!
...

...
...

. . .
...

...

0 0 0 · · · pk(λ)
pk(λ)

′

1!

0 0 0 · · · 0 pk(λ)


.

1



ù´Ï�� (
k

i

)
=
k(k − 1) · · · (k − i+ 1)

i!
, k ≥ i;

(
k

i

)
= 0, k < i.

dd�±�ÑÊH�úª: é?¿ p ∈ F [t],

p(Jn(λ)) =



p(λ) p(λ)′

1!
p(λ)′′

2!
· · · p(λ)(n−2)

(n−2)!
p(λ)(n−1)

(n−1)!

0 p(λ) p(λ)′

1!
· · · p(λ)(n−3)

(n−3)!
p(λ)(n−2)

(n−2)!

0 0 p(λ) · · · p(λ)(n−4)

(n−4)!
p(λ)(n−3)

(n−3)!
...

...
...

. . .
...

...

0 0 0 · · · p(λ) p(λ)′

1!

0 0 0 · · · 0 p(λ)


. �

5. � A ∈ L(V ), V ´ A-Ì��. � λ ∈ specF (A). y²: dim(V λ) = 1.

y². A�f�m V λ ´ A-ØC�(�1�Ù1nù1o�). �âb� V ´ A-Ì��
Ú1�Ù1ÊgSK�~ 2.3, V λ ´ A-Ì��. u´, �3 w ∈ V λ ¦� V λ = F [A] ·w.

Ï� A(w) = λw, ¤± µA,w = t − λ. dd�Ñ dim(F [A] ·w) = 1 (1�Ù1où·K

10.2 (iii)). � dim(V λ) = 1. �

5) 1.1 1�Ù1ÊgSK�~ 2.3 �,��y².

� A ∈ L(V ), V ´ A-Ì��, U ´ A-ØC�. y²: U ´ A-Ì��.

y². � V = F [A] · v. Ø�� U 6= {0}. � S = {f ∈ F [t]|f(A)(v) ∈ U}. d1�Ù1
où·K 10.2 (i) ��, S 6= {0}. � g ´ S ¥�"gê���õ�ª. - w = g(A)(v).
·�5�y U = F [A] ·w.

d w �½Â��, w ∈ U . Ï� U ´ A-ØC�, ¤± F [A] · w ⊂ U . ��, �

u ∈ U . K�3 f ∈ S ¦� u = f(A)(v). dõ�ªØ{�3 q, r ∈ F [t] ¦�

f(t) = q(t)g(t) + r(t) � deg(r) < deg(g).

rþª�^3 v þ�:

f(A)(v) = q(A)g(A)(v) + r(A)(v).

u´, r(A)(v) ∈ U . �â g(t) �½Â, r(t) = 0. dd�Ñ,

u = f(A)(v) = q(A)g(A)(v) = q(A)(w) ∈ F [A] ·w.

�y�.. �
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§2 �Ý��Ý

~ 2.1 � R4 ´IOîª�m. �

v1 =


1

3

2

−1

 , v2 =


−4
2

−3
1

 .

O� ‖v1‖, ‖v2‖ Úùü��þ�Y�.

). ��O��

‖v1‖ =
√
12 + 32 + 22 + (−1)2 =

√
15

Ú

‖v2‖ =
√
(−4)2 + 22 + (−3)2 + 12 =

√
30.

ü�þ�m�Y��u

arccos

(
(v1|v2)

‖v1‖‖v2‖

)
= arccos

(
−5

15
√
2

)
= arccos

(
−
√
2

6

)
.

