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§1 'uSK

3. � n ´Ûê. O�

A =



1 0 · · · 0 1

0 1 · · · 1 0
...

...
. . .

...
...

0 1 · · · 1 0

1 0 · · · 0 1


∈ GLn(C)

� Jordan IO..

). ��Ä n = 2k + 1 > 2 ��/. � B = A−E. ��O�� B3 = B � B0, B,B2 �

5�'. u´ µB = t3 − t = t(t− 1)(t+ 1). � B �é�z. Ï� rank(B) = n− 1, ¤±

dim(V 0) = 1.  rank(E −B) = k + 1. � dim(V 1) = k. ?, dim(V −1) = k. u´,

B = P−1


0

Ek

−Ek

P,

Ù¥ P ´,��_Ý
. K

A = E +B = P−1EP + P−1


0

Ek

−Ek

P ∼o


1

2Ek

Ok×k


︸ ︷︷ ︸

JA

. �

5. � n > 1, k > 1. y²: Ø�3 X ∈ Mn(C) ¦� Xk = Jn(0).

y². b��3 X ∈ Mn(C) ¦� Xk = Jn(0). 2� X � Jordan IO. JX k m �

Jordan ¬. Ï� Xk = Jn(0), ¤± Jk
X ∼s Jn(0). dd�Ñ m = 1. ù´Ï� Jk

X ´��

��k m �fÝ
|¤�©¬é�Ý
, §��¹k m ���¬. d Jordan IO.�

��5, m = 1. 2Ï� rank(Jn(0)) = n− 1, ¤± rank(X) = n− 1. � JX = Jn(0). Ï

� k > 1, ¤± rank(Jk
X) < n− 1. � Jk

X ∼s Jn(0). gñ. �

6. � dim(V ) = n, A ∈ L(V ) d k-�ØCf�m. y² A k (n− k)-�f�m.

y². � U ´ k-� A-ØC�f�m. Ø�� 0 < k < n. � e1, . . . , ek ´ U �Ä. ¿r

§*¿� V ��|Ä e1, . . . , ek, ek+1, . . . , en. K A 3TÄe�Ý
´

A =

(
B C

O D

)
,
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Ù¥ B ∈ Mk(F ), C ∈ Mn−k(F ) (1�Ù1�ù·K 6.3). d1�Ù1Ôù~ 15.4 ��,

�3 P ∈ GLn(F ), ¦� At = P−1AP . �

(ε1, . . . , εn) = (e1, . . . , en)P.

K3Ä. ε1, . . . , εn e�Ý
´

At =

(
Bt O

Ct Dt

)
.

u´, (A(εk+1), . . . ,A(εn)) = (εk+1, . . . , εn)D
t. dd��, 〈εk+1, . . . , εn〉´ (n−k)-� A-Ø

Cf�m. �

§2 ��Ö!ü ��Ä� Gram-Schmidt ��z

~ 2.1 � V ´ n �îª�m, U1, U2 ⊂ V ´f�m. y²:

(U1 + U2)
⊥ = U⊥1 ∩ U⊥2 .

y². � x ∈ (U1 + U2)
⊥. Ï� U1 ⊂ U1 + U2, ¤± x⊥U⊥1 . Ón x ∈ U⊥2 . ·�k

x ∈ U⊥1 ∩ U⊥2 . ��, � x ∈ U⊥1 ∩ U⊥2 . 2� u ∈ U1 + U2. K�3 u1 ∈ U1 Ú u2 ∈ U2 ¦

� u = u1 + u2. dd�Ñ,

(x|u1 + u2) = (x|u1) + (x|u2) = 0.

� x⊥u, = x ∈ (U1 + U2)
⊥. �

� V ´ n �îª�m.

1. V kü ��Ä;

2. � e1, . . . , ek ´ V ¥üü���ü �þ, K e1, . . . , ek �*¿��|ü ��Ä;

3. � v1, . . . ,vk ´ V ¥�5Ã'�A��þ, K�3V ¥ü ��Ä

e1, . . . , ek, ek+1, . . . , en

÷v

〈v1, . . . ,vk〉 = 〈e1, . . . , ek〉.

�y 3. � 〈v1, . . . ,vk〉 �ü ��ÄÚ 〈v1, . . . ,vk〉⊥ �ü ��ÄÜå5=�.

� e1, . . . , ek, ek+1, . . . , en ´ V ��|ü ��Ä,

x = x1e1 + · · ·+ xnen,y = y1e1 + · · ·+ ynen ∈ V.
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1.

(x|y) = x1y1 + · · ·+ xnyn = (x1, . . . , xn)


y1
...

yn

 .

2. ‖x‖ =
√
(x|x) =

√
x21 + · · ·+ x2n.

3. xi = (x|ei), i = 1, 2, . . . , n, = x = (x|e1)e1 + · · ·+ (x|en)en.

� v1, . . . ,vk ∈ V �5Ã'. K�3 U = 〈v1, . . . ,vk〉 �ü ��Ä ε1, . . . , εk ¦�

(v1, . . . ,vk) = (ε1, . . . , εk)


(v1|ε1) (v2|ε1) · · · (vk|ε1)

(v2|ε2) · · · (vk|ε2)
. . .

...

(vk|εk)


︸ ︷︷ ︸

T

. (1)

AOk T ∈ GLk(R). u´, (vi|εi) 6= 0, i = 1, 2, . . . , k.

~ 2.2 � A ∈ Rm×k �÷�. y²: �3 Q ∈ Rm×k, Ù��þüü���Ý�u 1, Ú

T ∈ GLk(R) þn�¦� A = QR. AO/, � A ∈ GLn(R) �, Q ∈ On(R).
y². r A ¥���þwÑIOîª�m Rm ¥���. K ~A(1), . . . , ~A(k) �5Ã'. d

(1) ��

A = ( ~A(1), . . . , ~A(k)) = (ε1, . . . , εk)︸ ︷︷ ︸
Q

R.

K Q ���þüü�p��, � R = T ´þn��_Ý
.

� m = k = n �, Q ´��Ý
(�1nÙ1�ù·K 3.3 (i)). �

~ 2.3 � V ´ n �îª�m, v1, . . . ,vk ´üü���ü �þ. y²: é?¿ x ∈ V ,

‖x‖2 ≥
k∑

i=1

(x|vi)
2.

y². r v1, . . . ,vk *¿� V ��|ü ��Ä v1, . . . ,vk,vk+1, . . . ,vn. -

x = x1v1 + · · ·+ xnvn.

K

‖x‖2 = x21 + · · ·+ x2n ≥ x21 + · · ·+ x2k =
k∑

i=1

(x|vi)
2 (∵ xi = (x|vi)). �
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§3 ��ÝK

� V ´ n �îª�m, W ⊂ V . K V = W ⊕W⊥. � πW ´l V � W 'uþã

�Ú�ÝK. K πW ∈ L(V ) ÷v π2
W = πW . (�1�Ù1Ôù·K 12.2 (ii)).

~ 3.1 � v ∈ V \ {0}. �y πv = π〈v〉, Ù¥ πv �½Â�1nÙ1�gSK�½Â 3.1.

y². é?¿ x ∈ V ,

πv(x) =
(x|v)
(v|v)

v ∈ 〈v〉.

- y = x− πv(x). K

(y|v) = (x− πv(x)|v) = (x|v)− (x|v)
(v|v)

(v|v) = 0.

u´, y⊥v. dd�Ñ y ∈ 〈v〉⊥. � x = πv(x) + y ´ x 'u V = 〈v〉 ⊕ 〈v〉⊥ �©).

dd�Ñ, πv(x) = π〈v〉(x). �

·K 3.2 � V ´ n �îª�m, W ⊂ V ´�²�f�m. KþãÝK�f πW k±e

5�.