~ 2.2 � V ´ n �îª�m, x,y ∈ V �Y�´ θ. y²:

‖x− y‖2 = ‖x‖2 + ‖y‖2 − 2‖x‖‖y‖ cos(θ).

y². ��O�

‖x− y‖2 = (x− y|y − y)

= (x|x)− 2(x|y) + (y|y)

= ‖x‖2 + ‖y‖2 − 2‖x‖‖y‖ (x|y)
‖x‖‖y‖

= ‖x‖2 + ‖y‖2 − 2‖x‖‖y‖ cos(θ). �

~ 2.3 � n ∈ Z+. 3 R[x]n+1 ¥½Â: é?¿ f, g ∈ R[x]n+1,

(f |g) =
n∑
k=0

f

(
k

n

)
g

(
k

n

)
.

y² ( | ) ´ R[x]n+1 þ�SÈ¿O� ‖x‖.
). ����y ( | ) ´é¡V�5.. Ï�

(f |f) =
n∑
k=0

f

(
k

n

)2

≥ 0,

3



¤± (f |f) ´��½�. XJ (f |f) = 0, K f(k/n) = 0, k = 0, 1, . . . , n. u´, f ��

k n+ 1 �pØ�Ó��. Ï� deg(f) ≤ n, ¤± f = 0 (�1�ÆÏ1ÊÙ1�ù½n

2.6). � (f |f) ´�½�.

��O��

‖x‖2 = (x|x) =
n∑
k=0

k

n

2

=
1

n2

n∑
k=0

k2 =
(n+ 1)(2n+ 1)

6n
.

(��dA|71�ò1 32 �). u´

‖x‖ =
√

(n+ 1)(2n+ 1)

6n
.

5) 2.4
n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6
.

�dA|71�ò1 32 ��úªk���<�Ø.

§3 ÝK

½Â 3.1 � V ´ n �îª�m, v ∈ V \ {0}. ½Â

πv : V −→ V

x 7→
(
x| v
‖v‖

)
v
‖v‖ =

(x|v)
(v|v)v.

¡ πv ´'u v �ÝK�f.

·K 3.2 � dim(V ) > 1. KþãÝK�f πv k±e5�.

(i) πv ∈ L(V ) � π2
v = πv;

(ii) é?¿ x ∈ V , (x− πv(x))⊥v.

(iii) specR(πv) = {0, 1}, V 1 = 〈v〉, V 0 = {u ∈ V |u⊥v}.

y². (i) 5¿� v ´�½��þ. u´, SÈ�V�5%¹ πv ´�5�. � x ∈ V . K

π2
v(x) = πv

(
(x|v)
(v|v)

v

)
=

(x|v)
(v|v)

πv(v) =
(x|v)
(v|v)

(v|v)
(v|v)

v =
(x|v)
(v|v)

v = πv(x).

(ii) ·�O�

(x− πv(x)|v) = (x|v)− (πv(x)|v) = (x|v)− (x|v)
(v|v)

(v|v) = (x|v)− (x|v) = 0.
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(iii) Ï� πv(v) 6= 0, ¤± πv Ø´"N�. Ï� dim(V ) > 1, ¤±�3 w ∈ V ¦�
w,v �5Ã'. 5¿�

‖πv(w)‖ = ‖
(
w| v

‖v‖

)
v

‖v‖
‖ = |

(
w| v

‖v‖

)
|‖ v

‖v‖
‖ = |

(
w| v

‖v‖

)
| < ‖w‖,

Ù¥����Ø�ª5g1nÙ1�ù½n 1.8. u´, πv Ø´ðÓ�f. dd��,

µπv = t(t− 1). �â\r�� Hamilton-Cayley ½n(1�Ù1Êù½n 12.3),

specR(πv) = {0, 1}.

� u ∈ 〈v〉. K�3 α ∈ R ¦� u = αv. u´,

πv(u) = πv(αv) = απv(v) = αv = u =⇒ u ∈ V 1 =⇒ 〈v〉 ⊂ V 1.

� w ∈ V 1. K πv(w) = w. =

w =
(x|v)
(v|v)

v =⇒ w ∈ 〈v〉 =⇒ V 1 ⊂ 〈v〉.