(i) πW ∈ L(V ) � π2
W = πW ;

(ii) é?¿ x ∈ V , x− πW (x) ∈ W⊥.

(iii) specR(πW ) = {0, 1}, V 1 = W , V 0 = W⊥.

y². (i)'u�5�m�Ú©)�ÝKÑ´�5�(�1�Ù1Ôù1��!),u´, πW

´�5�f. � πW⊥ ´l V � W⊥ 'u V = W ⊕W⊥ �ÝK. K πW Ú πW⊥ �¤�

�����|(�1�Ù1Ôù1��!). d��5��, π2
W = πW .

(ii) d������5�� πW + πW⊥ = E . �é?¿ x ∈ V , x = πW (x) + πW⊥(x).

u´, x− πW (x) = πW⊥(x) ∈ W⊥.

(iii)d'u�5�m�Ú©)�ÝK�½Â��,é?¿ x ∈ W ,·�k πW (x) = x.

u´,W ⊂ V 1. é?¿ x ∈ W⊥,·�k πW (x) = 0. u´,W⊥ ⊂ V 0. Ï� V = W⊕W⊥

� V 1 + V 0 ´�Ú(1�Ù1nùÚn 9.7), ¤± V = V 1 ⊕ V 0. dd�Ñ,

specR(πW ) = {0, 1}, V 1 = W, V 0 = W⊥. �
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§4 �þ�f�m�ål

½Â 4.1 � V ´ n �îª�m, W ⊂ V ´�²�f�m, x ∈ V . K

min
w∈W
{‖x−w‖}

¡� x � W �ål, P� d(x,W ).

½n 4.2 |^þã½Â�PÒ, ·�k

d(x,W ) = ‖x− πW (x)‖.

y². é?¿ w ∈ W ,

x−w = x− πW (x)︸ ︷︷ ︸
y

+πW (x)−w︸ ︷︷ ︸
z

.

�â·K 3.2 (ii), y ∈ W⊥. Ï� πW (x),w ∈ W , ¤± z ∈ W . dd�Ñ y⊥z. �â��
½n(1nÙ1�ù~ 1.14),

‖x−w‖2 = ‖y‖2 + ‖z‖2 =⇒ ‖x−w‖ ≥ ‖y‖.

Ï� πW (x) ∈ W , ¤± d(x,W ) = ‖y‖. �

¯K. � W = 〈w1, . . . ,wd〉 ⊂ V , Ù¥ 0 < d < dim(V ) � w1, . . . ,wd �5Ã'. �½

x ∈ V , ¦ πW (v).

�{��. ¦ W ��|ü ��Ä ε1, . . . , εd. K

πW (x) = (x|ε1)ε1 + · · ·+ (x|εd)εd.

�y�(5. r ε1, . . . , εd*¿� V ��|ü ��Ä ε1, . . . , εd, εd+1, . . . , εn. K εd+1, . . . , εn ∈
W⊥ �

x = (x|ε1)ε1 + · · ·+ (x|εd)εd︸ ︷︷ ︸
u

+(x|εd+1)εd+1 + · · ·+ (x|εn)εn︸ ︷︷ ︸
v

.

(�1nÙ1�ù·K 1.21). u´, u ∈ W Ú v ∈ W⊥. � πW (x) = (x|ε1)ε1+· · ·+(x|εd)εd.
�y�..

~ 4.3 �

x =


1

1

1

 ,w1 =


1

1

0

 , w2 =


0

1

1


´IOîª�m R3 ¥��þ. O� π〈w1,w2〉(x).
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). � W = 〈w1,w2〉. |^ Gram-Schmidt ��z, ·�k

ε1 =
1√
2
w1, ε2 =

1√
6


−1
1

2


´ W ��|ü ��Ä. u´, ¤¦���ÝK�u

u = (x|ε1)ε1 + (x|ε2)ε2 =
2

3


1

2

1

 .

dd��, d(x,W ) = ‖x− u‖ = 1/
√
3. �
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