� x ∈ V 0. K πv(x) = 0. d πv �½Â�� (x|v) = 0. = x⊥v. ��, ����y

x⊥v %¹ πv(x) = 0. �

§4 Gram-Schmidt ��z

~ 4.1 � R[x]n þ�SÈd (f |g) =
∫ b
a
f(x)g(x)dx �Ñ. ¦ R[x]2 ��|IO��Ä.

). l 1, x Ñu,

ε1 =
1

‖1‖
=

1√
b− a

.

ε′2 = x− (x|ε1)ε1 = x− b2 − a2

2b− 2a
= x− a+ b

2
.

ε2 =
x− a+b

2√∫ b
a

(
x− a+b

2

)2
dx

=
2
√
3x−

√
3a−

√
3b

(b− a)
√
b− a

.

u´, U ��|ü ��Ä´ ε1, ε2. �

~ 4.2 � v1, . . . ,vk ´ n �îª�m¥��"�þ. y²: XJ v1, . . . ,vk üü�Y�

Ñ´ð�, K k ≤ n+ 1.

y². äó. é?¿ s ∈ {1, 2, . . . , k − 1},

(i) v1, . . . ,vs �5Ã';
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(ii) ÏLé v1, . . . ,vs ¢� Gram-Schmidt ��z���ü ���þ ε1, . . . , εs ÷vé

?¿ i ∈ {1, 2, . . . , s} Ú j ∈ {s+ 1, . . . , k}, (εi|vj) < 0.

äó�y². é s 8B. � s = 1 �, ε1 = v1/‖v1‖ w,�5Ã'. é?¿ j ∈
{2, 3, . . . , k}, (v1|vj) < 0 =⇒ (ε1|vj) < 0. äó¤á. �äó3 0 ≤ i ≤ s − 1 �¤

á.

� s �. - ε1, . . . , εs−1 ´ÏLé v1, . . . ,vs−1 ¢� Gram-Schmidt ��z���ü

 ���þ. 2-:

ε′s = vs − (vs|ε1)ε1 − · · · − (vs|εs−1)εs−1. (1)

� j ∈ {s+ 1, . . . , k}. K

(ε′s|vj) = (vs|vj)− (vs|ε1)(ε1|vj)− · · · − (vs|εs−1)(εs−1|vj).

�âK8^�Ú8Bb�,

(vs|vj) < 0, (vs|ε1) < 0, (ε1|vj) < 0, · · · , (vs|εs−1) < 0, (εs−1|vj) < 0.

u´, (ε′s|vj) < 0. AO/, ε′s 6= 0. �â Gram-Schmidt ��z, ·�k ε′s⊥εi, i =

1, 2, . . . , s − 1. u´, ε1, . . . , εs−1, ε
′
s �5Ã'(1nÙ1�ùÚn 1.13 (ii)). ·���

ε′s /∈ 〈ε1, . . . , εs−1〉. 2�â (1), vs /∈ 〈ε1, . . . , εs−1〉. �â Gram-Schmidt ��z(1nÙ1

�ù½n 1.16), vs /∈ 〈v1, . . . ,vs−1〉. dd�Ñ v1, . . . ,vs �5Ã'. - εs = ε′s/‖ε′s‖. d
(ε′s|vj) < 0 �Ñ (εs|vj) < 0, j = s+ 1, s+ 2, . . . , k. äó¤á.

b� k > n + 1. däó��, ε1, . . . , εn ´ V ��|ü ��Ä. u´, �3

α1, . . . , αn, β1, . . . , βn ∈ R ¦�

vn+1 =
n∑
i=1

αiεi, vn+2 =
n∑
j=1

βjεj.

Ï� (vn+1|vn+2) < 0, ¤±

α1β1 + · · ·+ αnβn < 0. (2)

,��¡, däó�1��(Ø, é?¿ i ∈ {1, 2, . . . , n},

(vn+1|ei) < 0 =⇒ αi < 0 Ú (vn+2|ei) < 0 =⇒ βi < 0.

� α1β1 + · · ·+ αnβn > 0. � (2) gñ. �
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